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Abstract

In this paper we introduce the ¢—Bessel Fourier transform, the ¢—Bessel trans-
lation operator and the g—convolution product. We prove that the ¢—heat semi-
group is contractive and we establish the ¢—analogue of Babenko inequalities
associated to the ¢—Bessel Fourier transform. With applications and finally we
enunciate a g—Bessel version of the central limit theorem.
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In introducingg—Bessel Fourier transforms, tlye-Bessel translation operator

and theg—convolution product we shall use the standard conventional notation
as described in/]]. For further detailed information ogp—derivatives, Jackson
g—integrals and basic hypergeometric series we refer the interested reader to
[4], [10], and [F].

The following two propositions will useful for the remainder of the paper.

Proposition 1.1. Consider) < ¢ < 1. The series

= w0 (WE" Qoo
(0; Qo191 (0, wi g3 2) = > (=1)"q > (s D . L )
ot (4 O)n

defines an entire analytic function inw, which is also symmetric in, w:
(w; Q)oo101(0, 03 ¢ 2) = (21 ¢)o01901(0, 25 g5 w).

Both sides can be majorized by
(W3 @)o0161 (0, w5 ¢ 2)| < (=|w]; @)oo (—|2]; @)oo

Finally, for all n € N we have

n(n—1)

(@' Q)o0101(0, ¢ ¢:2) = (=2)"¢ 2 ("1 @)00101(0, ¢ ¢, ¢"2).

Proof. See [L.0]. ]
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Now we introduce the following functional spaces:
R,={F¢", neZ}, R ={¢", necZ}.

Let D,, C,o andC,; denote the spaces of even smooth functions defined on
R, continuous at, which are respectively with compact support, vanishing at
infinity and bounded. These spaces are equipped with the topology of uniform
convergence, and by, , ., the space of even functiorysdefined onR, such

that

00 % Inequalities in g—Fourier
g = | [ £ 0] < o0 s
0
Lazhar Dh di, Ahmed Fitouhi
We denote byS, the g—analogue of the Schwartz space of even functfon e and 1. El Kamel o
defined onR, such thatD{;f is continuous a6, and for alln € N there isC,,
such that ,
o f(2)] < Cn Vk € N,Vz € RF THe Page
DEf(z)| < —2—, : .
1D, (1422 a Contents
Ar the end of this section we introduce the Bessel operator as follows pp S
1 _ v v
Ao (@) = — [fla™'2) = (1 + @) f (@) + ¢ flga)] > ’
.. . . . Go Back
Proposition 1.2. Given two functiong andg in £, »,, such that
Close
Agof; Bgng € Ly Quit
then - Page 4 of 31

Aguf(2)g(x)z* gz = / N F(2)Agug(x)z? .
0
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The normalized Hahn-Extop—Bessel function of order is defined as

jv(xa Q) = ( (Q7 Q)OO x_vqug)(xaq) = 1¢1(anv+17Q7q$2)7 éR(U) > _17

Q)

whereJ{¥ (-, q) is the Hahn-Extog—bessel function, (see ).

Proposition 2.1. The function | o .
nequalities in g—Fourier
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x — j,(Az, q%), , -
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. . . . . dJ. EIK |
is a solution of the following—difference equation ° ame

Agof(r) = —)\2f(x) Title Page
Proof. See . ] Contents
In the following we put A 4
< >
1 (@2, %) oo
C‘LU - 1 —q : (qg, qz)oo . Go Back
Proposition 2.2. Letn, m € Z andn # m, then we have Close
() q—2n(v+1) QU
Cg,v / jv(qnx> q2)jv(qu7 q2)$20+1dqx = 1—q5nm Page 5 of 31
0 _
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Proposition 2.3.

v42. 1 if >
Jo\d 971 = (q2v+2.q2) 24 Qubl)n
14 oo gt rEvTIr it n < 0.
Proof. Use Propositiori..1 ]
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Theg—Bessel Fourier transfor#i, , is defined as follows

Fao(f)(x) = cqu /0 F(@)jo(xt, @) d,t.

