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Abstract. In this paper we explore the geometry of the integer points in
a cone rooted at a rational point. This basic geometric object allows us to
establish some links between lattice point free bodies and the derivation
of inequalities for mixed integer linear programs by considering two rows
of a simplex tableau simultaneously.

1 Introduction

Throughout this paper we investigate a mixed integer linear program (MIP) with
rational data defined for a set I of integer variables and a set C' of continuous
variables

(MIP) max ¢’z subject to Az =b, x>0, x; € Z fori € I.

Let LP denote the linear programming relaxation of MIP. From the theory of
linear programming it follows that a vertex z* of the LP corresponds to a basic
feasible solution of a simplex tableau associated with subsets B and N of basic
and nonbasic variables

x; + Z Qi jT; = Bi fori € B.
jEN
Any row associated with an index i € BN I such that b; € Z gives rise to a set

X(Z) = {x S RlNI ‘ Bz — Z&@jﬂ?j €7, xj > (0 for allj S N}
JEN
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whose analysis provides inequalities that are violated by x*. Indeed, Gomory’s
mixed integer cuts [4] and mixed integer rounding cuts [6] are derived from such
a basic set X (¢) using additional information about integrality of some of the
variables. Interestingly, unlike in the pure integer case, no finite convergence
proof of a cutting plane algorithm is known when Gomory’s mixed integer cuts
or mixed integer rounding cuts are applied only. More drastically, in [3], an
interesting mixed integer program in three variables is presented, and it is shown
that applying split cuts iteratively does not suffice to generate the cut that is
needed to solve this problem.

Example 1: [3] Consider the mixed integer set
t<uwy,
t < T2,
1 +x2 +1 < 2,
reZ?andteRL.
The projection of this set onto the space of z1; and x, variables is given by
{(x1,22) € Ri c w1 + 22 < 2} and is illustrated in Fig. [[I A simple analysis
shows that the inequality z1 + z2 < 2, or equivalently ¢ < 0, is valid. In [3] it

is, however, shown that with the objective function z = maxt, a cutting plane
algorithm based on split cuts does not converge finitely. a

Fig. 1. The Instance in [3]

The analysis given in this paper will allow us to explain the cut ¢ < 0 of Example
1. To this end we consider two indices ¢1,i2 € B NI simultaneously. It turns out
that the underlying basic geometric object is significantly more complex than
its one-variable counterpart. The set that we denote by X (i1, 42) is described as

X(il,iz) = {33 S RINl ‘ Bz — Z Qi jTj € Z for i = iq,19, T; > 0 for all] € N}
JEN
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Setting
[ = (Bilvgiz)T € R?, and
ri = (Ezilyj,c’zim)T € R2,

the set obtained from two rows of a simplex tableau can be represented as

Pri={(z,8) € Z* xR} 12 = f+ Zsjrj},
jEN
where f is fractional and 7/ € R? for all j € N. Valid inequalities for the set Pj
was studied in [5] by using superadditive functions related to the group problem
associated with two rows. In this paper, we give a characterization of the facets
of conv(Pr) based on its geometry.

Example 1 (revisited): For the instance of Example 1, introduce slack vari-
ables, s1, s2 and y; in the three constraints. Then, solving as a linear program,
the constraints of the optimal simplex tableau are

t 351 382 +%y1 =

z1 —?91 +g82 +§y1 =
Tz +3851 —382 +3Y1 =

[SSIINGM TGN [ )

Taking the last two rows, and rescaling using s, = s;/3 for i = 1,2, we obtain
the set P;

71 —2s} +1s) —&-%yl = +§
i) +].8/1 —28/2 +§y1 = +§
r€Z2s ERiyl ER}F.
Letting f = (%,%)T7 rt = (2,-D7T, r2 = (-1,2)T and r3 = (—%7—%)T (see

Fig. ), one can derive a cut for conv(Pr) of the form

r1 + T2 +y1 > 2 or equivalently ¢t < 0,

which, when used in a cutting plane algorithm, yields immediate termination.
O

Our main contribution is to characterize geometrically all facets of conv(Pr).
All facets are intersection cuts [2], i.e., they can be obtained from a (two-
dimensional) convex body that does not contain any integer points in its interior.
Our geometric approach is based on two important facts that we prove in this
paper
— every facet is derivable from at most four nonbasic variables.
— with every facet F' one can associate three or four particular vertices of
conv(Pr). The classification of F' depends on how the corresponding k = 3, 4
integer points in Z? can be partitioned into k sets of cardinality at most two.

