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t❤❡ ♣♦t❡♥t✐❛❧ ❜❡♥❡✜ts ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥✳ ❚❤❡ ✐♥❡rt❡r ✐s ❞❡✜♥❡❞ ❛s ❛ ♦♥❡✲♣♦rt ♠❡❝❤❛♥✐❝❛❧ ❡❧❡♠❡♥t

✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t t❤❡ ❛♣♣❧✐❡❞ ❢♦r❝❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ r❡❧❛t✐✈❡ ❛❝❝❡❧❡r❛t✐♦♥ ❜❡t✇❡❡♥ ✐ts

t✇♦ t❡r♠✐♥❛❧s✱ ✐✳❡✳ F = b(v̇2 − v̇1) ❬✶✽❪✳ ❲✐t❤ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ✐♥❡rt❡r✱ ❛ ❝♦♠♣❧❡t❡ ❛♥❛❧♦❣②

❜❡t✇❡❡♥ ♠❡❝❤❛♥✐❝❛❧ s②st❡♠ ❛♥❞ ❡❧❡❝tr✐❝❛❧ s②st❡♠ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞✳ ❚❤✉s✱ ❛ ♠✉❝❤ ✇✐❞❡r r❛♥❣❡

♦❢ ♣❛ss✐✈❡ ❛❜s♦r❜❡r str✉❝t✉r❡s ❝❛♥ ❜❡ r❡❛❧✐③❡❞ ❜② ♠❡❝❤❛♥✐❝❛❧ ♥❡t✇♦r❦s✳ ❇❡♥❡✜❝✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥s

❤❛✈❡ ❜❡❡♥ ✐❞❡♥t✐✜❡❞ ❢♦r ✈❛r✐♦✉s ♠❡❝❤❛♥✐❝❛❧ ❛♥❞ ❝✐✈✐❧ s②st❡♠s✱ ✐♥❝❧✉❞✐♥❣ ✈❡❤✐❝❧❡ s✉s♣❡♥s✐♦♥s ❬✶✾✕✷✶❪✱

✷



♠♦t♦r❝②❝❧❡ st❡❡r✐♥❣ s②st❡♠s ❬✷✷✱ ✷✸❪ ❛♥❞ ❜✉✐❧❞✐♥❣ s✉s♣❡♥s✐♦♥s ❬✷✹✱ ✷✺❪✳ ❆ ♣❛r❛❧❧❡❧ ✐♥❡rt❡r✲s♣r✐♥❣✲

❞❛♠♣❡r s✉s♣❡♥s✐♦♥ s②st❡♠ ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ❞❡♣❧♦②❡❞ ✐♥ ❋♦r♠✉❧❛ ❖♥❡ r❛❝✐♥❣ s✐♥❝❡ ✷✵✵✺ ❬✷✻❪✳

❙✉❝❤ ❛ ♣❛r❛❧❧❡❧ ❧❛②♦✉t ✐s ❛❧s♦ ♣r♦♣♦s❡❞ ❛s ♦♥❡ ♦❢ t❤❡ ❝❛♥❞✐❞❛t❡ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡ ❧❛②♦✉ts

✐♥ t❤✐s ♣❛♣❡r✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❆ ♠♦❞❡❧ ♦❢ t❤❡ ❋♦❦❦❡r ✶✵✵ ♠❛✐♥ ❧❛♥❞✐♥❣ ❣❡❛r ✭▼▲●✮ ✐s

♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ■■✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤r❡❡ ❝❛♥❞✐❞❛t❡ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❧❛②♦✉ts ❛r❡ ✐♥tr♦❞✉❝❡❞✳ ■♥

❙❡❝t✐♦♥ ■■■✱ ❡✐❣❡♥✈❛❧✉❡ ♦♣t✐♠✐③❛t✐♦♥ ❤❛s ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t t♦ ✐❧❧✉str❛t❡ t❤❡ ❧✐♠✐t❛t✐♦♥ ♦❢ ❢r❡q✉❡♥❝②✲

❞♦♠❛✐♥ ❛♥❛❧②s✐s ❢♦r t❤✐s ♣r♦❜❧❡♠✳ ❚✇♦ t✐♠❡✲❞♦♠❛✐♥ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s r❡♣r❡s❡♥t✐♥❣ t❤❡ ▼▲●

s❤✐♠♠② ♠♦t✐♦♥ ❛r❡ ♣r♦♣♦s❡❞ ✐♥ ❙❡❝t✐♦♥ ■❱✳ ❇❡♥❡✜❝✐❛❧ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ ✐❞❡♥✲

t✐✜❡❞ ❜❛s❡❞ ♦♥ ♦♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts✳ ❈♦♥❝❧✉s✐♦♥s ❤❛✈❡ ❜❡❡♥ ❞r❛✇♥ ✐♥ ❙❡❝t✐♦♥ ❱✳

■■✳ ❆ ♠❛✐♥ ❧❛♥❞✐♥❣ ❣❡❛r ♠♦❞❡❧ ❛♥❞ ❝❛♥❞✐❞❛t❡ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❧❛②♦✉ts

■♥ t❤✐s s❡❝t✐♦♥✱ ❛ ♠♦❞❡❧ ♦❢ t❤❡ ❋♦❦❦❡r ✶✵✵ ▼▲● ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡ ✇❛s

♣r❡s❡♥t❡❞ ❜❛s❡❞ ♦♥ t❤❡ ✇♦r❦ ❜② ❱❛♥ ❞❡r ❱❛❧❦ ❛♥❞ P❛❝❡❥❦❛ ❬✶✶❪✳ ❚❤r❡❡ ❝❛♥❞✐❞❛t❡ ❧❛②♦✉ts ♦❢ s❤✐♠♠②

s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡s ❛r❡ ❛❧s♦ ✐♥tr♦❞✉❝❡❞✳

❆✳ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝ s②st❡♠

❛✮ ❜✮ ❝✮

❋✐❣✳ ✶ ❙❝❤❡♠❛t✐❝ ✈✐❡✇ ♦❢ t❤❡ ❞✉❛❧✲✇❤❡❡❧ ❋♦❦❦❡r ✶✵✵ ▼▲● ❣❡♦♠❡tr②✳
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❛✮ ❜✮

❋✐❣✳ ✷ ❛✮ ❚♦rs✐♦♥❛❧✲②❛✇ ψ ❉❖❋✱ ❜✮ ❧❛t❡r❛❧ ❞❡✢❡❝t✐♦♥ ♦❢ ❆ ya ❛♥❞ r♦❧❧ φ ❉❖❋ ✭❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥

♦❢ ❋✐❣s✳ ✷ ❛♥❞ ✸ ✐♥ ❬✶✶❪✮✳

❚❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ❋♦❦❦❡r ✶✵✵ ▼▲● ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✶ t❤r♦✉❣❤ ❞✐✛❡r❡♥t ✈✐❡✇s✳ ❚❤❡

str✉❝t✉r❡ ❝♦♥s✐sts ♦❢ ❛ ♠❛✐♥ ✜tt✐♥❣✱ s✐❞❡✲st❛②✱ s❧✐❞✐♥❣ ♠❡♠❜❡r✱ ❛①❧❡ ❛ss❡♠❜❧②✱ ❡t❝✳ ❚❤❡ s✐❞❡✲st❛②

❧❛t❡r❛❧❧② s✉♣♣♦rts t❤❡ ♠❛✐♥ ✜tt✐♥❣ ❛♥❞ ✐s ✜①❡❞ ♦♥ t❤❡ ♣✐♥t❧❡✳ ❚❤❡ s❧✐❞✐♥❣ ♠❡♠❜❡r ❛❧❧♦✇s ❜♦t❤

tr❛♥s❧❛t✐♦♥❛❧ ❛♥❞ r♦t❛t✐♦♥❛❧ ♠♦t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❛✐♥ ✜tt✐♥❣✳ ❚❤❡ t✇♦ ✇❤❡❡❧s ❛r❡ ❝♦♥♥❡❝t❡❞

❜② t❤❡ ✇❤❡❡❧ ❛①❧❡ ✇❤✐❝❤ ✐s ♦✛s❡t ❢r♦♠ t❤❡ ♠❛✐♥ ✜tt✐♥❣ ❛①✐s ✈✐❛ ❛ ♠❡❝❤❛♥✐❝❛❧ tr❛✐❧ ❜❛r ♦❢ ❧❡♥❣t❤ e✳

❚❤❡ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡✱ ❝♦♥✈❡♥t✐♦♥❛❧❧② ❛ s❤✐♠♠② ❞❛♠♣❡r✱ ✐s ✐♥st❛❧❧❡❞ ❛t t❤❡ t♦rq✉❡ ❧✐♥❦

❛♣❡① ♣♦✐♥t ✭❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶❜✮✳ ❆ ❣❧♦❜❛❧ ❝♦♦r❞✐♥❛t❡ ❢r❛♠❡ ✭❳❨❩✮ ✐s ❝♦♥s✐❞❡r❡❞ ❛♥❞ ✐ts ♦r✐❣✐♥ ✐s

✜①❡❞ t♦ t❤❡ ♣✐♥t❧❡ ❛①❧❡✳ ❚❤❡ ❳ ❛①✐s ♣♦✐♥ts ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❛✐r❝r❛❢t ❢♦r✇❛r❞ ❞✐r❡❝t✐♦♥✱ t❤❡ ❩ ❛①✐s

✈❡rt✐❝❛❧❧② ❞♦✇♥✇❛r❞s✱ ❛♥❞ t❤❡ ❨ ❛①✐s ❝♦♠♣❧❡t❡s t❤❡ r✐❣❤t✲❤❛♥❞❡❞ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳ ❚❤❡ ✇❤❡❡❧ ❛①❧❡

♦❢ t❤❡ ▼▲● ✐s ❛❧❧♦✇❡❞ t♦ r♦t❛t❡ t♦rs✐♦♥❛❧❧② ❛❜♦✉t t❤❡ ❝❡♥tr❡ ❧✐♥❡ ♦❢ t❤❡ ♠❛✐♥ ✜tt✐♥❣ ❜② t❤❡ ❛♥❣❧❡ ψ

✭t♦rs✐♦♥❛❧✲②❛✇ ❉❖❋✮ ❛♥❞ t♦ ❞❡✢❡❝t ❧❛t❡r❛❧❧② ❜② t❤❡ ❞✐s♣❧❛❝❡♠❡♥t y✳ ▼♦❞❛❧ ❝♦♦r❞✐♥❛t❡ η ✐s ✉s❡❞ t♦

✐♥❞✐❝❛t❡ t❤❡ ▼▲● ❧❛t❡r❛❧ ❉❖❋ ❛♥❞ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ❧❛t❡r✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ✇❤❡❡❧ ❛①❧❡ ✐s ❛❧❧♦✇❡❞ t♦

r♦t❛t❡ ❛❜♦✉t ❛♥ ❛①✐s ✜①❡❞ ❛❧♦♥❣ t❤❡ tr❛✐❧ ❜❛r ❜② t❤❡ ❛♥❣❧❡ φ ✭t♦rs✐♦♥❛❧✲r♦❧❧ ❉❖❋✮✳ ❚❤❡s❡ t❤r❡❡ ❉❖❋s

r❡♣r❡s❡♥t t❤❡ ▼▲● ♠♦t✐♦♥s ❛♥❞ ❛r❡ ❝♦✉♣❧❡❞ ✈✐❛ t❤❡ t✐r❡ ❧❛t❡r❛❧ ❞❡❢♦r♠❛t✐♦♥✳ ❋✐❣✉r❡ ✷ ✐❧❧✉str❛t❡s

t❤❡ s✐❣♥ ❝♦♥✈❡♥t✐♦♥s ♦❢ t❤❡s❡ ❉❖❋s ❛♥❞ t❤❡ t✐r❡ ❧❛t❡r❛❧ ❞❡❢♦r♠❛t✐♦♥✳ ■♥ ❋✐❣✳ ✷❛ t❤❡ t✇♦ ✇❤❡❡❧s ❛r❡
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❝♦❧❧❛♣s❡❞ ✐♥t♦ ♦♥❡ ♣❧❛♥❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣♦✐♥t ❆✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s ♠♦❞❡❧✱ t❤❡ ❢✉s❡❧❛❣❡ ❞②♥❛♠✐❝s

❛r❡ ✐❣♥♦r❡❞ ❛♥❞ ❛ t✐r❡✲❣r♦✉♥❞ ❝♦♥t❛❝t ❝♦♥str❛✐♥t ✐s ❛ss✉♠❡❞✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❧❛♥❞✐♥❣

❣❡❛r s❤✐♠♠② ♠♦❞❡s ❛♥❞ t❤❡ ❢✉s❡❧❛❣❡ ❞②♥❛♠✐❝s ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✷✼❪✳ ▼♦r❡♦✈❡r✱ ♥♦ ❛①✐❛❧ ❝♦♠♣r❡ss✐♦♥

♦❢ t❤❡ str✉t ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ♠♦❞❡❧✳

■♥ t❤✐s ♠♦❞❡❧✱ cψ,φ✱ kψ,φ ❛r❡ ✐♥tr♦❞✉❝❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ❞❛♠♣✐♥❣ ❛♥❞ st✐✛♥❡ss ♦❢ t❤❡ ψ ❛♥❞ φ

