
INEQUALITIES OF HERMITE-HADAMARD TYPE FOR
GA-CONVEX FUNCTIONS

S. S. DRAGOMIR1;2

Abstract. Some inequalities of Hermite-Hadamard type for GA-convex func-
tions de�ned on positive intervals are given.

1. Introduction

Let I � (0;1) be an interval; a real-valued function f : I ! R is said to be
GA-convex (concave) on I if

(1.1) f
�
x1��y�

�
� (�) (1� �) f (x) + �f (y)

for all x; y 2 I and � 2 [0; 1].
Since the condition (1.1) can be written as

(1.2) f � exp ((1� �) lnx+ � ln y) � (�) (1� �) f � exp (lnx) + �f � exp (ln y) ;
then we observe that f : I ! R is GA-convex (concave) on I if and only if f � exp
is convex (concave) on ln I := fln z; z 2 Ig : If I = [a; b] then ln I = [ln a; ln b] :
It is known that the function f (x) = ln (1 + x) is GA-convex on (0;1) [4].
For real and positive values of x, the Euler gamma function � and its logarithmic

derivative  , the so-called digamma function, are de�ned by

� (x) :=

Z 1

0

tx�1e�tdt and  (x) :=
�0 (x)

� (x)
:

It has been shown in [54] that the function f : (0;1)! R de�ned by

f (x) =  (x) +
1

2x

is GA-concave on (0;1) while the function g : (0;1)! R de�ned by

g (x) =  (x) +
1

2x
+

1

12x2

is GA-convex on (0;1) :
If [a; b] � (0;1) and the function g : [ln a; ln b] ! R is convex (concave) on

[ln a; ln b] ; then the function f : [a; b] ! R, f (t) = g (ln t) is GA-convex (concave)
on [a; b] :
Indeed, if x; y 2 [a; b] and � 2 [0; 1] ; then

f
�
x1��y�

�
= g

�
ln
�
x1��y�

��
= g [(1� �) lnx+ � ln y]

� (�) (1� �) g (lnx) + �g (ln y) = (1� �) f (x) + �f (y)
showing that f is GA-convex (concave) on [a; b] :
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We recall that the classical Hermite-Hadamard inequality that states that

(1.3) f

�
a+ b

2

�
� 1

b� a

Z b

a

f (t) dt � f (a) + f (b)

2

for any convex function f : [a; b]! R.
For related results, see [1]-[20], [23]-[25], [26]-[35] and [36]-[46].
In [54] the authors obtained the following Hermite-Hadamard type inequality.

Theorem 1. If b > a > 0 and f : [a; b]! R is a di¤erentiable GA-convex (concave)
function on [a; b] ; then

(1.4) f (I (a; b)) � (�) 1

b� a

Z b

a

f (t) dt � (�) b� L (a; b)
b� a f (b)+

L (a; b)� a
b� a f (a) :

The identric mean I (a; b) is de�ned by

I (a; b) :=
1

e

�
bb

aa

� 1
b�a

while the logarithmic mean is de�ned by

L (a; b) :=
b� a

ln b� ln a:

The di¤erentiability of the function is not necessary in Theorem 1 for the �rst
inequality (1.4) to hold. A proof of this fact is proved below after some short
preliminaries. The second inequality in (1.4) has been proved in [54] without dif-
ferentiability assumption.

2. Preliminaries

We recall some facts on the lateral derivatives of a convex function.
Suppose that I is an interval of real numbers with interior �I and f : I ! R is

a convex function on I. Then f is continuous on �I and has �nite left and right
derivatives at each point of �I. Moreover, if x; y 2 �I and x < y; then f 0� (x) �
f 0+ (x) � f 0� (y) � f 0+ (y) which shows that both f 0� and f 0+ are nondecreasing
function on �I. It is also known that a convex function must be di¤erentiable except
for at most countably many points.
For a convex function f : I ! R, the subdi¤erential of f denoted by @f is the

set of all functions ' : I ! [�1;1] such that '
�
°I
�
� R and

f (x) � f (a) + (x� a)' (a) for any x; a 2 I:
It is also well known that if f is convex on I; then @f is nonempty, f 0�, f

0
+ 2 @f

and if ' 2 @f , then
f 0� (x) � ' (x) � f 0+ (x) for any x 2 �I.

