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1. INTRODUCTION

It is well known that if X and X' are random variables, if
X is stochastically smaller than X' and if k(x) is a monotone func-

tion then k(X) is stochastically smaller than k(X') and
EX(X) < EK(X') ,

and the ordering is reversed when X{(x) is an antitone function (see
for instance p. 159 of Kardy, Littlewood and P6lya [6] and p. 179 of
Veinott [15]). We say that X is stochastically smaller than X', and
write X ¢ X', if Pr{d<x} = Pr{X'<x} for all x. Also k(x) is called
monotone (resp. antitone) if k(x) s k(x') (resp. k(x) = k(x') ) for all
x < x'.

We are interested here in a two-dimensional analog of this result.
For pairs of random variables (X,Y) and (X',Y') we say that (X,Y)

is stochastically smaller than (X',Y'), and we write (X,Y) ¢ (X',Y'), if
Pr{X<x,Y<y} 2 Pr{X'<x,Y'<y}

for every x and y. It is easy to see that the condition (X,Y) < X',y

alone does not irply
1) EL(X,Y) < Ek(X',Y")

for monotone functions k(x,y) of two variables. A simple counter

exarple is given by Veinott [15]. He goes on to show that (1) holds



for monotone functions if certain additional conditions, involving the
conditional distributions of Y given X =x and of Y' given X' = X',
are imposed. (In fact this result is n-dimensional, n 2 2. For a
slightly weaker set of conditions see Pledger and Proschan {11].) Here

we are not concerned with monotone functions k(x,y) but with quasi-
nonotone Sunctions, which are analogs-to monotone functions of one variable
as well. The class of quasi-monotone (and quasi-antitone) functions
contains many important functions which are not monotone (nor antitone).
Many examples are given in Section 4. Just as the condition (X,Y) < (X',Y')
is insufficient to guarantee (1) or its reverse for monotone functions
k(x,y), it is insufficient for quasi-monotone functions as well. The
major additional requirement we impose is that the corresponding marginal
distributions of (X,Y) and (X',Y') are the same. This requirement,

while strong, is both natural and necessary.

2. THE MAIN RESULT

Consider the random variables X and Y defined on a probability
space (©,F,P) and let F(x) and G(y) be their distribution functions
respectively and H(x,y) their joint distribution function. In studying
the dependence of EL(X,Y) on H it would be useful to have an appropriate
expression, other than its definition [ 9 k(x,y)dH(x,y), and this is now
done when k is quasi-monotone (or quas?—antitone). In order to produce
slightly simpler expressions we assume all distribution functions to be

left continuous.



A function X(x,y) is called quasi-monotone if for all x < x'

and y <y’

1
Agyzv%k = k(x,y) + k{x',y") - k(x,y") - k(x',y) =

52
and quasi-antitone if AEY 24 %k < 0, i.e. if -k is quasi-monotone.

If k is quasi-monotone and right continuous then it determines uniquely
a (o-finite, nonnegative) measure u on the Borel subsets BZ of the

2

plane R" such that for all x s’ and y <y',

(2) p{Gx T x (v,y'1} = A(Y»Y')k 9

(see p. 167 of von Neumann [10]). An interchange of the order of integration
in an appropriate double integral gives then the desired expression for
Ek(X,Y).

Let us first illustrate the method in a particular case and then
proceed to the general case. Let Ik(x,y) be symmetric, right continuous

and quasi-ronotone. Define the function f£(x,y,w) by

- J1 if X(w)<x,y<Y(w) or Y(w)<x,ysX(w)
£(x,y,0) {0 otherwise.

