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1 Introduction

Let B be an algebra. An algebra norm on B is a map ||-|| : B—[0, 00) such
that (B, ||-||) is a normed space, and, further

labll < {lall [[b

for any a,b € B. The normed algebra (B, ||-]|) is a Banach algebra if ||| is
a complete norm. We assume that the Banach algebra is unital, this means
that B has an identity 1 and that ||1| = 1.

Let B be a unital algebra. An element a € B is invertible if there exists
an element b € B with ab = ba = 1. The element b is unique; it is called the
inverse of a and written a™! or é

The set of invertible elements of B is denoted by InvB. If a,b €InvB then
ab €lnvB and (ab)™' = b ta '
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For a unital Banach algebra we also have:
(i) If a € B and lim,_,o [|a"]|"/™ < 1, then 1 — a €lnvB;

)
(ii) {a € B: ||1 —a|] <1} CInv3B;

(iii) InvB is an open subset of B;

(iv) The map InvB > a — a~! €lnvB is continuous.

For simplicity, we denote A1, where A € C and 1 is the identity of B, by A.
The resolvent set of a € B is defined by

pla):={AeC: A—a¢envB};

the spectrum of a is o (a), the complement of p(a) in C, and the resolvent
function of a is R, : p(a) =InvB, R, (\) := (A —a) . For each \,~ € p(a)
we have the identity

Ry(7) = Ra(A) = (A=) Ra (A) Ra (7).

We also have that o (a) C {A € C: |\ <|a||}. The spectral radius of a is
defined as v (a) =sup{|A|: A € o (a)}. If a,b are commuting elements in B,
i.e. ab = ba, then

v(ab) <v(a)v(b) and v(a+b) <wv(a)+v(b).

Let f be an analytic functions on the open disk D (0, R) given by the power
series f(N) =Y 2g ;N (A < R). If v (a) < R, then the series 3~ aja’
converges in the Banach algebra B because » 77 |yl |la’|| < oo, and we
can define f (a) to be its sum. Clearly f (a) is well defined and there are
many examples of important functions on a Banach algebra B that can be
constructed in this way. For instance, the exponential map on B denoted exp
and defined as

expa := Z —a’ for each a € B.

— !

j_
If B is not commutative, then many of the familiar properties of the expo-
nential function from the scalar case do not hold. The following key formula
is valid, however with the additional hypothesis of commutativity for a and
b from B

exp (a + b) = exp (a) exp (b) .

In a general Banach algebra B it is difficult to determine the elements in
the range of the exponential map exp (B), i.e. the elements which have a
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"logarithm”. However, it is easy to see that if a is an element in B such that
|1 —al| <1, then a is in exp (B). That follows from the fact that if we set

il 1—a)",

n=1

3

then the series converges absolutely and, as in the scalar case, substituting
this series into the series expansion for exp (b) yields exp (b) = a

It is known that if x and y are commuting, i.e. xy = yx, then the
exponential function satisfies the property

exp (z) exp (y) = exp (y) exp (z) = exp (z +y).

Also, if z is invertible and a,b € R with a < b then

/ exp (tz)dt = v~ [exp (bx) — exp (az)] .

Moreover, if x and y are commuting and y — x is invertible, then

/0 exp (1 —s)x +sy)ds = /0 exp (s (y — x)) exp (x) ds

::(A:mﬂs@—xndﬁemﬂﬂ

= (y—x) " [exp (y — x) — []exp (x)
= (y—2) " exp (y) — exp ()] .

Inequalities for functions of operators in Hilbert spaces may be found
in the papers [?SSD|, [?SSDG| and in the recent monographs [?SSDBook1],
[?8SDBook?2] and the references therein. Let a,, be nonzero complex numbers

and let )
R =

lim sup ]anﬁ.
Clearly 0 < R < 00, but we consider only the case 0 < R < oo.
Denote by:

A e C: |\ <R}, if R < o0
po.m={ {EC = e

consider the functions:

A f(A): D(0,R) — C, f(A Zan/\”
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and

A fa(A) : D(0,R) = C, fa(A) := > |an| A",
n=0

Let B be a unital Banach algebra and 1 its unity. Denote by

x € B:|lz|| < R}, if R< oo

We associate to f the map

z— f(x): B(0,R) = B, f(z) = Zanx”.