In particular, ' is a nondecreasing function.
If f is di¤erentiable and convex on �I, then @f = ff 0g :
Now, since f � exp is convex on [ln a; ln b] it follows that f has �nite lateral

derivatives on (ln a; ln b) and by gradient inequality for convex functions we have

(2.1) f � exp (x)� f � exp (y) � (x� y)' (exp y) exp y
where ' (exp y) 2

�
f 0� (exp y) ; f

0
+ (exp y)

�
for any x; y 2 (ln a; ln b) :
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If s; t 2 (a; b) and we take in (2.1) x = ln t; y = ln s; then we get

(2.2) f (t)� f (s) � (ln t� ln s)' (s) s

where ' (s) 2
�
f 0� (s) ; f

0
+ (s)

�
:

Now, if we take the integral mean on [a; b] in the inequality (2.2) we get

1

b� a

Z b

a

f (t) dt� f (s) �
 

1

b� a

Z b

a

ln tdt� ln s
!
' (s) s

and since
1

b� a

Z b

a

ln tdt = ln I (a; b)

then we get

(2.3)
1

b� a

Z b

a

f (t) dt � f (s) + (ln I (a; b)� ln s)' (s) s

for any s 2 (a; b) and ' (s) 2
�
f 0� (s) ; f

0
+ (s)

�
: This is an inequality of interest in

itself.
Now, if we take in (2.3) s = I (a; b) 2 (a; b) then we get the �rst inequality in

(1.4) for GA-convex functions.
If f is di¤erentiable and GA-convex on (a; b) ; then we have from (2.3) the in-

equality

(2.4)
1

b� a

Z b

a

f (t) dt � f (s) + (ln I (a; b)� ln s) f 0 (s) s

for any s 2 (a; b) :
If we take in (2.4) s = a+b

2 = A (a; b) ; then we get

(2.5)
1

b� a

Z b

a

f (t) dt � f (A (a; b))� f 0 (A (a; b))A (a; b) ln
�
A (a; b)

I (a; b)

�
:

If we assume that f 0 (A (a; b)) � 0; then, since I (a; b) � A (a; b) ; we get

(2.6)
1

b� a

Z b

a

f (t) dt � f (A (a; b))

provided that f is di¤erentiable and GA-convex on (a; b) :
Also, if we take in (2.4) s = L (a; b) ; then we get

(2.7)
1

b� a

Z b

a

f (t) dt � f (L (a; b)) + f 0 (L (a; b))L (a; b) ln

�
I (a; b)

L (a; b)

�
:

If we assume that f 0 (L (a; b)) � 0; then we get from (2.7) that

(2.8)
1

b� a

Z b

a

f (t) dt � f (L (a; b))

provided that f is di¤erentiable and GA-convex on (a; b) :
Now, if we take in (2.4) s =

p
ab = G (a; b) ; then we get

(2.9)
1

b� a

Z b

a

f (t) dt � f (G (a; b)) + f 0 (G (a; b))G (a; b) ln

�
I (a; b)

G (a; b)

�
:
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Since

ln

�
I (a; b)

G (a; b)

�
= ln I (a; b)� lnG (a; b)

=
b ln b� a ln a

b� a � 1� ln a+ ln b
2

=
a+ b

2

ln b� ln a
b� a � 1 = A (a; b)� L (a; b)

L (a; b)
;

then (2.9) is equivalent to

(2.10)
1

b� a

Z b

a

f (t) dt � f (G (a; b)) + f 0 (G (a; b))G (a; b)
A (a; b)� L (a; b)

L (a; b)
:

If f 0 (G (a; b)) � 0; then we have

(2.11)
1

b� a

Z b

a

f (t) dt � f (G (a; b))

provided that f is di¤erentiable and GA-convex on (a; b) :
Motivated by the above results we establish in this paper other inequalities of

Hermite-Hadamard type for GA-convex functions. Applications for special means
are also provided.

3. New Results

We start with the following result that provide in the right side of (1.4) a bound
in terms of the identric mean.

Theorem 2. Let f : [a; b] � (0;1) ! R be a GA-convex (concave) function on
[a; b] : Then we have

1

b� a

Z b

a

f (t) dt � (�) (ln b� ln I (a; b)) f (a) + (ln I (a; b)� ln a) f (b)
ln b� ln a(3.1)

=
b� L (a; b)
b� a f (b) +

L (a; b)� a
b� a f (a) :

Proof. Since is a GA-convex (concave) function on [a; b] then f � exp is convex
(concave) and we have

f (t) = f � exp (ln t) = f � exp
�
(ln b� ln t) ln a+ (ln t� ln a) ln b

ln b� ln a

�
(3.2)

� (�) (ln b� ln t) f � exp (ln a) + (ln t� ln a) f � exp (ln b)
ln b� ln a

=
(ln b� ln t) f (a) + (ln t� ln a) f (b)

ln b� ln a
for any t 2 [a; b] :
This inequality is of interest in itself as well.
If we take the integral mean in (3.2) we get