Proposition 3.1. Theq—Bessel Fourier transform
fq,v . 'Cq,l,v - Cq,Oa
satisfying

1Fg(lieso < Baoll fllg.1.0,

where ) ress.

1 (=% 6o (=*"% %)
l—¢q (4% @)oo
Proof. Use Propositior2.3,

Theorem 3.2.Givenf € L, , then we have
Fi (D) = f(x), VoeRl.
If feLly1,andF,,(f) € Ly, then

1Fa0(Pllg.20 = [fllg2.
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Proof. Lett,y € R, we put

(17 )t2v+2 9
Og.(t,y) = ' _
0 if t#uy.

It is not hard to see that
| 508t = 1),
By Proposition2.2, we can write
cg’v /OO Jo(yz, @*)jo(tr, ¢*)x* T dr = 0,,(t,y), Yty € R;,
0

which leads to the result.

Corollary 3.3. The transformation

Fow:Sq— S,
is an isomorphism, and
-1
Fow =Fgu-

Proof. The result is deduced from properties of the spdice
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We introduce the—Bessel translation operator as follows:

135 (y) = cqu / Foo(F)(0)ju(t, a*)juyt, ) dyt,
0

Ve,y e RIVf € Ly

Proposition 4.1. For any functionf € £, we have
Inequalities in g—Fourier
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Tq7xf(y) _ Tq,yf(flf), nalysis
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T3 (0) = f(z).
Proposition 4.2. For all 2,y € R}, we have Title Page
. . . Contents
T.jo(M\y, @) = jo(Az, ¢*)ju(Ny, ¢°).
N <4< >
Proof. Use Propositior2.2. ] > >
Proposition 4.3. Let » then
P € Lan, Go Back
T3.16) = | F(2)Du(wy.2) e Close
0 .
Quit
where Page 9 of 31

Dy(z,y,2) = ¢}, / Jo(@t, @) ju(yt, @) ju(zt, @)t dgt.
0
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Proof. Indeed,

f(y)

= co / Fyn D))ot )yt )t

0
= / { / f(2)ju(zt, ¢*) 2 d t] Jo(xt, @) gu(yt, )2 d,t
_ / 1) { / juat, q2>jv<yt,q2>jv<zt,q2>t2v+ldqt} g

0
which leads to the result. ]

Proposition 4.4.
lim D,(z,y,2) =0

and
(1—q)>_ ¢*™Dy(w,y,¢°) = 1

SEZL

Proof. To prove the first relation use PropositiBnl. The second identity is
deduced from Propositioh 2 if f = 1thenT, f = 1. O

Proposition 4.5. Givenf € S, then

n 2n A M
Z 2 ) 2v+27q2>ny Aq,vf<x)'
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Proof. By the use of Propositiof.1 and the fact that

AZ,Uf(x> = (_1)ncq7v /(;oo fqu(f)(t)t%jv(xt,q2)t2“+1dqt_

Proposition 4.6. If v = —3 then

q2(r—m)(k—m) —m

(1 - a)(¢ )

Dy(q™,q",¢") =

Proof. Indeed

—n(n+1) _" )
n q n ktn tn)(kdntl) op, o p
Ar, = —1 2 A
q,v |:]€ n:| . ( ) q q)

and use Propositioh.5. O

(@™ @oo1 1 (0, g2, g5 g2,
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In harmonic analysis the positivity of the translation operator is crucial. It plays
a central role in establishing some useful results, such as the property of the
convolution product. Thus it is natural to investigate when this property holds
for 7/ .. In the following we put

