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This paper investigates the inertial force effect on nonlinear aeroelasticity of flexible
wing aircraft. The geometric are nonlinearity due to rotational and tension stiffening. The
effect of large bending deflection will also be investigated. Aeroelastic analysis will be
conducted for a truss-braced wing aircraft concept with nonlinear effect of large bending
deflection and inertial force coupling.

I. Introduction

Modern aircraft are increasingly designed to be highly maneuverable in order to achieve high-performance
mission objectives. Toward this goal, aircraft designers have been adopting light-weight, flexible, high aspect
ratio wings in modern aircraft. Aircraft design concepts that take advantage of wing flexibility to increase
aerodynamic performance and maneuverability have been investigated. By twisting a wing structure, an
aerodynamic moment can be generated to enable an aircraft to execute a maneuver in place of the use of
traditional control surfaces. For example, a rolling moment can be induced by twisting the left and right
wings in the opposite direction. Similarly, a pitching moment can be generated by twisting both wings in
the same direction. Wing twisting or warping for flight control is not a new concept and was used in the
Wright Flyer in the 1903. The U.S. Air Force conducted the Active Flexible Wing program in the 1980’s and
1990’s to explore potential use of leading edge slats and trailing edge flaps to increase control effectiveness of
F-16 aircraft for high speed maneuvers.1 In the recent years, the Active Aeroelastic Wing research program
also investigated a similar technology to induce wing twist in order to improve roll maneuverability of F/A-
18 aircraft.2 Wing shaping control concepts for drag reduction are being studied by NASA to leverage
wing flexibility for aerodynamic performance.3,4 By re-twisting a flexible wing and using variable camber
aerodynamic control surfaces, aircraft wings can have a mission-adaptive capability.5 In recognition of the
role of aeroelasticity on aircraft performance and dynamics, NASA Advanced Air Transport Technology
(AATT) project is conducting research in the area of Performance Adaptive Aeroelastic Wing (PAAW).
This research develops concepts such as the variable camber continuous trailing edge flap (VCCTEF) to
enable wing shaping control for aerodynamic performance and dynamics.6

Structural deflections of lifting surfaces interact with aerodynamic forces to create aeroelastic coupling
that can affect aircraft performance. Understanding these effects can improve the prediction of aircraft flight
dynamics and can provide insight into how to design a flight control system that can reduce aeroelastic
interactions with a rigid-body flight controller. Generally, high aspect ratio lifting surfaces undergo a greater
degree of structural deflections than low aspect ratio lifting surfaces. As a result, the natural frequencies
of the aeroelastic modes decrease as the aspect ratio increases. This may reduce the desired frequency
separation between flexible wing aeroelastic modes and aircraft rigid-body modes that could potentially
cause undesirable flight control interactions. For example, when a pilot commands a roll maneuver, the
aileron deflections can cause one or more aeroelastic wing modes to excite. The aeroelastic modes can
result in changes to the intended aerodynamics of the wings, thereby potentially causing undesired aircraft
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responses. Aeroservoelastic filtering is a traditional method for suppressing elastic modes, but this usually
comes at an expense in terms of reducing the phase margin in a flight control system. If the phase margin is
significantly reduced, aircraft responses may become more sluggish to pilot commands. Consequently, with
a phase lag in the control inputs, potential pilot-induced oscillations (PIOs) can occur. Numerous studies
have been made to increase the understanding of the role of aeroservoelasticity in the design of flight control
systems.

Due to the flexibility of modern aircraft structures, flight dynamic models of rigid-body aircraft have
limitations and cannot accurately predict behaviors of flexible aircraft when aeroelastic modes participate in
the rigid-body motion. Recently, some investigators have investigated theoretical approaches to developing
integrated flight dynamics with aeroelasticity. Shearer develops an integrated flight dynamic model for
a representative High Altitude Long Endurance (HALE) vehicle. To fully account for the multi-physics
interactions that normally exist in a flexible aircraft, inertial-aeroelastic-propulsive force coupling must be
addressed in aircraft aeroelasticity.7

The purpose of this study is to investigate the inertial force effect on aircraft elasticity with geomet-
ric nonlinearity due to rotational and tension stiffening. The effect of large bending deflection will also
be investigated. Flutter analysis will be conducted for a truss-braced wing aircraft concept with tension
stiffening.

II. Inertial Force Analysis

Consider an airfoil section on the left wing as shown in Fig. 1 undergoing bending and torsional deflec-
tions. Let (x, y, z) be the undeformed coordinates of point Q on a wing airfoil section in the reference frame
D defined by unit vectors (d1,d2,d3). Let p0 = xd1 be a position vector along the elastic axis. Then, point
Q is defined by a position vector p = p0 + q where q = yd2 + zd3 defines point Q in the y − z plane from
the elastic axis. Then the undeformed local airfoil coordinates of point Q are[

y

z

]
=

[
cos γ − sin γ

sin γ cos γ

][
η

ξ

]
(1)

where η and ξ are local airfoil coordinates, and γ is the wing section pre-twist angle, positive nose-down.8,9

Differentiating y and z with respect to x gives[
yx

zx

]
= γ

′

[
− sin γ − cos γ

cos γ − sin γ

][
η

ξ

]
=

[
−zγ′

yγ
′

]
(2)

Figure 1. Left Wing Reference Frame of Wing in Combined Bending-Torsion

Let Θ be a torsional twist angle about the x-axis, positive nose-down. Let W and V be flapwise and
chordwise bending deflections of point Q, respectively. Let U be the axial displacement of point Q. Then,
the displacement and rotation vectors due to the elastic deformation can be expressed as

r = Ud1 + V d2 +Wd3 (3)
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φ = Θd1 −Wxd2 + Vxd3 (4)

where the subscripts x and t denote the partial derivatives of Θ, W , and V .
Let (x1, y1, z1) be the deformed coordinates of point Q on the airfoil in the reference frame D and

p1 = x1d1 + y1d2 + z1d3 be its position vector. Then the coordinates (x1, y1, z1) are computed as

p1 = p + r + φ× q (5)

where  x1

y1

z1

 =

 x+ U − yVx − zWx

y + V − zΘ
z +W + yΘ

 (6)