Obviously, f is correctly defined because the series Y2, a,2™ is absolutely
convergent, since y o [lanx™|| < 307 || [|z]|".
The following result has been obtained in [?DBM|.

Theorem 1.1. Let f(\) = > 7 a,\" be a power series that is convergent
on the open disk D(0,R), with R > 0. If x,y € B with xy = yx and
llz]l s lyll < 1, then we have for A € C with |A\| < R the inequality:

|71 FOwy) = F o) Fow)| (1.1)
<l = 1 lly = 1 {La UAD DAL M) + I £5 GAD] = D71 4 (ADP -

For other similar results see [?DBB] and [?DBM|. Motivated by the above
results, in this paper we consider the similar problem to provide upper bounds
for the Cebysev quantity

?

P, ZPzF(ZUz)G<yz) - ZPZF@J ZpiG(yi)

where F, G are some functions defined on a Banach algebra B, p; > 0 with
P, =" pi>0and z;,y; € C, i = 1,2,....,n where C is an appropriate
subset of B. For various results on Cebysev’s inequality in different settings,
see [?7A1]-[?SSD], [?cfo6b]-[?SSDBook2] and [?6b]-[?ZC].

2 Some New Inequalities

We say that the function F : € C B — B is a Lipschitian with constant
L > 0 on the subset € of the Banach algebra (B, ||.||) if

1F(z) = F(y)ll < Lz =yl
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for any x,y € C.

Theorem 2.1. Let F,G : C C B — B be Lipschitian functions with constants
L>0and K>0. Ifx;,y, €C,i=1,2,....nand p; >0, 1=1,2,...,n with
P, =" pi >0, then we have:

P, ZpiF(xi)G(yz-) - ZpiF(xi) ZpiG(yi)

j—1 j—1
<LK Y pipy )y [An] ) 1Ayl (2.1)
=1 s=1i

1<i<j<n

where Ax; is the forward difference, namely: Ax; = v —x,l=1,....,n—1.

Proof. Since F' and G are Lipschitian with the constants L and K we have:
[1F(z:) = F(z)|| < Lz — 24

and
1G(y:) — G(y;)|| < K lyi — wsll
for any ¢,j € {1,...,n}. If we multiply these inequalities we get
1 F (i) — F(2)[ |G (yi) — Gly) || < LK |l — 5 {[ys — y;l -

Using the property of Banach algebra B, ||uv|| < ||ul| |||, that for any u,v €
B we have,

I (i) — F(x)) (Gly:) = Gy;)I| < LE [l = 5] lwi = v

for any i,j € {1,...,n}, that is equivalent to:

1 ()G (yi) = F(5)G i) = F () Gly;) + F() G ;)|

< LK [z = ]l lyi — ws (2.2)

for any 7,5 € {1,...,n}. If we multiply (??) by p;p; > 0 sum over ¢ and j
from 1 to n and use the generalised triangle inequality, we get:

> vy (F(@)Gy) = F(a;)G(y:) — Fa:)Gly;) + F(a;)G(y;))

2,j=1

' o
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<> s |F(x)Gly:) = F(a;)G(ys) — F(w:)G(y;) + F(a;)G(y,)]|

ij=1

<LK Z pipj llzi — x|l ly: — sl -

Now, observe that
> o (F(x)G(y:) — F(;)G(y:) — F(:)Gly;) + F(x)Gly;) - (24)

1,j=1

- P, ZPiF(xi)G(yi) - ZPJ’F(%') ZPiG(yi)
— ZPzF(lﬁ) ijG(yj) + Py ijF(xj)G(yj)

=2 (Pn ZpiF(iUi)G(yi) - ZPzF(ﬂUz) ZPiG(yi)) :