❉❖❋s✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s st✉❞② ✇❡ ✉s❡ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ♥♦t✐✜❝❛t✐♦♥ k ❢♦r s♣r✐♥❣ ❛♥❞ c ❢♦r ❞❛♠♣❡r✱

❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡s ✉s❡❞ ✐♥ ❬✶✶❪ ✭c ❢♦r s♣r✐♥❣ ❛♥❞ k ❢♦r ❞❛♠♣❡r✮✳ ❉✉❡ t♦ t❤❡ ♦✛s❡t ❜❡t✇❡❡♥ t❤❡

str✉t ❛①✐s ❛♥❞ t❤❡ ✇❤❡❡❧ ❛①❧❡✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❝♦✉♣❧✐♥❣ ❡✛❡❝ts ♦❢ r♦❧❧✐♥❣ ✇❤❡❡❧s✱ t❤❡ t♦t❛❧ t♦rs✐♦♥❛❧✲②❛✇

♠♦♠❡♥t ♦❢ ✐♥❡rt✐❛ ✐s

Iψtot = Iψ +m1e
2 +

1

2
Iyb(

l

r
)
2

, ✭✶✮

✇❤❡r❡ t❤❡ ❧❡♥❣t❤s ♦❢ l ❛♥❞ r ❛r❡ ❞❡✜♥❡❞ ✐♥ ❋✐❣✳ ✶✱ Iψ ✐s t❤❡ ♠♦♠❡♥t ♦❢ ✐♥❡rt✐❛ ♦❢ t❤❡ ✇❤❡❡❧s✱ ❛①❧❡

❛♥❞ ❜r❛❦❡ ❛ss❡♠❜❧②✱ m1 t❤❡ ✉♥s♣r✉♥❣ ♠❛ss ❛♥❞ Iyb ♣♦❧❛r ♠♦♠❡♥t ♦❢ ✐♥❡rt✐❛ ♦❢ t❤❡ ✇❤❡❡❧s✱ ❛①❧❡ ❛♥❞

❜r❛❦❡✳ ❆s ❢♦r t❤❡ ▼▲● ❧❛t❡r❛❧ ♠♦t✐♦♥✱ t❤❡ ❣❡❛r ❧❛t❡r❛❧ ❜❡♥❞✐♥❣ ❞❡✢❡❝t✐♦♥ ✐s ❡①♣r❡ss❡❞ ❜②

y(z, t) = f(z)η(t), ✭✷✮

✇❤❡r❡ f(z) ❞❡♥♦t❡s t❤❡ ❛♣♣r♦①✐♠❛t❡ ♠♦❞❡ s❤❛♣❡ ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✜rst ♠♦❞❡ ♦❢ t❤❡ ❢r❡❡❧② ❤❛♥❣✐♥❣

❧❛♥❞✐♥❣ ❣❡❛r✳ ❚❤❡ ❧❛♥❞✐♥❣ ❣❡❛r ✐s r❡❣❛r❞❡❞ ❛s ❛ ❜❡❛♠ ✇✐t❤ t✇♦ ❝♦♥❝❡♥tr❛t❡❞ ♠❛ss❡s✿ ✉♥s♣r✉♥❣ ♠❛ss

m1 ❛♥❞ t❤❡ ♠❛✐♥ ✜tt✐♥❣ m2 ✭s❡❡ ❋✐❣✳ ✷❜✮ ✇✐t❤ t❤❡✐r ♠♦❞❡ s❤❛♣❡s✱ f(z1) ❛♥❞ f(z2)✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤✉s ❢r♦♠ ❘❛②❧❡✐❣❤✬s ♠❡t❤♦❞✱ t❤❡ ❡♥❡r❣② t❡r♠s r❡♣r❡s❡♥t✐♥❣ t❤❡ ❧❛t❡r❛❧ ♠♦❞❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥

t❡r♠s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦❞❛❧ ♠❛ss mf ✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

mf = m1f
2(z1) +m2f

2(z2). ✭✸✮

❚❤❡ ❧❛t❡r❛❧ ❞❡✢❡❝t✐♦♥ ❛♥❞ s❧♦♣❡ ❛t t❤❡ s❤♦❝❦ str✉t ❜♦tt♦♠ ♣♦✐♥t ❆✱ ya ❛♥❞ ya
′

✱ ❛r❡ s♣❡❝✐✜❡❞ ❜② t❤❡

❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✿

ya = f(z1)η, ✭✹✮

ya
′

= f
′

(z1)η, ✭✺✮

✇❤❡r❡ f
′

(z1) ✐s t❤❡ ♠♦❞❛❧ s❧♦♣❡ ♦❢ ❆✳ ❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ❝♦♠♣❛r✐s♦♥✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❝♦♥s✐❞❡r ya

t♦ r❡♣r❡s❡♥t t❤❡ ▼▲● ♣❤②s✐❝❛❧ ❧❛t❡r❛❧ ❞❡✢❡❝t✐♦♥✱ ✐♥st❡❛❞ ♦❢ η ❉❖❋✳ ▼♦r❡♦✈❡r✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷❜✱

✺



❜♦t❤ φ ❛♥❞ ya
′

❝♦♥tr✐❜✉t❡ t♦ t❤❡ ♦✈❡r❛❧❧ r♦❧❧ ❞❡✢❡❝t✐♦♥ ❛♥❣❧❡ ♦❢ ❆✱ φ
′

✱ ❣✐✈✐♥❣

φ
′

= φ+ f
′

(z1)η. ✭✻✮

❚♦ ✐❧❧✉str❛t❡ t❤❡ ♣❤②s✐❝❛❧ ❡✛❡❝ts ♦❢ t❤✐s ❛♥❣❧❡✱ t❤❡ r♦❧❧ str♦❦❡ δ ❛t t❤❡ ❣r♦✉♥❞ ❧❡✈❡❧ ✐s ❝♦♥s✐❞❡r❡❞✱ ❛s

❣✐✈❡♥ ❜②

δ = r tanφ
′

. ✭✼✮

 

!
"
#$%

2&

'

❋✐❣✳ ✸ ❙❝❤❡♠❛t✐❝ ♦❢ t❤❡ str❛✐❣❤t t❛♥❣❡♥t t✐r❡ ♠♦❞❡❧✳

❚❤❡ ✇❤❡❡❧ r♦❧❧✐♥❣ ❡✛❡❝ts ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ♠♦❞❡❧✳ ❲✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ③❡r♦ t✐r❡ ❧♦♥❣✐✲

t✉❞✐♥❛❧ s❧✐♣✱ t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ♦❢ t❤❡ ✇❤❡❡❧ Ω ✐s ❣✐✈❡♥ ❜② t❤❡ ❡①♣r❡ss✐♦♥

Ω =
V

Re
, ✭✽✮

✇❤❡r❡ Re ✐s t❤❡ ❡✛❡❝t✐✈❡ r❛❞✐✉s ♦❢ t❤❡ t✐r❡ ❛♥❞ V ✐s t❤❡ ❛✐r❝r❛❢t ❢♦r✇❛r❞ s♣❡❡❞✳ ❋♦r t❤❡ ❡①♣r❡ss✐♦♥

♦❢ Re✱ t❤❡ ❡♠♣✐r✐❝❛❧ ❡q✉❛t✐♦♥

Re = R−
1

3
d ✭✾✮

❝❛♥ ❜❡ ✉s❡❞✱ ✇❤❡r❡ R ✐s t❤❡ t✐r❡ ✉♥❧♦❛❞❡❞ r❛❞✐✉s✱ d = R − r ✐s t❤❡ t✐r❡ ❞❡✢❡❝t✐♦♥✱ s❡❡ ❈✉rr❡② ❬✷✽❪✳

■♥ t❤✐s st✉❞②✱ t❤❡ str❛✐❣❤t t❛♥❣❡♥t t✐r❡ ♠♦❞❡❧ ✐s ✉s❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ t✐r❡✲❣r♦✉♥❞ ❝♦♥t❛❝t ❞②♥❛♠✐❝s✳

❚❤❡ r❡❛❝t✐♦♥ ❢♦r❝❡s ♣r♦❞✉❝❡❞ ❜② t❤❡ t✐r❡s ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞ ❜② t❤❡ t✐r❡ ❧❛t❡r❛❧ ❞❡❢♦r♠❛t✐♦♥✳ ❚❤❡s❡

❢♦r❝❡s ❛r❡ t❤❡ ❧❛t❡r❛❧ ❢♦r❝❡ Fy ❛♥❞ t❤❡ t✐r❡ s❡❧❢✲❛❧✐❣♥✐♥❣ ♠♦♠❡♥t Mz✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷❛✱ ❛♥❞ ♠❛②

❜❡ ❡①♣r❡ss❡❞ ❛s

Fy = CFαα
′

, ✭✶✵✮

Mz = −CMαα
′

, ✭✶✶✮

✻



✇❤❡r❡ α
′

✐s t❤❡ ❧❛t❡r❛❧ ❞❡✢❡❝t✐♦♥ ❛♥❣❧❡ ♦❢ t❤❡ ❧❡❛❞✐♥❣ ♣♦✐♥t ♦❢ t✐r❡✲❣r♦✉♥❞ ❝♦♥t❛❝t ❡❞❣❡✱ ❛s s❤♦✇♥ ✐♥

❋✐❣✳ ✸✳ ❚❤❡ ❧❛t❡r❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ❧❡❛❞✐♥❣ ♣♦✐♥t ♦❢ ❝♦♥t❛❝t ❡❞❣❡✱ v1✱ ✐s ❝♦♥s✐❞❡r❡❞ t♦ r❡♣r❡s❡♥t

t❤❡ t✐r❡ ❧❛t❡r❛❧ ❞❡❢♦r♠❛t✐♦♥ ✇❤❡♥ ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ♣❤②s✐❝❛❧ s❤✐♠♠② ♠♦t✐♦♥✳ ■t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

v1 = α
′

σ, ✭✶✷✮

✇❤❡r❡ σ ✐s t❤❡ t✐r❡ r❡❧❛①❛t✐♦♥ ❧❡♥❣t❤✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✸✳ ◆♦t❡ t❤❛t ✐❢ t❤❡ ▼▲● ✐s ✐♥ ✐ts

✉♥❞✐st✉r❜❡❞ st❛t❡✱ t❤❡ t✐r❡ s❧✐♣ ❛♥❣❧❡ α ✐s ❡q✉❛❧ t♦ α
′

✳

❋✐❣✳ ✹ ❱✐❡✇ ♦❢ ψ✱ ε ❉❖❋s ❛♥❞ kψ✱ ✇❤❡r❡ ❛t ❡q✉✐❧✐❜r✐✉♠✱ ε = ψ = 0 ❛♥❞ Fd = 0 ✭✐♥s♣✐r❡❞ ❜②

❬✶✶❪✮✳

❚❛❜❧❡ ✶ ❙♦♠❡ s②st❡♠ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✉s❡❞ ✐♥ t❤❡ ❛♥❛❧②s✐s

P❛r❛♠❡t❡r ◆❛♠❡ ❱❛❧✉❡

cψ ❚♦rs✐♦♥❛❧✲②❛✇ ❞❛♠♣✐♥❣ ✈❛❧✉❡ ❢♦r t❤❡ ❣❡❛r ✶✳✵✻ × 103 ◆·♠·s✴r❛❞

cφ ❚♦rs✐♦♥❛❧✲r♦❧❧ ❞❛♠♣✐♥❣ ✈❛❧✉❡ ❢♦r t❤❡ ❣❡❛r ✺✳✹× 102 ◆·♠·s✴r❛❞

kv ❚✐r❡ ✈❡rt✐❝❛❧ st✐✛♥❡ss ✽✳✻✹× 105 ◆·♠✴r❛❞

kψ ❖✈❡r❛❧❧ t♦rs✐♦♥❛❧✲②❛✇ str✉❝t✉r❛❧ st✐✛♥❡ss ❢♦r t❤❡ ❣❡❛r ✻✳✹✺× 105 ◆·♠✴r❛❞

kφ ❚♦rs✐♦♥❛❧✲r♦❧❧ str✉❝t✉r❛❧ st✐✛♥❡ss ❢♦r t❤❡ ❣❡❛r ✷✳✶✺ × 106 ◆·♠✴r❛❞

fη ❋✐rst ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ♦❢ ❤❛♥❣✐♥❣ ❧❛♥❞✐♥❣ ❣❡❛r 72.0❍③

ζn ❋✐rst r❡❧❛t✐✈❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥t ❢♦r t❤❡ ❧❛t❡r❛❧ ♠♦❞❡ ✵✳✵✺

❚❤❡ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡ ✐s ✜tt❡❞ ✐♥ t❤❡ ❛♣❡① ❧♦❝❛t✐♦♥ ✇❤✐❝❤ ✐s ❜❡t✇❡❡♥ t❤❡ ✉♣♣❡r ❛♥❞

❧♦✇❡r t♦rq✉❡ ❧✐♥❦✳ ❚♦ ❝❛♣t✉r❡ ❜♦t❤ t❤❡ str✉❝t✉r❛❧ st✐✛♥❡ss ♦❢ t❤❡s❡ t✇♦ ♣❛rts✱ ❛♥ ❡✛❡❝t✐✈❡ t♦rs✐♦♥❛❧✲