1

b� a

Z b

a

f (t) dt

� (�)

�
ln b� 1

b�a
R b
a
ln tdt

�
f (a) +

�
1
b�a

R b
a
ln tdt� ln a

�
f (b)

ln b� ln a
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and since
1

b� a

Z b

a

ln tdt = ln I (a; b) ;

then we obtain the desired result (3.1).
Now, we observe that

ln b� ln I (a; b)
ln b� ln a =

ln b� b ln b�a ln a
b�a + 1

ln b� ln a

=
(b� a) ln b� b ln b+ a ln a+ b� a

(b� a) (ln b� ln a)

=
b� a� a (ln b� ln a)
(b� a) (ln b� ln a)

=
L (a; b)� a
b� a

and, similarly
ln I (a; b)� ln a
ln b� ln a =

b� L (a; b)
b� a ;

which proves the last part of (3.1). �

If f : I � (0;1)! R is a GA-convex (concave) on I then we have the inequality

(3.3) f (
p
xy) � (�) f (x) + f (y)

2

for any x; y 2 I:
The following re�nement of (3.3), which is an inequality of Hermite-Hadamard

type, holds (see [44] for an extension for GA h-convex functions). For the sake of
completeness we give here a short proof.

Lemma 1. Let f : [a; b] � (0;1) ! R be a GA-convex (concave) function on
[a; b] : Then we have

(3.4) f
�p

ab
�
� (�) 1

ln b� ln a

Z b

a

f (t)

t
dt � (�) f (a) + f (b)

2
:

Proof. By the de�nition of GA-convex (concave) functions on [a; b] we have

(3.5) f
�
a1��b�

�
� (�) (1� �) f (a) + �f (b)

for any � 2 [0; 1] :
Integrating the inequality (3.5) on [0; 1] we get

(3.6)
Z 1

0

f
�
a1��b�

�
d� � (�) f (a)

Z 1

0

(1� �) d�+ f (b)
Z 1

0

�d�:

Since Z 1

0

(1� �) d� =
Z 1

0

�d� =
1

2

and, by changing the variable t = a1��b�; � 2 [0; 1] ; we haveZ 1

0

f
�
a1��b�

�
d� =

1

ln b� ln a

Z b

a

f (t)

t
dt

then by (3.6) we get the second inequality in (3.4).
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By the inequality (3.3) we have

(3.7) f
�p

ab
�
= f

�p
a1��b�a�b1��

�
� (�) 1

2

�
f
�
a1��b�

�
+ f

�
a�b1��

��
for any � 2 [0; 1] :
Integrating the inequality (3.7) [0; 1] we get

(3.8) f
�p

ab
�
� (�) 1

2

�Z 1

0

f
�
a1��b�

�
d�+

Z 1

0

f
�
a�b1��

�
d�

�
:

Since Z 1

0

f
�
a�b1��

�
d� =

Z 1

0

f
�
a1��b�

�
d� =

1

ln b� ln a

Z b

a

f (t)

t
dt;

then by (3.8) we get the �rst inequality in (3.4). �

Remark 1. The inequality (3.3) can be also written for any d > c > 0 with c; d 2 I
as

(3.9) f
�p

cd
�
� (�)

Z 1

0

f
�
c1��d�

�
d� � (�) f (c) + f (d)

2
;

provided GA-convex (concave) function on I:

We have the following representation result:

Lemma 2. Let g : [x; y]! C be a Lebesgue integrable function on [x; y] : Then for
any � 2 [0; 1] we have the representationZ 1

0

g [(1� t)x+ ty] dt = (1� �)
Z 1

0

g [(1� t) ((1� �)x+ �y) + ty] dt(3.10)

+ �

Z 1

0

g [(1� t)x+ t ((1� �)x+ �y)] dt:

Proof. For � = 0 and � = 1 the equality (3.3) is obvious.
Let � 2 (0; 1) : Observe thatZ 1

0

g [(1� t) (�y + (1� �)x) + ty] dt

=

Z 1

0

g [((1� t)�+ t) y + (1� t) (1� �)x] dt

and Z 1

0

g [t (�y + (1� �)x) + (1� t)x] dt =
Z 1

0

g [t�y + (1� �t)x] dt:

If we make the change of variable u := (1� t)� + t then we have 1 � u =
(1� t) (1� �) and du = (1� �) du: ThenZ 1

0

g [((1� t)�+ t) y + (1� t) (1� �)x] dt = 1

1� �

Z 1

�

g [uy + (1� u)x] du:

If we make the change of variable u := �t then we have du = �dt andZ 1

0

g [t�y + (1� �t)x] dt = 1

�

Z �

0

g [uy + (1� u)x] du:
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Therefore

(1� �)
Z 1

0

g [(1� t) (�y + (1� �)x) + ty] dt

+ �

Z 1

0

g [t (�y + (1� �)x) + (1� t)x] dt

=

Z 1

�

g [uy + (1� u)x] du+
Z �

0

g [uy + (1� u)x] du

=

Z 1

0

g [uy + (1� u)x] du

and the identity (3.3) is proved. �

Corollary 1. Let f : [a; b] � (0;1) ! C be a Lebesgue integrable function on
[a; b] : Then for any � 2 [0; 1] we have the representationZ 1

0

f
�
a1�sbs

�
ds(3.11)

= (1� �)
Z 1

0

f

�h
a(1��)b�

i1�s
bs
�
ds+ �

Z 1

0

f
�
a1�s

h
a(1��)b�

is�
ds:

Proof. Using (3.10) we haveZ 1

0

f
�
a1�sbs

�
ds

=

Z 1

0

f � exp ((1� s) ln a+ s ln b) ds

= (1� �)
Z 1

0

f � exp [(1� t) ((1� �) ln a+ � ln b) + t ln b] dt

+ �

Z 1

0

f � exp [(1� t) ln a+ t ((1� �) ln a+ � ln b)] dt

= (1� �)
Z 1

0

f � exp
h
(1� t) ln

h
a(1��)b�

i
+ t ln b

i
dt

+ �

Z 1

0

f � exp
h
(1� t) ln a+ t ln

h
a(1��)b�

ii
dt

= (1� �)
Z 1

0

f

�h
a(1��)b�

i1�t
bt
�
dt+ �

Z 1

0

f

�
a1�t

h
a(1��)b�

it�
dt

= (1� �)
Z 1

0

f

�h
a(1��)b�

i1�s
bs
�
ds+ �

Z 1

0

f
�
a1�s

h
a(1��)b�

is�
ds

and the identity (3.11) is proved. �

We are able now to provide a re�nement of (3.4) as follows:
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Theorem 3. Let f : [a; b] � (0;1) ! R be a GA-convex (concave) function on
[a; b] : Then for any � 2 [0; 1] we have

f
�p

ab
�
� (�) (1� �) f

�
a
1��
2 b

�+1
2

�
+ �f

�
a
2��
2 b

�
2

�
(3.12)

� (�) 1

ln b� ln a

Z b

a

f (t)

t
dt

� (�) 1
2

�
f
�
a1��b�

�
+ (1� �) f (b) + �f (a)

�
� (�) f (a) + f (b)

2
:

Proof. We prove the inequalities only for the GA-convex case.
Using the inequality (3.9) we have

f
�p

a1��b�b
�
�
Z 1

0

f
��
a1��b�

�1�s
bs
�
ds �

f
�
a1��b�

�
+ f (b)

2
;

that is equivalent to

(3.13) f
�
a
1��
2 b

�+1
2

�
�
Z 1

0

f
��
a1��b�

�1�s
bs
�
ds �

f
�
a1��b�

�
+ f (b)

2
;

for any � 2 [0; 1] :
We also have

f
�p

aa1��b�
�
�
Z 1

0

f
�
a1�s

�
a1��b�

�s�
ds �

f (a) + f
�
a1��b�

�
2

that is equivalent to

(3.14) f
�
a
2��
2 b

�
2

�
�
Z 1

0

f
�
a1�s

�
a1��b�

�s�
ds �

f (a) + f
�
a1��b�

�
2

for any � 2 [0; 1] :
If we multiply (3.13) by 1� � and (3.14) by � and add the obtained inequalities

we get, by the identity (3.11), that

(1� �) f
�
a
1��
2 b

�+1
2

�
+ �f

�
a
2��
2 b

�
2

�
�
Z 1

0

f
�
a1�sbs

�
ds

� (1� �)
f
�
a1��b�

�
+ f (b)

2
+ �

f (a) + f
�
a1��b�

�
2

=
1

2

�
f
�
a1��b�

�
+ (1� �) f (b) + �f (a)

�
for any � 2 [0; 1] :
This proves the second and third inequalities in (3.12).
By the GA-convexity we have

(1� �) f
�
a
1��
2 b

�+1
2

�
+ �f

�
a
2��
2 b

�
2

�
� f

��
a
1��
2 b

�+1
2

�1�� �
a
2��
2 b

�
2

���
= f

�
a
1
2 b

1
2

�
;

which proves the �rst inequality in (3.12).
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By the GA-convexity we also have