More precisely, the facets of conv(Pr) can be distinguished with respect to the
number of sets that contain two integer points. Since k = 3 or k = 4, the
following interesting situations occur



4 K. Andersen et al.

— no sets with cardinality two: all the k € {3,4} sets contain exactly one tight
integer point. We call cuts of this type disection cuts.

— exactly one set has cardinality two: in this case we show that the inequality
can be derived from lifting a cut associated with a two-variable subproblem
to k variables. We call these cuts lifted two-variable cuts.

— two sets have cardinality two. In this case we show that the corresponding
cuts are split cuts.

Furthermore, we show that inequalities of the first two families are not split
cuts. Our geometric approach allows us to generalize the cut introduced in Ex-
ample 1. More specifically, the cut of Example 1 is a degenerate case in the sense
that it is “almost” a disection cut and “almost” a lifted two-variable cut: by
perturbing the vectors r', r? and r? slightly, the cut in Example 1 can become
both a disection cut and a lifted two-variable cut.

We review some basic facts about the structure of conv(Pr) in Section 2. In
Section 3 we explore the geometry of all the feasible points that are tight for a
given facet of conv(Pr), explain our main result and presents the classification
of all the facets of conv(Py).

2 Basic Structure of conv(FPr)

The basic mixed-integer set considered in this paper is

Pri={(z,s) €22 xR sz =f+ ) sy}, (1)
jEN

where N := {1,2,...,n}, f € Q*\ Z? and 7 € Q2 for all j € N. The set
Prp = {(z,5) € R* xR} : @ = f + 3,y s;r7 } denotes the LP relaxation of
P;. The j* unit vector in R™ is denoted e;. In this section, we describe some
basic properties of conv(Pr). The vectors {r’} jen are called rays, and we assume
r7 0 for all j € N.

In the remainder of the paper we assume P; # (). The next lemma gives a
characterization of conv(Pr) in terms of vertices and extreme rays.

Lemma 1.

(i) The dimension of conv(P) is n.
(ii) The extreme rays of conv(Pr) are (r7,e;) for j € N.
(iii) The vertices (z!,s!) of conv(Pr) take the following two forms:
(a) (z!,s") = ( I,sfej), where x! = f+s][Tj €7Z? and j € N
(an integer point on the ray {f + s;r7 : s; > 0}).
(b) (xf,sT) =( I,sjl»ej—&—siek), where ! = f—i—sjlrj—&—sirk €Z? and j,k € N
(an integer point in the set f + cone({r7,r¥})).

Using Lemmal[ll we now give a simple form for the valid inequalities for conv(Pr)
considered in the remainder of the paper.
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Corollary 1. Every non-trivial valid inequality for Py that is tight at a point
(z,5) € Pr can be written in the form

D asi >, (2)
JEN
where aj > 0 for all j € N.
For an inequality >,y a;s; > 1 of the form (@), let N0 :={j€eN:a; =0}
denote the variables with coefficient zero, and let N7 := N\ N denote the re-
mainder of the variables. We now introduce an object that is associated with the

inequality Z]EN ajs; > 1. We will use this object to obtain a two dimensional
representation of the facets of conv(FPr).

Lemma 2. Let ZJEN a;s; > 1 be a valid inequality for conv(Pr) of the form
[@). Define v’ = f + O%jrj for j € N7°. Consider the convex polyhedron in R?

Ly:={z€ R2 : there exists s € R? s.t. (z,s) € Ppp and Z a;s; <1}
JEN

(i) La = conv({f} U {v'}; nz0)+ cone({r’};c no).
(i) interior(L,,) does not contain any integer points.
(ii3) If cone({rj}jeN) = R?, then f € interior(L,).