Let v̄ = ub1 + vb2 + wb3 be the aircraft velocity vector at the aircraft center of gravity (CG) where
(b1,b2,b3) are the unit vectors in aircraft body-fixed reference frame B in the roll, pitch, and yaw axes
according to the standard aircraft convention. Let ω = pb1 + qb2 + rb3 be the aircraft angular velocity
vector where (p, q, r) are aircraft angular velocity components in the roll, pitch, and yaw axes. Let ra =
−xab1 − yab2 − zab3 be the position vector of point Q in the aircraft body-fixed reference frame B relative
to the aircraft CG such that xa is positive when point Q is aft of the aircraft CG, ya is positive when point
Q is toward the left wing from the aircraft CG, and za is positive when point Q is above the aircraft CG.
The velocity at point Q due to the aircraft velocity and angular velocity in the reference frame D is then
computed as

vQ = v̄ + ω × ra = (ub1 + vb2 + wb3) + (pb1 + qb2 + rb3)× (−xab1 − yab2 − zab3)

= (u+ rya − qza)b1 + (v − rxa + pza)b2 + (w + qxa − pya)b3 = xtd1 + ytd2 + ztd3 (7)

where xt

yt

zt

 =

 − (u+ rya − qza) sin Λ cos Γ− (v − rxa + pza) cos Λ cos Γ− (w + qxa − pya) sin Γ

− (u+ rya − qza) cos Λ + (v − rxa + pza) sin Λ

(u+ rya − qza) sin Λ sin Γ + (v − rxa + pza) cos Λ sin Γ− (w + qxa − pya) cos Γ

 (8)

The transformation between (b1,b2,b3) and (d1,d2,d3) is given by b1

b2

b3

 =

 − sin Λ cos Γ − cos Λ sin Λ sin Γ

− cos Λ cos Γ sin Λ cos Λ sin Γ

− sin Γ 0 − cos Γ


 d1

d2

d3

 (9)

The local velocity at point Q due to aircraft rigid-body dynamics and aeroelastic deflections in the
reference frame D is obtained as9

v = vQ +
∂∆p

∂t
+
(
ω + φ̇

)
×∆p = vxd1 + vyd2 + vzd3 (10)

where ∆p = p1 − p and vx

vy

vz

 =

 xt − (ωz + Vxt) (V − zΘ) + (ωy −Wxt) (W + yΘ) + Ut − yVxt − zWxt

yt + (ωz + Vxt) (U − yVx − zWx)− (ωx + Θt) (W + yΘ) + Vt − zΘt

zt − (ωy −Wxt) (U − yVx − zWx) + (ωx + Θt) (V − zΘ) +Wt + yΘt

 (11)

 ωx

ωy

ωz

 =

 −p sin Λ cos Γ− q cos Λ cos Γ− r sin Γ

−p cos Λ + q sin Λ

p sin Λ sin Γ + q cos Λ sin Γ− r cos Γ

 (12)

The kinetic energy is formed by

T =
1

2

ˆ
ρv.vdA =

1

2

ˆ
ρ
(
v2
x + v2

y + v2
z

)
dA (13)
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We use the method of separation of variables to express the displacements as U (x, t) = Φu (x) qu (t),
V (x, t) = Φv (x) qv (t), W (x, t) = Φw (x) qw (t), Θ (x, t) = Φθ (x) qθ (t). Then, the virtual work quantities
due to the generalized coordinates qu (t), qv (t), qw (t), and qθ (t) are computed in terms of the virtual
displacements as

−f ixδU =

[
d

dt

(
∂T

∂q̇u

)
− ∂T

∂qu

]
δqu =

ˆ
ρ

[
dvx
dt
− vy (ωz + Vxt) + vz (ωy −Wxt)

]
δUdA (14)

− f iyδV =

[
d

dt

(
∂T

∂q̇v

)
− ∂T

∂qv

]
δqv =

ˆ
ρ

[
dvy
dt

+ vx (ωz + Vxt)− vz (ωx + Θt)

]
δV dA

+

ˆ
ρ

{
d [vx (−y − V + zΘ) + vy (U − yVx − zWx)]

dt
+ vy (yωz + yVxt)− vz (yωy − yWxt)

}
δVxdA (15)

− fzδW =

[
d

dt

(
∂T

∂q̇w

)
− ∂T

∂qw

]
δqw =

ˆ
ρ

[
dvz
dt
− vx (ωy −Wxt) + vy (ωx + Θt)

]
δWdA

+

ˆ
ρ

{
d [vx (−z −W − yΘ) + vz (U − yVx − zWx)]

dt
+ vy (zωz + zVxt)− vz (zωy − zWxt)

}
δWxdA (16)

−mxδΘ =

[
d

dt

(
∂T

∂q̇θ

)
− ∂T

∂qθ

]
δqθ =

ˆ
ρ

{
d [vy (−z −W − yΘ)]

dt
+
d [vz (y + V − zΘ)]

dt

−vx (yωy + zωz + zVxt − yWxt) + vy (yωx + yΘt) + vz (zωx + zΘt)} δΘdA (17)

Let
´
ydA = Aecg where A =

´
dA is the mass area and ecg is the offset of the CG of a wing section from

the elastic axis, positive if the CG lies aft of the elastic axis. We define Ixx =
´ (
y2 + z2

)
dA, Iyy =

´
z2dA,

and Izz =
´
y2dA. Furthermore, We assume

´
zdA ≈ 0 and Iyz = −

´
yzdA ≈ 0. Integrating the integrals

that contain δVx and δWx by parts, we obtain the linear contributions of the aeroelastic deflections to the
inertial forces and moment as

f ix = ρA
[
−xtt + ytωz − ztωy +

(
ω2
y + ω2

z

)
U + (ω̇z − ωxωy)V − (ω̇y + ωxωz)W + 2ωzVt − 2ωyWt

+ytVxt + ztWxt − Utt] + ρAecg
[
− (ω̇y + ωxωz) Θ−

(
ω2
y + ω2

z

)
Vx − 2ωyΘt + Vxtt

]
+ ∆f ix (18)

f iy = ρA
[
−ytt − xtωz + ztωx − (ω̇z + ωxωy)U +

(
ω2
x + ω2

z

)
V + (ω̇x − ωyωz)W − 2ωzUt + 2ωxWt

+ztΘt − xtVxt − Vtt] + ρAecg [(ω̇x − ωyωz) Θ + (ω̇z + ωxωy)Vx + 2ωxΘt + 2ωzVxt]