1

2

�
f
�
a1��b�

�
+ (1� �) f (b) + �f (a)

�
� 1

2
[(1� �) f (a) + �f (b) + (1� �) f (b) + �f (a)]

=
f (a) + f (b)

2
;

which proves the last inequality in (3.12). �

Corollary 2. With the assumptions of Theorem 3 we have

f
�p

ab
�
� (�) 1

2

h
f
�
a
1
4 b

3
4

�
+ f

�
a
3
4 b

1
4

�i
(3.15)

� (�) 1

ln b� ln a

Z b

a

f (t)

t
dt

� (�) 1
2

�
f
�p

ab
�
+
f (b) + f (a)

2

�
� (�) f (a) + f (b)

2
:

4. Related Results

The following result also holds:

Theorem 4. Let f : [a; b] � (0;1) ! R be a GA-convex (concave) function on
[a; b] : Then for any t 2 [a; b] we have

1

ln b� ln a

Z b

a

f (s)

s
ds(4.1)

� (�) 1
2

�
f (t) +

f (b) (ln b� ln t) + f (a) (ln t� ln a)
ln b� ln a

�
� (�) f (a) + f (b)

2
:

Proof. We give a proof only for the GA-convex case.
From the inequality (2.2) we have that

(4.2) f (t)� f (s) � (ln t� ln s) f 0+ (s) s

for any s 2 (a; b) and t 2 [a; b] :
We divide by s > 0 and integrate on [a; b] over s to get

(4.3) f (t)

Z b

a

1

s
ds�

Z b

a

f (s)

s
ds �

 Z b

a

f 0+ (s) ds

!
ln t�

Z b

a

f 0+ (s) ln sds

for any t 2 [a; b] :
However Z b

a

1

s
ds = ln b� ln a;

Z b

a

f 0+ (s) ds = f (b)� f (a)

andZ b

a

f 0+ (s) ln sds = f (s) ln sjba �
Z b

a

f (s)

s
ds = f (b) ln b� f (a) ln a�

Z b

a

f (s)

s
ds:
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Therefore, by (4.3) we get

f (t) (ln b� ln a)�
Z b

a

f (s)

s
ds

� (f (b)� f (a)) ln t� f (b) ln b+ f (a) ln a+
Z b

a

f (s)

s
ds

namely

f (t) (ln b� ln a)� (f (b)� f (a)) ln t+ f (b) ln b� f (a) ln a � 2
Z b

a

f (s)

s
ds;

which can be written as

f (t) (ln b� ln a) + f (b) (ln b� ln t) + f (a) (ln t� ln a) � 2
Z b

a

f (s)

s
ds

and the �rst inequality in (4.1) is proved.
Using (3.2) we have

f (t) +
f (b) (ln b� ln t) + f (a) (ln t� ln a)

ln b� ln a

� (ln b� ln t) f (a) + (ln t� ln a) f (b)
ln b� ln a

+
f (b) (ln b� ln t) + f (a) (ln t� ln a)

ln b� ln a
= f (a) + f (b)

for any t 2 [a; b] that proves the last part of (4.1). �

By taking the integral mean in the inequality (4.1) we have:

Corollary 3. With the assumptions in Theorem 4 we have

(4.4)
1

ln b� ln a

Z b

a

f (s)

s
ds

� (�) 1
2

"
1

b� a

Z b

a

f (t) dt+
f (b) (ln b� ln I (a; b)) + f (a) (ln I (a; b)� ln a)

ln b� ln a

#

� (�) f (a) + f (b)
2

:

Since a simple calculation reveals (see the proof of Theorem 2) that

f (b) (ln b� ln I (a; b)) + f (a) (ln I (a; b)� ln a)
ln b� ln a

=
L (a; b)� a
b� a f (b) +

b� L (a; b)
b� a f (a) ;
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then the inequality (4.4) is equivalent to

(4.5)
1

ln b� ln a

Z b

a

f (s)

s
ds

� (�) 1
2

"
1

b� a

Z b

a

f (t) dt+
L (a; b)� a
b� a f (b) +

b� L (a; b)
b� a f (a)

#

� (�) f (a) + f (b)
2

:

Remark 2. Taking speci�c values for t 2 [a; b] in (4.1) we get the following results

1

ln b� ln a

Z b

a

f (s)

s
ds(4.6)

� (�) 1
2

"
f

�
a+ b

2

�
+
f (b)