Example 2: Consider the set

Pr={(z,s) 2= f+ (?)sl—k <}>32+ (‘23)s3+ (_01> 54+ (_12)85}7

where f = (

N[ s | =

>, and consider the inequality

12
251 + 259 + 483 + 54 + 785 > 1. (3)

The corresponding set L, is shown in Fig. 2 As can be seen from the figure,
L,, does not contain any integer points in its interior. It follows that (@) is valid
for conv(Pr). Note that, conversely, the coefficients a; for j =1,2,...,5 can be
obtained from the polygon L, as follows: a; is the ratio between the length of
rJ and the distance between f and v?. In particular, if the length of r7 is 1, then
; is the inverse of the distance from f to v7. i

The interior of L, gives a two-dimensional representation of the points = €
R? that are affected by the addition of the inequality >jen @jsj = 1 to the
LP relaxation Prp of Pr. In other words, for any (x,s) € Ppp that satisfies
> jen @jsi < 1, we have z € interior(Ly). Furthermore, for a facet defining
inequality > jen @S =1 of conv(Pr), there exist n affinely independent points
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3
<

Fig. 2. The set L, for a valid inequality for conv(Pr)

(2%,s%) € Pr, i = 1,2,...,n, such that djeN
{a'},cn are on the boundary of Lq, i.e., they belong to the integer set:

ajs; = 1. The integer points

Xo:i={z€ 7% :3s € R” s.t. (x,s) € PLp and Z a;s; =1}
JEN
We have X, = L, NZ2%, and X, # () whenever djen @jsj > 1 defines a

facet of conv(Pr). We first characterize the facets of conv(Pr) that have zero
coefficients.

Lemma 3. Any facet defining inequality Z]EN a;s; > 1 for conv(Pr) of the
form (@) that has zero coefficients is a split cut. In other words, if NO # (), there
exists (m,mo) € Z? X Z such that Lo C {(x1,12) : mp < a1 + moexe < mo + 1}.

Proof: Let k € NO be arbitrary. Then the line {f +ur* : u € R} does not contain
any integer points. Furthermore, if j € N0, j # k, is such that r* and 77 are not
parallel, then f + cone({r*,77}) contains integer points. It follows that all rays
{Tj}jeNg are parallel. By letting ' := (7¥)* = (=%, 7%)T and 7)) := (7")T f, we
have that {f + ur* : p € R} = {o € R? : mjay + mhws = 7 }. Now define:

71'(1) :zmax{ﬂixl + 77/2332 : 71"1331 + 71"21‘2 < 71'6 and x € ZQ}, and

7 i=min{7|x1 + whae : M1 + THra > ) and x € Z}.

We have 7§ < 7y < 73, and the set S; := {z € R* : 7} < wl@y + whas < 73}
does not contain any integer points in its interior. We now show L, C S, by
showing that every vertex v™ = f + aimrm of L., where m € N79, satisfies
v™ € Sr. Suppose v™ satisfies 7] v + mhol < 7} (the case vt + whut > 73 is
symmetric). By definition of 7, there exists 2! € Z? such that mjz! +whal = 7,
and ol =M™ + (1 = \)(f + 6r%), where X €]0, 1], for some 6 > 0. We then have
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al = f+ 21"+ §(1-X\)r*. Inserting this representation of z” into the inequality
> jen @jsj > 1 then gives O‘ma%n"‘ ar6(1 —X) = X < 1, which contradicts the
validity of ZjeN a;s; > 1 for Pr. Hence L, C S.

To finish the proof, we show that we may write S, = {z € R? : my < mz1 +
maxe < o + 1} for some (7, my) € Z? x Z. First observe that we can assume (by
scaling) that 7/, 7} and 72 are integers. Next observe that any common divisor
of 7} and 7} also divides both 7} and 73 (this follows from the fact that there
exists z!, 22 € Z? such that 7z} + mhzl = n} and 7} 2? + 723 = 7). Hence we
can assume that 7] and 7} are relative prime. Now the Integral Farkas Lemma
(see [8]) implies that the set {x € Z? : 7|x1 + Thas = 1} is non-empty. It follows
that we must have 73 = m} + 1, since otherwise the point g := 2’ + 2! € Z?,
where 2’ € {x € Z? : mjz1 + whxe = 1} and 2! € {z € Z% : w1 + Thro = 7S},
satisfies 7§ < 7} 91 + mhya < 73, which contradicts that S, does not contain any
integer points in its interior. a