②❛✇ st✐✛♥❡ss kψ ✐s ❝♦♥s✐❞❡r❡❞ ❝♦♥♥❡❝t✐♥❣ t❤❡ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡ ❛♥❞ t❤❡ ✉♥s♣r✉♥❣ ♠❛ss ❛s

s❤♦✇♥ ✐♥ ❋✐❣✳ ✷❛✳ ❚❤❡ ❝♦♠♣r❡ss✐♦♥ ♦❢ t❤❡ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ t♦rs✐♦♥❛❧

❉❖❋ ε✱ s❡❡ ❋✐❣✳ ✹✳ ❚❤❡ ❢♦r❝❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡ ✐s ❞❡♥♦t❡❞ ❛s Fd✳ ■t ✐s t❤❡

✼



❞②♥❛♠✐❝s ♦❢ t❤❡ ❞❡✈✐❝❡✱ ✇❤✐❝❤ ❛r❡ ❝❛♣t✉r❡❞ ❜② t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ Fd ❛♥❞ ε✱ ❛♥❞ t❤❡✐r ❡✛❡❝ts

♦♥ s❤✐♠♠② ♦s❝✐❧❧❛t✐♦♥s ❛r❡ ♦❢ ♣r✐♠❛r② ✐♥t❡r❡st ❤❡r❡✳

❇✳ ❊q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥

❙✐♠✐❧❛r t♦ ❬✶✶❪✱ ✉s✐♥❣ ▲❛❣r❛♥❣❡✬s ♠❡t❤♦❞✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❢♦r t❤❡ ▼▲●

❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Iψtotψ̈ −m1ef(z1)η̈ + cψψ̇ + 2IybΩ(f
′

(z1)η̇ + φ̇) + kψ(ψ − ε)− 2(eCFα + CMα)α
′

= 0, ✭✶✸✮

(mf + Iφf
′
2(z1))η̈ −m1ef(z1)ψ̈ + Iφf

′

(z1)φ̈− 2IybΩf
′

(z1)ψ̇ + 2mfζnfη η̇

+fη
2mfη + 2CFα(f(z1) + rf

′

(z1))α
′

+
1

2
kvl

2f
′

(z1)(f
′

(z1)η + φ) = 0, ✭✶✹✮

Iφ(φ̈+ f
′

(z1)η̈)− 2IybΩψ̇ + cφφ̇+
1

2
kvl

2(f
′

(z1)η + φ) + kφφ+ 2rCFαα
′

= 0, ✭✶✺✮

σα̇
′

+ V (ψ + α
′

)− (f(z1) + rf
′

(z1))η̇ − rφ̇+ (e− a)ψ̇ = 0, ✭✶✻✮

Fd − kψ(ψ − ε) = 0. ✭✶✼✮

❍❡r❡✱ ❊qs✳ ✭✶✸✲✶✺✮ ❣♦✈❡r♥ t❤❡ ▼▲● ❞②♥❛♠✐❝s ❛♥❞ ✭✶✻✮ t❤❡ t✐r❡ ❞②♥❛♠✐❝s✳ ❊q✳ ✭✶✼✮ r❡♣r❡s❡♥ts t❤❡ ❢❛❝t

t❤❛t t❤❡ ❢♦r❝❡ ❛❝r♦ss kψ ❡q✉❛❧s t❤❡ ❢♦r❝❡ ❛❝r♦ss t❤❡ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧

❡①♣r❡ss✐♦♥ ❢♦r Fd ❞❡♣❡♥❞s ♦♥ t❤❡ ❧❛②♦✉t ♦❢ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡ ❛♥❞ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ✐♥

❙❡❝t✐♦♥ ■■✳❈✳

■♥ s✉♠♠❛r②✱ t❤❡r❡ ❛r❡ ✺ ❉❖❋s ✐♥ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥✱ ✇❤✐❝❤ ❛r❡ ψ ❢♦r t❤❡ ▼▲● t♦rs✐♦♥❛❧✲

②❛✇ ♠♦t✐♦♥✱ η ❢♦r t❤❡ ❣❡❛r ❧❛t❡r❛❧ ♠♦t✐♦♥✱ φ ❢♦r t❤❡ t♦rs✐♦♥❛❧✲r♦❧❧ ♠♦t✐♦♥✱ α
′

❢♦r t❤❡ t✐r❡ ❞②♥❛♠✐❝s

❛♥❞ ε ❢♦r t❤❡ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡ ♠♦t✐♦♥✳ ❚❤❡ st❛t❡s ✇❡ ❛❝t✉❛❧❧② ❝♦♥s✐❞❡r ❛s ♣❤②s✐❝❛❧ s❤✐♠♠②

♠♦t✐♦♥s ❛r❡ ψ✱ ya✱ δ ❛♥❞ v1✱ ✇❤✐❝❤ ❛r❡ t❤❡ t♦rs✐♦♥❛❧✲②❛✇ ❞❡✢❡❝t✐♦♥✱ t❤❡ ❧❛t❡r❛❧ ❜❡♥❞✐♥❣ ❞❡✢❡❝t✐♦♥

♦❢ t❤❡ ♣♦✐♥t ❆✱ t❤❡ r♦❧❧ str♦❦❡ ♦❢ ❆ ♦♥ t❤❡ ❣r♦✉♥❞ ❛♥❞ t❤❡ t✐r❡ ❧❛t❡r❛❧ ❞❡❢♦r♠❛t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✉s❡❞ ✐♥ t❤✐s st✉❞② ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❬✶✶❪ ✭✇✐t❤ ❛ 0.25♠ s❤♦❝❦ ❛❜s♦r❜❡r

❞❡✢❡❝t✐♦♥✮✳ ❙❡✈❡r❛❧ ♣❛r❛♠❡t❡rs t❤❛t ❛r❡ ♥♦t s♣❡❝✐✜❡❞ ✐♥ ❬✶✶❪ ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✶✳ ◆♦t❡ t❤❛t

t❤❡ ❛✐r❝r❛❢t ♦♣❡r❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s st✉❞② ✐s V = 50♠✴s✳

✽



❈✳ ❖♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❛♥❞ ❝❛♥❞✐❞❛t❡ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❧❛②♦✉ts

❚❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛♥ ✐♥❡rt❡r ❛❧♦♥❣s✐❞❡ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ s♣r✐♥❣ ❛♥❞ ❞❛♠♣❡r ❣✉❛r❛♥t❡❡s t❤❛t ❛♥②

♣♦s✐t✐✈❡✲r❡❛❧ ❢r❡q✉❡♥❝② tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ r❡❛❧✐③❡❞ ❜② ❛ ♥❡t✇♦r❦ ❧❛②♦✉t ❝♦♥s✐st✐♥❣ ♦❢ s♣r✐♥❣s✱

❞❛♠♣❡rs ❛♥❞ ✐♥❡rt❡rs ❬✷✾❪✳ ❚❤❡ ❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t r❡❧❛t✐♦♥s❤✐♣ ♦❢ t❤❡ ❝❛♥❞✐❞❛t❡ s❤✐♠♠② s✉♣♣r❡ss✐♦♥

❞❡✈✐❝❡s ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❣❡♥❡r❛❧ ♣♦s✐t✐✈❡✲r❡❛❧ ❢✉♥❝t✐♦♥s✱ Y (s)✱ s❛t✐s❢②✐♥❣

Fd(s) = Y (s)ε(s), ✭✶✽✮

✇❤❡r❡ s ✐s t❤❡ ▲❛♣❧❛❝❡ ✈❛r✐❛❜❧❡ ❛♥❞ Fd(s) ❛♥❞ ε(s) r❡♣r❡s❡♥t t❤❡ ❢♦r❝❡ ❛♥❞ t❤❡ r❡❧❛t✐✈❡ ❞✐s♣❧❛❝❡♠❡♥t

♦❢ t❤❡ ❞❡✈✐❝❡ ✐♥ ▲❛♣❧❛❝❡ ❞♦♠❛✐♥ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞❡❢❛✉❧t

s❤✐♠♠② ❞❛♠♣❡r ✐♥ t❤❡ ▲❛♣❧❛❝❡ ❞♦♠❛✐♥ ♠❛② ❜❡ ✇r✐tt❡♥ ❛s

Y (s) =
Fd(s)

ε(s)
= k + cs. ✭✶✾✮

❚❤❡ ❛♣♣r♦❛❝❤ ✇❡ ✉s❡ t♦ s❡❧❡❝t Y (s) ✐s t♦ s❡❧❡❝t ❛ ❣❡♥❡r❛❧ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ❢♦r♠ ❛♥❞ t❤❡♥ ♦♣t✐♠✐③❡

✐ts ♣❛r❛♠❡t❡rs✳ ◆❡t✇♦r❦ s②♥t❤❡s✐s t❤❡♦r② ❬✸✵✱ ✸✶❪ ❝❛♥ t❤❡♥ ❜❡ ✉s❡❞ t♦ ✐❞❡♥t✐❢② t❤❡ s♣❡❝✐✜❝ ❧❛②♦✉t

✇❤✐❝❤ ❝❛♥ r❡❛❧✐③❡ t❤❡ ♦♣t✐♠✐③❡❞ Y (s)✳ ❋♦r ❛❧❧ t❤❡ ♦♣t✐♠✐③❛t✐♦♥s ❝❛rr✐❡❞ ♦✉t ✐♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ✇❡

✉s❡❞ t❤❡ ▼❛t❧❛❜ ❝♦♠♠❛♥❞ ♣❛tt❡r♥s❡❛r❝❤ ✜rst ❛♥❞ t❤❡♥ ❢♠✐♥s❡❛r❝❤ ❢♦r ✜♥❡✲t✉♥✐♥❣ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✳

❆s ♣❛tt❡r♥s❡❛r❝❤ t❡♥❞s t♦ ✜♥❞ ❧♦❝❛❧ ♠✐♥✐♠❛✱ t❤❡ ❜❡st s♦❧✉t✐♦♥s ❤❛✈❡ ❜❡❡♥ ✈❡r✐✜❡❞ ✉s✐♥❣ ❛ r❛♥❣❡ ♦❢

✐♥✐t✐❛❧ st❛rt✐♥❣ ♣♦✐♥ts✳

 ! ! "

!#

!$

"

 

❙✶ ❙✷ ❙✸

❋✐❣✳ ✺ ❚❤r❡❡ ❧♦✇✲❝♦♠♣❧❡①✐t② ❧❛②♦✉ts ♦❢ t❤❡ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡

❙✐♥❝❡ ❧♦✇✲❝♦♠♣❧❡①✐t② ♥❡t✇♦r❦s ❛r❡ ♠♦r❡ ♣r❡❢❡r❛❜❧❡ ❞✉❡ t♦ t❤❡ ✇❡✐❣❤t ❛♥❞ s♣❛❝❡ ❧✐♠✐t ♦❢ t❤❡

❧❛♥❞✐♥❣ ❣❡❛r s②st❡♠✱ ❛ ❜✐q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥ ✭✇❤❡r❡ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❛r❡ s❡❝♦♥❞

✾



♦r❞❡r ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✮

Y (s) =
As2 +Bs+ C

Ds2 + Es+ F
✭✷✵✮

✐s ❝♦♥s✐❞❡r❡❞✳ ❆♣♣❧②✐♥❣ r❡❧❡✈❛♥t ♥❡t✇♦r❦ s②♥t❤❡s✐s t❡❝❤♥✐q✉❡s✱ s✉❝❤ ❛s r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❬✸✷✱ ✸✸❪✱

❜❡♥❡✜❝✐❛❧ ❧❛②♦✉ts ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞✳ ■♥ t❤✐s ✇❛②✱ ✇❡ ❣✉❛r❛♥t❡❡ t❤❛t ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ❧♦✇✲❝♦♠♣❧❡①✐t②

❧❛②♦✉ts ✐s ❝♦♥s✐❞❡r❡❞✳ ❋♦r ♠♦st ❝❛s❡s✱ t❤❡ ♦♣t✐♠✉♠ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✭A, B, · · · , F ✮ ❞♦ ♥♦t ❡q✉❛❧

③❡r♦✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥❡t✇♦r❦ ♥♦r♠❛❧❧② ❝♦♥t❛✐♥s ❛t ❧❡❛st ✜✈❡ ❡❧❡♠❡♥ts✳ ❆ s✐♠♣❧✐✜❝❛t✐♦♥ ♣r♦❝❡❞✉r❡

✐s t❤❡♥ ✉s❡❞✱ t♦ ❝❤❡❝❦ ✇❤❡t❤❡r r❡❞✉❝✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts r❡s✉❧ts ✐♥ s✐❣♥✐✜❝❛♥t ❞❡t❡r✐♦r❛t✐♦♥ ♦❢

♣❡r❢♦r♠❛♥❝❡✳ ❆ s✐♠✐❧❛r ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥✱ ❢♦r ❡①❛♠♣❧❡✱ ❬✸✹❪✳ ❆ s✐♠♣❧❡r ❤❡♥❝❡ ♠♦r❡ r❡❛❧✐st✐❝

str✉❝t✉r❡ ❝❛♥ ♣♦ss✐❜❧② ❜❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ t❤✐s ♣r♦❝❡ss✳ ❆ s❡❝♦♥❞ r♦✉♥❞ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥t

✈❛❧✉❡s ✐s t❤❡♥ ♣❡r❢♦r♠❡❞ ❢♦r t❤❡ s✐♠♣❧✐✜❡❞ ♥❡t✇♦r❦ ❧❛②♦✉t✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts✱

✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ s❡❡ t❤❛t ❧❛②♦✉t ❙✷ s❤♦✇♥ ✐♥ ❋✐❣✳ ✺ ✐s ❝❛♣❛❜❧❡ ♦❢ ♣r♦✈✐❞✐♥❣ ♣r♦♠✐s✐♥❣ ♣❡r❢♦r♠❛♥❝❡

❛❞✈❛♥t❛❣❡s✳ ❊✈❡♥ t❤♦✉❣❤ ♦t❤❡r ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❧❛②♦✉ts ❝❛♥ ♣r♦✈✐❞❡ s❧✐❣❤t❧② ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡s✱

✇❡ t❛❦❡ t❤❡ ✈✐❡✇ t❤❛t t❤✐s ❞♦❡s ♥♦t ❥✉st✐❢② t❤❡ ❡①tr❛ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❞❡✈✐❝❡✳ ▲❛②♦✉t ❙✶ ✐♥ ❋✐❣✳ ✺

r❡♣r❡s❡♥ts t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ s❤✐♠♠② ❞❛♠♣❡r ❧❛②♦✉t✳ ▲❛②♦✉t ❙✸ ✐s t❤❡ ❧❛②♦✉t ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ t❤❡

❡✐❣❡♥✈❛❧✉❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❊q✳ ✭✷✵✮✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ■■■✳ ■t ✇✐❧❧ ❜❡ s❤♦✇♥ t❤❛t

✇❤✐❧❡ t❤✐s ❧❛②♦✉t ❝❛♥ s✐❣♥✐✜❝❛♥t❧② ✐♥❝r❡❛s❡ t❤❡ ❧❡❛st ❞❛♠♣✐♥❣ r❛t✐♦✱ t❤❡ ♦✈❡r❛❧❧ ♣❤②s✐❝❛❧ r❡s♣♦♥s❡ ✐s

♥♦t s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡❞✳ ❈♦♥s❡q✉❡♥t❧②✱ ❞✐s❝✉ss✐♦♥s ✇✐❧❧ ❢♦❝✉s ♦♥ ❧❛②♦✉t ❙✷ ✐♥ ❙❡❝t✐♦♥ ■❱✳

■■■✳ ▲✐♠✐t❛t✐♦♥ ♦❢ ❡✐❣❡♥✈❛❧✉❡ ♦♣t✐♠✐③❛t✐♦♥

❆s t❤❡ ❞②♥❛♠✐❝ ♠♦❞❡❧ ✐s ❧✐♥❡❛r✱ ❡✐❣❡♥✈❛❧✉❡ ❛♥❛❧②s✐s ❝❛♥ ❜❡ ❝❛rr✐❡❞ ♦✉t✳ ❚❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥

s❤♦✇♥ ✐♥ ❊qs✳ ✭✶✸✲✶✼✮ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡✲s♣❛❝❡ ❢♦r♠✱

Ẋ = TX, ✭✷✶✮

✇❤❡r❡ X = (ψ̇ η̇ φ̇ ψ η φ α
′

ε)
T
❛♥❞ T ✐s ❛ 8 × 8 ♠❛tr✐①✳ ❆♣♣❧②✐♥❣ t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠❛t✐♦♥ t♦

❊q✳ ✭✷✶✮✱ t❤❡ s②st❡♠ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ ▲❛♣❧❛❝❡ ✈❛r✐❛❜❧❡✳

■t ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ t❤❛t ✉s✐♥❣ t❤❡ ❞❡❢❛✉❧t s❤✐♠♠② ❞❛♠♣❡r ♣❛r❛♠❡t❡rs t❛❦❡♥ ❢r♦♠ ❬✶✶❪✱ ✇✐t❤

V = 50♠✴s✱ t❤❡ ❧❡❛st ❞❛♠♣✐♥❣ r❛t✐♦ ζmin ❛♠♦♥❣st ❛❧❧ t❤❡ ♠♦❞❡s ❡q✉❛❧s ✹✳✹✪✳ ❖♣t✐♠✐③❛t✐♦♥

✐s ❝❛rr✐❡❞ ♦✉t t♦ ♠❛①✐♠✐③❡ t❤❡ ❧❡❛st ❞❛♠♣✐♥❣ r❛t✐♦ ζmin ✇✐t❤ ❊q✳ ✭✷✵✮ r❡♣r❡s❡♥t✐♥❣ t❤❡ s❤✐♠♠②

✶✵



s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡✳ ❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷✳ ▲❛②♦✉t ❙✸ ✐♥ ❋✐❣✳ ✺✱ ✇✐t❤

♣❛r❛♠❡t❡r ✈❛❧✉❡s ✐♥ r♦✇ ✷ ♦❢ ❚❛❜❧❡ ✷✱ ✐s ♦❜t❛✐♥❡❞ ✈✐❛ ♥❡t✇♦r❦ s②♥t❤❡s✐s t♦ r❡❛❧✐③❡ t❤❡ s♣❡❝✐✜❝

❜✐q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥ ✐❞❡♥t✐✜❡❞ ❜② ♦♣t✐♠✐③❛t✐♦♥✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❛t ❛ ✼✼✳✸✪ ✐♠♣r♦✈❡♠❡♥t ♦♥

ζmin ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞✳

❚❛❜❧❡ ✷ ❖♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts ❢♦r ♠❛①✐♠✐s✐♥❣ ζmin

▲❛②♦✉ts ζmin✱ ✪ ■♠♣r♦✈❡♠❡♥t✱ ✪ P❛r❛♠❡t❡r ✈❛❧✉❡s✱ ◆·♠✴r❛❞✱ ◆·♠·s✴r❛❞✱ ◆·♠·s2✴r❛❞

❉❡❢❛✉❧t ✹✳✹ ✲ k = 1.9 × 105, c = 7.4 × 103

❙✸ ✼✳✽ ✼✼✳✸ k = 1.5 × 105, c1 = 4.9 × 103, c2 = 1.0 × 103

b = 13.3
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❝✮ ❞✮

❋✐❣✳ ✻ ❈♦♠♣❛r✐s♦♥ ♦❢ t✐♠❡✲❞♦♠❛✐♥ ♦s❝✐❧❧❛t✐♦♥s ❛❝❤✐❡✈❡❞ ❜② t❤❡ ❞❡❢❛✉❧t ❛♥❞ ❙✸ ❝♦♥✜❣✉r❛t✐♦♥s

✭φ(t = 0) = 0.1 r❛❞✮✳

■t ✐s ✇♦rt❤ t♦ ❝❤❡❝❦ t❤❡ ♣❤②s✐❝❛❧ ❜❡❤❛✈✐♦r ❡♠♣❧♦②✐♥❣ t❤❡ t✇♦ ❝♦♥✜❣✉r❛t✐♦♥s ✐♥ ❚❛❜❧❡ ✷✳ ❆♥

✐♥✐t✐❛❧ ♣❡rt✉r❜❛t✐♦♥ t♦ t❤❡ t♦rs✐♦♥❛❧✲r♦❧❧ ❉❖❋ ✭φ(t = 0) = 0.1 r❛❞✮ ✐s ✉s❡❞ t♦ ❡①❝✐t❡ t❤❡ tr❛♥s✐❡♥t

r❡s♣♦♥s❡ ♦❢ t❤❡ ❣❡❛r✳ ❋✐❣✳ ✻ ✐❧❧✉str❛t❡s t❤❡ r❡s♣♦♥s❡ ✐♥ t♦rs✐♦♥❛❧✲②❛✇ ❞❡✢❡❝t✐♦♥ ψ✱ ❧❛t❡r❛❧ ❜❡♥❞✐♥❣

✶✶



❞✐s♣❧❛❝❡♠❡♥t ya✱ t♦rs✐♦♥❛❧✲r♦❧❧ ❞❡✢❡❝t✐♦♥ δ ❛♥❞ t✐r❡ ❧❛t❡r❛❧ ❞❡✢❡❝t✐♦♥ v1✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t

✇❤✐❧❡ t❤❡ ❢r❡q✉❡♥❝②✲❜❛s❡❞ ♦♣t✐♠✐③❛t✐♦♥ s✉❣❣❡sts ❛ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t ✐♥ t❤❡ ❧❡❛st ❞❛♠♣✐♥❣

r❛t✐♦ ✇✐t❤ ❙✸✱ t❤✐s ❞♦❡s ♥♦t r❡s✉❧t ✐♥ ❛♥ ✐♠♣r♦✈❡❞ tr❛♥s✐❡♥t r❡s♣♦♥s❡ ❞✉❡ t♦ ❛ ❧❛r❣❡r r❡s♣♦♥s❡ t♦

❛ ❧♦✇❡r✲❢r❡q✉❡♥❝② ♠♦❞❡✳ ❚❤✐s s✉❣❣❡sts t❤❛t t❤❡ ❝♦♥✈❡♥✐❡♥❝❡ ♦❢ t❤❡ ❢r❡q✉❡♥❝②✲❞♦♠❛✐♥ ❛♥❛❧②s✐s ✐s

❧✐♠✐t❡❞ ❢♦r t❤✐s ♣r♦❜❧❡♠✱ ❛s t❤❡ ♠♦❞❡ s❤❛♣❡s ❛r❡ s✐❣♥✐✜❝❛♥t❧② ❛❧t❡r❡❞ ✇❤❡♥ ❝❡rt❛✐♥ s✉♣♣r❡ss✐♦♥

❞❡✈✐❝❡s ❛r❡ ❛❞❞❡❞✳

■❱✳ ❚✐♠❡✲❞♦♠❛✐♥ ♦♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ t✐♠❡✲❞♦♠❛✐♥ ♦♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts r❡❧❛t✐♥❣ t♦ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❜❡♥❡✜ts ♦❢ s❤✐♠♠②

s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡s ✐♥❝♦r♣♦r❛t✐♥❣ ✐♥❡rt❡rs ❛r❡ ♣r❡s❡♥t❡❞✳ ❚✇♦ ♣❡rt✉r❜❛t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ❛♣♣❧✐❡❞ t♦

t❤❡ t✐r❡ ❛♥❞ ❝❛♥ tr✐❣❣❡r s❤✐♠♠② ♦s❝✐❧❧❛t✐♦♥s✱ ❛r❡ ✉s❡❞ t♦ ❡①❝✐t❡ t❤❡ tr❛♥s✐❡♥t r❡s♣♦♥s❡✳ ❚❤❡r❡ ❛r❡ ❛

✇✐❞❡ r❛♥❣❡ ♦❢ ❝♦st ❢✉♥❝t✐♦♥s t❤❛t ❝♦✉❧❞ ❜❡ ✉s❡❞ ✐♥ t❤❡ ♦♣t✐♠✐③❛t✐♦♥✳ ❚♦ ❞❡♠♦♥str❛t❡ t❤❡ ♣♦t❡♥t✐❛❧ ♦❢

❛♥ ✐♥❡rt❡r✲❜❛s❡❞ ❞❡✈✐❝❡ ✇❡ s❡❧❡❝t t❤❡ ♣❡❛❦ ❛♠♣❧✐t✉❞❡ ❛♥❞ s❡tt❧✐♥❣ t✐♠❡ ♦❢ t❤❡ t♦rs✐♦♥❛❧✲②❛✇ r❡s♣♦♥s❡

❛s t❤❡ ❝♦st ❢✉♥❝t✐♦♥s✳ ❍♦✇❡✈❡r ✇❡ r❡❝♦❣♥✐③❡ t❤❛t ❢♦r ❛ ❢✉❧❧ ❞❡s✐❣♥ st✉❞② ❛ ♠♦r❡ ❝♦♠♣❧❡① ♦♣t✐♠✐③❛t✐♦♥

✇✐t❤ ♠✉❧t✐♣❧❡ ♣❡r❢♦r♠❛♥❝❡ ❝r✐t❡r✐❛ ✇♦✉❧❞ ❜❡ ✉s❡❞✳

❆✳ ■♥✐t✐❛❧ ♦♣❡r❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ❛♥❞ t✐♠❡✲❞♦♠❛✐♥ ♣❡r❢♦r♠❛♥❝❡ ❝r✐t❡r✐❛

❚✇♦ t②♣❡s ♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s st✉❞②✳ ❋✐rst❧②✱ ✇❡ ❛ss✉♠❡ t❤❡ t✐r❡ tr❛✈❡❧❧✐♥❣

❞✐r❡❝t✐♦♥ ✐s ❞✐st✉r❜❡❞ s✉❞❞❡♥❧②✱ ❝❛✉s✐♥❣ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥✐t✐❛❧ ✐♥♣✉t t♦ t❤❡ t✐r❡ s❧✐♣ ❛♥❣❧❡ α✳ ❆s

♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ■■✱ α = α
′

✇❤❡♥ t❤❡ ▼▲● ✐s ✐♥ ✉♥❞✐st✉r❜❡❞ st❛t❡✳ ❍❡♥❝❡✱ α(t = 0) = α
′

(t =

0) = 0.1 r❛❞ ✐s ✉s❡❞ ❛s t❤❡ ✜rst t②♣❡ ♦❢ ❡①❝✐t❛t✐♦♥s t♦ t❤❡ s②st❡♠✳ ❚❤✐s ✐♥♣✉t ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s

t❤❡ ❵s❧✐♣ ✐♥♣✉t✬✳ ❚❤❡ s❡❝♦♥❞ ✐♥♣✉t✱ t❤❡ ❵s✐❞❡ ❢♦r❝❡ ✐♥♣✉t✬✱ ✐s ❛♥ ✐♥✐t✐❛❧ s✐❞❡ ❢♦r❝❡ Fy
′

