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Abstract. Let L be a lattice and let U be an o-symmetric convex body in R". The
Minkowski functional [l of U, the polar body UY, the dual lattice L*, the
covering radius wu(L,U), and the successive minima A(L,U), i =1,...,n, are
defined in the usual way. Let .#, be the family of all lattices in R”. Given a pair U,
V of convex bodies, we define

mh(U,V) = sup max A(L,U)A,_; . (L* V),
LE_Z, l<i<n

WU, V) = sup p(L,U)A(L* V),
LeZ,

and kh(U, V) is defined as the smallest positive number s for which, given arbitrary
LeZ and u € R"\ (L + U), some v € L* with |[vlly < s d(uv, Z) can be found.
Upper bounds for jh(U,U 9, j =k, I, m, belong to the so-called transference
theorems in the geometry of numbers. The technique of Gaussian-like measures
on lattices, developed in an earlier paper [4] for euclidean balls, is applied to obtain
upper bounds for jh(U, V) in the case when U, V are n-dimensional ellipsoids,
rectangular parallelepipeds, or unit balls in /7, 1 < p < . The gaps between the
upper bounds obtained and the known lower bounds are, roughly speaking, of
order at most log n as n — . It is also proved that if U is symmetric through each
of the coordinate hyperplanes, then jh(U,U"%) are less than Cnlogn for some
numerical constant C.

Introduction

A lattice in R” is an additive subgroup of R" generated by n linearly independent
vectors. The family of all lattices in R” is denoted by .. Given a lattice L €.%;, we
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define the dual lattice L* in the usual way:
I*={ueR" uw e Zforeachv € L},

where uv is the canonical inner product in R”. We have L** = L.

A convex body in R" is a compact convex subset of R” containing interior points.
The family of all convex bodies in R" which are symmetric with respect to zero is
denoted by &,. Given a convex body U € &,, we define the polar body U° in the
usual way:

U® = {u € R": |uv| < 1foreach v € U}.

We have U% = U. By || lly we denote the norm on R" induced by U (the Minkowski
functional of U). By d;, we denote the metric induced by {l{ly.

By span A4 we denote the linear subspace of R” spanned over a subset A4. Given
a lattice L. €%, and a convex body U € &), we write

w(L,U) = max{d,(u, L): u € R"} = min{r > 0: L + U =R"},
A(L,U) = min{r > 0: dimspan(L N rU) = i} (i=1,...,n).

The quantities u(L,U) and A,(L,U) are called, respectively, the covering radius and
the successive minima of L with respect to U.
For each U € &, let us consider the quantities

dy(u, L)lvllyo
kh(U) = sup sup inf ez v
Le% ueR"\L U SL) d(uv, Z)

1h(U) = sup w(L,U)A(L*,U®),
LeZ,

mh(U) = sup max A(L,U)A, ;. (L*,U°%.
LeZ, l<i<n

It is convenient to denote them by jh(UJ), j = k, 1, m; it is clear that they are affine
invariants of U. Upper bounds for jh(U) belong to the so-called #ransference theorems
in the geometry of numbers. For kh(U), see, e.g., Chapter XI, Section 3.3 of [8]; for
1h(U) and mh(U), see, e.g., Section 5 of [10].

Denote by R}, and R} the space R" with the norm || |ly and with the canonical
euclidean norm, respectively. Let d(R[, R3) be the corresponding Banach—Mazur
distance and let B} be the closed unit ball in R3. It is clear that

ih(U) < jh(B) d(RE,RD),  j=kl,m.

Since d(R}, R}) < n'/?, it follows that jh(U) < n'/? jh(B3) for j = k, I, m.

Upper bounds for jh(U) were investigated in several papers; a detailed specifica-
tion is given in the introduction to [4]. Let us only mention here the bounds
kh(B}) < Cn?, h(B}) < Cn*?, and mh(B}) < Cn? obtained in [11] and [13] by
means of Korkin—Zolotarev bases. Here and below, C is some numerical constant
which may vary from line to line.
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Let U be a convex body in R", symmetric or not, and let L €_.%,. The number

w,(U) = min (max uv — min uv)
vel* ‘uelU uelU
v+0
is called the L-width of U; its reciprocal is known as the first covering minimum
(U, L). Consider the quantity

wh(U) = sup w (U)u(L,U).
Le%,

Investigating the so-called flatness problem, Kannan and Lovasz [12] proved that
wh(U) < Cn? (see (3.12) and (3.13) of [9]). It is clear that w,(U) = 2A,(L*,U°) for
U e &,; then wh(U) = 21h(U).