3 A Characterization of conv(X,) and conv(FPr)

As a preliminary step of our analysis, we first characterize the set conv(X,). We
assume «; > 0 for all j € N. Clearly conv(X,) is a convex polygon with only
integer vertices, and since X, C L,, conv(X,) does not have any integer points
in its interior. We first limit the number of vertices of conv(X,) to four (see [1]
and [7] for this and related results).

Lemma 4. Let P C R? be a convex polygon with integer vertices that has no
integer points in its interior.

(i) P has at most four vertices

(i) If P has four vertices, then at least two of its four facets are parallel.

(iii) If P is not a triangle with integer points in the interior of all three facets
(see Fig.[3.(c)), then there exists parallel lines 7z = my and 7z = 7y + 1,
(m,m0) € Z3, such that P is contained in the corresponding split set, i.e.,
PC{zeR?:my<mx<m+1}.

Lemma M shows that the polygons in Fig. [ include all possible polygons that
can be included in the set L., in the case when L, is bounded and of dimension
2. The dashed lines in Fig. [l indicate the possible split sets that include P. We
excluded from Fig. Bl the cases when X, is of dimension 1. We note that Lemma
[l (iii) (existence of split sets) proves that there cannot be any triangles where
two facets have interior integer points, and also that no quadrilateral can have
more than two facets that have integer points in the interior.

Next, we focus on the set L,. As before we assume a; > 0 for all j € N.
Due to the direct correspondence between the set L, and a facet defining in-
equality ZJEN a;s; > 1 for conv(Pr), this gives a characterization of the facets
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(a) A triangle: no facet (b) A triangle: one facet (c) A triangle: all facets
has interior integer points has interior integer points have interior integer
points

(d) A quadrilateral: no (e) A quadrilateral: one (f) A quadrilateral: two
facet has interior integer facet has interior integer facets have interior inte-
points points ger points

Fig. 3. All integer polygons that do not have interior integer points

of conv(Pr). The main result in this section is that L, can have at most four
vertices. In other words, we prove

Theorem 1. Let ZjeN a;s; > 1 be a facet defining inequality for conv(Pr) that
satisfies oy > 0 for all j € N. Then Ly is a polygon with at most four vertices.

Theorem[Ishows that there exists aset S C N such that |S| < 4and )
1 is facet defining for conv(Pr(5)), where

jes Qsj =

Pr(S) := {(z,5) € Z* x Rf' cr=f+ Zsﬂj}.
JjES

Throughout this section we assume that no two rays point in the same di-
rection. If two variables ji,j» € N are such that j; # jp and v/t = éri2
for some 6 > 0, then the halflines {x € R? : z = f + s;,r",s;, > 0} and
{r € R? : & = [+ s;,r72,s;, > 0} intersect the boundary of L, at the same
point, apd therefore ALO‘ = conv({f} U {vj}jeN) = conv({f} U {1)j}~j€]\,\{h})7
where v/ := f + a%_r] for j € N. This assumption does therefore not affect the
validity of Theorem [Tl

The proof of Theorem [ is based on characterizing the vertices conv(Fy) that
are tight for ZjeN ajs;j > 1. We show that there exists a subset S C N of
variables and a set of |S| affinely independent vertices of conv(Pr) such that
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|S| < 4 and {a;},c 5 is the unique solution to the equality system of the polar
defined by these vertices. The following notation will be used intensively in the
remainder of this section.

Notation 1

(i) The number k < 4 denotes the number of vertices of conv(Xy).
(ii) The set {x"}, . denotes the vertices of conv(X,), where K = {1,2,...,k}.