�
ln b� ln a+b2

�
+ f (a)

�
ln a+b2 � ln a

�
ln b� ln a

#

� (�) f (a) + f (b)
2

;

1

ln b� ln a

Z b

a

f (s)

s
ds � (�) 1

2

�
f
�p

ab
�
+
f (a) + f (b)

2

�
(4.7)

� (�) f (a) + f (b)
2

1

ln b� ln a

Z b

a

f (s)

s
ds(4.8)

� (�) 1
2

�
f (I (a; b)) +

f (b) (ln b� ln I (a; b)) + f (a) (ln I (a; b)� ln a)
ln b� ln a

�
=
1

2

�
f (I (a; b)) +

L (a; b)� a
b� a f (b) +

b� L (a; b)
b� a f (a)

�
� (�) f (a) + f (b)

2
;

and

1

ln b� ln a

Z b

a

f (s)

s
ds(4.9)

� (�) 1
2

�
f (L (a; b)) +

f (b) (ln b� lnL (a; b)) + f (a) (lnL (a; b)� ln a)
ln b� ln a

�
� (�) f (a) + f (b)

2
:

Now, observe that

f (b) (ln b� ln t) + f (a) (ln t� ln a) = 0

i¤

ln t =
f (b) ln b� f (a) ln a

f (b)� f (a) = ln

�
bf(b)

af(a)

� 1
f(b)�f(a)

;
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which is equivalent to

t =

�
bf(b)

af(a)

� 1
f(b)�f(a)

:

Therefore, if

t =

�
bf(b)

af(a)

� 1
f(b)�f(a)

2 [a; b]

then by (4.1) we get

(4.10)
1

ln b� ln a

Z b

a

f (s)

s
ds � (�) 1

2
f

 �
bf(b)

af(a)

� 1
f(b)�f(a)

!
� (�) f (a) + f (b)

2
:

The following result also holds

Theorem 5. Let f : [a; b] � (0;1) ! R be a GA-convex (concave) function on
[a; b] : Then for any t 2 [a; b] we have

1

2

�
f (t) +

f (b) b (ln b� ln t) + af (a) (ln t� ln a)
b� a

�
� 1

b� a

Z b

a

f (s) ds(4.11)

� (�) 1
2

"
1

b� a

Z b

a

f (s) ln sds�
 

1

b� a

Z b

a

f (s) ds

!
ln t

#
:

Proof. We give a proof only for the GA-convex case.
Integrate over s in the inequality (4.2) to get

(4.12) f (t) (b� a)�
Z b

a

f (s) ds � ln t
Z b

a

f 0+ (s) sds�
Z b

a

f 0+ (s) s ln sds

for any t 2 [a; b] :
Observe that, integrating by parts in the Lebesgue integral, we have

Z b

a

f 0+ (s) sds = bf (b)� af (a)�
Z b

a

f (s) ds

and Z b

a

f 0+ (s) s ln sds = f (b) b ln b� f (a) a ln a�
Z b

a

(s ln s)
0
f (s) ds

= f (b) b ln b� f (a) a ln a�
Z b

a

(ln s+ 1) f (s) ds

= f (b) b ln b� f (a) a ln a�
Z b

a

f (s) ln sds�
Z b

a

f (s) ds:
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Using the inequality (4.12) we get

f (t) (b� a)�
Z b

a

f (s) ds

� ln t
 
bf (b)� af (a)�

Z b

a

f (s) ds

!

� f (b) b ln b+ f (a) a ln a+
Z b

a

f (s) ln sds+

Z b

a

f (s) ds

= bf (b) ln t� af (a) ln t� ln t
Z b

a

f (s) ds

� f (b) b ln b+ f (a) a ln a+
Z b

a

f (s) ln sds+

Z b

a

f (s) ds

that is equivalent to

f (t) (b� a)� bf (b) ln t+ af (a) ln t+ f (b) b ln b� f (a) a ln a� 2
Z b

a

f (s) ds

�
Z b

a

f (s) ln sds� ln t
Z b

a

f (s) ds;

namely

f (t) (b� a) + f (b) b (ln b� ln t) + af (a) (ln t� ln a)� 2
Z b

a

f (s) ds

�
Z b

a

f (s) ln sds� ln t
Z b

a

f (s) ds;

for any t 2 [a; b] and the inequality (4.11) is proved. �

Corollary 4. Let f : [a; b] � (0;1)! R be a GA-convex function on [a; b] : Then

bf (b) (ln b� ln I (a; b)) + af (a) (ln I (a; b)� ln a)
b� a � 1

b� a

Z b

a

f (s) ds(4.13)

