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INEQUALITIES SATISFIED BY ENTIRE FUNCTIONS
AND THEIR DERIVATIVES

BY
BOO SANG LEE AND S. M. SHAH(")

Abstract. For a class of entire functions with simple and positive zeros, it is
shown that the maximum of the moduli of the first two Taylor coefficients at any
point z, dominate all the remaining Taylor coefficients, provided |z| is sufficiently large.
Further, there is a subclass for which this result holds at every point z.

1. Introduction. In this paper we shall be concerned with inequalities satisfied
by the derivatives of entire functions with simple zeros. Let {a,} be a sequence of
positive numbers such that

(1.1 Quirfan=ap 2y > 1,
and let
(12) Pe) =11 (1-2)

1 an
We prove

THEOREM 1. Suppose P(z) is an entire function given by (1.2) where the zeros a,
satisfy (1.1). Then for a given number M >0, there exists a number R=R(M) such
that for every z, |z| > R,

(1.3) max {|P(z)|, |P')|} > M|PYC)|[j!, j=2,3,....
THEOREM 2. Let P(2) be given by (1.2). If

(1.4) oy g 3, n = 2, 3, ceey as—a; 2 8,
then for every z
(1.5) max {|P(z)|, |P'(2)|} > [P/, Jj=2,3,....

THEOREM 3. Let {{,}° be a sequence of positive numbers. Then there exists an
entire function Q(z) such that for every z

(1.6) max {{Q(@)], |Q' D)} > ¢;-1[QP()],  j=2,3,....
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110 B. S. LEE AND S. M. SHAH [May

THEOREM 4. Let P(z) be given by (1.2) where a,.,/a,Zn+1, (n21), a,—a, =11
and a, > 0. Then for every z
1.7 max {|P(2)|, [P’} > ¢;-1|PP@)], Jj=2,3,...
where ¢, =1, n=1 and ¢, — o0 as n — oo.

2. Preliminary results. In this section we suppose that (1.1) holds and obtain
bounds for zeros {b,};° of P’(z). By Laguerre’s theorem [1, p. 23], [7, p. 266] we
know that the b,’s are all real and a; <b; <a,<--- <a,<b,<a,,,<---. Let

< 1
h(t) =§1: - > L
Then h(t) is decreasing in (1, c0) and A(2.8) <0.778.

LeEMMA 1. Let q be the smallest integer such that q = h(y)+vy/(y—1). Then

2.1 b, < (nay,1+a,)(n+1), n=12,...,
2.2) {1-1/(n—h(Y))ans1 < bpy, n=q+1,q+2,...,
and
2.3) bppilbn=B. 2y >1, n=12,....
Proof. (i) Let x=(na,,;+a,)/(n+1). Then
P’(x)_i 1 < m . 1 -0,

P(x) 4 x—a, x—a, X—an.,

and (2.1) is proved.
(ii) Let x={1—1/(n—h(y))}a, +1, =g+ 1. By our choice of ¢, a,<x<a,,, and

00

$ L, 1§ 1L _-h
X—a; Ani1 j24 7’1_1 Ani1

n+2
Hence
P(x)>n—1—h(y)+ 1 + 1 > 0,
P(x) Qi1 X—Qy X—0ny1
and (2.2) is proved.

(iii) From (2.1) and (2.2) we have, for n=q+1,

bniy > n—h(y) (n+1an,, > n—h(y)
b, = n+1—h(y) nay,.+a, ~ ' n+ti1—hy)

Let y=1+c. Then ¢>0. Let ¢’=c¢/(2y) < 1. Let ¢ be an integer such that
t > max {g+1, 1/¢'—1+h(y)}.

Then, for all n>1¢,

bn+1 ”—h(‘)’) ’
b, > yn+l—h('y) >(1=c)y > 1.

Let '=min {B;, Ba, .. ., Bt-1, (1 —¢')y}. Then B,=y'>1 for n=1.
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LeEMMA 2. Let p>0 and let

Ua(p) = U {z|lz—a) =0},  Valp) = IL=)n {z| |z—b,| < p}
Then there exists an integer M such that Uy (p) O Viyy(p)= 2.