Recall that Lemma [Il(iii) demonstrates that for a vertex (z,5) of conv(Pr), §
is positive on at most two coordinates 71,72 € N, and in that case T € f +
cone({r’t,r72}). If 5 is positive on only one coordinate j € N, then = f+35;r7,
and the inequality of the polar corresponding to (Z,5) is a;5; > 1, which simply
states a; > 2. A point Z € Z? that satisfies € {z € R? 1z = f + s5;17,5; > 0}
for some j e N is called a ray point in the remainder of the paper. In order to
characterize the tight inequalities of the polar that correspond to vertices z¥ of
conv(X,) that are not ray points, we introduce the following concepts.
Definition 1. Let 3,y
a ray point, and that & € f + cone({r’1,r72}), where ji,j2 € N. This implies
T = f+sjr" +sj,r72, where sj,,s;, >0 are unique.

a;js; > 1 be valid for conv(Pr). Suppose T € Z? is not

(a) The pair (j1,j2) is said to give a representation of Z.

(b) If o, sj, + @, 85, = 1, (J1, j2) is said to give a tight representation of T wrt.
Ljen @8 2 1 o .

(¢) If (i1,i2) € N XN satisfies cone({r"*,r*2}) C cone({r?', r2}), the pair (i1,i2)
is said to define a subcone of (j1,j2).

Example 2 (continued): Consider again the set

Pr={(z,s):x=f+ (?)sl—k <}>32+ (‘23)53+ (_01> sa+ (_12)85}7

1
where f = ( { ], and the valid inequality 2s; 4 255 + 4s3 + 54 + Ls5 > 1 for

2
conv(Pr). The point & = (1,1) is on the boundary of L, (see Fig. Bl). We have
that Z can be written in any of the following forms

1
f+ZT1+47“
- 3 1 1 3
I—f+7r +og"
3 1
T=f +Zr2 +Zr4.

It follows that (1,2),(1,3) and (2,4) all give representations of z. Note that
(1,2) and (1,3) give tight representations of  wrt. the inequality 2s; + 259 +
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4s3 + s4 + 255 > 1, whereas (2,4) does not. Finally note that (1,5) defines a
subcone of (2,4). O

Observe that, for a vertex z¥ of conv(X,) which is not a ray point, and a tight
representation (j1,j2) of ¥, the corresponding inequality of the polar satisfies
aj tj, + ay,tj, = 1, where ¢;,t;, > 0. We now characterize the set of tight
representations of an integer point Z € Z2, which is not a ray point

To(Z) :={(j1,72) : (J1,j2) gives a tight representation of T wrt. Z a;s; > 1}
JEN

We show that T,(Z) contains a unique maximal representation (j7,75) €
T, (Z) with the following properties.

Lemma 5. There exists a unique mazimal representation (5T,73) € Tu(T) of T
that satisfies:

(i) Every subcone (j1,72) of (jT,j¥) that gives a representation of T satisfies
(J1,J2) € Ta(Z). -
(ii) Conversely, every (ji,J2) € To(Z) defines a subcone of (j7,73).

To prove Lemma [ there are two cases to consider. For two representations
(i1,12) and (41, j2) of Z, either one of the two cones (i1, i2) and (j1, j2) is contained
in the other (Lemma [l), or their intersection defines a subcone of both (i1,i2)
and (j1,j2) (Lemma [M). Note that we cannot have that their intersection is
empty, since they both give a representation of Z.

Lemma 6. Let ) ;. ajs; > 1 be a facet defining inequality for conv(Pr) that
satisfies aj > 0 for all j € N, and let & € Z*. Then (j1,j2) € Tu(Z) implies
(i1,i2) € Ta(Z) for every subcone (i1, i) of (ji1,j2) that gives a representation
of .

Proof: Suppose (j1,72) € To(Z). Observe that it suffices to prove the following:
for any j3 € N such that 772 € cone({r71,772}) and (j1, j3) gives a representation
of Z, the representation (ji,j3) is tight wrt. ZjeN a;s; > 1. The result for all
remaining subcones of (j1,j2) follows from repeated application of this result.
For simplicity we assume j; = 1, jo = 2 and j3 = 3.