+
∂

∂x
[ρA (yttU − xttV + ytUt − xtVt)] +

∂

∂x

{
ρAecg

[
−xtt + ytωz − ztωy +

(
ω2
y + ω2

z

)
U

+ (ω̇z − ωxωy)V − (ω̇y + ωxωz)W − yttVx + 2ωzVt − 2ωyWt + ztWxt − Utt]}

+
∂

∂x

{
ρIzz

[
− (ω̇y + ωxωz) Θ−

(
ω2
y + ω2

z

)
Vx − 2ωyΘt + Vxtt

]}
+ ∆f iy (19)

f iz = ρA
[
−ztt + xtωy − ytωx + (ω̇y − ωxωz)U − (ω̇x + ωyωz)V +

(
ω2
x + ω2

y

)
W + 2ωyUt − 2ωxVt

−ytΘt − xtWxt −Wtt] + ρAecg
[(
ω2
x + ω2

y

)
Θ− (ω̇y − ωxωz)Vx − 2ωyVxt −Θtt

]
+

∂

∂x
[ρA (zttU − xttW + ztUt − xtWt)] +

∂

∂x
[ρAecg (−xttΘ− zttVx − xtΘt − ztVxt)]

+
∂

∂x

{
ρIyy

[
− (ω̇z − ωxωy) Θ−

(
ω2
y + ω2

z

)
Wx − 2ωzΘt +Wxtt

]}
+ ∆f iz (20)

mi
x = ρA (−zttV + yttW − ztVt + ytWt) + ρAecg [−ztt + xtωy − ytωx + (ω̇y − ωxωz)U

− (ω̇x + ωyωz)V +
(
ω2
x + ω2

y

)
W + yttΘ + 2ωyUt − 2ωxVt − xtWxt −Wtt

]
− ρIxxΘtt

+ ρIyy
[(
ω2
x + ω2

z

)
Θ− (ω̇z + ωxωy)Wx − 2ωzWxt

]
+ ρIzz

[(
ω2
x + ω2

y

)
Θ− (ω̇y − ωxωz)Vx

−2ωyVxt] + ∆mi
x (21)
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These equations show complex coupling of inertial forces to aeroelasticity. The terms Vxtt and Wxtt

represent the effect of the rotary inertia in bending. The nonlinear contributions are obtained as

∆f ix = ρA (−ωyVΘt − ωzWΘt + 2ωzUVxt − ωxWVxt + 2VtVxt − 2ωyUWxt + ωxVWxt + 2WtWxt

+V Vxtt +WWxtt) + ρAecg (−ωzΘΘt − ωxΘVxt − 2ωzVxVxt + 2ωyVxWxt + 2ΘtWxt + ΘWxtt) (22)

∆f iy = ρA (−ωyUΘt + 2ωxVΘt + 2WtΘt + 2ωzV Vxt − ωyWVxt − 2UtVxt + ωxUWxt + ωzWWxt

+WΘtt − UVxtt) + ρAecg
(
ωyVxΘt + 2Θ2

t − ωyΘVxt + 2V 2
xt + ωzΘWxt − ωxVxWxt + ΘΘtt

+VxVxtt) +
∂

∂x

[
ρA
(
ω̇zU

2 + ω̇zV
2 − ω̇xUW − ω̇yVW + 2ωzUUt − ωxWUt + 2ωzV Vt − ωyWVt

−ωxUWt − ωyVWt − V Utt + UVtt)] +
∂

∂x
[ρAecg (−ω̇xUΘ− ω̇yVΘ− 2ω̇zUVx + ω̇xWVx

− ωxΘUt − 2ωzVxUt − ωyΘVt + ωxVxWt − ωxUΘt − 2ωyVΘt − ωzWΘt + 2VtVxt − 2ωyUWxt

+ωxVWxt + 2WtWxt − VxVtt + 2V Vxtt +WWxtt)] +
∂

∂x

[
ρIyy

(
ω̇zΘ

2 + ω̇zW
2
x + 2ωzΘΘt

+2ωzWxWxt +WxΘtt −ΘWxtt)] +
∂

∂x

[
ρIzz

(
ω̇xΘVx + ω̇zV

2
x − ωzΘΘt + ωxVxΘt + 2ωyVxWxt

+2ΘtWxt + ΘWxtt)] (23)

∆f iz = ρA (−ωzUΘt + 2ωxWΘt + yωzVxΘt − 2VtΘt − ωxUVxt − ωyV Vxt + ωzVWxt − 2ωyWWxt

−2UtWxt − VΘtt − UWxtt) + ρAecg (2ωxΘΘt + ωxVxVxt − 2ωyΘWxt + 2VxtWxt + VxWxtt)

+
∂

∂x

[
ρA
(
−ω̇yU2 + ω̇xUV + ω̇zVW − ω̇yW 2 − 2ωyUUt + ωxV Ut + ωxUVt + ωzWVt

+ωzVWt − 2ωyWWt −WUtt + UWtt)] +
∂

∂x
[ρAecg (ω̇zVΘ− 2ω̇yWΘ + 2ω̇yUVx − ω̇xV Vx

+ 2ωyVxUt − ωxVxVt − 2ωyΘWt + 2ωzVΘt − 2ωyWΘt + 2ωyUVxt − ωxV Vxt −ΘUtt − VxWtt

+UΘtt +WVxtt)] +
∂

∂x

[
ρIyy

(
ω̇xΘWx − ω̇yW 2

x + ωyΘΘt + ωxWxΘt − 2ωzWxVxt − 2ΘtVxt

−ΘVxtt)] +
∂

∂x

[
ρIzz

(
−ω̇yΘ2 − ω̇yV 2

x − 2ωyΘΘt − 2ωyVxVxt − VxΘtt + ΘVxtt
)]

(24)

∆mi
x = ρA

(
ω̇yUV − ω̇xV 2 + ω̇zUW − ω̇xW 2 + ωyV Ut + ωzWUt + ωyUVt − 2ωxV Vt + ωzUWt

−2ωxWWt +WVtt − VWtt) + ρAecg (ω̇zUΘ− 2ω̇xWΘ− ω̇yV Vx − ω̇zWVx + ωzΘUt − ωyVxVt
− 2ωxΘWt − ωzVxWt − ωxUVxt − 2VtΘt − 2ωyV Vxt − ωzWVxt + ωzVWxt − 2ωyWWxt − 2UtWxt

+ΘVtt − 2VΘtt − UWxtt)− ρIxxω̇xΘ2 + ρIyy (ω̇yΘWx + 2ωzΘVxt + ωyΘWxt + ωxWxWxt

−2VxtWxt −WxVxtt) + ρIzz (−ω̇zΘVx − ωzΘVxt + ωxVxVxt − 2ωyΘWxt + 2VxtWxt + VxWxtt) (25)

III. Strain Analysis

Differentiating x1, y1, and z1 with respect to x yields x1,x

y1,x

z1,x

 =

 1 + Ux − yVxx + zγ
′
Vx − zWxx − yγ

′
Wx

−zγ′
+ Vx − zΘx − yγ

′
Θ

yγ
′
+Wx + yΘx − zγ

′
Θ

 (26)