= 1.0 × 107 ◆

❛♣♣❧✐❡❞ ✐♥ t❤❡ ❨ ❞✐r❡❝t✐♦♥ t♦ t❤❡ ✇❤❡❡❧ ❛①❧❡ ❢♦r 1♠s✳ ◆♦t❡ t❤❛t ❛❧❧ t❤❡ st❛t❡s✱ ❡①❝❡♣t ❢♦r t❤❡ ❡①❝✐t❡❞

♦♥❡✱ ❛r❡ s❡t t♦ ③❡r♦ ✐♥✐t✐❛❧❧②✳

❚❤❡ t♦rs✐♦♥❛❧✲②❛✇ ♠♦t✐♦♥ ✐s ♦❢t❡♥❧② r❡❣❛r❞❡❞ ❛s ♦❢ s✐❣♥✐✜❝❛♥t ✐♠♣♦rt❛♥❝❡ ❢♦r t❤❡ ❣❡❛r ❢❛t✐❣✉❡

❧✐❢❡ ❬✸✺❪✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t✐♠❡✲❞♦♠❛✐♥ ♦♣t✐♠✐③❛t✐♦♥ ❢♦❝✉s❡s ♦♥ ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡

♣r♦♣♦s❡❞ ❞❡✈✐❝❡ ♦♥ t❤❡ t♦rs✐♦♥❛❧✲②❛✇ ♠♦t✐♦♥✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ❛r❡ ❞❡✜♥❡❞ ❛s ✐✮ t❤❡ ♣❡❛❦

♠❛❣♥✐t✉❞❡ ❛♥❞ ✐✐✮ t❤❡ s❡tt❧✐♥❣ t✐♠❡ ♦❢ t❤❡ t♦rs✐♦♥❛❧✲②❛✇ ♠♦t✐♦♥✳ ❆s t❤❡ tr❛♥s✐❡♥t r❡s♣♦♥s❡ t♦ ❛

♣❡rt✉r❜❛t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞✱ t❤❡ ♠❛①✐♠✉♠ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ t♦rs✐♦♥❛❧✲②❛✇ r❡s♣♦♥s❡✱ ψpeak✱ ✐s ❛♥

✶✷



✐♠♣♦rt❛♥t ♠❡❛s✉r❡ ♦❢ t❤❡ r❡s♣♦♥s❡✳ ❆❧s♦ t❤❡ t✐♠❡ ❞✉r✐♥❣ ✇❤✐❝❤ t❤❡ ✈✐❜r❛t✐♦♥ ✐s ❛❜♦✈❡ ❛ ❝❡rt❛✐♥

t❤r❡s❤♦❧❞✱ t❤❡ s❡tt❧✐♥❣ t✐♠❡ tsettle✱ ❣✐✈❡s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❞✉r❛t✐♦♥ ♦❢ ✉♥❞❡s✐r❛❜❧❡ ❜❡❤❛✈✐♦r ❢♦❧❧♦✇✐♥❣

❛ ♣❡rt✉r❜❛t✐♦♥✳ ■♥ t❤✐s ♣❛♣❡r✱ tsettle ✐s ❞❡✜♥❡❞ ❛s t❤❡ t✐♠❡ ❞✉r❛t✐♦♥ s♣❡♥t ✇❤❡♥ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢

t❤❡ r❡s♣♦♥s❡ ❡①❝❡❡❞s ±10% ♦❢ ψpeak1,2
∗✱ ✇❤❡r❡ ψpeak1,2

∗ ✐s t❤❡ ♣❡❛❦ r❡s♣♦♥s❡ ❛♠♣❧✐t✉❞❡ ❢♦r t❤❡

s②st❡♠ ✇✐t❤ t❤❡ ❞❡❢❛✉❧t s❤✐♠♠② ❞❛♠♣❡r ✉♥❞❡r t❤❡ ✐♥✐t✐❛❧ t✐r❡ s❧✐♣ ❛♥❣❧❡ ✐♥♣✉t ❛♥❞ s✐❞❡ ❢♦r❝❡ ✐♥♣✉t✱

r❡s♣❡❝t✐✈❡❧②✳ ■t ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ t❤❛t ψpeak1
∗ = ψpeak2

∗ = 1.5 r❛❞✳ ◆♦t❡ t❤❡r❡ ❛r❡ ❛ ♥✉♠❜❡r

♦❢ ✇❛②s ✐♥ ✇❤✐❝❤ s✉❝❤ ♣❡r❢♦r♠❛♥❝❡ ❝♦✉❧❞ ❜❡ ❛❞❞r❡ss❡❞ s✉❝❤ ❛s s❡tt✐♥❣ ❛♥ ❛❝❝❡♣t❛❜❧❡ t❤r❡s❤♦❧❞

❛♠♣❧✐t✉❞❡ ♦❢ ✈✐❜r❛t✐♦♥✳ ❍♦✇❡✈❡r s✉❝❤ ❛ ❝r✐t❡r✐♦♥ ✇♦✉❧❞ ❜❡ ♣❡rt✉r❜❛t✐♦♥ ❛♠♣❧✐t✉❞❡ ❞❡♣❡♥❞❡♥t✱

❣✐✈✐♥❣ r✐s❡ t♦ t❤❡ ❝❤❛❧❧❡♥❣❡ ♦❢ s❡❧❡❝t✐♥❣ ❛ ✏r❡❛s♦♥❛❜❧❡✑ s✐③❡ ♦❢ ♣❡rt✉r❜❛t✐♦♥✳ ■♥st❡❛❞ ✇❡ ❛❞♦♣t t❤❡

♠♦r❡ ❣❡♥❡r❛❧✱ ❛♥❞ ❛♠♣❧✐t✉❞❡ ✐♥❞❡♣❡♥❞❡♥t✱ s❡tt❧✐♥❣ t✐♠❡ ❝r✐t❡r✐♦♥ ✇❤✐❝❤ ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❛ ♠❡❛s✉r❡

♦❢ ❡✛❡❝t✐✈❡ ❞❛♠♣✐♥❣ ✐♥ t❤❡ ❧✐♥❡❛r s②st❡♠ ❛♥❛❧②s✐s✳ ❊❛❝❤ ♦❢ t❤❡s❡ t✇♦ ♠❡❛s✉r❡s✱ ♣❡❛❦ ❛♠♣❧✐t✉❞❡ ❛♥❞

s❡tt❧✐♥❣ t✐♠❡✱ ✇✐❧❧ ❜❡ ✉s❡❞ ❛s ❛ ❝♦st ❢✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t t❤❛t t❤❡ ♦t❤❡r ♠❡❛s✉r❡ ♠✉st ❜❡ ♥♦

✇♦rs❡ t❤❛♥ t❤❡ ✈❛❧✉❡ ❛❝❤✐❡✈❡❞ ✇✐t❤ t❤❡ ❞❡❢❛✉❧t s❤✐♠♠② ❞❛♠♣❡r✳

❇✳ ❇❛s❡❧✐♥❡ ✐♠♣r♦✈❡♠❡♥t ❜② ❣❡♦♠❡tr✐❝ ♠♦❞✐✜❝❛t✐♦♥s

❋r♦♠ t❤❡ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡✱ t❤❡ ❣❡❛r ❣❡♦♠❡tr② ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ st❛❜✐❧✐③✐♥❣ s❤✐♠♠②✲

♣r♦♥❡ ❣❡❛rs ✭s❡❡ ❬✸✻❪ ❢♦r ❡①❛♠♣❧❡✮✳ ■♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ ❜❡♥❝❤♠❛r❦ ✇✐t❤ ✇❤✐❝❤ t❤❡ ✐♠♣r♦✈❡♠❡♥t

♦❢ ✐♥❡rt❡r✲❜❛s❡❞ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡ ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞✱ t✇♦ ❦❡② ▼▲● ❣❡♦♠❡tr② ♣❛r❛♠❡t❡rs✱

✇❤❡❡❧ ❞✐st❛♥❝❡ l ❛♥❞ ♠❡❝❤❛♥✐❝❛❧ tr❛✐❧ e✱ ❛r❡ ✈❛r✐❡❞✳ ❉❡❢❛✉❧t s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡ ❛♥❞ ✐ts

♣❛r❛♠❡t❡r ✈❛❧✉❡s ❛r❡ ✉s❡❞✳ ❚❤❡ t✇♦ ❣❡♦♠❡tr② ♣❛r❛♠❡t❡rs ❛r❡ ✈❛r✐❡❞ ❜② ±30% ❢r♦♠ t❤❡✐r ♥♦♠✐♥❛❧

✈❛❧✉❡s✳

❚❤❡ s❧✐♣ ✐♥♣✉t ✐s ✜rst❧② ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ t✐♠❡✲❤✐st♦r✐❡s ♦❢ t❤❡ t♦rs✐♦♥❛❧✲②❛✇ ♠♦t✐♦♥ ❛r❡ ♣❧♦tt❡❞

❢♦r t❤❡ ♦✛✲♥♦♠✐♥❛❧ ✇❤❡❡❧ ❞✐st❛♥❝❡ ❝❛s❡s ✐♥ ❋✐❣✳ ✼✳ ■t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ ❝♦rr❡s♣♦♥❞✐♥❣

tr❛♥s✐❡♥t r❡s♣♦♥s❡s ✐s ✈❡r② ❧✐♠✐t❡❞ ❡✈❡♥ ✇❤❡♥ ❧❛r❣❡ ❝❤❛♥❣❡s ✐♥ l ❛r❡ ❛♣♣❧✐❡❞✳ ❉❡❝r❡❛s✐♥❣ t❤❡ ✇❤❡❡❧

❞✐st❛♥❝❡ r❡s✉❧ts ✐♥ ♠❛r❣✐♥❛❧❧② s♠❛❧❧❡r ♠❛❣♥✐t✉❞❡s ♦❢ t♦rs✐♦♥❛❧✲②❛✇ ♠♦t✐♦♥ ❛♥❞ t❤❡ r❡s♣♦♥s❡ ❞❡❝❛②s

♠♦r❡ q✉✐❝❦❧②✳ ❚❤❡ ❜✐❣❣❡st ✐♠♣r♦✈❡♠❡♥ts ♦♥ ψpeak ❛♥❞ tsettle ♦❜t❛✐♥❡❞ ❛r❡ ✷✳✵✪ ❛♥❞ ✶✹✳✺✪✱ r❡s♣❡❝✲

t✐✈❡❧②✳ ❙✐♠✐❧❛r tr❡♥❞s ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❢♦r t❤❡ ❝❛s❡ t❤❛t t❤❡ ♠❡❝❤❛♥✐❝❛❧ tr❛✐❧ ✐s ✈❛r✐❡❞✳ ❲✐t❤ ❛ ✸✵✪

r❡❞✉❝t✐♦♥ ♦❢ e ❧❡❛❞✐♥❣ t♦ ✐♠♣r♦✈❡♠❡♥ts ✐♥ ❜♦t❤ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ✕ ✶✶✳✸✪ ❢♦r ψpeak ❛♥❞ ✶✹✳✹✪

✶✸



❢♦r tsettle✳ ❚❤✐s s✉❣❣❡sts t❤❛t ✐♠♣r♦✈❡♠❡♥ts ♦❜t❛✐♥❡❞ ❜② ♠♦❞✐❢②✐♥❣ t❤❡ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡

✐♥ t❤❡ ♦r❞❡r ♦❢ ✶✵✪ ♦r ♠♦r❡ ❢♦r ❡✐t❤❡r ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡ ♠❛② ❜❡ t❤♦✉❣❤t ♦❢ ❛s s✐❣♥✐✜❝❛♥t✳
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❋✐❣✳ ✼ ❈♦♠♣❛r✐s♦♥ ♦❢ ψ t✐♠❡ s❡r✐❡s ✈❛r②✐♥❣ l ❢♦r t❤❡ s②st❡♠ ✇✐t❤ ❛ ❞❡❢❛✉❧t s❤✐♠♠② ❞❛♠♣❡r

❝♦♥✜❣✉r❛t✐♦♥✳

❈✳ ❖♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts ❛♥❞ ❜❡♥❡✜❝✐❛❧ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❝♦♥✜❣✉r❛t✐♦♥s

❇② ✉s✐♥❣ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ s✐♠♣❧✐✜❝❛t✐♦♥ ♣r♦❝❡❞✉r❡s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ■■✳❈✱ ❧❛②♦✉t ❙✷ ❤❛s