Q. ={q¢e(0,1], Ty, ispositiveforall = e R/}

Recall thatl} is said to be positive it f > 0 for f > 0. T
... Analysi
Proposition 5.1. If v = —1 then revss
Lazhar Dhaouadi, Ahmed Fitouhi
Qv =0, qo], and J. El Kamel
whereq is the first zero of the following function: _
Title Page
q+— 191(0,4,4,9). Contents
Proof. The operatof;, is positive if and only if P Y
Dy(z,y,¢°) >0, Vz,y,¢° € R} < >
We replaceg by ¢", and we can choosec N, because Go Back
v _qw Close
Tq,xf(y) - Tq,yf<x)7 Q ,
ul
thus we get
Page 12 of 31
14+2s 1+2s 1+2r\
(q ’ q)OO1¢1 (07 q ’ q’ q ) - Z Bn<87 T)7 vr7 §€ N’ J. Ineq. Pure and Appl. Math. 7(5) Art. 171, 2006
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where

2n 2r+1i 0

Bu(s.r)=[[-"— [T (t—a**)

i=1 =g i=2n+2
254 omal q2r+2n+1
and
[e'e) ot 2si q2r+1 | e y
— — g?sTt — q*s [ nequalities in g—Fourier
o) = [0 =) =g -, e
which leads to the result. O Lazhar Dhagtjlagily ?hmeld Fitouhi
an o ame
In the rest of this work we choosgec Q..
Proposition 5.2. Givenf € L, then Title Page
oo oo Contents
/ Ty f(y)y* ™ dgy = / fy*dy. « o,
0 0
The g—convolution product of both functions g € £, ,, is defined by < >
Frg@) =a [ T el . Go Back
0
Close
Proposition 5.3. Given two functiong, g € £, 1, then
Quit
[#q9 € Lo, Page 13 of 31
and
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Proof. We have

f *q quJ,v < Hf”q,l,ng

q,1v-

On the other hand

fq,v<f *q g)(/\) = /0 {/O f(x)T(;ij()\x,f)x%qux g(y)y2v+1dqy

= Funl V) Fuulg)N).
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The g—heat semigroup is defined by:
By f(x) = GU(-,t,¢%) *4 f(2)

= ca / TGyt ) () gy, Vf € Lo
0

G*(-,t,q*) is theq—Gauss kernel oP?,
_ 2v+2t _ —2v t: 2 —2v
Gt ) = (—q**2t, q /2,61 )oo€<_q xz’q2>‘
(=t =/t ¢*) oo
ande(+, ¢) theg-exponential function defined by

(o] n 1
e(z,q9) =Y = el <1

(¢, Dn (%50

n=0

Proposition 6.1. Theq—Gauss kernef:°(-, ¢, ¢*) satisfying
Fow {G”(-,t, q2)} (z) = e(—tz?, ¢*),
and
Fav {e(—tyQ, q2)} (z) = G"(x,t,¢%).
Proof. In [5], the Ramanujan identity was proved
s (bz, N qz)oo

z
qu?s,q?%o_ (0.2 %)

SEL
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which implies
o o o om 2wl (q2n+2v+2)5
/ e(—ty*, q¢")y"y~" dyy = (1 — q) Z (—tg®, ¢?)
0 . 4=, 4" ) oo

42042 g T o 2)
b
[e.9)

<_tq t yqd 54

n+2u+2 _ ¢ 2
<_t7q st 7_77(] )
o0

=(1-4q)

The following identity leads to the result

(CL, q2)oo = (a’ q2>n<q2na7 q2)ooa

and

Proposition 6.2. For any functionsf € S,, we have

P f(x) = e(tAy ¢*) f(2).

Proof. Indeed, if

Ca / G*(y, t. )" y* gy = (7, ¢)ng """,
0
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then

0 n(n+1)

P f(x) = d

n=

Theorem 6.3.For f € £, ,, and1 < p < oo, we have

1Pgefllapw < (1 fllgp.0-

Proof. If p = 1 then

127 fllgne < MGGt @) lgo 1Flgre = 1 lg10-

Now letp > 1 and we consider the following function

gy To .Gy, t:q%).