Neglecting the transverse shear effect, the longitudinal strain is computed as8

ε =
ds1 − ds

ds
=
s1,x

sx
− 1 (27)
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where

sx =
√

1 + y2
x + z2

x =

√
1 + (y2 + z2) (γ′)

2
(28)

s1,x =
√
x2

1,x + y2
1,x + z2

1,x

=

√
s2
x + 2Ux − 2yVxx − 2zWxx + 2 (y2 + z2) γ′Θx + (x1,x − 1)

2
+ (y1,x + zγ′)

2
+ (z1,x − yγ′)

2
(29)

s1,x is approximated by a Taylor series as

s1,x ≈ sx +
Ux − yVxx − zWxx +

(
y2 + z2

)
γ

′
Θx

sx
+

(x1,x − 1)
2

+
(
y1,x + zγ

′
)2

+
(
z1,x − yγ

′
)2

2sx
+ · · · (30)

The slope of the twist angle γ
′

can play a significant role in structures with large twists such as turboma-
chinery blades. For aircraft wings, this effect is negligible and therefore can be neglected. Thus, for a small
wing twist angle γ, γ

′ ≈ 0 and sx ≈ 1. The longitudinal strain is then obtained as

ε = Ux − yVxx − zWxx +
1

2
U2
x +

1

2
V 2
x +

1

2
W 2
x +

1

2

(
y2 + z2

)
Θ2
x +

1

2
y2V 2

xx +
1

2
z2W 2

xx

− yUxVxx − zUxWxx + yzVxxWxx − zVxΘx + yWxΘx (31)

The slope of the twist angle γ
′

can play a significant role in structures with large twists such as turboma-
chinery blades. For aircraft wings, this effect is negligible and therefore can be neglected. Assuming z̄ ≈ 0
and letting ȳ = ea where ea is the offset of the neutral axis on a wing section from the elastic axis, positive
if the centroid lies aft of the elastic axis, then the axial force and moments acting on a wing are evaluated
as8

Px =

ˆ
EεdA = EAUx − EAeaVxx +

1

2
EA

(
U2
x + V 2

x +W 2
x

)
+

1

2
EIxxΘ2

x + EAeaWxΘx

+
1

2
EIzzV

2
xx +

1

2
EIyyW

2
xx − (EAeaUx + EIyzWxx)Vxx (32)

Mx = GJΘx +

ˆ
Eε
(
y2 + z2

)
ΘxdA = [GJ + EIxxUx − EB3Vxx − EB2Wxx

+
1

2
EIxx

(
U2
x + V 2

x +W 2
x

)
+

1

2
EB4V

2
xx +

1

2
EB5W

2
xx + EB6VxxWxx

− (EB3Vxx + EB2Wxx)Ux] Θx + (−EB2Vx + EB3Wx) Θ2
x +

1

2
EB1Θ3

x (33)

My = −
ˆ
EεzdA = (1 + Ux) (EIyyWxx − EIyzVxx)− 1

2
EB2Θ2

x −
1

2
EB7V

2
xx −

1

2
EB8W

2
xx

− EB9VxxWxx + (EIyyVx + EIyzWx) Θx (34)

Mz = −
ˆ
EεydA = −EAeaUx + (1 + Ux) (−EIyzWxx + EIzzVxx)− 1

2
EAea

(
U2
x + V 2

x +W 2
x

)
− 1

2
EB3Θ2

x −
1

2
EB10V

2
xx −

1

2
EB9W

2
xx − EB7VxxWxx − (EIyzVx + EIzzWx) Θx (35)

where E is the Young’s modulus, G is the shear modulus, A is the tensile area, J is the torsional constant,
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and Bi, i = 1, 2, . . . , 10 are defined as

B1

B2

B3

B4

B5

B6

B7

B8

B9

B10



=

ˆ



(
y2 + z2

)2
z
(
y2 + z2

)
y
(
y2 + z2

)
y2
(
y2 + z2

)
z2
(
y2 + z2

)
yz
(
y2 + z2

)
y2z

z3

yz2

y3



dA (36)

Note that the signs of the moments are defined in the positive deflection sense such that

M = Mxd1 −Myd2 +Mzd3 (37)

For truss-braced wing aircraft configurations, the effect of the axial displacement can be significant and
therefore must be included in the strain analysis. Assuming the chordwise bending deflection is small and
neglecting cross-product inertia Iyz, B2, B6, B7, B8 which are generally smaller than the remaining Bi, then
the following simplification can be made:

Px = EAUx − EAeaVxx +
1

2
EA

(
U2
x +W 2

x

)
+

1

2
EIxxΘ2

x + EAeaWxΘx +
1

2
EIyyW

2
xx (38)

Mx =
[
GJ + EIxxUx +

1

2
EIxx

(
U2
x +W 2

x

)
+

1

2
EB5W

2
xx

]
Θx + EB3WxΘ2

x +
1

2
EB1Θ3

x (39)

My = (1 + Ux)EIyyWxx (40)

Mz = −EAeaUx + (1 + Ux)EIzzVxx −
1

2
EAea

(
U2
x +W 2

x

)
− 1

2
EB3Θ2

x −
1

2
EB9W

2
xx − EIzzWxΘx (41)

IV. Aeroelastic Analysis

In order to compute the aeroelastic forces and moments, the velocity must be transformed from the
reference frame D to the airfoil local coordinate reference frame defined by (µ, η, ξ) as follows: vµ

vη

vξ

 =

 1 0 0

0 cos (Θ + γ) sin (Θ + γ)

0 − sin (Θ + γ) cos (Θ + γ)


 cosVx sinVx 0

− sinVx cosVx 0

0 0 1


 cosWx 0 sinWx

0 1 0

− sinWx 0 cosWx


 vx

vy

vz


(42)

Neglecting higher-order terms and assuming γ ≈ 0, then the velocity components in the local coordinate
reference frame are computed as vµ

vη

vξ

 ≈

 vx + vyVx + vzWx

−vx (Vx +WxΘ) + vy + vz [Θ− VxWx]

vx (−Wx + VxΘ)− vyΘ + vz

 (43)

The local aeroelastic angle of attack on the airfoil section due to the velocity components vη and vξ in
the reference frame D, as shown in Fig. 8, is computed as

αc =
vξ
vη

=
v̄ξ + ∆vξ
v̄η + ∆vη

=
vξ
v̄η
− v̄ξ∆vη

v̄2
η

(44)

where
v̄ξ = zt (45)
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∆vξ = Wt + (U − yVx − zWx) (Wxt − ωy) + (y + V − zΘ) Θt + ωx (V − zΘ) + xt (−Wx + VxΘ)