� 1

b� a

Z b

a

f (s) ln sds�
 

1

b� a

Z b

a

f (s) ds

!
ln I (a; b) :

Moreover, if f is monotonic nondecreasing, then

bf (b) (ln b� ln I (a; b)) + af (a) (ln I (a; b)� ln a)
b� a � 1

b� a

Z b

a

f (s) ds(4.14)

� 1

b� a

Z b

a

f (s) ln sds�
 

1

b� a

Z b

a

f (s) ds

!
ln I (a; b) � 0:
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Proof. Integrating over t on [a; b] and dividing by b� a in (4.11) we get

1

2

24 1

b� a

Z b

a

f (s) ds+
f (b) b

�
ln b� 1

b�a
R b
a
ln tdt

�
+ af (a)

�
1
b�a

R b
a
ln tdt� ln a

�
b� a

35
� 1

b� a

Z b

a

f (s) ds

� (�) 1
2

"
1

b� a

Z b

a

f (s) ln sds�
 

1

b� a

Z b

a

f (s) ds

!
1

b� a

Z b

a

ln tdt

#
;

that is equivalent to (4.13).
Now, since f is monotonic nondecreasing on [a; b], then by µCeby�ev inequality

for synchronous functions, we have

1

b� a

Z b

a

f (s) ln sds �
 

1

b� a

Z b

a

f (s) ds

!
1

b� a

Z b

a

ln tdt

that proves (4.14). �

Corollary 5. Let f : [a; b] � (0;1)! R be a GA-convex function on [a; b] : Then

1

2

"
f
�
exp

�
�f
��
+
f (b) b

�
ln b� �f

�
+ af (a)

�
�f � ln a

�
b� a

#
(4.15)

� 1

b� a

Z b

a

f (s) ds;

where

�f :=

R b
a
f (s) ln sdsR b
a
f (s) ds

2 [ln a; ln b] :

Proof. Follows by (4.11) on taking

ln t =

R b
a
f (s) ln sdsR b
a
f (s) ds

2 [ln a; ln b] :

�

Remark 3. If we take t =
p
ab in (4.11), then we get

1

2

�
f
�p

ab
�
+
f (b) b+ af (a)

2L (a; b)

�
� 1

b� a

Z b

a

f (s) ds(4.16)

� 1

2

"
1

b� a

Z b

a

f (s) ln sds�
 

1

b� a

Z b

a

f (s) ds

!
ln
p
ab

#
:
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If we take t = I (a; b) in (4.11), then we get

1

2

�
f (I (a; b)) +

f (b) b (ln b� ln I (a; b)) + af (a) (ln I (a; b)� ln a)
b� a

�
(4.17)

� 1

b� a

Z b

a

f (s) ds

� 1

2

"
1

b� a

Z b

a

f (s) ln sds�
 

1

b� a

Z b

a

f (s) ds

!
ln I (a; b)

#
:

We use the following results obtained by the author in [21] and [22]

Lemma 3. Let h : [�; �] ! R be a convex function on [�; �] : Then we have the
inequalities

1

8

�
h0+

�
�+ �

2

�
� h0�

�
�+ �

2

��
(� � �)(4.18)

� h (�) + h (�)

2
� 1

� � �

Z �

�

h (t) dt

� 1

8

�
h0� (�)� h0+ (�)

�
(� � �)

and

1

8

�
h0+

�
�+ �

2

�
� h0�

�
�+ �

2

��
(� � �)(4.19)

� 1

� � �

Z �

�

h (t) dt� h
�
�+ �

2

�
� 1

8

�
h0� (�)� h0+ (�)

�
(� � �) :

The constant 18 is best possible in (4.18) and (4.19).

Finally, we have

Theorem 6. Let f : [a; b] � (0;1) ! R be a GA-convex (concave) function on
[a; b] : Then we have

1

8

h
f 0+

�p
ab
�
� f 0�

�p
ab
�i
(ln b� ln a)(4.20)

� (�) f (a) + f (b)
2

� 1

ln b� ln a

Z b

a

f (s)

s
ds

� (�) 1
8

�
f 0� (b) b� f 0+ (a) a

�
(ln b� ln a)

and
1

8

h
f 0+

�p
ab
�
� f 0�

�p
ab
�i
(ln b� ln a)(4.21)

� (�) 1

ln b� ln a

Z b

a

f (s)

s
ds� f

�p
ab
�

� (�) 1
8

�
f 0� (b) b� f 0+ (a) a

�
(ln b� ln a) :
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Proof. Consider the function h : [ln a; ln b]! R de�ned by h (t) = f � exp (t) : Since
f is a GA-convex (concave) function on [a; b] ; then we have the lateral derivatives

h0� (t) =
�
f 0� � exp (t)