2

Then f is clearly a measurable function on (RZXQ, B™xF, uxP) and

since it is nonnegative we have by Fubini's theorem
Ay =
E J o fdu Iﬁz Efdy .
i‘s 3“\.
But clearly

J fdy = k(XX + k(Y,Y) - 2k(L,Y) ,
R



Ef = P{X<xry, Y2xvy} + P{Xzxvy, Y<xay}
= F(xay) + G(xay) - Hexvy, xay) - H(xAy, xvy)
(3) = A(X9Y)9 say
and thus
(4) E{L(X,X) + k(Y,Y) - 2k{V)}) = I 2 Ady .
R

If the expected values Ek(X,X) and Ek(Y,Y) are finite we obtain

the desired expression
(%) 2E(X,Y) = EK(X,X) + EK(Y,Y) - j L Ady .
R

Now if the marginal distributions F and G are fixed, Ek(X,Y) depends
on H only through A, and simce u 1is a nonnegative measure, increasing
H will result in increasing &k(X,Y); in other words EK(X,Y) is a
monotone functional of H. (And it is clearly an antitone functional
of H when k is an antitone function.)

The general case of a quasi-monotone, right continuous function
k(x,y) requires a different choice of £, but the idea is of course
the same. The appropriate function f£(x,y,w) is now defined by
[+1 if xpexsX(w) ,  ygysY(w)
or X(w)<xsxy Y(w)<ysy,

fx,y,w) =4 -1 if X(w)<xsx0 . y0<st(w)
or x0<xsX(w) R Y(w)<ysy0

0 otherwise



where X and Yo are (appropriate) fixed real numbers. Again £
+ -
is BZXF-measurable. If £ and £ are the positive and negative

parts of £, then by Fubini's theorem we have
E [ , £ dus= f , EE du .
R R '
Proceeding as before, and introducing
(6) ky(x,y) = k(x,y) - k(x,yg) - k(xp:v)  + k(xg5¥g)
we obtain

+ + - -
Eko xXYy) = IRZ B dy and Eko xX,y) = JRZ B dp,

+

where ko_ and k6, are the nositive and negative parts of kO , and
[ 1+H(x,y)-F(x)-6(y) if xg<x , yy<y
ﬁ+(x;y) = Ef =4 Hx,y) if XsXg 5 YSYg
L 0 otherwise
(7)
[ F(x)-H(x,y) if X$Xg > Yg<Y
B (x,y) = Ef” = 4 G(y)-H(x,y) if xgx 5, ysyy
. 0 otherwise.
If 7z and Z” are the positive and negative parts of a random variable

Z, using the standard terminology, we say that its expectation EZ exists
(even if infinite valued) if at least one of £z" and €27 is finite,
and then EZ is defined by £z* - EZ7 . Thus, if the expectation EkO(X,Y)

exists (even if infinite valued) we have

(8) E ky(X,Y) = f , B du

R



where B =3B' - B . By (6), this is guaranteed if Ek(X,Y) exists
(even if infinite valued) and Ek(X,,,yO), Ek(xO,Y) are finite, in which
case we have
©) BN = Byg) + Bl - Klxgvg) * [ 5B
Hence for fixed F and G, Ek(X,Y) depends on H only through B
and thus it is a monotone fumctional of H (antitone when k is anti-
tone).

Let us now summarize our results. We write X d X' when the random

variables X and X' have the same distributions.

X, YOV and X,Y) e (XU,Y'). IF k(x,y)

Theorem 1. Let X

i8 a quasi-monotone, right continuous function then
(10) Ek(X,Y) = Ek(X',Y")

when the expectations in (10) exist (even if infinite valued) and either
of the following is satisfied:

(1) k(x,y) is symmetric and the expectations Ek(X,X) anrd
Ek(Y,Y) are finite,

(ii) the expectations Ek(X,yO) and Ek(xy,Y) are finite for

some X and Yo -

Of course the reverse inequality in (10) holds if k 1is quasi-
antitone. It should be noted that the expression in the general case,

given by (9) and (7), is greatly simplified when k is a multiple of



a distribution function by taking the refercnce points Xg,Yy at -
However, in wost interesting examples k 1is not a multiple of a distri-
bution function (in fact u is not even finite).