Proof. Let M, >2 be an integer such that

1 ,yM1+1 20°
M+l 257 M+l G-Da

Since y*[x is an increasing function of x on [1/log v, c0) we have, for n2 M;,

ni1—0n y* " Ay—1a,y > 2
n+l = n+1 '

Let M;2=qg+2 be such that for n= M,

1-1/n—hG)=1/(n+1) _
4 1—1/(n+1) :

Then for all n= My=max (M, M,)

_ 1 _ Any1—qn
b,—a, > {1 n—_h(y)}a,.ﬂ a, > | > 2p,

Gni1—by >%>2p

and the lemma is proved.

LEMMA 3. Let M2 1. Then for any number p>2M there exists an integer No>0
such that for every z ¢ Uy,(p) and |z| > ay,

2.4 [P(z)| > M|PO(2)|[j}, Jj=1,2,....
Proof. Let
< 1 < 1
@2.5) G(z) = 2 o " Z Ty 2% Ui
Then
(2.6) P'(2)[P(z) = G(2),
and
P(k+1)(z) _ ke (1)(2) ple- 1)(2)
@7 &F! Z k=)
Hence
[P** V)| . 1 IG“’(Z)I IP“’(Z)I
28) (k+1)! = k+1 (Z ) 0§!Sk{
' IP“’(Z)I -
§oor2‘a§)§c{7—}, k=0,1,....
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112 B. S. LEE AND S. M. SHAH [May
We estimate o. Write z=x+iy and let a,<x=<a,,,, n=1. Since z ¢ U,(p) we have

n=1_ 2, Ho),
An—Qn_-1 P Qny1

2.9) o

IA

Here a,=0. Write ¢, =(p—2M)/2, c;=c;/M(2M+c,). Choose N=N(c;) such
that forn= N

n/(an_an—1)+h(7)/an < Cs.
Then
o < c+2/p < 1/M,

and so for every z with z ¢ Uy(p) and x > ay, we have from (2.8)

IP“’(Z)I} [P**D(z)] -
(2.10) onélgc { ] >M R k=0,1,....

Let S={z|x=<0} U {z|0<x=Zay, |y| Zay}. Then, for z€ S,

N < 1 h(y)+N 1
<—+ < <€y <=

? ay 12:1 (¥ —Day ay Pt M

Finally choose integer N, such that ay =+/2 ay. Then for every z ¢ Uy, (p) and

|z| > ay,, (2.10) holds and this implies (2.4).

3. Proof of Theorem 1. We have P'(z)=P'(0)[I{ (1—2z/b,) where, by (2.3),
Bn=b,.1/b,=y >1. Hence we can apply the argument used to prove (2.4) to
P’(z), and obtain that there exists N; such that for z ¢ Vy,(p) and |z| > by,
|P(k+ 1)(z)| IP(k + 1)(z)|
& M

By Lemma 2, we can choose N, = max (N,, N;) such that Uy,(p) NVy,(p)=2.
Write R=by,. Then for every z, |z| > R, (1.3) holds and the theorem is proved.

P'(2)| > M k=1,2....

4. Proof of Theorem 2. We first prove two lemmas wherein, and also in the
proof of Theorem 2, we follow the notation of §2.

LemMA 4. (i) If ¢, 22.8 for n=2, then
Nay 41 + 20,,

4.1) b, > x, = ) (nzl.
@) If n=3 for n>2, then

“4.2) B.=228 (nz2).
(iii) If ey=n+1 for nz1, then

43) Brzn+tl (nz).
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Proof of Lemma 4. Since a,<Xx,<a,,;, we have

P(x) ,Z 1 h28)

P(X) Xpn—08; Qq4y

_n=1-hty)  n*-4
= Ani1 2n(an+1_an).

For n= 6, the last expression is nonnegative and for 1 <n<35, the first expression
is easily seen to be nonnegative. Hence (4.1) is proved.
Next we have, by (4.1) and (2.1), for n2>1,

bn+1 > 2an+1+(n+1)an+2 (n+1)
b, = a,+na,,, (n+3)

Simple computation now yields (4.2) and (4.3).
LeEMMA. 5. Let p=(3—+/5)(a;—a,)/4 and A=1.5/(a;—a,). Suppose «,=2.8 for

n22. Then

4.4 Ui(p) N Vi(p) = 2,
and for all z ¢ Uy(p)

4.5) o< A.