❜❡❡♥ ✐❞❡♥t✐✜❡❞ ❛s ✇✐t❤ ♣r♦♠✐s✐♥❣ ❜❡♥❡✜ts✳ ❋♦r ❝❧❛r✐t②✱ t❤❡ s✉❜s❝r✐♣ts α ❛♥❞ F ❛r❡ ✉s❡❞ t♦ s♣❡❝✐❢②

t❤❡ ♦♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r t❤❡ s❧✐♣ ✐♥♣✉t ❛♥❞ s✐❞❡ ❢♦r❝❡ ✐♥♣✉t✱ r❡s♣❡❝t✐✈❡❧②✳ ❆❧s♦✱ t❤❡

s✉❜s❝r✐♣t p ✭s✮ ✐s ✉s❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ♦♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts ✉s✐♥❣ t❤❡ ♣❡❛❦ ❛♠♣❧✐t✉❞❡ ✭t❤❡ s❡tt❧✐♥❣

t✐♠❡✮ ❛s ❝♦st ❢✉♥❝t✐♦♥✳

✶✳ ❙❧✐♣ ✐♥♣✉t

❘♦✇s ✷ ❛♥❞ ✸ ♦❢ ❚❛❜❧❡ ✸ s✉♠♠❛r✐③❡ t❤❡ ♦♣t✐♠❛❧ r❡s✉❧ts ❢♦r ✐♠♣r♦✈✐♥❣ ψpeak✳ ■t ❝❛♥ ❜❡ s❡❡♥

t❤❛t t❛❦✐♥❣ t❤❡ tr❛❞✐t✐♦♥❛❧ ❧❛②♦✉t ❙✶✱ ❛♥❞ ♦♣t✐♠✐③✐♥❣ t❤❡ s♣r✐♥❣ ❛♥❞ ❞❛♠♣❡r ❢♦r t❤✐s ♣❡r❢♦r♠❛♥❝❡

❝r✐t❡r✐❛ r❡s✉❧ts ✐♥ ❛ ✶✻✳✼✪ r❡❞✉❝t✐♦♥ ♦❢ ψpeak ♦✈❡r t❤❡ ❞❡❢❛✉❧t s❤✐♠♠② ❞❛♠♣❡r✳ ❲✐t❤ t❤❡ ❧❛②♦✉t ❙✷✱

t❤❡ ✐♠♣r♦✈❡♠❡♥t ✐♥❝r❡❛s❡s t♦ ✷✽✳✵✪✳ ❚❤✐s s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❢r♦♠ t❤❡ t✐♠❡

s❡r✐❡s r❡s♣♦♥s❡s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✽❛✳

❍♦✇❡✈❡r✱ ♥♦t❡ t❤❛t t❤❡ s❡❝♦♥❞ ♣❡❛❦ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ②❛✇ r❡s♣♦♥s❡ ✐s ✐♥❝r❡❛s❡❞ s✐❣♥✐✜❝❛♥t❧②

❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❞❡❢❛✉❧t r❡s♣♦♥s❡✱ ❡s♣❡❝✐❛❧❧② ✇✐t❤ t❤❡ ❙✷αp ❝♦♥✜❣✉r❛t✐♦♥✳ ❍❡♥❝❡✱ ❛♥ ❡①tr❛ r❡✲

✶✹



str✐❝t✐♦♥ ✐s ✐♥❝❧✉❞❡❞ ✇❤❡r❡ t❤❡ s❡❝♦♥❞ ♣❡❛❦ ❛♠♣❧✐t✉❞❡ s❤♦✉❧❞ ❜❡ ♥♦ ❜✐❣❣❡r t❤❛♥ t❤❛t ❢♦r t❤❡ ❞❡❢❛✉❧t

s❤✐♠♠② ❞❛♠♣❡r✳ ❍❡r❡ ❛ s✉❜s❝r✐♣t p∗ ✐s ✉s❡❞ t♦ ❞❡♥♦t❡ t❤✐s ♥❡✇ ♦♣t✐♠✐③❛t✐♦♥✳ ❚❤❡ p∗ ♦♣t✐♠✐③❛✲

t✐♦♥ ❝❛s❡s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ r♦✇s ✹ ❛♥❞ ✺ ♦❢ ❚❛❜❧❡ ✸ ❛♥❞ t❤❡ ✐♠♣r♦✈❡❞ r❡s♣♦♥s❡s ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥

❋✐❣✳ ✽❜✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ s❡❝♦♥❞ ♣❡❛❦ ❛♠♣❧✐t✉❞❡ ✐s ♥♦t✐❝❡❛❜❧② s♠❛❧❧❡r t❤❛♥ t❤❛t ✐♥ ❋✐❣✳ ✽❛✳

❆s ❡①♣❡❝t❡❞✱ t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ψpeak ❛♥❞ t❤❡ s❡❝♦♥❞ ♣❡❛❦ ❛♠♣❧✐t✉❞❡ ❧❡❛❞s t♦ s❧✐❣❤t❧② s♠❛❧❧❡r

✐♠♣r♦✈❡♠❡♥t ✐♥ ψpeak✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♠♣r♦✈❡♠❡♥t ❜② t❤❡ ✐♥❡rt❡r✲❜❛s❡❞ s❝❤❡♠❡ ❙✷αp∗ ✱ ✷✻✳✼✪ ♦✈❡r

t❤❡ ❞❡❢❛✉❧t s②st❡♠✱ ✐s st✐❧❧ s✐❣♥✐✜❝❛♥t✳ ◆♦t❡ ❛❣❛✐♥ t❤❛t t❤❡ ♣❡❛❦ ❛♠♣❧✐t✉❞❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

❝❛♥ ❜❡ r❡✜♥❡❞ ✐♥ ❞✐✛❡r❡♥t ✇❛②s✱ ✇❤✐❧❡ ♠❛✐♥t❛✐♥✐♥❣ t❤❡ ❡♠♣❤❛s✐s ♦♥ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♣❡❛❦ ❛♠♣❧✐t✉❞❡✳

❍❡r❡ ✇❡ ❝❤♦♦s❡ t♦ ❧✐♠✐t t❤❡ s❡❝♦♥❞ ♣❡❛❦ s♦ t❤❛t ✐t ✐s ♥♦ ❧❛r❣❡r t❤❛♥ t❤❛t ❢♦r t❤❡ ❞❡❢❛✉❧t r❡s♣♦♥s❡✱

❛♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ ❝♦✉❧❞ ❜❡ t♦ ❧♦♦❦ ❛t t❤❡ ♣❡❛❦✲t♦✲♣❡❛❦ ❛♠♣❧✐t✉❞❡✱ ❛❧t❤♦✉❣❤ t❤✐s ✇♦✉❧❞ ♥♦t

♥❡❝❡ss❛r✐❧② r❡s✉❧t ✐♥ ❛ ♠❛✐♥t❛✐♥❡❞ ♦r r❡❞✉❝❡❞ s❡❝♦♥❞ ♣❡❛❦✳

❚❛❜❧❡ ✸ ❖♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts ❛♥❞ ✐♥✈♦❧✈❡❞ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❢♦r t❤❡ s❧✐♣ ✐♥♣✉t ❝❛s❡§

▲❛②♦✉ts P❡r❢♦r♠❛♥❝❡ ❖♣t✐♠✉♠ ♣❛r❛♠❡t❡r ✈❛❧✉❡s

ψpeak tsettle ❦ ❝ ❜

× 10−2 r❛❞ × 10−1 s × 105 ◆·♠✴r❛❞ × 103 ◆·♠·s✴r❛❞ ◆·♠·s2✴r❛❞

❉❡❢❛✉❧t ✶✳✺ ✶✳✶ ✶✳✾ ✼✳✹ ✲

❙✶αp ✶✳✷✺✭✶✻✳✼✪✮ ✶✳✵✽ ✶✳✶ ✶✹✳✹ ✲

❙✷αp ✶✳✵✽✭✷✽✳✵✪✮ ✵✳✾✻ ✸✳✶ ✶✳✺ ✸✹✶

❙✶αp∗ ✶✳✸✭✶✸✳✸✪✮ ✶✳✵✶ ✶✳✹ ✶✶✳✽ ✲

❙✷αp∗ ✶✳✶✭✷✻✳✼✪✮ ✶✳✵✹ ✼✳✷ ✶✸✳✵ ✶✹✺

❙✶αs ✶✳✺ ✵✳✾✸✭✶✺✳✺✪✮ ✶✳✶ ✽✳✷ ✲

❙✷αs ✶✳✷✺ ✵✳✹✼✭✺✼✳✸✪✮ ✷✳✹ ✽✳✷ ✺✵

§ ✪ ✐♠♣r♦✈❡♠❡♥ts ❛r❡ ❣✐✈❡♥ ✐♥ ❜r❛❝❦❡t ❢♦r t❤❡ ❝r✐t❡r✐❛ ❜❡✐♥❣ ♦♣t✐♠✐③❡❞✳

❘♦✇s ✻ ❛♥❞ ✼ ♦❢ ❚❛❜❧❡ ✸ ♣r❡s❡♥t t❤❡ s❡tt❧✐♥❣ t✐♠❡ ✐♠♣r♦✈❡♠❡♥ts ♣r♦✈✐❞❡❞ ❜② ❙✶αs ❛♥❞ ❙✷αs✳

❆ ❝♦♥s✐❞❡r❛❜❧❡ ✐♠♣r♦✈❡♠❡♥t ✐♥ tsettle✱ ✺✼✳✸✪✱ ✐s ❛❝❤✐❡✈❡❞ ✇✐t❤ ❙✷αs s❝❤❡♠❡ ✇❤✐❧❡ ❙✶αs ❝❛♥ ♦♥❧②

❛❝❤✐❡✈❡ ✶✺✳✺✪ ✐♠♣r♦✈❡♠❡♥t✳ ❚❤❡ t✐♠❡ s❡r✐❡s ❢♦r t❤❡ t♦rs✐♦♥❛❧✲②❛✇ r❡s♣♦♥s❡ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✽❝✳

◆♦t❡ t❤❛t t❤❡ r❡s♣♦♥s❡ ❛❝❤✐❡✈❡❞ ✇✐t❤ ❙✷αs ❞❡❝❛②s ♠♦r❡ q✉✐❝❦❧② ❛♥❞ ❛t t❤❡ s❛♠❡ t✐♠❡ ❤❛s ❛ ❣♦♦❞

ψpeak ♣❡r❢♦r♠❛♥❝❡✳ ■t ❝❛♥ ❜❡ ♥♦t✐❝❡❞ t❤❛t ❙✷αs ❝❛♥ ❧❡❛❞ t♦ ❛ ✶✻✳✼✪ ✐♠♣r♦✈❡♠❡♥t ♦❢ ψpeak✳ ❚❛❦✐♥❣

✶✺



t❤✐s ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥✱ ✐t ❝♦✉❧❞ ❜❡ ❛r❣✉❡❞ t❤❛t ❙✷αs ✐s ♠♦r❡ ❜❡♥❡✜❝✐❛❧ ♦✈❡r ♦t❤❡r s❝❤❡♠❡s ✐♥ ❚❛❜❧❡

✸✳
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❛✮

❜✮

❝✮

❋✐❣✳ ✽ ❈♦♠♣❛r✐s♦♥ ♦❢ ψ t✐♠❡ s❡r✐❡s ❢♦r t❤❡ ❞❡❢❛✉❧t ❛♥❞ ❜❡♥❡✜❝✐❛❧ s❝❤❡♠❡s ❡①❝✐t❡❞ ❜② t❤❡ s❧✐♣

✐♥♣✉t✳

✷✳ ❙✐❞❡ ❢♦r❝❡ ✐♥♣✉t

❙✐♠✐❧❛r t♦ t❤❡ s❧✐♣ ✐♥♣✉t ❝❛s❡✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ✇✐❧❧ ❜❡ ♣❡r❢♦r♠❡❞ ❢♦r t❤❡ t✇♦ ❝♦st ❢✉♥❝t✐♦♥s

s❡♣❛r❛t❡❧② ✇❤❡♥ t❤❡ s②st❡♠ ✐s ❡①❝✐t❡❞ ❜② ❛♥ ✐♠♣✉❧s✐✈❡ s✐❞❡ ❢♦r❝❡✳ ❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts ✇❤❡♥

♠✐♥✐♠✐③✐♥❣ ψpeak ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ r♦✇s ✷ ❛♥❞ ✸ ♦❢ ❚❛❜❧❡ ✹✳ ❆r❣✉❛❜❧② t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ ❛

♣❛r❛❧❧❡❧ ✐♥❡rt❡r✲s♣r✐♥❣✲❞❛♠♣❡r ❧❛②♦✉t ✐s ❜❡♥❡✜❝✐❛❧ ✇❤❡♥ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ♦♣t✐♠❛❧ ❙✶ ❝♦♥✜❣✉r❛t✐♦♥✱

✇✐t❤ ❛ ✸✷✳✵✪ ✐♠♣r♦✈❡♠❡♥t ♦✈❡r t❤❡ ❞❡❢❛✉❧t ❞❡✈✐❝❡✳ ❚❤❡ r❡s♣♦♥s❡s ♣r♦✈✐❞❡❞ ❜② t✇♦ ♦♣t✐♠✐③❡❞

s❝❤❡♠❡s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✾❛✳ ❆s ❜❡❢♦r❡✱ ❛♥ ✐♥❝r❡❛s❡❞ s❡❝♦♥❞ ♣❡❛❦ ✐s ♦❜s❡r✈❡❞ ✇❤❡♥ ♦♣t✐♠✐③✐♥❣

t❤❡ ❙✷ ❧❛②♦✉t✳ ❚♦ ❛❞❞r❡ss t❤✐s✱ ❢✉rt❤❡r ♦♣t✐♠✐③❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ✐♥ ✇❤✐❝❤ t❤❡ s❡❝♦♥❞ ♣❡❛❦ ♦❢ t❤❡

r❡s♣♦♥s❡ ✐s r❡str✐❝t❡❞ t♦ ❜❡ ♥♦ ❣r❡❛t❡r t❤❛♥ t❤❛t ❢♦r t❤❡ ❞❡❢❛✉❧t s②st❡♠✳ ❚❤❡ r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ s❤♦✇♥