− [−ωz (V − zΘ) + ωy (W + yΘ) + Ut − yVxt − zWxt]Wx

− [yt + ωz (U − yVx − zWx)− ωx (W + yΘ) + Vt − zΘt] Θ + zt (46)

v̄η = −u cos Λ (47)

∆vη = Vt + (U − yVx − zWx) (Vxt + ωz)− (z +W + yΘ) Θt − ωx (W + yΘ)− xt (Vx +WxΘ)

− [−ωz (V − zΘ) + ωy (W + yΘ) + Ut − yVxt − zWxt]Vx + yt − v̄η + zt (Θ− VxWx)

+ [−ωy (U − yVx − zWx) + ωx (V − zΘ) +Wt + yΘt] Θ (48)

The rigid-body angle of attack is computed as

αr (x) = − zt
u cos Λ

(
1 +

yt + u cos Λ

u cos Λ

)
(49)

Assuming z ≈ 0, then the partial derivatives of the local aeroelastic angle of attack are evaluated as
shown in Table 1.

1 U V W Θ Vx Wx

1
ωy

u cos Λ

− ztωz
u2 cos2 Λ

− ωx
u cos Λ

ztωx
u2 cos2 Λ

yt
u cos Λ

− zt(−ωxy+zt)
u2 cos2 Λ

− ωyy
u cos Λ

+ zt(ωzy+xt)
u2 cos2 Λ

xt
u cos Λ

U
ωy

u cos Λ

− ztωz
u2 cos2 Λ

0 0 0
ωz

u cos Λ

+
ztωy

u cos2 Λ

0 0

V − ωx
u cos Λ 0 0 0 − ztωx

u2 cos Λ − ztωz
u2 cos Λ

− ωz
u cos Λ

+
z2t

u2 cos2 Λ

W ztωx
u2 cos2 Λ 0 0 0 − ωx

u cos Λ
ztωy

u2 cos Λ
ωy

u cos Λ

Θ
yt

u cos Λ

− zt(−ωxy+zt)
u2 cos2 Λ

ωz
u cos Λ

+
ztωy

u cos2 Λ

− ztωx
u2 cos Λ − ωx

u cos Λ − ωxy
u cos Λ

−xt+ωzyu cos Λ

− ztωyy
u2 cos2 Λ

ztxt
u2 cos Λ

Vx
− ωyy
u cos Λ

+ zt(ωzy+xt)
u2 cos2 Λ

0 − ztωz
u2 cos Λ

ztωy
u2 cos Λ

−xt+ωzyu cos Λ

− ztωyy
u2 cos2 Λ

0
z2t

u2 cos2 Λ

Wx
xt

u cos Λ 0
− ωz
u cos Λ

+
z2t

u2 cos2 Λ

ωy
u cos Λ

ztxt
u2 cos Λ

z2t
u2 cos2 Λ 0

Ut 0 0 0 0 0 zt
u2 cos2 Λ

1
u cos Λ

Vt − zt
u2 cos2 Λ 0 0 0 1

u cos Λ 0 0

Wt − 1
u cos Λ 0 0 0 − zt

u2 cos2 Λ 0 0

Θt − y
u cos Λ 0 − 1

u cos Λ
zt

u2 cos2 Λ 0 0 0

Vxt 0 0 0 0 0 − zty
u2 cos2 Λ − y

u cos Λ

Wxt 0 − 1
u cos Λ 0 0 0 0 0

Table 1. Partial Derivatives of Aeroelastic Angle of Attack

The aeroelastic angle of attack can be expressed as

αe (x, y) =
∂αe
∂U

U +
∂αe
∂V

V +
∂αe
∂W

W +
∂αe
∂Θ

Θ +
∂αe
∂Vx

Vx +
∂αe
∂Wx

Wx +
∂αe
∂Vt

Vt +
∂αe
∂Wt

Wt +
∂αe
∂Θt

Θt

+
∂αe

∂ (UΘ)
UΘ +

∂αe
∂ (VΘ)

VΘ +
∂αe

∂ (V Vx)
V Vx +

∂αe
∂ (VWx)

VWx +
∂αe

∂ (WΘ)
WΘ +

∂αe
∂ (WVx)

WVx

+
∂αe

∂ (WWx)
WWx +

∂αe
∂ (Θ2)

Θ2 +
∂αe

∂ (ΘVx)
ΘVx +

∂αe
∂ (ΘWx)

ΘWx +
∂αe

∂ (VxWx)
VxWx +

∂αe
∂ (UtVx)

UtVx

+
∂αe

∂ (UtWx)
UtWx +

∂αe
∂ (VtΘ)

VtΘ +
∂αe

∂ (WtΘ)
WtΘ +

∂αe
∂ (VxtVx)

VxtVx +
∂αe

∂ (VxtWx)
VxtWx

+
∂αe

∂ (WxtU)
WxtU (50)
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The partial derivatives can be read from Table 1, e.g., ∂αc∂U = xt
u cos Λ and ∂αc

∂(Θ2) = − ωxy
u cos Λ . Note that the

inertial coupling gives rise to additional stiffness terms ∂αc
∂U , ∂αc

∂V , and ∂αc
∂W for linear aeroelasticity.

If chordwise bending is small and therefore can be neglected, then

αe (x, y) =
∂αe
∂U

U +
∂αe
∂V

V +
∂αe
∂W

W +
∂αe
∂Θ

Θ +
∂αe
∂Vx

Vx +
∂αe
∂Wx

Wx +
∂αe
∂Vt

Vt +
∂αe
∂Wt

Wt +
∂αe
∂Θt

Θt

+
∂αe

∂ (UΘ)
UΘ +

∂αe
∂ (WΘ)

WΘ +
∂αe

∂ (WWx)
WWx +

∂αe
∂ (Θ2)

Θ2 +
∂αe

∂ (ΘWx)
ΘWx +

∂αe
∂ (UtWx)

UtWx

+
∂αe

∂ (WtΘ)
WtΘ +

∂αe
∂ (WxtU)

WxtU (51)

For circulatory lift, the aeroelastic angle of attack is evaluated by setting y = ec where ec is the offset of
the unsteady aerodynamic center at the three-quarter point from the elastic center. The circulatory lift and
pitching moment coefficients are given by

cLc = [cLααr + C (k) cLααe (x, ec)] cos Λ (52)

cmc = cmac +
e

c
[cLααr + C (k) cLααe (x, ec)] cos Λ (53)

where C (k) is the Theodorsen function,10 cLα is the lift curve slope, cmac is the pitching moment coefficient
about the aerodynamic center, c is the chord length in the streamwise direction, e is the offset of the
aerodynamic center from the elastic axis in the streamwise direction.