Proof. By a simple computation, we have
(4.6) al+2p < bl < 02—2p,

and a,+6(a;—a,)/10< b, <a, ., —6(a;—a,)/10, (n=2). Now (4.4) follows from the
fact that p <2(a;—a;)/10.
To prove (4.5) we first note that for z ¢ U,(p) and a,<x=<a,,,, (n22),

n—-1 1 1 Lh28)

n—GQn-1 P GQny1—Qp—pP Qnya

“4.7 o

lIA

For z ¢ Uy(p) and a; < x <a, we have
4.8) o = 1/p+1/(az—a, — p)+h(2.8)/a,.
Finally for z ¢ U,(p) and x<a,

o = 1/p+1/(az—ay)+h(2.8)/a,.

Hence for z ¢ U,(p), either (4.7) or (4.8) holds. In either case o< 4 and (4.5) is
proved. :

Proof of Theorem 2. Since o, >3 and a,—a, =8 we have, by Lemma 5,0 < A4 <1.
Hence (2.5) and (2.8) show that for z ¢ U,(p),

k + 1), 1 ) i =
PO+ 1)t < max (POQIY,  k=0,1,....

This gives for z ¢ U,(p), |P®(2)|/k!<|P(2)|, k=1, 2,....
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Next we consider P'(z)=P'(0) [ [? (1 —z/b,) and note that 8,2 2.8, for n22, by
Lemma 4. Hence Lemma 5 applied to P’(z)/P’(0) for z ¢ V,(p) gives that

o~ 1
4.9) P glz—bnl““‘

Consequently, for z ¢ Vi(p)

lP(k+ 1)(z)| S IP(k+1)(z)|
Kl k+1)! °

Since Uy(p) N V1(p)= &, the inequality (1.5) holds for every z.

|P'(z)| > k=1,2....

5. Proof of Theorem 3. We need two lemmas.

LEMMA 6. Suppose P(z) is defined by (1.2) where a,,./a,=n+1, n=2,3,...,
az>a,>0. Write B=max (4, 24%) where A=(7.5)/(a;—a,). Then, for every z,
B max{|P(2)|, |[P'(2)|}>|P"(z)|.

Proof. For z ¢ Uy,(p), we have, by (2.6), |P'(z)| =|P(z)G(z)| £ o|P(z)| and |P"(z)|
=|P(2){G*(z) + G'(2)}| <20?|P(z)|. Now «, =3 for n=2. Hence by Lemma 5, ¢ < A.
It follows that for every z ¢ U,(p)

(6.1 [P'()| < B|P(2)l,  |P"(2)| < BIP(2)].
By Lemma 4, B,Z2n+123 for n=2. Hence the above argument may be applied
to P’(z)/P'(0). By (4.9) we have for every z ¢ V,(p)
(52 |P"(2)| < BIP'()l,  [P"(@)| < BIP(2)|.
Since U,(p) N Vi(p)= @, the lemma follows from (5.1) and (5.2).

LEMMA 7. Let P(z) be defined by (1.2) and suppose that

apiila, = n+1, (n=23,...), az.> a, > 0.

Denote the zeros of P*Xz) by {a®}Y with a¥),>a¥. Then
(53) a0 —a 2 (32)4aP—aP),
where a¥=a,,

Proof. By (2.1) and (4.1) we have

a’—a’ > (as—a,)[2 > 3(az—a))/2.

An induction argument completes the proof of the lemma.
Proof of Theorem 3. We construct a new sequence {a,} as follows:

max {15, 8.}, a, Z max {2a,, 24},

=
Qi1 2 max {(n+ l)am 4(n+ 1)(n+2)('/’n+ 1/'/’11—1)}, n=23,....