Since € f+cone({r!,r?}),z € f+cone({r!,r3}) and r3 € cone({r!,r?}), we
may write Z = f+uir! +uor?, T = f+virt +vsr? and 3 = wir! +wer?, where
U1, U2, V1, V3, wy, w2 > 0. Furthermore, since (1,2) gives a tight representation of
T wrt. ZjeN ajs; > 1, we have ayui+asus = 1. Finally we have a1 v14+-azvs > 1,
since ZjeN ajs; > 1 is valid for Pr. If also ajv1 + azvz = 1, we are done, so
suppose a1v] + azvs > 1.

We first argue that this implies aig > awy +aows. Since T = f4uirt +ugr? =
f + virt + v3rd, it follows that (u; — vy)rt = v3r® — uar?. Now, using the
representation 13 = wir! + wor?, we get (uy — vy —v3wy )rt + (uz — vaws)r? = 0.
Since r! and r? are linearly independent, we obtain:

(u1 — v1) = v3w; and ug = v3ws.
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Now we have ajv1+aszvz > 1 = ajui+agus, which implies (v; —uq ) —agus+
asvz > 0. Using the identities derived above, we get —vzwia; — asvzws + azvs >
0, or equivalently vs(—wi a1 —agws +asg) > 0. It follows that ag > w4+ asws.

We now derive a contradiction to the identity as > ajw; + asws. Since
> jen @jsj = 1 defines a facet of conv(Py), there must exist 2’ € Z? and k € N
such that (3, k) gives a tight representation of 2’ wrt. Z]EN ajsj > 1. In other
words, there exists @’ € Z2, k € N and 63, 6, > 0 such that 2/ = f + 637> + 61"
and as83 + a6, = 1. Furthermore, we can choose 2/, 83 and 6, such that 3 is
used in the representation of 2/, i.e., we can assume 63 > 0.

Now, using the representation 3 = wyr! 4+ wor? then gives ' = f + 6313 +
OprF = f+ 63wirt 4 S3war? + 6r*. Since > jen @jsj > 1is valid for Pr, we have
163w +adzwot b > 1 = asds+aidk. This implies 63(asz —awy —aows) <
0, and therefore ag < ajw; — asws, which is a contradiction. O

Lemma 7. Let ZjeN a;s; > 1 be a facet defining inequality for conv(Pr) satis-
fying acj > 0 for j € N, and suppose T € Z* is not a ray point. Also suppose the
intersection between the cones (j1,j2), (js,ja) € Ta(Z) is given by the subcone
(J2,J3) of both (j1,j2) and (js,js). Then (ji,ja) € Ta(Z), i.e., (j1,ja) also gives
a tight representation of T.

Proof: For simplicity assume j; = 1, jo = 2, j3 = 3 and j4 = 4. Since the cones
(1,2) and (3,4) intersect in the subcone (2,3), we have 73 € cone({r!,r%}), r? €
cone({r3,r}), r* ¢ cone({r',r?}) and r! ¢ cone({r3,r*}). We first represent =
in the translated cones in which we have a tight representation of z. In other
words, we can write

- 1 2
T=f4+uir +uqsrs,
T = f 4 v3rd + vyt and

- 2 3
T =f+ zor® 4 2317,

—~ o~
S O
— — —

where w1, ug, v3,v4, 22, 23 > 0. Note that Lemma [0 proves that (@) gives a tight
represention of Z. Using (H))-(6]), we obtain the relation

Tialo Tiplay r2\  juprt
(T2,1I2 TQ,QIQ)(TS) - (1)47“4 )a (7)

T4 Tl,z) _ ((22 —u2) 23
T4 T2 2 (23 —
the 2 x 2 identity matrix. On the other hand, the tightness of the representations
([@)-([©) leads to the following identities

where T is the 2 x 2 matrix T := ( v )) and I is
3

ajuitagus =1, (8)
o3v34+aavs = 1 and 9)
Qozo+ayzy =1, (10)
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where, again, the last identity follows from Lemma[6 Using ([§)-(I0), we obtain
the relation

Ti1 Ty 2y jur0q
(T2,1 T2,2)(a3) - (v4a4 )- (11)