For the non-circulatory lift, we express the aeroelastic angle of attack as

αe (x, y) = α1 (x) + α2 (x, ȳ) (54)

where y = ȳ cos Λ and ȳ is the airfoil coordinate along the streamwise direction.
Then the velocity potential according to Theodorsen11 is given by

φ =
V∞ cos Λc

2

[
α1 +

α2 + α2 (x, em)

2

]√
1− ξ2 (55)

where ȳ = c
2ξ + em.

The non-circulatory lift is evaluated as

lnc = ρ∞c

ˆ 1

−1

∂φ

∂t
dξ =

ρ∞V∞ cos Λc2

2

ˆ 1

−1

[
∂α1

∂t
+

1

2

∂α2

∂t
+

1

2

∂α2 (x, em)

∂t

]√
1− ξ2dξ

=
πρ∞V∞ cos Λc2

4

∂αe (x, em)

∂t
(56)

which yields the non-circulatory lift coefficient as

cLnc =
2lnc

ρ∞V 2
∞c

=
π cos Λc

2V∞

∂αe (x, em)

∂t
(57)

The non-circulatory pitching moment is evaluated as

mnc = −παe (x, ec) q∞c
2 cos Λ

2
+ ρ∞V∞c

ˆ 1

−1

φdξ − ρc
ˆ 1

−1

y
∂φ

∂t
dξ (58)

The resulting expression for the non-circulatory pitching moment is obtained as

mnc = −2παe (x, ec) q∞c
2 cos Λ

4
+

2παe (x, em) q∞c
2 cos Λ

4
− 2πq∞c

4 cos Λ

128V∞

∂α2 (x, 1)

∂t

− 2πq∞c
2em cos Λ

4V∞

∂αe (x, em)

∂t
(59)
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Further simplification yields

cmnc =
mnc

q∞c2
= 2π

[
−αe (x, ec)

4
+
αe (x, em)

4
− c2

128V∞

∂α2 (x, 1)

∂t
− em

4V∞

∂αe (x, em)

∂t

]
cos Λ (60)

Note that

−αe (x, ec)

4
+
αe (x, em)

4
= −α2 (x, ec)

4
+
α2 (x, em)

4
= −α2 (x, c)

16
(61)

since ec − em = c
4 .

Therefore, the non-circulatory pitching moment coefficient can also be expressed as

cmnc =
mnc

q∞c2
= −2π cos Λ

[
α2 (x, c)

16
+

c2

128V∞

∂α2 (x, 1)

∂t
+

em
4V∞

∂αe (x, em)

∂t

]
(62)

The total lift and pitching moment coefficients are

cL = cLc + cLnc (63)

cm = cmc + cmnc (64)

The total aerodynamic forces and moments are due to both circulatory lift and non-circulatory lift

fax = (cD − cLαr cos Λ) q∞c sin Λ cos Λ (65)

fay = cDq∞c cos2 Λ (66)

faz = cLq∞c cos Λ cos Γ (67)

ma
x = −cmq∞c2 cos2 Λ cos Γ (68)

ma
y = cmq∞c

2 sin Λ cos Λ (69)

ma
z = cmq∞c

2 cos2 Λ sin Γ (70)

V. Aeroelastic Equations for Large Deflection with Axial Force under Pure
Rolling Motion

Consider a special case of pure rolling motion for a highly flexible wing with large flapwise bending
deflection. Assuming the effect of flapwise bending is the most dominant, then the inertia, aeroelastic, and
elastic forces and moment are considered as follows:

A. Inertial Forces and Moment

Ignoring the inertial force coupling with the axial displacement and chordwise bending, the inertial forces
and moment for pure rolling motion are obtained as

f ix = ρA [−xtt + ytωz − ztωy − (ω̇y + ωxωz)W − 2ωyWt + ztWxt − Utt] + ρAecg [− (ω̇y + ωxωz) Θ

−2ωyΘt + Vxtt] + ∆f ix (71)

f iy = ρA [−ytt − xtωz + ztωx + (ω̇x − ωyωz)W + 2ωxWt − Vtt] + ρAecg [(ω̇x − ωyωz) Θ + 2ωxΘt]

+
∂

∂x
{ρAecg [−xtt + ytωz − ztωy − (ω̇y + ωxωz)W − 2ωyWt + ztWxt − Utt]}

+
∂

∂x
{ρIzz [− (ω̇y + ωxωz) Θ− 2ωyΘt + Vxtt]}+ ∆f iy (72)

f iz = ρA
[
−ztt + xtωy − ytωx +

(
ω2
x + ω2

y

)
W − ytΘt − xtWxt −Wtt

]
+ ρAecg

[(
ω2
x + ω2

y

)
Θ−Θtt

]
+

∂

∂x
[ρA (−xttW − xtWt)] +

∂

∂x
[ρAecg (−xttΘ− xtΘt)] +

∂

∂x
{ρIyy [− (ω̇z − ωxωy) Θ

−
(
ω2
y + ω2

z

)
Wx − 2ωzΘt +Wxtt

]}
+ ∆f iz (73)
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mi
x = ρA (yttW + ytWt) + ρAecg

[
−ztt + xtωy − ytωx +

(
ω2
x + ω2

y

)
W + yttΘ− xtWxt −Wtt

]
− ρIxxΘtt + ρIyy

[(
ω2
x + ω2

z

)
Θ− (ω̇z + ωxωy)Wx − 2ωzWxt

]
+ ρIzz

(
ω2
x + ω2

y

)
Θ + ∆mi

x (74)

where
∆f ix = ρA (2WtWxt +WWxtt) (75)

∆f iy = ρAωzWWxt +
∂

∂x
[ρAecg (2WtWxt +WWxtt)] +

∂

∂x

[
ρIyy

(
ω̇zW

2
x + 2ωzWxWxt

)]
(76)

∆f iz = −2ρAωyWWxt +
∂

∂x

[
ρA
(
−ω̇yW 2 − 2ωyWWt

)]
− ∂

∂x

(
ρIyyω̇yW

2
x

)
(77)

∆mi
x = ρA

(
−ω̇xW 2 − 2ωxWWt

)
− 2ρAecgωyWWxt + ρIyyωxWxWxt (78)

with  xt

yt

zt

 =

 −V∞ sin Λ cos Γ + pya sin Γ

−V∞ cos Λ

V∞ sin Λ sin Γ + pya cos Γ

 (79)

 ωx

ωy

ωz

 =

 −p sin Λ cos Γ

−p cos Λ

p sin Λ sin Γ

 (80)

by neglecting v, w, and pza which are assumed to be small and noting that u ≈ V∞.