We also have, by the symmetry in the sum:

Z pip;j |z — | [y — ysll = 2 Z pipj oy — @il lly; —will . (2.5)
ij=1 1<i<j<n
Moreover, we have z; — z; = Z{z_ll Ax; and y; —y; = Zi;i Ay, where

Ax;:=x41 —x;,l =1,...,7 — 1 and by the generalized triangle inequality we
have:

j—1
lzj = @ill <> Az
I=i

and

7j—1
lys —yill <D 1Ay - (2.6)
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By the inequality (??) and by (??) we then have:

n j—1 j—1
Yovwillei—allly =yl <2 ) s ) 1Azl YAyl (27)
ij=1 1<i<j<n I=i s=i

Now, by making use of (??), (??) and (?7) we get the desired result (??7). O

Corollary 2.2. With the assumptions of Theorem 1 we have:

P, ZPzF(ﬂfz)G(yz) - ZPZF(J%) szG(yz)

1 n Jj—1 n—1
<5l <P2 sz) a2kl S 1w 28)
1=1 k=1 k=1

Proof. Tt is obvious that for all 1 <7 < j < n we have that:

j—1 —1
> lAan| < Z Azl
I=i k=1

and
j—1 n—1
D Al <D 1Ayl
S=1 k=1
Then
-1 7j—1 n—1 n—1
Z Pz’pjz Azl Z Ayl < Z Pib; Z | Azl Z | Ayl -
1<i<j<n =i s=i 1<i<j<n k=1 k=1

Now, let observe that:

> pip; = Zplp] szpg]

1<i<j<n L2,7=1

(\]

1
=3 Zpizpj—zp?]
Li=1  j=1 i=1
:% Pﬁ—;ﬁ)

Using (?7) we deduce (?77). O
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Corollary 2.3. With the assumptions of Theorem 1 we have:

P, ZPZF(%)G(?JZ) - ZPzF($z> ZpiG(yi)

<LK Z (J — 1) pip <Z HAiE’ka> <Z HAkaq> (2.9)

1<i<j<n
when p, ¢ > 1 and%—%ézl.

Proof. Using Holder’s discrete inequality, we can state that

(Jli HszHp>
(JZ; HAyqu>

where j —1 >14,p,q > 1 and zlz + % =1, and then, by multiplication we have

3=

Q=

j—1
> 1Az < (5 — )
=1

and

Q=

S =

7j—1
D Ay < (- 1)

j—1 j—1
ST oo Yo lAn] S Ay
=i 5=1

1<i<j<n

/il .
< Y pipi(G—i)rT <Z||Axl||p> (leﬁysllq>

1<i<j<n

Q=

= > ppi(i—1) (Zmz”y (ij IIAysllq>

1<i<j<n
1 1
p [n-l J
< S sl (znmknp) (zmykuq)
1<i<j<n k=1

and the corollary is proved. O]
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Corollary 2.4. With the assumptions of Theorem 1 we have:

P, sz‘F(xi)G(yi) - ZpiF(xi) szG(yi)

n n 2
< 1K Pnzfpz-—(zz-pi) Ayl max Aud. (210
i=1

5 1<k<n— 1<k<n—
=1

Proof. We have

j—1

D_lAwl| < (5 —14) max [|Aw

=t

and
j—1
D 1Ay < (G i) max || Ayl
Then
j—1 j—1
Z pipjz | Ay Z [ Ays|
1<i<j<n =i s=i
< > pw;(G—9)* max [|Az| max [|Ay]
1<i<j<n =1,n—1 =1n—1
n n n 2
=D ) iPpi— D ipi | | max [[Az| max [Ay|
i=1 =1 i=1 I=ln—1 =Ln-1
and the corollary is proved. ]

3 Some Applications

In [?8SD11] S. S. Dragomir proved the following result:

Lemma 3.1. Let f(z) = Y .~ 2" be a function defined by power series
with complex coefficients and convergent on the open disk D (0,7) C C, R > 0
and let fo (N) =377 o lan| A", For any x,y € B with ||z||, |ly|| < M < R we
have:

1f () = f @)l < f (M) |ly — x|l
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If we take f(2) = 2P, p € N, p > 1 and assume that z,y € B with
llz||, lyl] < M then we have

lyP — 2P| < pMP ||y — 2| .