We now argue that T is non-singular. Suppose, for a contradiction, that
T11T22 =T 2T 1. From (@) and (@) we obtain vyr* = (23 — v3)r® + 2972, which
implies z3 < vs, since 7* ¢ cone({r',r%}) 2 cone({r?,r3}). Multiplying the first
equation of (I:EU) with T2)2 gives T2’2T1’1a2 + T2’2T1’2a3 = ’U,1T2’2CE17 which im-
plies Ty o(T5,100 + T 2003) = u1Ts 20v1. By using the definition of T, this can be
rewritten as z3(aaze + (23 — v3)as) = uia (23 — v3). Since zos + zgag = 1, this
implies z3(1 — vzag) = uraq(zs — v3). However, from (@) we have vzag €]0, 1],
50 23(1 —vgag) > 0 and uyaq (23 — v3) < 0, which is a contradiction. Hence T is
non-singular.

We now solve () for an expression of 72 and r3 in terms of 7! and r%.
The inverse of the coefficient matrix on the left hand side of () is given by

T LT, I T T

-1 ._ 1,2 . ~

(T2_)111.2 T£21]2)’ where T := (TQ_’ll T2f21) denotes the inverse of T'. We there
fore obtain

r? = At + M\t and (12)

3 = prt + pgr?, (13)

where A\ := u1T1T117)\4 = ’U4T1T217 Wi = u1T2f11 and pyg = v4T£§. Similarly,

solving () to express as and ag in terms of o and g gives

a9 = M aq + Ay and (14)
a3 = U101 + a0, (15)

Now, using for instance ({@l) and ([I2]), we obtain

T=f+ (u1 + uzx\l)rl + (uzx\4)r4, and:

(u1 + ugA)aq + (uadg)ay = (using ()
(1 — ugaa) + ugA1aq + (ugAg)oy =
1+ UQ(/\qu + Agoy — 042) =1. (using (M))

To finish the proof, we only need to argue that we indeed have T € f +
cone({rt,r*}), i.e., that & = f + 617" + 847* with 61 = ug +u A1 and 64 = us Ay
satisfying 61,84 > 0. If 6 < 0 and &4 > 0, we have T = f + 817! + &u7* =
f+urrt + ugr?, which means 6474 = (ug — 61)r! + uar? € cone({r!,r?}), which
is a contradiction. Similarly, if §; > 0 and 64 < 0, we have z = f + &6;r! +
Sar* = f+wv3r® +vtrd, which implies 8171 = v3r3+ (vg — 84)r* € cone({r®,r*}),
which is also a contradiction. Hence we can assume 61,64 < 0. However, since
01 = u1 +ugA and &4 = usg A4, this implies A1, A4 < 0, and this contradicts what
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was shown above, namely that the representation & = f + 87! + 8,7 satisfies
161 + agdy = 1. O

It follows that only one tight representation of every point x of conv(X,) is
needed. We now use Lemma 5 to limit the number of vertices of L, to four. The
following notation is introduced. The set J* := U, j,)er. (2){J1,J2} denotes
the set of variables that are involved in tight representations of z. As above,
(47, J5) € To(x) denotes the unique maximal representation of z. Furthermore,
given any (j1,j2) € Ta(x), let (2 (x), t?;(x)) satisfy © = f 472 (x)r/! + ti! (x‘)rj“’.
Lemma 5 implies that € coge(r3f7rjg) for every j € J*. Let (w}(z), ws(z))
satisfy 77 = w(x)r/t 4+ wj(x)r’z , where w] (x), w)(z) > 0 are unique.

Let > cnajs; > 1 be a valid inequality for conv(Pr) that satisfies a; > 0
for j € N. The inequality ZjeN ajs; > 1 is facet defining for conv(Pr), if and
only if the coefficients {«;},c y define a vertex of the polar of conv(Pr). Hence
> jen @jsj > 1is facet defining for conv(Pr), if and only if the solution to the
system

ajltgf (z) + Oéjzt;é (x) =1, forevery x € X, and (j1,j2) € To(x). (16)

is unique. We now rewrite the subsystem of (I@) that corresponds to a fixed
point z € X,,.