It should be remarked that (X,Y) < (X',Y') and k quasi-monotone
do not necessarily imply that X(X,Y) > k(X',Y'), from which (10) would
follow trivially. This is seen by the following exarmle. Let (3,Y) d (B,B)
and (X',Y") d (B,B') where B,B' are independent Bernoulli random
variables each with mean %, and let k(x,y) = (x+y)2 (quasi-monotone).
It is easily seen that (X,Y) ¢ (X',Y'), EkxX.Y) =2 > 1.5= Ek(X',Y")
and that neither k(X,Y) » k(X',Y') nor k(X,Y) < k(X',Y) is true.

The result as stated in Theorem 1 is not in its weakest form. It
may be that inequality (10) holds assuming only that the expectations
in (10) exist (even if infinite valued); however, at present, we can
neither prove nor disprove this statement. Instead we offer the following

remarks. When k is symmetric, introducing

ks(x,y) = k(,x) + k{y,y) - 2k(x,y) = 0,
we have
2k(x,y) = k(x,x) + k(y,y) - kg (x5y)
K00 + K () - K (xx) - K0,y) - K (x,y)

and from (3) and (4),
0 < Bk (X,Y) < Ek (X',Y') < +o .

It then follows that assumption (i) may be weakened to



(7)" k(x,y) is symmetric and either the expectations Ek+(X,X)
and EXY(Y,Y) are finite, or the empectations Ek (X,X), Ek (Y,Y), and

EkS(X,Y) are finite.

Similarly condition (ii) for general k may be omitted whenever an
appropriate truncation argument can be applied. At present we do not

have a truncation argument to eliminate (ii) altogether. However the
following truncation arguments clearly work for some specific k’s
mentioned in Section 4. It is clear that if all random variables X,

Y, X', Y' are bounded and if % is locally bounded then (ii) is satisfied.
Now for a function f(x) and c¢ > 0, define fc(x) = -¢c if f(x) < -c,

= f(x) if -c < f(x) ¢, =c if c < f(x). Notice that from (6) we
have k(x,y) = koGo,y) + £(x) + g(y) where £(x) = k(x,y,) and gly) =
k(xo,y) - k(xo,yo). For ¢ >0 1let

KE(x,y) = ky(x&y%) + £ + g“ ).

Then as ¢ 4 @ we have kc(x,y) + k(x,y) as well as k(xc,yc) -+ k(x,y)
(with ko(xc,yc) + ko(x,y) on the first and third quadrants of the plane
around (xo,yo) and ko(xc,yc) ¥ kO(x,y) on the second and fourth

quadrants). Assuming k is locally bounded, we clearly have
ECLY) = BCx',Y) and EROS,YS) = Ek(XC,Y'9)

and thus assumption (ii) may be replaced by



(i1)' k 1is locally bounded and such that as ¢ 4+ =, either EkF(X,Y) -
Ek(X,Y) and EKC(X,Y') » EK(X',Y') for some X, and y, , or Ek(XE,YS) -
Ek(X,Y) and EK(X'C,Y'C) - EK(X',Y').

Condition (ii)' is easily seen to be satisfied for several simple K’s,

e.g. Xy, (x+y)2 , etc.

3. AN APPLICATION TO THE SET OF VALUES OF Ek(X,Y)

In this section we denote by #H(F,G) the class of all joint distribu-
tion functions H(x,y) with fixed marginals F(x) and G(y), and by
EHk(X,Y) the expected value when H is the joint distribution function
of X and Y. It is well known that H(F,G) has an upper and lower
bound. In fact a distribution fimction H(x,y) belongs to H(F,G)
if and only if

H_(x,y) < H(xy) < Ho(x,y)

for all x and vy, where the distribution functions H_ and H,_ are
given by
H_(x,y) = max{F(x)+G(y) -1, 0} , H,(x,y) = min{F(x),G(y)}

(see Hoeffding [8] and Fréchet [5]). H(F,G) is clearly a convex family
of distribution fumctions.

Now let # be any convex family of bivariate distribution functions.
If H,H' ¢ H are such that EHk(X,Y) and EHvk(X,Y) exist and are

finite then each number in the closed (bounded) interval with endpoints



10

EHk(X,Y) and EH,k(XgY) is equal to EH” k(X,Y) for some H' ¢ H.
Indeed, if for each o e [0,1] we define H o= o+ (1-0)H', then H e #
and the conclusion follows from

EHuk(X’Y) = aEHk(XgY) + (l-oc)EH,k(X,Y)..