Applying a probability argument based on gaussian-like measures on lattices, the
author proved in [4] that jh(B}) < Cn; hence it follows that jh(U) < Ca®/2. In this
paper, by modifying the method of [4], we show that jh(U) < Cnlogn if U is
symmetric through the coordinate hyperplanes (i.e., if R}, has a 1-unconditional
basis), and that jh(U) < Cn(log n)'/? if U is the unit ball in I, 1 <p < =,

For lower bounds, there is the result of Conway and Thompson (see Chapter 11,
Theorem 9.5 of [14]), which implies that jh(BY) > C~'n. A standard argument shows
that jh(U) = C™!n for any U € &,; see (3.10) below.

Recently, the author has shown that jh(U/) < Cnlog n for any U € %,. The proof,
however, requires more sophisticated results of the local theory of Banach spaces
and is given in [5].

The proofs of the upper bounds become more lucid if, instead of considering just
one convex body U and the polar body U°, a pair of independent convex bodies U,
V € &, are considered. For each such a pair, let us denote

dy(u, Lol
kh(U,V) = sup sup inf il
le%, ueR™L UEL duv, Z2)

(U, V) = sup pu(L,U)A(L*V),
Le¥%,

mh(U,V) = sup max A(L,U)A,_,,  (L* V).
LeZ, l<ign

The structure of the paper is as follows. In Section 1 we introduce certain numbers
a(U), BU) € (0,1) for U € %,. Then we show that jh(U, V) are small provided that
a(lU), a(V) and B(U), B(V) are. In Section 2 we give upper bounds for a(U) and
B(U) where U is a body of the form

{(x(,--.,x,) €R™ |a;x(|f + - +la,x,|P <1} (ayy...,a,>0;1 <p < ).

0y

In Section 3 we apply the results of Sections 1 and 2 to obtain bounds for jh(U, V).
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There is also another source of motivation for considering the quantities jh(U, V).
Let D be an n-dimensional ellipsoid in R” with center at zero and principal
semiaxes §; < ‘- < £,. The theory of additive subgroups of topological vector
spaces presented in the monograph [2] is, in fact, based on the bounds

Kn(B2,D) < C ¥ k&, @
k=1
" 172
Ih(B}, D) < C( y kzgkz) 3)
k=1

(see the final remarks in Section 3 of [2]). Inequality (2) is also the basic tool in [3],
[6], and [7]. In this paper we show that

ihB:,D)<CY &', j=klm. (4)
k=1

Inequality (4) with j = k implies that a nuclear operator acting between Hilbert
spaces has the property that inverse images of closed additive subgroups are weakly
closed (see Remark 1.9 of [1]). Bounds for kh(U, V), where U, V are of the form (1),
yield similar information for diagonal operators between spaces /,, 1 < p < .

Another set of questions is connected with the possibility of extending continuous
characters and unitary representations defined on additive subgroups of nuclear
spaces, and with the generalization of the Minlos theorem on positive-definite
functions to subgroups of nuclear spaces (see Chapter 4 of [2]). The problem of
characterizing the corresponding classes of linear operators acting between Banach
spaces (in the case of the Minlos theorem, an analogue of radonifying operators)
leads in a natural way to upper bounds for 1h(U, V). The quantity th(U, V') itself is
directly related to extending characters defined on discrete subgroups of Banach
spaces (see p. 43 of [2]).

1. Preliminaries

The inner product of vectors x, y € R” is denoted by xy. We write x? instead of xx.
It is convenient to denote

o(A)= Y e ™ (AcCR".

x€A

Let L be a lattice in R". By o, we denote the probability measure on L given by
the formula

o(A)

g (A) = oD (AclL).
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The Fourier transform &, of a; is given by the formula

G, (u) = j;nez"“‘x doy(x) = Y, cos2muxa,({x})  (u €R").

x€L
By ¢, we denote the function on R” defined by the formula

o(L + u) .
e (u) = o) (u € R™).