B. Unsteady Lift and Pitching Moment

The aeroelastic angle of attack is given by

αe (x, y) =
( ωy
u cos Λ

− ztωz
u2 cos2 Λ

)
U − ωxV

u cos Λ
+

ztωxW

u2 cos2 Λ
+

[
yt

u cos Λ
− zt (−ωxy + zt)

u2 cos2 Λ

]
Θ

+
(
− ωyy

u cos Λ
+

ztxt
u2 cos2 Λ

)
Vx +

xtWx

u cos Λ
− ztVt
u2 cos2 Λ

− Wt

u cos Λ
− yΘt

u cos Λ
+
ωyWWx

u cos Λ
(81)

Furthermore if we neglect the contribution of the axial displacement and chordwise bending, then aeroe-
lastic angle of attack is further simplified to

αe (x, y) =
ztωxW

V 2
∞ cos2 Λ

−
[
1 +

zt (−ωxy + zt)

V 2
∞ cos2 Λ

]
Θ +

xtWx

V∞ cos Λ
− Wt

V∞ cos Λ
− yΘt

V∞ cos Λ
+
ωyWWx

u cos Λ
(82)

α2 (x, y) =
ztωxyΘ

V 2
∞ cos2 Λ

− yΘt

V∞ cos Λ
(83)

The lift and pitching coefficients can then be computed from αe (x, y) and α2 (x, y) as follows:

cL = cLα cos Λαr + cLα cos ΛC (k)

[
ztωxW

V 2
∞ cos2 Λ

−
(

1 +
−ztωxec cos Λ + z2

t

V 2
∞ cos2 Λ

)
Θ +

xtWx

V∞ cos Λ

− Wt

V∞ cos Λ
− ecΘt

V∞
+
ωyWWx

V∞ cos Λ

]
+

2π cos Λc

4V∞

[
ztωxWt

V 2
∞ cos2 Λ

−
(

1 +
−ztωxem cos Λ + z2

t

V 2
∞ cos2 Λ

)
Θt

+
xtWxt

V∞ cos Λ
− Wtt

V∞ cos Λ
− emΘtt

V∞
+
ωy (WtWx +WWxt)

V∞ cos Λ

]
(84)

cm = cmac +
e

c
cLα cos Λαr +

e

c
cLα cos ΛC (k)

[
ztωxW

V 2
∞ cos2 Λ

−
(

1 +
−ztωxec cos Λ + z2

t

V 2
∞ cos2 Λ

)
Θ

+
xtWx

V∞ cos Λ
− Wt

V∞ cos Λ
− ecΘt

V∞
+
ωyWWx

V∞ cos Λ

]
+ 2π cos Λ

{
− ztωxcΘ

16V 2
∞ cos Λ

− ztωxemWt

4V 3
∞ cos2 Λ

+

[
ec

4V∞
+
−ztωx

(
c2 + 32e2

m

)
cos Λ + 32z2

t em

128V 3
∞ cos2 Λ

]
Θt −

xtemWxt

4V 2
∞ cos Λ

+
emWtt

4V 2
∞ cos Λ

+

(
c2 + 32e2

m

)
Θtt

128V 2
∞

− ωyem (WtWx +WWxt)

4V 2
∞ cos Λ

}
(85)
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If the dihedral angle is small and can be neglected, then the lift and pitching moment coefficients become

cL = cLα cos Λαr + cLα cos ΛC (k)

[
−p

2ya tan ΛW

V 2
∞ cos Λ

−
(

1 +
p2yaec cos Λ sin Λ + p2y2

a

V 2
∞ cos2 Λ

)
Θ− tan ΛWx

− Wt

V∞ cos Λ
− ecΘt

V∞
− pWWx

V∞

]
+

2π cos Λc

4V∞

[
−p

2ya tan ΛWt

V 2
∞ cos Λ

−
(

1 +
p2yaem cos Λ sin Λ + p2y2

a

V 2
∞ cos2 Λ

)
Θt

− tan ΛWxt −
Wtt

V∞ cos Λ
− emΘtt

V∞
− p (WtWx +WWxt)

V∞

]
(86)

cm = cmac +
e

c
cLα cos Λαr +

e

c
cLα cos ΛC (k)

[
−p

2ya tan ΛW

V 2
∞ cos Λ

−
(

1 +
p2yaec cos Λ sin Λ + p2y2

a

V 2
∞ cos2 Λ

)
Θ

− tan ΛWx −
Wt

V∞ cos Λ
− ecΘt

V∞
− pWWx

V∞

]
+ 2π cos Λ

{
p2yac tan ΛΘ

16V 2
∞

+
p2yaem tan ΛWt

4V 3
∞ cos Λ

+

[
ec

4V∞
+
p2ya

(
c2 + 32e2

m

)
cos Λ sin Λ + 32p2y2

aem

128V 3
∞ cos2 Λ

]
Θt +

em tan ΛWxt

4V∞
+

emWtt

4V 2
∞ cos Λ

+

(
c2 + 32e2

m

)
Θtt

128V 2
∞

+
pem (WtWx +WWxt)

4V 2
∞

}
(87)

C. Elastic Forces and Moment

Retaining only the nonlinear terms with Ux and Wx, and assuming that ea is small, then the elastic forces
and moment are given by

Px

Mx

My

Mz

 =


EAUx + 1

2EAU
2
x + 1

2EAW
2
x + 1

2EIyyW
2
xx(

GJ + EIxxUx + 1
2EIxxU

2
x + 1

2EIxxW
2
x + 1

2EB5W
2
xx

)
Θx

(1 + Ux)EIyyWxx

(1 + Ux)EIzzVxx − 1
2EB9W

2
xx

 (88)

The resulting equilibrium equations are given by8

∂

∂x

 Px

Py

Pz

 = −

 fx

fy

fz

 (89)

∂

∂x

 Mx

My

Mz

 =

 PyWx − PzVx −mx

PxWx − Pz +my

PxVx − Py −mz

 (90)

These equations become

∂Mx

∂x
+

(
∂Mz

∂x
− PxVx +mz

)
Wx −

(
∂My

∂x
− PxWx −my

)
Vx +mx = 0 (91)

∂2My

∂x2
− ∂ (PxWx)

∂x
− ∂my

∂x
− fz = 0 (92)