✐♥ r♦✇s ✹ ❛♥❞ ✺ ♦❢ ❚❛❜❧❡ ✹ ❛♥❞ t❤❡ t♦rs✐♦♥❛❧✲②❛✇ r❡s♣♦♥s❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✾❜✳ ❍❡r❡✱ ❜② ❧✐♠✐t✐♥❣

t❤❡ s❡❝♦♥❞ ♣❡❛❦ ♦❢ ψ r❡s♣♦♥s❡ t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ ψpeak ✐s r❡❞✉❝❡❞✱ ❜✉t st✐❧❧ s✐❣♥✐✜❝❛♥t ✕ ✶✻✳✼✪ ❜②

❙✷Fp∗ ✳

✶✻



❚❛❜❧❡ ✹ ❖♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts ❛♥❞ ✐♥✈♦❧✈❡❞ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❢♦r t❤❡ s✐❞❡ ❢♦r❝❡ ✐♥♣✉t ❝❛s❡¶

▲❛②♦✉ts P❡r❢♦r♠❛♥❝❡ ❖♣t✐♠✉♠ ♣❛r❛♠❡t❡r ✈❛❧✉❡s

× 10−2 r❛❞ × 10−1 s × 105 ◆·♠✴r❛❞ × 103 ◆·♠·s✴r❛❞ ◆·♠·s2✴r❛❞

❉❡❢❛✉❧t ✶✳✺ ✶✳✷✷ ✶✳✾ ✼✳✹ ✲

❙✶Fp ✶✳✹✭✻✳✼✪✮ ✶✳✷✷ ✸✳✺ ✽✳✻ ✲

❙✷Fp ✶✳✵✷✭✸✷✳✵✪✮ ✶✳✷✷ ✸✳✾ ✶✻✳✷ ✸✽✽

❙✶Fp∗ ✶✳✹✭✻✳✼✪✮ ✶✳✷✷ ✷✳✺ ✾✳✹ ✲

❙✷Fp∗ ✶✳✷✺✭✶✻✳✼✪✮ ✵✳✾✼ ✹✳✺ ✶✵✳✵ ✽✹

❙✶Fs ✶✳✹ ✶✳✷✷✭✵✳✷✪✮ ✶✳✷ ✶✵✳✸ ✲

❙✷Fs ✶✳✺ ✵✳✽✺✭✸✵✳✸✪✮ ✶✳✻ ✻✷✳✽ ✶✾

¶ ✪ ✐♠♣r♦✈❡♠❡♥ts ❛r❡ ❣✐✈❡♥ ✐♥ ❜r❛❝❦❡t ❢♦r t❤❡ ❝r✐t❡r✐❛ ❜❡✐♥❣ ♦♣t✐♠✐③❡❞✳
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S1F s

S2F s

Default

❛✮

❜✮

❝✮

❋✐❣✳ ✾ ❈♦♠♣❛r✐s♦♥ ♦❢ ψ t✐♠❡ s❡r✐❡s ❢♦r t❤❡ ❞❡❢❛✉❧t ❛♥❞ ❜❡♥❡✜❝✐❛❧ s❝❤❡♠❡s ❡①❝✐t❡❞ ❜② t❤❡ s✐❞❡

❢♦r❝❡ ✐♥♣✉t

❚❤❡ ✐♠♣r♦✈❡♠❡♥ts ♦❢ tsettle ❛❝❤✐❡✈❡❞ ❜② ❙✶Fs ❛♥❞ ❙✷Fs ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ r♦✇s ✻ ❛♥❞ ✼ ♦❢

❚❛❜❧❡ ✹✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ♦♣t✐♠✐③❡❞ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❛♥❞ t❤❡ r❡s♣♦♥s❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✾❝✳ ■t

❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ tsettle ❛❝❤✐❡✈❡❞ ✉s✐♥❣ t❤❡ ♦♣t✐♠❛❧ ❙✶ ✐s ❝❧♦s❡ t♦ t❤❛t ❢♦r t❤❡ ❞❡❢❛✉❧t s②st❡♠

✶✼



✇✐t❤ ♦♥❧② ✵✳✷✪ ✐♠♣r♦✈❡♠❡♥t✳ ❋♦r t❤❡ ♣❛r❛❧❧❡❧ ✐♥❡rt❡r✲s♣r✐♥❣✲❞❛♠♣❡r ❝♦♥✜❣✉r❛t✐♦♥✱ ❙✷Fs✱ ❛ ✸✵✳✸✪

✐♠♣r♦✈❡♠❡♥t ✐s ♦❜t❛✐♥❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t ❙✷Fs ❞♦❡s ♥♦t ♣r♦✈✐❞❡ ❛♥②

✐♠♣r♦✈❡♠❡♥t ♦❢ ψpeak✱ ✇❤✐❧❡ ❜♦t❤ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ❛r❡ ✐♠♣r♦✈❡❞ ✇✐t❤ ❙✷Fp∗ ✱ ✶✻✳✼✪ ✐♠♣r♦✈❡✲

♠❡♥t ♦♥ ψpeak ❛♥❞ ✷✵✳✺✪ ✐♠♣r♦✈❡♠❡♥t ♦♥ tsettle✳ ❆r❣✉❛❜❧②✱ ❤❡r❡ t❤❡ ❙✷Fp∗ ✐s t❤❡ ♠♦st ❜❡♥❡✜❝✐❛❧

♣r❡❢❡r❛❜❧❡ s✉♣♣r❡ss✐♦♥ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ ❚❛❜❧❡ ✹✳

❉✳ ❖✈❡r❛❧❧ ❜❡♥❡✜❝✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥s

❇❛s❡❞ ♦♥ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ■❱✳❈✱ ❙✷αs ❛♥❞ ❙✷Fp∗ ❛r❡ ♣r♦♣♦s❡❞ ❛s t❤❡ ❜❡♥❡✜❝✐❛❧

❝♦♥✜❣✉r❛t✐♦♥s ❢♦r t❤❡ s❧✐♣ ✐♥♣✉t ❛♥❞ t❤❡ s✐❞❡ ❢♦r❝❡ ✐♥♣✉t✱ r❡s♣❡❝t✐✈❡❧②✳ ■t ✐s st✐❧❧ ✇♦rt❤ t♦ ❝❤❡❝❦

t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✇✐t❤ t❤❡ s❧✐♣ ✐♥♣✉t ❛♥❞ s✐❞❡ ❢♦r❝❡ ✐♥♣✉t ❢♦r ❙✷Fp∗ ❛♥❞ ❙✷αs✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❛❜❧❡ ✺

s✉♠♠❛r✐③❡s t❤❡ ✐♠♣r♦✈❡♠❡♥ts ♦❢ t❤❡ t✇♦ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ♣r♦✈✐❞❡❞ ❜② ❙✷αs ❛♥❞ ❙✷Fp∗ ❛❧♦♥❣

✇✐t❤ t❤❡ t✇♦ ♦♣t✐♠❛❧ s♣r✐♥❣✲❞❛♠♣❡r ❝♦♥✜❣✉r❛t✐♦♥s✱ ❙✶αs ❛♥❞ ❙✶Fp∗ ✳ ❚❤❡ ♣❡r❝❡♥t❛❣❡ ✐♠♣r♦✈❡♠❡♥ts

❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❞❡❢❛✉❧t s❤✐♠♠② ❞❛♠♣❡r ❛♥❞ ❜♦t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡

t❛❜❧❡ s❤♦✇s t❤❛t t❤❡ ✐♥❡rt❡r✲❜❛s❡❞ ❝♦♥✜❣✉r❛t✐♦♥s ♣r♦✈✐❞❡ ❧❛r❣❡r ❜❡♥❡✜ts ♦✈❡r t❤❡ t✇♦ ♦♣t✐♠❛❧ s♣r✐♥❣✲

❞❛♠♣❡r ❝♦♥✜❣✉r❛t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ✇❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ ♦t❤❡r ✐♥♣✉t✱ ❜♦t❤ s❝❤❡♠❡s st✐❧❧ ♣r♦✈✐❞❡ ❜❡♥❡✜ts

✉s✐♥❣ ❡✐t❤❡r ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡✳ ❋✐❣✉r❡ ✶✵ ✐❧❧✉str❛t❡s t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ψ t✐♠❡ s❡r✐❡s ♣r♦❞✉❝❡❞

❜② t❤❡ ❢♦✉r ❜❡♥❡✜❝✐❛❧ s❝❤❡♠❡s ✇❤❡♥ t❤❡ s②st❡♠ ✐s ❡①❝✐t❡❞ ❜② t❤❡ s❧✐♣ ✐♥♣✉t ❛♥❞ t❤❡ s✐❞❡ ❢♦r❝❡ ✐♥♣✉t✳

❋r♦♠ t❤❡ t✐♠❡✲❞♦♠❛✐♥ r❡s♣♦♥s❡✱ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ✇✐t❤ ❜♦t❤ ❦✐♥❞s ♦❢ ✐♥♣✉ts✱ ❙✷αs ❛♥❞ ❙✷Fp∗

❛r❡ ❛❧✇❛②s ❝❛♣❛❜❧❡ ♦❢ ♣r♦✈✐❞✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ❛❞✈❛♥t❛❣❡s✿ ❡①♣❡r✐❡♥❝✐♥❣ s♠❛❧❧❡r ♣❡❛❦ ❛♠♣❧✐t✉❞❡s ❛♥❞

q✉✐❝❦❡r s❡tt❧✐♥❣✳

❚❛❜❧❡ ✺ ■♠♣r♦✈❡♠❡♥t ❛❝❤✐❡✈❡❞ ❜② ❢♦✉r ♦♣t✐♠❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ✉♥❞❡r t✇♦ ✐♥✐t✐❛❧ ✐♥♣✉ts

❈♦♥✜❣✉r❛t✐♦♥s ❙❧✐♣ ✐♥♣✉t ❙✐❞❡ ❢♦r❝❡ ✐♥♣✉t

■♠♣r♦✳ ♦❢ ψpeak✱ ✪ ■♠♣r♦✳ ♦❢ tsettle✱ ✪ ■♠♣r♦✳ ♦❢ ψpeak✱ ✪ ■♠♣r♦✳ ♦❢ tsettle✱ ✪

❙✶αs ✵✳✼ ✶✹✳✾ ✵ ✵

❙✷αs ✶✻✳✼ ✺✼✳✸ ✾✳✶ ✶✳✵

❙✶Fp∗ ✽✳✼ ✵✳✸✻ ✻✳✼ ✵✳✵✽

❙✷Fp∗ ✷✹✳✺ ✸✸✳✽ ✶✻✳✼ ✷✵✳✺

✶✽
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❋✐❣✳ ✶✶ ❈♦♠♣❛r✐s♦♥ ♦❢ v1 t✐♠❡ s❡r✐❡s ❡①❝✐t❡❞ ❜② ❛✮ t❤❡ s❧✐♣ ✐♥♣✉t ❛♥❞ ❜✮ t❤❡ s✐❞❡ ❢♦r❝❡ ✐♥♣✉t✳

❙✐♥❝❡ t❤❡ t✐r❡ ♠♦t✐♦♥ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥❝❡ r♦❧❡ ♦♥ t✐r❡✲❣r♦✉♥❞ ❝♦♥t❛❝t ❞②♥❛♠✐❝s✱ ✐t ✐s ✇♦rt❤ t♦

❝❤❡❝❦ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ♦♥ t❤❡ t✐r❡ ❧❛t❡r❛❧ ♠♦t✐♦♥✳ ❋✐❣✉r❡ ✶✶ ✐❧❧✉str❛t❡s t❤❡

✶✾



❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ t✐r❡ ❧❛t❡r❛❧ r❡s♣♦♥s❡ v1 ❢♦r t❤❡ ❞❡❢❛✉❧t ❛♥❞ t❤❡ ❜❡♥❡✜❝✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✭✉s✐♥❣ ❙✷αs

❛s ❛♥ ❡①❛♠♣❧❡✮✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ r❡s♣♦♥s❡s ❛r❡ ❛❧♠♦st t❤❡ s❛♠❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❞❡❢❛✉❧t

s❤✐♠♠② ❞❛♠♣❡r✱ ✇❤✐❝❤ r❡✢❡❝ts t❤❡ ❢❛❝t t❤❛t t❤❡ t♦rs✐♦♥❛❧✲②❛✇ ♠♦t✐♦♥ ✐s t♦ ❛ ❧❛r❣❡ ❡①t❡♥t ❞❡❝♦✉♣❧❡❞

❢r♦♠ t❤❡ t✐r❡ ❧❛t❡r❛❧ ♠♦t✐♦♥ ✐♥ t❤✐s ♠♦❞❡❧✳ ❍❡♥❝❡✱ t❤❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡

❤❛s ♠✐♥✐♠❛❧ ✐♠♣❛❝t ♦♥ t❤✐s ♠♦t✐♦♥✳

❱✳ ❈♦♥❝❧✉s✐♦♥s

❚❤❡ ♠❛✐♥ ❢♦❝✉s ♦❢ t❤✐s st✉❞② ✐s t❤❡ ♣♦t❡♥t✐❛❧ ❜❡♥❡✜ts ♦❢ t❤❡ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡s ✐♥❝♦r♣♦✲

r❛t✐♥❣ ✐♥❡rt❡rs✳ ❆♣❛rt ❢r♦♠ t❤❡ s❤✐♠♠② s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡ ♠♦t✐♦♥✱ t❤❡ ▼▲● t♦rs✐♦♥❛❧✲②❛✇✱ ❧❛t❡r❛❧✱

t♦rs✐♦♥❛❧✲r♦❧❧ ♠♦t✐♦♥s ❛♥❞ t❤❡ t✐r❡ ❞②♥❛♠✐❝s ❛r❡ ❛❧❧ t❛❦❡♥ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥✳ ❘❡s✉❧ts ♦❢ ❡✐❣❡♥✈❛❧✉❡

♦♣t✐♠✐③❛t✐♦♥ ❛r❡ ♣r❡s❡♥t❡❞ t♦ ❞❡♠♦♥str❛t❡ t❤❡ ❧✐♠✐t❛t✐♦♥ ♦❢ ❢r❡q✉❡♥❝②✲❞♦♠❛✐♥ ❛♥❛❧②s✐s ❢♦r t❤✐s ♣r♦❜✲

❧❡♠✳ ❍❡♥❝❡ t✐♠❡✲❞♦♠❛✐♥ ♦♣t✐♠✐③❛t✐♦♥ ✐s ♣r♦♣♦s❡❞✳ ❯s✐♥❣ t❤❡ ♠❛①✐♠✉♠ ❛♠♣❧✐t✉❞❡ ❛♥❞ t❤❡ s❡tt❧✐♥❣

t✐♠❡ ♦❢ t❤❡ t♦rs✐♦♥❛❧✲②❛✇ ♠♦t✐♦♥ ❛s ❝♦st ❢✉♥❝t✐♦♥s✱ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s ❝❛rr✐❡❞ ♦✉t✳ ❲❤❡♥

t❤❡ s❧✐♣ ✐♥♣✉t ✐s ❛♣♣❧✐❡❞✱ ❛ ✶✻✳✼✪ ✐♠♣r♦✈❡♠❡♥t ♦♥ t❤❡ ♣❡❛❦ ❛♠♣❧✐t✉❞❡ ❛♥❞ ✺✼✳✸✪ ✐♠♣r♦✈❡♠❡♥t ♦♥

t❤❡ s❡tt❧✐♥❣ t✐♠❡ ❛r❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❛ ♣❛r❛❧❧❡❧ ✐♥❡rt❡r✲s♣r✐♥❣✲❞❛♠♣❡r ❝♦♥✜❣✉r❛t✐♦♥✳ ■❢ t❤❡ s②st❡♠ ✐s

❡①❝✐t❡❞ ❜② t❤❡ s✐❞❡ ❢♦r❝❡ ✐♥♣✉t✱ t❤❡ ♣❛r❛❧❧❡❧ ✐♥❡rt❡r✲s♣r✐♥❣✲❞❛♠♣❡r ❧❛②♦✉t ✇✐t❤ ♦♣t✐♠✐③❡❞ ♣❛r❛♠❡t❡r

✈❛❧✉❡s ♣r♦✈✐❞❡s ✶✻✳✼✪ ✐♠♣r♦✈❡♠❡♥t ♦♥ t❤❡ ♣❡❛❦ ❛♠♣❧✐t✉❞❡ ❛♥❞ ✷✵✳✺✪ ✐♠♣r♦✈❡♠❡♥t ♦♥ t❤❡ s❡tt❧✐♥❣

t✐♠❡✳ ❚❤❡s❡ ❜❡♥❡✜ts ❡①❝❡❡❞ t❤♦s❡ ♦❜t❛✐♥❡❞ ❜② ♠❛❦✐♥❣ s✐❣♥✐✜❝❛♥t ❝❤❛♥❣❡s t♦ t❤❡ ❣❡❛r ❣❡♦♠❡tr②✳ ■t

♥❡❡❞s t♦ ❜❡ ❡♠♣❤❛s✐③❡❞ t❤❛t t❤❡ t✇♦ ❜❡♥❡✜❝✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ❛❧s♦ ♣r♦✈✐❞❡ ♣❡r❢♦r♠❛♥❝❡ ❛❞✈❛♥t❛❣❡s

✇❤❡♥ t❤❡ ♦t❤❡r ♥♦♥✲♦♣t✐♠✐③❡❞ ✐♥♣✉t ✐s ❛♣♣❧✐❡❞✳ ❇❛s❡❞ ♦♥ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts✱ ✐t ❝❛♥ ❛❧s♦ ❜❡

s❡❡♥ t❤❛t t❤❡ ✐❞❡♥t✐✜❡❞ ✐♥❡rt❡r✲❜❛s❡❞ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ ♠♦r❡ ❜❡♥❡✜❝✐❛❧ t❤❛♥ t❤❡ ♦♣t✐♠✐③❡❞ ♣❛r❛❧✲

❧❡❧ s♣r✐♥❣✲❞❛♠♣❡r ❝♦♥✜❣✉r❛t✐♦♥s✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ s❤♦✇ t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ ❛♥

✐♥❡rt❡r✲❜❛s❡❞ ❞❡✈✐❝❡✳ ❚❤✐s ❤❛s ❜❡❡♥ ❛❝❤✐❡✈❡❞ ✉s✐♥❣ t❤❡ t✇♦ ❡①❛♠♣❧❡ ♦♣t✐♠✐③❛t✐♦♥ ❝r✐t❡r✐❛✳ ❋♦r ❛ ❢✉❧❧

♦♣t✐♠✐③❛t✐♦♥ st✉❞② ❛s ♣❛rt ♦❢ ❛ ❧❛♥❞✐♥❣ ❣❡❛r ❞❡s✐❣♥ ♣r♦❝❡ss✱ t❤❡ ❝r✐t❡r✐❛ ✇♦✉❧❞ ♥❡❡❞ t♦ ❜❡ ❛❞❥✉st❡❞

❜❛s❡❞ ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ r❡q✉✐r❡♠❡♥ts ❞r❛✇♥ ✉♣ ❜② t❤❡ ❛✐r❝r❛❢t ♠❛♥✉❢❛❝t✉r❡✳ ■♥ t❤❡ ❢✉t✉r❡ ✇♦r❦✱

t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ♥♦♥❧✐♥❡❛r t✐r❡ ♠♦❞❡❧✱ ❝♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ s✐♥❝❡ ✐t ♠❛② ❧❡❛❞ t♦ ♠♦r❡

❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♠♦❞❡s✳ ■t ✇♦✉❧❞ ❛❧s♦ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ✐♥❝❧✉❞❡ t❤❡ ♥♦♥❧✐♥❡❛r ❞❛♠♣✐♥❣

✐♥t♦ t❤❡ s✉♣♣r❡ss✐♦♥ ❞❡✈✐❝❡ ❞✉❡ t♦ ✐ts s✉♣❡r✐♦r ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ❝❤❛r❛❝t❡r✐st✐❝s✳

✷✵



❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❚❤❡ ❛✉t❤♦rs ✇♦✉❧❞ ❧✐❦❡ t♦ ❛❝❦♥♦✇❧❡❞❣❡ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❊P❙❘❈ ❛♥❞ t❤❡ ❈❤✐♥❛ ❙❝❤♦❧❛rs❤✐♣

❈♦✉♥❝✐❧✿ ❙✐♠♦♥ ◆❡✐❧❞ ✐s s✉♣♣♦rt❡❞ ❜② ❛♥ ❊P❙❘❈ ❢❡❧❧♦✇s❤✐♣ ❊P✴❑✵✵✺✸✼✺✴✶ ❛♥❞ ❨✉❛♥ ▲✐ ✐s s✉♣♣♦rt❡❞

❜② ❛ ❈❤✐♥❛ ❙❝❤♦❧❛rs❤✐♣ ❈♦✉♥❝✐❧ st✉❞❡♥ts❤✐♣✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❲♦❡r♥❡r✱ P✳✱ ❛♥❞ ◆♦❡❧✱ ❖✳✱ ✏■♥✢✉❡♥❝❡ ♦❢ ◆♦♥❧✐♥❡❛r✐t② ♦♥ t❤❡ ❙❤✐♠♠② ❇❡❤❛✈✐♦✉r ♦❢ ▲❛♥❞✐♥❣ ●❡❛r✱✑
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❬✷❪ ❇r♦✉❧❤✐❡t✱ ●✳✱ ✏❚❤❡ ❙✉s♣❡♥s✐♦♥ ♦❢ t❤❡ ❆✉t♦♠♦❜✐❧❡ ❙t❡❡r✐♥❣ ▼❡❝❤❛♥✐s♠✿ ❙❤✐♠♠② ❛♥❞ ❚r❛♠♣✱✑ ❇✉❧❧❡t✐♥
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❬✸❪ ▼♦r❡❧❛♥❞✱ ❲✳❏✳✱ ✏❚❤❡ ❙t♦r② ♦❢ ❙❤✐♠♠②✱✑ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆❡r♦♥❛✉t✐❝❛❧ ❙❝✐❡♥❝❡s✱ ❱♦❧✳ ✷✶✱ ◆♦✳ ✶✷✱ ✶✾✺✹✱
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❬✹❪ P❛❝❡❥❦❛✱ ❍✳❇✳✱ ✏❆♥❛❧②s✐s ♦❢ t❤❡ ❙❤✐♠♠② P❤❡♥♦♠❡♥♦♥✱✑ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ■♥st✐t✉t✐♦♥ ♦❢ ▼❡❝❤❛♥✐❝❛❧

❊♥❣✐♥❡❡rs✿ ❆✉t♦♠♦❜✐❧❡ ❉✐✈✐s✐♦♥✱ ❱♦❧✳ ✶✽✵✱ ◆♦✳ ✶✱ ✶✾✻✺✱ ♣♣✳ ✷✺✶✕✷✻✽✳

❬✺❪ ❙♠✐❧❡②✱ ❘✳ ❋✳✱ ✏❈♦rr❡❧❛t✐♦♥✱ ❊✈❛❧✉❛t✐♦♥✱ ❛♥❞ ❊①t❡♥s✐♦♥ ♦❢ ▲✐♥❡❛r✐③❡❞ ❚❤❡♦r✐❡s ❢♦r ❚✐r❡ ▼♦t✐♦♥ ❛♥❞

❲❤❡❡❧ ❙❤✐♠♠②✱✑ ◆❆❈❆ ❘❡♣t✳ ✶✷✾✾✱ ✶✾✺✼✳

❬✻❪ ❱♦♥ ❙❝❤❧✐♣♣❡✱ ❱✳ ❇✳✱ ❛♥❞ ❉✐❡tr✐❝❤✱ ❘✳✱ ✏❙❤✐♠♠②✐♥❣ ♦❢ ❛ P♥❡✉♠❛t✐❝ ❲❤❡❡❧✱✑ ◆❆❈❆ ❚▼✲✶✸✻✺✱ ✶✾✺✹✱ ♣♣✳

✶✷✺✕✶✻✵✳

❬✼❪ ❋r♦♠♠✱ ❍✳✱ ✏❇r✐❡❢ ❘❡♣♦rt ♦♥ t❤❡ ❍✐st♦r② ♦❢ t❤❡ ❚❤❡♦r② ♦❢ ❙❤✐♠♠②✱✑ ◆❆❈❆ ❚▼✲✶✸✻✺✱ ✶✾✺✹✱ ♣♣✳ ✶✽✶✕✶✽✾✳

❬✽❪ ❇❡ss❡❧✐♥❦✱ ■✳❏✳▼✳✱ ✏❙❤✐♠♠② ♦❢ ❆✐r❝r❛❢t ▼❛✐♥ ▲❛♥❞✐♥❣ ●❡❛r✱✑ P❤✳❉✳ ❉✐ss❡rt❛t✐♦♥✱ ❉❡❧❢t ❯♥✐✈✳ ♦❢ ❚❡❝❤✲
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❬✶✵❪ ●❧❛s❡r✱ ❏✳✱ ❛♥❞ ❍r②❝❦♦✱ ●✳✱ ✏▲❛♥❞✐♥❣ ●❡❛r ❙❤✐♠♠②✕❉❡ ❍❛✈✐❧❧❛♥❞✬s ❊①♣❡r✐❡♥❝❡✱✑ ❆●❆❘❉✲❘✲✽✵✵✱ ✶✾✾✻✳
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❬✶✷❪ ❏♦❝❡❧②♥✱ P✳✱ ✏❖✈❡r✈✐❡✇ ♦❢ ▲❛♥❞✐♥❣ ●❡❛r ❉②♥❛♠✐❝s✱✑ ❏♦✉r♥❛❧ ♦❢ ❆✐r❝r❛❢t✱ ❱♦❧✳ ✸✽✱ ◆♦✳ ✶✱ ✷✵✵✶✱ ♣♣✳✶✸✵✕

✶✸✼✳ ❞♦✐✿ ✶✵✳✷✺✶✹✴✷✳✷✼✹✹
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