We sometimes write L, instead of L 4+ u for L €.%, and u € R".
Lemma 1.1. One has &, = ¢,. foreach L €%,

This is Corollary (1.2) of [4].
Corollary 1.2. One has ¢, (1) < ¢,(0) forall L €%, and u € R".

Proof. 'The function ¢, is positive-definite being, due to (1.1), the Fourier trans-
form of the positive measure ;.. O

Let U be an o-symmetric convex body in R". We denote

o(L\U)
al) = Ls:% o) Ls:—% a (L\ 1),
o(L \U)

B(U) = sup sup
Le.pi’jl werr O(L)

Lemmal3. Leel ¥, Uec®,anduecR" [fu&L + U, then ¢, (u) < B(U).

Proof. Ifu &L + U, then L + u = (L + u)\ U and, according to our definitions,
we may write

o(L + u) 3 o(L \U)

o) o(L) < BW). O

(PL(u) =

Lemma 14. IfU V& &, and 2BWU) + 3a(V) < 1, then kh(U, V) < 6.

Proof. Take arbitrary L €.%,, u € R"\ L, and &> 0. We have to find some
v e L* with uv & Z, such that

dy(u, Dlvlly

. 2) < 6(1 + &). (5)
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We may assume that dj(u, L) = 1 + &, otherwise we would replace u by ru and L
by tL for a suitably chosen ¢ > 0. Then u & L + U, and Lemma 1.3 implies that
¢, () < B(U). Denote s = min, . ;. cos27ux. Then we may write

Y o.({x}) cos2mux

xel*

Y + Y on({xPcos2mux > 5o (L* N V) — g (L*\ V)
xel*nV xeL*\V

Gy (u)

=s— (1 +8)o.(LX\V)=2s - 1 +s)alV).

Lemma 1.1 says that &..(x) = ¢;(u). Thus sl — a(P)] < a(V) + B(U). Since
2B(U) + 3a(V) < 1, it follows that s < 5. So, there is some v € L* NV with
cos2muv < 3. Then |lvlly < 1 and d(uv, Z) > L, which yields (5). a

Lemma 1.5. IfU,V &%, and BU) + 2a(V) < 1, then In(U,V) < 1.

Proof. Suppose that Ih(U,V’) > 1. Then we can find a lattice L €.%, with
w(L,U) > 1 and A(L*, V) > 1. The first condition means that there is some u €
R"\ (L + U). Hence ¢,(u) < B(U) due to Lemma 1.3. On the other hand, the
condition A(L* V) > 1 implies that L* N V' = {0}, and then

G0 (w) = Y, op.({x}) cos 2mux
xel*

Y o+ Y o.({xPceos2mux > o (L* N V) ~ 0. (L*\ V)
xeL* NV xelN\V

=1 -20.(L*\V) =1 - 2aV).
Thus, by Lemma 1.1, we have 1 — 2a(V) < 67.(u) = ¢;..(0) = ¢,(u) > pU). O

Lemma 1.6. Let B be the euclidean unit ball in R". If U,V € &, and 2a(U) + B(V)
<1—e ™, then mh(U,V + B) < 1.

Proof. Suppose that mh(U,V + B) > 1. Then we can find some L €%, and i =
1,...,n with A(L,U) > 1 and A,_,, (L*,V + B) > 1. Denote M = span(U N L)
and N = span (V' + B) N L*); then dim M < — 1 and dim N < n — i. So, denot-
ing the orthogonal complements of M and N in R” by M+ and N *, respectively,
we have dim M+ +dim N * = n + 1. Consequently, there is some u e M+ N N+
with 4% = 1, Then

Z e—'rrx2= Z e—‘rr(x+14)2__= Z + Z e—‘rr(x«#u)2

xeL¥ xelL* xeL*NN xeL"\N
= Z e~-rr,wze—1ru2 + Z e*ﬂxz
xEL*NN x€(L"\N)+u

<e T Z e—1rx2+ Z ev‘n’x2

xelL* xelX\V
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because (L* \ N) +u < L*\ V. Hence

o(L* +u) oI\ V) .
<pL.(u) = W)—_— <e + W <e + B(V) (6)

On the other hand, as u e M+ and L\ M c L\ U, we have

o (u) = Z g ({x}) cos 2arux

xeL

= Y + Y oxPcos2mrux > o (LNM) — o, (L\M)
xelLnM xel\M

1-20(L\M)=1-20,(L\U).