Lemma 8. Let Z]EN ajs; > 1 be a facet defining inequality for conv(Pr) that
satisfies o > 0 for j € N. Suppose x € X, is not a ray point. The system

ajlt;‘;’ (z) + athﬁ () =1, for every (j1,72) € Ta(x). (17)
has the same set of solutions {ca;},c ;. as the system
1= t;f (m)a]& + tﬁ (x)ajza Jor (jlvj?) = (]1$7J2$)7 (18)
a; = wi(z)agy + wy(x)ags, for j € J*\{GT, 45 }- (19)
We next show that it suffices to consider vertices of conv(X,) in ().

Lemma 9. Let ),y a;jsj > 1 be a facet defining inequality for conv(Pr) that
satisfies a;j > 0 for j € N. Suppose x € X, is not a vertex of conv(X,). Then
there exists vertices y and z of conv(X,) such that the equalities

a2 (y) + ot (y) = 1, for every (ji, j2) € Taly) and (20)
o, ti2(2) +agt (2) = 1, for every (ji,j2) € Ta() (21)

imply the equalities:
ajlt;f (z) + aht?; () =1, for every (j1,72) € Ta(x). (22)

By combining Lemma 8 and Lemma 9 we have that, if the solution to (I0) is
unique, then the solution to the system

t?% (r)aje + t;g (r)ajs =1, for every vertex x of conv(Xy). (23)
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is unique. Since 23] involves exactly k < 4 equalities and has a unique solution,
exactly k < 4 variables are involved in ([Z3) as well. This finishes the proof of
Theorem [I1

We note that from an inequality ZjES ajs;j > 1 that defines a facet of
conv(Pr(S)), where |S| = k, the coefficients on the variables j € N \ S can be
simultaneously lifted by computing the intersection point between the halfline
{f+s;m7 :s; > 0} and the boundary of L.

We now use Theorem 2 to categorize the inequalities ..\ ajs; > 1 that
define facets of conv(Pr). For simplicity, we only consider the most general case,
namely when none of the vertices of conv(X,) are ray points. Furthermore, we
only consider k = 3 and k = 4. When k = 2, ZjEN ajs; > 11is a facet defining
inequality for a cone defined by two rays. We divide the remaining facets of
conv(Pr) into the following three main categories.

(i) Disection cuts (Fig.[4. (a) and Fig.[4. (b)):
Every vertex of conv(X,) belongs to a different facet of L.

(ii) Lifted two-variable cuts (Fig.[3) (c) and Fig.[4 (d)):
Exactly one facet of L, contains two vertices of conv(X,). Observe that this
implies that there is a set S C N, [S]| = 2, such that >, 5 a;s; > 1 is facet
defining for conv(Pr(5)).

(iii) Split cuts:
Two facets of L, each contain two vertices of conv(Xy).

=

(a) Disection cut from a triangle (b) Disection cut from a quadrilateral
(c) Lifted two-variable cut from ) Lifted two-variable cut from tri-
quadrilateral angle

Fig. 4. Disection cuts and lifted two-variable cuts

An example of a cut that is not a split cut was given in [3] (see Fig. 1). This
cut is the only cut when conv(X,) is the triangle of Fig. 4.(c), and, necessarily,
L, = conv(X,) in this case. Hence, all three rays that define this triangle are
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ray points. As mentioned in the introduction, the cut in [3] can be viewed as
being on the boundary between disection cuts and lifted two-variable cuts.

Since the cut presented in [3] is not a split cut, and this cut can be viewed
as being on the boundary between disection cuts and lifted two-variable cuts, a
natural question is whether or not disection cuts and lifted two-variable cuts are
split cuts. We finish this section by answering this question.

Lemma 10. Let ZjeN ajs; > 1 be a facet defining inequality for conv(Pr)
satisfying o > 0 for j € N. Also suppose ZJEN ajs; > 1 is either a disection
cut or a lifted two-variable cut. Then } .y ojs; > 1 4s not a split cut.

Proof: Observe that, if ZJEN a;s; > 1is a split cut, then there exists (7, m) €
72 x 7 such that L, is contained in the split set S, := {z e R2: 19 < mz1 +
moxe < mo + 1}. Furthermore, all points z € X, and all vertices of L, must be
either on the line 77z = 7, or on the line 77z = my + 1. However, this implies
that there must be two facets of L, that do not contain any integer points. 0O
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