�
exp t; t 2 [ln a; ln b] :

If we apply the inequality (4.18) for the convex function f � exp on the interval
[ln a; ln b] ; then we have

1

8

�
f 0+ � exp

�
ln a+ ln b

2

�
� f 0� � exp

�
ln a+ ln b

2

��
(ln b� ln a)

� f � exp (ln a) + f � exp (ln b)
2

� 1

ln b� ln a

Z ln b

ln a

f � exp (t) dt

� 1

8

��
f 0� � exp (ln b)

�
exp (ln b)�

�
f 0+ � exp (ln a)

�
exp (ln a)

�
(ln b� ln a)

that is equivalent to

1

8

h
f 0+

�p
ab
�
� f 0�

�p
ab
�i
(ln b� ln a)(4.22)

� f (a) + f (b)

2
� 1

ln b� ln a

Z ln b

ln a

f � exp (t) dt

� 1

8

�
f 0� (b) b� f 0+ (a) a

�
(ln b� ln a) :

If we change the variable s = exp t; then t = ln s and dt = ds
s : ThereforeZ ln b

ln a

f � exp (t) dt =
Z b

a

f (s)

s
ds

and by (4.22) we get the desired inequality (4.20).
The inequality (4.21) follows by (4.19). �

Remark 4. If the function f : I � (0;1) ! R is di¤erentiable and a GA-convex
function on [a; b] � �I then we have the following inequalities

0 � f (a) + f (b)

2
� 1

ln b� ln a

Z b

a

f (s)

s
ds(4.23)

� 1

8
[f 0 (b) b� f 0 (a) a] (ln b� ln a)

and

0 � 1

ln b� ln a

Z b

a

f (s)

s
ds� f

�p
ab
�

(4.24)

� 1

8
[f 0 (b) b� f 0 (a) a] (ln b� ln a) :

5. Some Applications

Let p 6= 0 and consider the convex function g (t) = exp (pt) ; t 2 R. Then the
function f : (0;1)! R, f (t) = g (ln t) = exp (p ln t) = tp is a GA-convex function
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on (0;1) : We observe that for 0 < a < b we have

1

b� a

Z b

a

tpdt =

8><>:
1
p+1

bp+1�ap+1
b�a ; p 6= �1

ln b�ln a
b�a ; p = �1

=

8<:
Lpp (a; b) ; p 6= �1

L�1 (a; b) ; p = �1
where Lp (a; b) (p 6= �1) is the p-Logarithmic mean and L is the logarithmic mean
de�ned in the introduction.
Using the inequality

1

b� a

Z b

a

f (t) dt � b� L (a; b)
b� a f (b) +

L (a; b)� a
b� a f (a)

for f (t) = tp (p 6= 0) ; we get

(5.1) Lpp (a; b) �
b� L (a; b)
b� a bp +

L (a; b)� a
b� a ap

for p 6= 0:
Observe that

1

b� a

Z b

a

f (t)

t
dt =

1

b� a

Z b

a

tp�1dt

=
1

p

bp � ap
b� a = Lp�1p�1 (a; b) ; p 6= 0:

If we use the inequality

f
�p

ab
�
� (1� �) f

�
a
1��
2 b

�+1
2

�
+ �f

�
a
2��
2 b

�
2

�
� 1

ln b� ln a

Z b

a

f (t)

t
dt

� 1

2

�
f
�
a1��b�

�
+ (1� �) f (b) + �f (a)

�
� f (a) + f (b)

2

for � 2 [0; 1] and f (t) = tp (p 6= 0) ; then we get
Gp (a; b) � (1� �)Gp

�
a1��; b�+1

�
+ �Gp

�
a2��; b�

�
(5.2)

� L (a; b)Lp�1p�1 (a; b)

� 1

2

h
Gp
�
a2(1��); b2�

�
+ (1� �) bp + �ap

i
� ap + bp

2

for � 2 [0; 1] :
If we use the inequalities (4.23) and (4.24) for f (t) = tp (p 6= 0) ; then we get

(5.3) 0 � ap + bp

2
� L (a; b)Lp�1p�1 (a; b) �

1

8
p2
Lp�1p�1 (a; b)

L (a; b)
(b� a)2

and

(5.4) 0 � L (a; b)Lp�1p�1 (a; b)�Gp (a; b) �
1

8
p2
Lp�1p�1 (a; b)

L (a; b)
(b� a)2 :
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