In view of (6) and Lemma 1.1, this implies that 1 — 2a(U) <e™™ + B(V). O

2. Bounds for a(U) and B(U).

In this section n is a fixed positive integer. It is convenient to denote the kth
coordinate of a vector x € R" by x,, i.e., to write x = (x,..., x,). Let us denote

A={asR" a,>0fork=1,...,n}.

For each a € A, we define

Uy = {xeR": Y layx, )P < 1} (1 <p<w),
k=1

U ={xeR" |layx | <1lfork =1,...,n}.

Lemma 2.1. Let L be a lattice and let u be an arbitrary vector in R". Then

Yy oe t>0k=1,...,n).

xel

—yr2
Y xfe" <
x€L,

1

N

If u = 0, the coefficient 1/t may be replaced by 1/24t.
This is Lemma 1.3 of [4].

Corollary 2.2. For each a € A, one has:

W) aUp) < a*/27.
i) BWE) < a2/
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Proof. Let us take arbitrary L €%, u € R", and a € A. By Lemma 2.1, we have

LN = £ e B[ F e
xeL \Uf xeL\US \k=1
- 2 2,—mx? az —rx? az
< Y al Yy xle <— Y e = —p(L).
k=1 xeL, T xeL ™
This proves (ii). The proof of (i) differs in the factor 3. O

Remark 2.3. An argument similar to that used in the proof of (1.4) in [4] allows it to
be shown that

2me 2 2me )
a(U3) < _aTe_W/a’ BW;) <2 —;2‘-6_"/",

provided that a? < 2m; if a;, = -+ = a,, see Lemma 2.8 below.

Lemma 2.4. Let L be a lattice and let u be an arbitrary vector in R". Then

Y e~ < Qe Y e~ (t=0;k=1,...,n).
x€L, x€L
‘Xk|21

Proof. Fix arbitrary t > 0 and k= 1,...,n. Let v € R" be the vector given by
xw = x; for x € R”. We may write

il

Z e*"xzcosthtxk %eﬂfz Z e—w(x—tu)2+ Z evw(x+tu)z}

x€L, x€L, xel,

= %ewtz[ Z e-‘rrxz + Z e—‘n’xz]

xel,—w xeL, +w

2oL +u—w)+o(L+u+w)
=e71'

5 <e™o(L)

due to (1.2). Denote Q = {x € R": |x,] > 1}. Then

2 — 2
Y. e "™ cosh2mex, > Y, e " cosh2mix,
x€L, xeQnL,

>cosh2mt? Y e ™ = o(Q N L,)cosh2me?.
x€QNL,



Inequalities for Convex Bodies and Polar Reciprocal Lattices in R” 225

Consequently, we derive

o(QnNL,) e’

< <2e O
o(L) cosh 2712 ¢

Corollary 2.5. For each a € A, one has

BUH <2 Y e /%,
k=1

Proof. Let us take arbitrary L €.%,, u € R”, and a € A. We have to show that

o(L\UH

<2% e,
o(L) k=1

Denote
O,={xeR" |xl=2a;'} (k=1,...,n).
It follows from Lemma 2.4 that

o(L, N Q) < 20(L)e™"/% (k=1,...,n).

We have
LANUS=L,Nn(QU-~uQ)=|J (L,NQY.
k=1
Thus
o(LANUH < Y oL, N Q) <20(L) Y, e /%, O
k=1 k=1

Lemma 2.6. Let L be a lattice and let u be an arbitrary vector in R". Then

Y |xk|"e'“2<pw~w2r(5) S e (p>0ik=1,...n)
xelL, 2 x€L

For p = 2, see Lemma 2.1.

Proof. Choose arbitrary p > 0 and & = 1,..., n. By virtue of Lemma 2.4, we may
write

Y oxlfe ™ = T IxJfo({xD)

xel, xelL,

H

metpAIQ({xeL ClxlzeDde<2p Y e'”zf tPlem 7 gy
0 “ 0

xel

=p»n—!’/2r(§) Y e . O

xelL
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Corollary 2.7. For arbitrary a € A and p € [1,®), one has

BW) Spfr’p/zl“(g—) i af.

k=1

Proof. Let us take arbitrary L € %,, u € R", a € A, and p € [1,). We have to
show that

o(L,\U)

By Lemma 2.6, we may write

oL AUN= T em< ¥ (zamxm)e—nz

xe LU xeL\U; Vk=1

n n
< Y af ¥ IxJPe " <pw"p/2F(£)g(L) Y af. [l
k=1  xel, 2 k=1
Let us denote
By = {x ER" Y Ixl? < 1} (1 <p<w),
k=1

Bl ={xeR" |x/<1lfork=1,...,n}.