In addition

[ee] o0 p
12, < o | [ [T 1w

By the use of the Holder inequality and the fact that' (-, ¢, ¢*)||j1.0 =

the result follows immediately.

“ (4%, 4°)n(d**2,4%)n

X {cq,v / G (y, t, @)y y* gy | AL f ().
0

]
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Foru € £, and\ € R, we introduce the following function

‘ 1 T
Uy : T +— )\2U+2u (X) .

Proposition 7.1. Givenu € L, , such that

/ u(z)r*d,a = 1,
0

then we have

}\iII(l) f(@)ur(z)z* T dx = f(0), Vf € Cyyp
—vJo
Corollary 7.2. The following function
K L= Cq,UGU(x7 )\27 q2)7
checks the conditions of the preceding proposition.
Proof. Use Propositior®. 1.

Theorem 7.3.Givenf € L,1,N L, 1 <p < oo and f, defined by

fi(@) = ¢, / T o ) W)e(=N, @iy, P gy,

then we have
tim | = fillgpo = 0.

Inequalities in g—Fourier
Analysis

Lazhar Dhaouadi, Ahmed Fitouhi
and J. El Kamel

Title Page
Contents
44 44
| >
Go Back
Close
Quit
Page 18 of 31

J. Ineq. Pure and Appl. Math. 7(5) Art. 171, 2006

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:lazhardhaouadi@yahoo.fr
mailto:
mailto:Ahmed.Fitouhi@fst.rnu.tn
mailto:
http://jipam.vu.edu.au/

Proof. We have

f g GY(@) = ¢y / Fyo(F)()e(=A2E2, 2)jo(t, ) d .
0

In addition, for alle > 0, there exists a functioh € L, ,,, with compact support
in [¢*, ¢~*] such that
1f = Bllgpo <,

however
|GY ¥ f — f”q,p,v < ||G% *q (f = h)”qJJﬂf + [|G kg I — h”q,pw +11f = h”q,p,v'
By Theorem6.3we get
|GY *q (f = h)Hwa <|If - h”q,p,v'
Now, we will prove that
}E}% |G #q h = hllgp0 = 0.

Indeed, by the use of Corollai2we get

1
}\in%/ |G %, h(z) — h(2)|Px* ' d,z = 0.
—vJo

On the other hand the following function is decreasing on the intétyab:

U — u2v+2Gv(u) )

Inequalities in g—Fourier
Analysis

Lazhar Dhaouadi, Ahmed Fitouhi
and J. El Kamel

Title Page
Contents
44 44
| >
Go Back
Close
Quit
Page 19 of 31

J. Ineq. Pure and Appl. Math. 7(5) Art. 171, 2006

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:lazhardhaouadi@yahoo.fr
mailto:
mailto:Ahmed.Fitouhi@fst.rnu.tn
mailto:
http://jipam.vu.edu.au/

If A\ < 1, then we deduce that

We can use the dominated convergence theorem to prove that

o0

lim |GY x4 h(x) — h(x)|P2*" T d,2 = 0.

A—0 1

Corollary 7.4. Givenf € L, then

F@) = oo | Fuul D)inlon )™ Ny, Vo € R;.
0
Proof. The result is deduced by Theoreh8and the following relation

(1= q)a® 2 f(x) = L@ S If = fillgrw Vo €R.

Now we attempt to study the—Wiener algebra denoted by
Ago = {f € Ly, fq,ﬂJ(f) € ['q,l,v}-
Proposition 7.5. For 1 < p < oo, we have

1. Aq,v - Eq,p,v and -Aq,v = Eq,p,v-
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2. 4,0 CCo and A, =Cyp.

Proof. 1. Givenh € L, with compact support, and we phf = h x, Gi..
The functionh,, € A,, and by Theoren7.3we get

lim ||h — hyllgpe = 0.