Let Q(z2)=II? (1-z/a,). Since az—a,; =15 we have in Lemma 6 B=A4<8/a;.
Hence for every z

a,

(5.4)
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(5.5) 8/ay) max {|Q@)], |Q'G]} > |Q"()]-

Denote the zeros of Q¥(z) by {a¥®}y. Then a{®=a,, and by (4.3) and (5.3) we have
aja® zntl, (2 1), aP—aP 215,

Hence (5.5) holds for Q®(z). Thus we have for every z and k=0

(5.6) (8/af?) max {| Q®(z)|, |Q¥**V(2)[} > [Q**P(2).
By (4.1) we have
ai*t > (nf(n+2))ad,,, jz0, nz1,
and hence
o et
6.7 ay > CECETES)) pyg

In particular,

(5.7 jz L

2
® > GEgey A I3
From (5.6) and (5.7)" we have for every z and k>0
68 10%9G) < {@k+214% /([ Taus) | max (106, 12

Similarly we obtain for every z and k=0

(9 ¥ < {(Zk +3)1 45+ (l:[o asm)} max {| Q(z)], |Q'@D)[}-

Since [ [¥_¢ @g54124%*1(2k+2)! gy 41, We have from (5.8) that for every z and

k20

(5.10) Par+1| @+ 2(2)| < max{|Q(2)|, |Q'@)|}-
Similarly from (5.9) we have that for every z and k20

(5.11) Yo+ 2| Q%+ I(2)| < max {|Q()|, |Q')[}-

The theorem now follows from (5.10) and (5.11).
6. Proof of Theorem 4. We first prove

LeMMA 8. Let P(z) be defined by (1.2) and suppose that a, ., la,=n+1, (n=1),
ay, 2 15. Then there exists a sequence {A\,}Y° such that

6.1 A > nzl), A,—00 as n—oo;
and such that for every z

6.2) max {|P2)|, [P’} > N-1|P?@)|, Jj=2,3,....
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Proof. Define a sequence {A,}{° as follows:

_ _ .Zﬂ. _ Gahy
)‘1 - 15/8’ )‘2 - 24, An-(-l - 4(n+2) (n g 2)'
If we replace {,,} by {A,}f in (5.4), the argument used in the proof of Theorem 3
gives (6.2). To prove (6.1) we note that A, >1, A,>1. For k=1 we have

Aokaz > () (+DN2%, and  Agyy > (Rk—1)!(k+1)1)2%.

These inequalities prove (6.1) and the lemma.

Proof of Theorem 4. We consider P®(z) and note that ) ,/a®2n+1 (n21),
a®215. By Lemma 8 we can find a sequence {7} such that A,>1, (n=1), A, >
as n — oo and such that for every z

(6.3) max {|P®(z)|, |[PP@)|} > A_1|PY*D(2)|, Jj=2,3,....
Since a,—a, = 11, the constant B in Lemma 6 is less than unity and hence we have,
for every z, max{|P(z)|, |P'(z)|}>|P"(z)|].- By Lemma 7 we have, for every z,

max {|P'(z)|, |P"(2)|}>|P"(z)] and so on. Consequently, we have for every z,
max {|P(z)|, |P'(z)|} > |P¥(2)|, j=2; and, in particular,

64 max {|P(2)], [P'(z)|} > max {|P®(z)|, |P“(2)|}.
Now define
(65) ¢f = 1’ J = 1, 2’ 39

$y=X_5 Jj2Z4
Then (6.3), (6.4) and (6.5) yield Theorem 4.

7. Remarks. (i) A transcendental entire function f(z) is said to be of bounded
index if there exists an integer N =0 such that for all z

a.n max {/C@UKS 2 @I =12

and the smallest such integer N is called the index of f(z) (cf. [2], [3], [5]).

We have proved in Theorem 1 that (7.1), with f replaced by P, holds for all z
such that |z| > R with N=1. Now itis known that (cf. [6, pp. 132-133]) there exists
an integer N such that (7.1), with f replaced by P, holds for all z with |z|<R.
Thus we conclude that P(z) is of bounded index.

(ii) Pugh and Shah [4] have shown that if {z,}? is any sequence of complex
numbers such that

(1.2) |Zns1] 2 5%|zal, |z:] 2 5,

then the derivatives f“(z) of the corresponding canonical product f(z) satisfy
for all z,

(7.3) max{|f@, [f'@} > /2@ (=23...)
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The zeros {a,}? in Theorem 4 may not increase as rapidly as {|z,[}{ in (7.2) and
yet the derivatives of the corresponding canonical product satisfy a sharper in-
equality (1.7). Note however that the zeros {a,}; are all real and positive.
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