This conclusion is no longer valid if
-0 < EHk(X,Y) < EH,k(X;Y) = 4o

as is seen by the example H = {Ha’ 0<a<1}. Hence, in general, the

set of values of EHk(){,Y) when H ranges over a convex family of distribu-
tions is not necessarily convex; in fact it has one of the following

forms I, {-o} v I, T u {+=}, {-o} u I u {+=}, where I is an interval

( I may be open, semi-open, or clozed as well as bounded or unbounded) .

We now show in Theovem 2 that if k is quasi-monotone and some further
assumptions are satisfied, when H ranges over H(F,G) the set of values

of EHk(X,Y) is closed and convex and its supremum and infimm are determined.

The proof of Theorenm 2 rests on the following property which is

stated separately since it does not require k to be quasi-nonotone.
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Lerma. Let X and Y be random variables with distribution functions
F and G respectively and joint distribution function H, and let k(X,y)
be a Borel measurable, locally bounded function on the plane. If the
expectations EH+k(X,Y) and EH—k(XgY) exist and at least ome of them
is finite, then the (possibly unbounded) elosed interval with endpoints
EH4k(X,Y) and EH_k(XSY) belongs to the set of values of EHk(X,Y)

when H ranges over H(F,G).

Proof. According to the discussion preceeding the lemma it suffices

to show that if for instance

-0 < E{J k(X,Y) < Eq k(X,Y) = 4o
‘;+ L_

-

there is a secuence Hn e H(F,G), n=1,2,..., such that EH k(LYY » 4o
n

(all remaining cases can be treated similarly). From the definition of

H, and H_ we have that under H_, (X,Y) d (F_l(U),G-l(U)), and under

4

H., (X,Y) d (F'l(U),G'l(l-U)),/@here U is a uniform random variable

on (0,1) and F"l(u).=,inf{t: F(t) = u}. Also, by assumption, we have
1 ool P [ |
£y k(X,Y) = Ex(F " (U),6 r@1-0) = J (FHw),6 " (1-u))du = +e.
- 0
Now for each 0 < a <% define g (u) on [0,11 by

cla-u) if o<ucl-a -
g (u) =

Sy,
¢ L)  if Osusa  or 1l-asusl,

and let Ha be the distribution fuimction of the pair (F_l(U};Ga(U)};’

For each x we have
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Leb{(a,1-0)n(1-G(x),1]} + Leb{([0,0Jula-1,11)n[0,6(x)}}

G(x)

Pr{ga(U)<x}

and thus Ha e H(F,G). We also have

EHdk(XsY) Ex(F W), g, (@)

1- 1
J Y w, 6t (w)du + (Ia + f ] x(F W ,6  w)du.
0 1l-a

o
Since for u e [a,1-0], F'l(u) and G'ltkuu) are bounded, and since
k is locally bounded, it follows that the first integral is finite

and

il

1- 1 o
lin f Yl w, o ai)au (o k(E ), a-w)du = Ey kXY =

at0 ‘o
1
On the other hand, since f Ik(F-l(u),G-l(u))ldu = By JKOGY)| < 4o,
0 +
we have
@ 1,y 1
1im (f + f ] k(F " (u),6 “(Ww)du = 0.
ov0 V0 1-o

It follows that ‘1imd+0 EH k(X,Y) = +o, and thus the proof is complete.
a

Theorem 2. Let X and Y Dbe random variables with distribution
funetions F and G respectively and joint distribution function H,
and let k(x,y) be quasi-monotone and right continuous. If the expectations
En-k(X,Y) and EH+k(X,Y) exist (even if infinite valued), then the set of
values of EHk(X;Y) when H ranges over H(F,G) is the (possibly unbounded)
closed interval [EH-k(XSY), E{+R(XsY)} when either of the following is

satisfied:
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(a) k(x,y) is symmetric and (i) holds (in this case - < E’ri k(X,Y)
< B, K(XY) < 40 ),
Hy
(b) for some Xq and Y, (i12) holds and at least one of EHAk(X,Y)

+
and EH k(X,Y) s finite.