2. If f € C,o, then there exist € C,, with compact support ofg*, ¢~*], such
that
If = hllc,o <&

and by Corollary7.4 we prove that

lim [sup |h(z) — hn(:c)\] = 0.

n=00 | Lery

Theorem 7.6.For f € L2, N Ly1,,, We have

[Faw (g2 = [1fllg.20-
Proof. We put
fn = %q Ggn,

which implies
Foolfa)(t) = (=", ¢*) Fou (£)(1),
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by Corollary7.4we get
i) = o [ Faulh) Ol ) .
0
On the other hand

/0 " H@) fula)e g = /  F (D@ Fanl f) @)

Theorem7.3 implies Inequalities in g—Fourier
Analysis
oo
lim F w(f) (x)2e(—q2"x2, q2)x2“+1dqx = Hf“2 9 - Lazhar Dhaouadi, Ahmed Fitouhi
n—oo J = and J. El Kamel

The sequence(—q¢*"a?2, ¢%) is increasing. By the use of the Fatou-Beppo-Levi

theorem we deduce the result. O Title Page
Theorem 7.7. Contents
1. Theg—cosine Fourier transfornf, , possesses an extension K s
4 >
U: £q,2,v — ['q,2,v~
Go Back
2. For f € L,,,, we have Close
1T ()llg20 = [1fllg2,0- Quit

L o Page 22 of 31
3. The application is bijective and S 2
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Proof. Let the maps
w:Agy — Ago, = Foulf).

Theorem3.2implies
[u()lg20 = [1fllg2.

The mapu is uniformly continuous, with values in complete spdkce ,. It has

a prolongatior/ on A, , = L2, O
Proposition 7.8. Givenl < p < 2and .+ = 1,if f € L,,,, thenF,,(f) €
£q,p’,m

‘|Fq,v(f)‘|q,p’,v < Bpﬂm”f”q,p,vv
where

B (2-1)

=B
p,q,v q,v
Proof. The result is a consequence of Propositibfh, Theorem7.7 and the
Riesz-Thorin theorem, see]. O]

As an immediate consequence of Propositio we have the following
theorem:
Theorem 7.9.Givenl < p,p’,r < 2 and
1 1 1
- —1==
p 7 r
if feLlyp,andg € Ly, ,, then
f *q g E 'Cq,r,va

and
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1f ¢ gllgrw < BypwBaw wBar ol fllapwllgllap v
1 1

roor

where
=1.

Proof. We can write
f *q¢ 9 = fq,v {f ,fu(f)fq,v(g)}a
the use of Propositior.8 and the Holder inequality leads to the result. [

Now we are in a position to establish the hypercontractivity of¢héeat
semigroupl’;,. For more information about this notion, the reader can consult

([% 2, 2.

Proposition 7.10.For f € £, , andt € R}, we have

v _ v+l
HPq,tqu,pm < Bqﬁp’,qu,m,vC(Ta Ut T ||f||q7p’,vv
where / 11 1 1 1
]'<p<p§2a _+_:1, _:_/——7
p N r . p p
and -
C(T‘, q, U) = ||€<_$ 4 )H‘LTW'
Proof. The result is deduced by the following relations
fq,v {Gv('vta q2)} (3:) = €(-tl‘2, q2)a
and ) it
H]:q,v {GU('a t,q )} quv = C(T, q, U>t77
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In this section we study the analogoue of the well known central limit theorem
with the aid of the;—Bessel Fourier transform.