Lemma 2.8. Forreach r > \/n/2m, one has

2

2me \"/? ) 2me\"/*?
a(rB}) < —~) rte” """, B(rB}) < 2(——— rte” T,
n n

This is Lemma 1.5 of [4].

Lemma 2.9. For arbitraryr > 0 and p € [1, ), one has
n -p/2 P -
B(rB}) < pnm™P/*T| = |r 7.
2

This is a direct consequence of Corollary 2.7.

Lemma 2.10. For each r > 0, one has

B(rBl) < 2ne""’

This is a direct consequence of Corollary 2.5.
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3. Transference Theorems

The results of Sections 1 and 2 allow upper bounds for ji(U, V), for various pairs
U, Ve, to be obtained. Here we confine ourselves to consideration of a few
most important cases.

Theorem 3.1. Let D be an n-dimensional o-symmetric ellipsoid in R™ with principal
semiaxes dy, ...,d,. Denote d = (d{ ' + -+ +d; )" . Then:

@ kh(B, D) < 21/md.
(ii) 1h(B%, D) < 2/7d.
(iii) mh(BZ, D) < 3/24.

Proof. We may assume that

. X Xy
D= (xl,...,x,,)ER:EIE+-~-+d—'lel
Consider the ellipsoid
c =] yern g
= X, )ERY — + - +— <15,
X4, X 4, 4

It is clear that kh(Bj, D) = kh(C, C) and In(Bj, D) = 1h(C, C). By Corollary 2.2, we
have a(C) < 1/27d and B(C) < 1/7d.

If d>7/2m, then 2B8(C) + 3a(C) < 1, and Lemma 1.4 yields kh(C, C) < 6.
Thus, if d = 7/27r, then kh(B}, D) < 6; this proves (i).

If d > 2/, then B(C) + 2a(C) < 1, and Lemma 1.5 implies that 1h(C,C) < 1.
So, if d = 2/m, then 1h(B}, D) < 1; this proves (iD).

To prove (iii), assume that d = %. Denote U = #C and W = C. Then mh(B%}, D)
= mh(U, W). The principal semiaxes of D are greater than d. Consequently, those
of C are greater than d'/2, so that B} c d~!/>C. Then

2 1
+Blc|—+ —=]|Ccic=w.
vemse (S gglect

Thus mh(B}, D) < mh(U, U + B%). By Corollary 2.2, we have a(U) < 3/47 and
BWU) < 3/2m, whence 2a(U) + BU) <3/m <1 — e~ ", and Lemma 1.6 implies
that mh(U,U + BY) < 1.

We have shown that if d = 2, then mh(B%, D) < 1; this proves (iii). O

Theorem 3.2. Let a,,...,a, be arbitrary positive numbers. Denote

P={(xy,...,x,) ER" |x; | <a, fork=1,...,n}.
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Let t,, t,, t5 be the roots of the equations

n n n ) 1 — ei
Z e Tk = 1 Z e~ Tk = 1 Z e ¢ tay+1/4 —1/2)%
10 » 6 ’
k=1 k=1 k=1 6

respectively. Then

kh(BZ, P) < 6t,, th(B!,P)<1t,, mh(B> P)<t,.

Proof. Let us denote

Q= {(xl,...,xn) €R™: x| < \/t;p, for k = 1,...,n}
for i = 1, 2. It is clear that

kh(B2,#,P) = kh(Q,,Q,), th(BZ,t,P) = 1h(Q,,0,).
From Corollary 2.5 and our definitions of ¢, and ¢, we get

a(Q) <BO) <4, a(Qy) < BQ,) < 1.

Now, from Lemma 1.4 we obtain kh(Q,, Q,) < 6, while Lemma 1.5 yields Ih(Q,, Q,)
< 1. Thus

kh(BZ, P) = t, kh(B},t,P) = t, kh(Q,,Q,) < 6¢,,
Ih(BZ, P) = t, Ih(B!,t,P) = 1, I(Q,,0,) < t,.