Thus under the assumptions of Theorem 2 the infimm and the supremum
of EHk(X;Y) for 1 € H(F,G) are achieved by H_ and H_ respectively

and they are given by

1 -
£y KCX,Y) [o x(F L), 6 w)du

-

1
J k(F T w,6t-w)du.
0

EH_k (X,Y)

Of course if k is quasi-antiténe the infimum is achieved by H_ and

the supremum by H_ .

Proof. (a) It is clear from (3) and (5) that for all H e H(F,G),

EHk(X,Y) exists (even if infinite valued) and satisfies

- < B, K(LY) € EX(LY) < By kK(X)Y) < oo,
H_ H H,

HY

1£ ELI k(X,Y) = -o then EHk(X>Y) = -0 for all He H(F,G). If
+

- < EH k(X,Y) < +o the result follows trivially when -« < EH k(X,Y),
+ -

and from the Lemma when EH k(X,Y) = -,

(b) is shown similarly.

It is clear from the discussion in Section 2 that (i) and (ii) in

(a) and (b) can be replaced by (i)' and (ii)' and the result of Theorem
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2 remains valid provided H is restricted to range only over those
members of H(F,G) for which (i)' and (ii)' are satisfied (otherwise
E{k(X,Y) may not exist).

It should be clear that the result of Theorem 2 is no longer true when k
is not quasi-monotone (or quasi-antitone), i.e. for general k the closed
interval with endpoints E k(X Y) and E k(X Y) 1is a proper subset of
the set of values of E (K Y) when H ranges over H(F,G). As an
example take k(x,y) = (x-a) (y-a) and F,G to be the uniform distributions

on (0,1). Then wnder H

. » K=Y, and under H_, X=-Y, and thus

éo On the other hand when I[H(x,y) =
1
F(Y)F(y) ve have Ek(X,Y) = {E(X-%) %y = 147 -

By k(XY) = By kQLY) = E E(x-1)* =

4. EXAMPLES AND DISCUSSION

Some simmle examples of continuous quasi-monotone and quasi-antitone
functions are the following. Quasi-ronotone functions: xy, (x+y)2,
min(x,y), f(x-y) where f is concave and continuous. CQuasi-antitone
functions: |x-y|p for p 21, max(x,y), f(x-y) where f is convex
and continuous.

If k(x,y) is absolutely continuous then ——%é%lzl- exists a.e.

[Leb] and is locally integrable and for all x < x' and y <y',

Y ¥
A" Y 3%k (u,v)
(x,x )k < y Judv du dv

(see Hobson [7]). Hence when k(x,y) 1is absolutely continuous, it is

quasi-monotone if and only if azk(xgy)/axay 2 0 a.e. Thus starting
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from any nonnegative locally Lebesgue integrable function one can generate
(absolutely continuous) quasi-monotone functions.

An example of a quasi-antitone function which is not necessarily
continuous is k(x,y) = |£(xX) - £(y)| where £ is nondecreasing, say;
when f is right continuous so is k.

Of the two properties requiréd of the function k(x,y) quasi-monotonicity
is the crucial one in our method, while right continuity can be somewhat
weakened. Of course if k(x,y) is left continuous we can get the same

results simply by defining u by

wllex) « [y,y} = s Y k.

9

More importantly, if k(x,y) has left and right limits at every point

and if its points of discontinuity are located on a countable number

of parallels to the axes, then we can obtain the same results provided

the points where these paraliels cut the axes are not atoms of the marginal
distributions F and G (this is of course always satisfied if F and G
have densities). This follows from the fact that we can write Kk = kl + kz
vhere kl is right continuous and kz equals zero for points not on the
countable number of parallels to the axes. Then EkZ(XyY) = IRZ kde = 0
since every 1 in H(F,G) assigns zero measure to every line parallel

to the axes cutting the axis at a point which is not an atom of the correspon-
ding marginal. In this comnection it is interesting to note that if k(x,y)
is quasi-monotone and if for some X and Yo k(xo,y) and k(x,yo) are
of bounded variation in y and x respectively then k(x,y) has left and

right limits at every voint and its points of discontinuity are located on
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a countable number of parallels to the axes (for the first part see

p. 345 of Hobson [7] and for the second p. 722 of Adams and Clarkson 1Dh.