If we take f(z) = exp(uz), with p € R, u # 0 and assume that z,y € B
with ||z||, ||y|]| < M then we have

lexp (uy) — exp (px)| < |p|exp (uM) ||y — | .

If we write the inequality (??) for F'(z) = 2P,G (z) = 29, with p,q € N,
p,q > 1 then we have for ||z;||, |v:]| < M, i € {1,2,...,n} that

Py pilyl =Y pil Yy oy
=1 =1 =1

j—1 j—1
<pgMPHE N gy Y (1A Y 1Ayl (3.1)
=1 s5=1

1<i<j<n

If p = ¢q and z; commutes with y; for each i € {1,2,...,n}, then we get from
(??) that:

n n n
by sz‘ (wayi)? — Zpﬂf Zpiyzp
i=1 i=1 i=1

j—1 j—1
<PMPE N pp > Az > (1A (3.2)
=1 s=1

1<i<j<n

In particular, for x; = y; and p = ¢, i € {1,2,...,n}, we get

n n 2
P, sz' (xi)Qp - <Z pixf)
i=1 i=1

j—1 2
<pPMPT N pip; (Z\|Axl||> . (3.3)
=i

1<i<j<n
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Now, if we write the inequality (?7) for the functions F'(z) = exp (uz) and
G (z) = exp(vz), with u,v € R, p,v # 0 we get for ||z, ||ly:]] < M, for
i€{1,2,..,n} that

P sz €xXp /LZL‘Z €xXp Vyz Zpl €Xp /LZEZ Zpl exXp Vyz

=1

< Jpvlexp[(n+v)M] Y szJZHAl’zHZHAysH (3.4)

1<i<j<n

If x; commutes with y; for each i € {1,2,...,n}, then from (??) we get:

n n n
P, piexp (pa; +vy;) — Y prexp (ur:) > piexp (vy;)

i=1

< |pvlexpl(u+v)M] Y pzp]ZHszIIZIIAySII (3.5)

1<i<j<n

In particular, for x; = y; and p=v, i € {1,2,...,n}, we get:

2
P, sz exp (2ua;) — (sz exp u%)

=1

< [ulexp (2uM) Y pps (il\ﬁleo : (3.6)

1<i<j<n =i

Consider now the function F,(z) = (1 —27)"" = 3% 2™ for p > 1 a
natural number. Then Fz; (2) = —(1—2°) 2 (=pzt ) = p(1 —22) 2 2P 1 If
M <1, then F, (M) =p (1 — M?)"> M1,

We have then E, (z) = (1 —a?)~", z € B, ||lz|| < 1, p > 1 is Lipschitzian
with the constant p (1 — MP?)~> MP~! and the function G, (z) = (1 — 297",
x € B, ||z| <1, ¢>1is Lipschitzian with the constant ¢ (1 — M9)~> M9~1,
Therefore, by using Theorem 2.1 for x;,y; € B with |||, [|v:]] < M < 1,
i€ {l,2,...,n}, we get for p; > 0,7 € {1,2,...,n} that

Pnzn:p@-(l—x? (1—w)" szl—x 1Zn:pz(1—y3)l
i=1 =1
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j—1 j—1
<pq(L—MP)2(1=MY2MP2 N pip > ([ Az]| ) Ayl

that:

1<i<j<n
(3.7)
In particular for p = ¢ and z; = y; for each i € {1,2,...,n}, we get from (?7?)
2
Pszl—:p Zp,l—x
<P A-MY)TEMP N pps Z ||Aa:l|| : (3.8)

1<i<j<n

Finally, we notice that if one uses the upper bounds from Corollaries 2.2 -

24

that one can get further upper bounds in the examples outlined above.

The details are omitted.
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