Next, let us define

“k=1’t3ak+% —%, szvt:;ak‘*‘% +%— (kzly---yn)y
U={(x,...,x,) eR": Ix | <u,fork=1,...,n},
W={(x,....,x,) €R": x| <w,fork =1,...,n}.

We have u,w, = t;p, for every k, therefore mh(B,t,P) = mh(U,W). As w, =
u, + 1, it follows ‘that U + B} < U + B} < W. From Corollary 2.5 and our defi-
nition of #; we get a(U) < B(U) < (1 —e™")/6, and Lemma 1.6 implies that
mh(U,U + B}) < 1. Thus

mh(B2, P) = t; mh(B2,t,P) = t; mh(U, W) < t; mh(U,U + B}) <t;. 0O

For each pair U, V € &, let us denote
nh(U, V) = max{(j(U, V): j = k,1,m},
ph(U, V) = max(nh(U, V), nh(V,U)).
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Proposition 3.3. A numerical constant C exists such that
ph(B;,B)) < Cypgn'/?*'/4 (1 <p,q<o;n=12,..).
This follows directly from Lemmas 1.4-1.6 and 2.9.

Corollary 3.4. A numerical constant C exists such that

p2

ph(B},(B;)’) < Cn (1<p<on=1,2,..).

Proof. 1t is enough to observe that (B})° = B} where ¢ = p/(p — 1). O
Proposition 3.5. A numerical constant C exists such that
ph(B}, B}) < Cypn'/?(log n)'/? Asp<oyn=1,2,...).
This is a direct consequence of Lemmas 1.4-1.6, 2.9, and 2.10.
Proposition 3.6. A numerical constant C exists such that
ph(B;,',(B;')O) < Cn(log n)'/? (l<sp<w;n=1,2,...).
Proof. Take an arbitrary p € [1, ] and let g = p/(p — 1). Then (B;‘)0 = B]. We

may assume that p <2 <gq. Let r =n'/?""/? and s = n~'/4. Then rB} C B} and
sB" < B”". Due to Proposition 3.5, a numerical constant C exists such that
q P
ph(BZ, Br) < Cn'/*(log n)'/?

for cvery n. T'hus
I)h Bn Bn) h(an Bn) = ! ph(Bn Bn)
( p°“q =p 25 5D rs 2> P

< Cn'/*(log n)'*n"/P=1/2p1/4 = Cn(log n)'"* |
Proposition 3.7. A numerical constant C exists such that
ph(BZ,B2) < Clogn (n=1,2,...).
This is a consequence of Theorem 3.2.

Corollary 3.8. Let U be a convex body in R" symmetric with respect to the coordinate
hyperplanes. Then

ph(U,U°) < Cnlogn,

where C is a numerical constant.
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Proof. 1t is a standard fact that a linear isomorphism 7: R" — R" exists such that
TU, (TU)? > n~/2B". Thus by Proposition 3.7, we have

ph(U,U°) = ph(TU, (TU)®) < ph(n~ /2B n"'/2B") < Cnlog n. 0o

Remark 3.9. To each U € &, there corresponds a linear isomorphism 7: R" — R”
such that

B*c T(U) c nké(R!)B?,

where ké(Rp;) is the so-called ké constant of R}, introduced and investigated in [15].
Then

TW)’ > (nké(RL)B!’ = [nké(R}))'Br,
and, by Proposition 3.7, we have
ph(U,U%) = ph(T(U), T(U®)) < nké(R}) ph(B”, BZ) < Cnlog n ké(R}).

Thus
jh(U) < Cnlog n ké(R}), j=k,l,m.

Remark 3.10. A standard argument based on Siegel’s mean value theorem shows
that to each pair U, V' € &, there corresponds a lattice L €.%, such that

ML, UIA(L*, V) > [vol (U)vol (V)] /",

where vol,, is the n-dimensional Lebesgue measure on R” (the proof is given in [5]).
This yields lower bounds for jh(U, V') which are not very far from the upper bounds
given in Theorems 3.1 and 3.2, Propositions 3.3 and 3.5-3.7, and Corollaries 3.4 and
3.8. For instance, under the notation of Theorem 3.1, we obtain

ih(B2, D) > Cn(d, - d,)”"".
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