A function k(x,y) is said to be of bounded variation on a bounded
rectangle [a,b] x [c,d] if for all m,n and points a = Xg<Xy<...<Xp =

(V55Y341)
_ _ m-len-1 1’71+l .
C = yg¥y<e--<Y, = d the sum zi=02j=0 A(xi’xi+1)k| is bounded. If k

b,

is

of bounded variation on every bounded rectangle, it is the difference of two

quasi-monotone functions (see p. 718 of Adams and Clarkson [1]) and if it
also right continuous it determines by (1) a (unique o-finite) signed
measure u. Then under the appropriate integrability assumptions the
expressions for Ek(X,Y) given by (3) and (5) and by (7) and (9) remain
valid. Since u can now take both positive and negative values the
results of Theorems 1 and 2 are no longer valid. However, one can still
obtain weaker results some of which we mention briefly.

(i) If the joint distributions H and H' of (X,Y) and (X', Y")
as in Theoren 1 assign full measure to Borel sets which are positive sets
of the signed measure u, then (10) is valid. Of course this means that
k is quasi-monotone with respect to H and H', i.e., on sets of full
H and H° measure rather than on the entire plane. As an exarple
x(x,y) = |xy|P, 0<p<1, is quasi-monotone on the complement of
the diagonal of the plane and thus if Pr{X=Y} = 0 under H and
Pr{¥'=sY'} = 0 under H' (i.e. H and H' assign zero probability
to the diagonal), (10) is valid. An even simpler case arises when with
probability one X e A and Y ¢ B where the Borel sets A and B
are such that k is quasi-monotone on A x B (but not necessarily

on the entire plane). Then Theorems 1 and 2 remain valid without any

is
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further qualifications. As examples, take k(x,y) = (x+y)p , 1<mp,

and X 0 with probability one, or k(x,y) = |x-y|?, 0<p<1,

\%

0, Y

v

A

and X <a<b=<Y with probability one.

(ii) If u-= Myt Uy is the Jordan decomposition of the signed
measure u as a difference of two nonnegative measures My and My s
under appropriate integrability conditions, one can get upper and lower
bounds for EHk(XiY), H ¢ H(F,G), like those in Theorem 2. For instance

for k symmetric (under appropriate integrability conditions) we have

that for all H in H(F,G),

JRZ A+du2 - [QZ A_dul < 2Ek(X,Y) - Ek(X,X) - Ek(Y,Y) < J 2 A_duz - JRZ A+du1

R
where A_, A_ are given by (3) with H replaced by H_ , H_ respectively.
However, these upper and lower bounds are not achieved by some H’s in
H(F,G) and more important they are not the least upper bound and the

greatest lower bound (whose calculations elude us).
5. DISCUSSION OF THE LITERATURE

Ye conclude with a few comments on the literature. For k(x,y) = [x-y|p
the expression of Ek(X,Y) given by (3) and (5) has been obtained for p = 2
by Hoeffding [8] (see also p. 1139 of Lehmann [9]) and by Bdrtfai [2], for
p =1 by Vallender [14], and for any p = 1 by Dall'Aglio [3] (see also
Dall'Aglio [4]). For k(x,y) = xy the bounds of Theorem 2 are given on
p. 278 of Hardy, Littlewood and PGlya [6] by the method of rearrangements.

This work was done independently of Tchen [13] where the bounds of Theorem



2 are derived for continuous quasi-ronotone functions under further
assumptions stronger than those of Theorem 2; the method is that of
rearrangements and no expressions are given for Ek(X,Y) which could

produce the result of Theorem 1.

18
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