For this, we consider the s@#;" of positive and bounded measuresi.
Theg-cosine Fourier transform gf€ M is defined by

Frol€)(x) = / Tt )P,

Inequalities in g—Fourier

Theg—convolution product of two measurésp € M is given by Analysis
00 Lazhar Dhaouadi, Ahmed Fitouhi
19 *q p(f) = / T;If<t)t2v+1dqf(x)dqp(t), and J. El Kamel
0

and we have Title Page
}—q,v(f *q P) = fq,v(f)}—q,v(p)'

Contents
We begin by showing the following result
. 44 44
Proposition 8.1. For f € A,, and{ € M, we have
< >
/ f(x)x2”+1dq£(a;) = Cq,v/ Fow(F)(@)Fq0(E) (x):z:2v+1dqx. Go Back
0 0
As a direct consequence we may state Close
Corollary 8.2. Given¢, &' € M such that Quit
F (f) _r (5/) Page 25 of 31
q,v - q,v )
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Proof. By Proposition8.1, we have

/ f 2v+1dq§ / f 2v+1dq€( ), vf c Aq,v-

from the assertion (2) of Propositioh5, we conclude thag = ¢'. ]

Theorem 8.3. Let (&,).>0 be a sequence of probability measuresf\dg‘ such
that

lim F,,(&,)(t) = ¢(t),

n—oo

then there exist§ € M such that the sequengg converges strongly toward
¢ and

fq,v(&) = sz
Proof. We consider the map, defined by

Lo(u) = / w(@) 2 d (), V€ Cpo.
0
By the following inequality

| In(u)] < flulle, o

and by Propositio.1, we get

) = o / Fou ) (@) Fyu(&) (@) dye, VS € Ay,
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which implies

n—oo

lim I(f) = / T Fol D @p@)a® dr, VS € Ay

On the other hand, by assertion (2) of Propositfoy and by the use of the
Ascoli theorem (seel[l]):

Consider a sequence of equicontinuous linear formS,grwhich converge
on a dense patt, , then converge on the entiég ,. We get

Inequalities in g—Fourier
&9 Analysis
lim ) = [ F@p@)e e, Ve Gy

Lazhar Dhaouadi, Ahmed Fitouhi
and J. El Kamel

Finally there exist € M such that

I 00 Title Page
Tim i u(x)r?td &, (v) = /0 u(z)r*d (), Vu € Cyyp. F——
On the other hand « dd
Fow(Agw) = Ag, | >
and Go Back
> * v cl
| D@ E @@ = [ F D @@ g, f € Ay
0 0 Quit
which implies Page 27 of 31
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Proposition 8.4. Given¢ € M, and supposing that

o= / 22 (1) < oo,
0

then
¢’o

(¢% a*)1(¢*+2,¢*)

z® + o(z?).

qu(f)(l') =1-

Proof. We write

242
Joltz,¢®) =1 — @ qg)lq(qtzw’ qQ)le + 220 (tz)t?,
where
glcii% 0(z) =0,
then
q20_ 0o
Fou(&)(x)=1— . q2)1(q2”+2,q2)1x2 + [/0 20(tx) > d L (t) | 22

]

Now we are in a position to present tipe central limit theorem.

Theorem 8.5. Let (£,),>0 be a sequence of probability measuresidf™ of
total massl, satisfying

n—oo

o0
lim no, =0, where o, :/ t2t2“+1dq£n(t),
0
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and

lim no, =0, where &, = 27 q €,(1),
Jm =Gt

then¢’" converge strongly toward a measuyrelefined by

a?o

I A v}
d&(x) = cquFyn (e D@D, ) (x)dx.

Proof. We have

Foal&) = (Fnl&))", T
and 2, Lazhar Dhaouadi, Ahmed Fitouhi
Foo(&n)(x) =1 — (¢, qz)lq(q22+27 q2)1x2 + 9n(x)x2, e e
where - Title Page
uta) = [ EoE g ) Conterts
Consequently 44 >
25 < >
(Fuw(&n))"(x) = exp [n log [1 — = q2)1q(q2v+2’ q2)1:v2 + 9,1(:6)1'2H ) o Back
By the following inequality Close
4 Quit

[t*0(tx)| < C,

- +
e Tl Vie R,

Page 29 of 31

where(', is some constant, the result follows immediately. O
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