∂2Mz

∂x2
− ∂ (PxVx)

∂x
+
∂mz

∂x
− fy = 0 (93)

Neglecting the nonlinear terms with Vx, the nonlinear equations are obtained as

∂

∂x

(
EAUx +

1

2
EAU2

x +
1

2
EAW 2

x +
1

2
EIyyW

2
xx

)
= −fx (94)
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∂

∂x

[(
GJ + EIxxUx +

1

2
EIxxU

2
x +

1

2
EIxxW

2
x +

1

2
EB5W

2
xx

)
Θx

]
= −mx (95)

∂2 [(1 + Ux)EIyyWxx]

∂x2
− ∂ (PxWx)

∂x
= fz +

∂my

∂x
(96)

∂2
[
(1 + Ux)EIzzVxx − 1

2EB9W
2
xx

]
∂x2

− ∂ (PxVx)

∂x
= fy −

∂mz

∂x
(97)

where Px = EAUx + 1
2EAU

2
x + 1

2EAW
2
x + 1

2EIyyW
2
xx.

Consider a weak-form solution by letting U (x, t) = Nu (x)u (t), V (x, t) = Nv (x) v, W (x, t) = Nw (x)w (t),
and Θ (x, t) = Nθ (x) θ (t) . Then we obtain the following weak-form expressions

u

ˆ L

0

N
′>
u EANudx+

1

2
u2

ˆ L

0

N
′>
u

(
EAN

′

u

)
N

′

xdx+
1

2
w2

ˆ L

0

N
′>
u

(
EAN

′

w

)
N

′

wdx

+
1

2
w2

ˆ L

0

N
′>
u

(
EIyyN

′′

w

)
N

′′

wdx =

ˆ L

0

N>u fxdx (98)

θ

ˆ L

0

N
′>
θ GJN

′

θdx+ θu

ˆ L

0

N
′>
θ

(
EIxxN

′

u

)
N

′

θdx+
1

2
θu2

ˆ L

0

N
′>
θ

(
EIxxN

′2
u

)
N

′

θdx

+
1

2
θw2

ˆ L

0

N
′>
θ

(
EIxxN

′2
w

)
N

′

θdx+
1

2
θw2

ˆ L

0

N
′>
θ

(
EB5N

′′2
w

)
N

′

θdx =

ˆ L

0

N>θ mxdx (99)

w

ˆ L

0

N
′′>
w EIyyN

′′

wdx+ wu

ˆ L

0

N
′′>
w

(
EIyyN

′

u

)
N

′′

wdx+ wu

ˆ L

0

N
′>
w

(
EAN

′

u

)
N

′

wdx

+
1

2
wu2

ˆ L

0

N
′>
w

(
EAN

′2
u

)
N

′

wdx+
1

2
w3

ˆ L

0

N
′>
w

(
EAN

′2
w

)
N

′

wdx

+
1

2
w3

ˆ L

0

N
′>
w

(
EIyyN

′′2
w

)
N

′

wdx =

ˆ L

0

N>w

(
fz +

∂my

∂x

)
dx (100)

v

ˆ L

0

N
′′>
v EIzzN

′′

v dx+ vu

ˆ L

0

N
′′>
v

(
EIzzN

′

u

)
N

′′

v dx−
1

2
w2

ˆ L

0

N
′′>
v

(
EB9N

′′

w

)
N

′′

w

+ vu

ˆ L

0

N
′>
v

(
EAN

′

u

)
N

′

vdx+
1

2
vu2

ˆ L

0

N
′>
v

(
EAN

′2
u

)
N

′

vdx

+
1

2
vw2

ˆ L

0

N
′>
v

(
EAN

′2
w

)
N

′

vdx+
1

2
vw2

ˆ L

0

N
′>
v

(
EIyyN

′′2
w

)
N

′

vdx =

ˆ L

0

N>w

(
fy −

∂mz

∂x

)
dx (101)

These equations constitute a set of nonlinear displacement equations which can be solved by any nonlinear
root search methods.

For illustration, consider a cantilever wing with the bending stiffness EI = 2× 109e−7η and extensional
stiffness EA = 9.5806 × 106η2 − 24.1861 × 106η + 18.0679 × 106 where η = x

L . The wing tip deflection
is 6.21% of the wing length with the linear analysis, and is 6.03% with the nonlinear analysis. This wing
tip deflection is similar to that of a conventional aluminum wing such as the Boeing 757 wing. As the
bending stiffness reduces, the effect of nonlinear bending becomes more pronounced as the contribution of
the nonlinear bending stiffness due to the wing bending slope Wx causes the aeroelastic deflection to decrease
relative to the linear aeroelastic deflection. At about 10% wing tip deflection, the effect of nonlinear bending
begins to set in. This wing tip deflection is similar to that of a modern composite wing such as the Boeing
787 wing. Figure 2 illustrates the nonlinear bending of a cantilever wing.
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Figure 2. Nonlinear Bending of Typical Cantilever Wing

VI. Aeroelastic Analysis of Truss-Braced Wing Aircraft

The SUGAR Truss-Braced Wing (TBW) aircraft concept is a Boeing-developed N+3 aircraft config-
uration funded by NASA ARMD Fixed Wing project.12–14 The TBW aircraft concept is designed to be
aerodynamically efficient by employing a high-aspect ratio wing design. The aspect ratio of the TBW is in
the order of 14 which is significantly greater than those of conventional aircraft wings. As a result, inter-
mediate structural supports are required. The main wings are braced at approximately mid-span by two
main struts. In addition, two jury struts; one on each wing, provide additional reinforcement. Figure 3 is
an illustration of the TBW aircraft.

Figure 3. Boeing SUGAR Truss-Braced Wing (TBW) Aircraft Concept

Truss-braced wing aircraft concepts provide a structural solution to high aspect ratio wing aircraft designs.
The long slender wing would employ structural bracing via the use of axially loaded strut members to provide
intermediate span supports in addition to the wing root attachment. These struts generally support a portion
of the span load carried by the wing and are loaded in tension. Under a negative-g flight condition such as
during a dive, a load reversal could occur that could put the struts in compression. The compressive loading
would require design considerations for buckling strength.

Under aerodynamic loading, an axially loaded member also experiences the normal bending and torsion
generated by aerodynamic lift force and pitching moment. Aeroelasticity of an axially loaded structure
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undergoing transverse bending can be significantly different from that with transverse bending alone. The
main struts and jury struts can impact aerodynamics of the main wings since they create aerodynamic
interference drag that can offset the aerodynamic benefit of high-aspect ratio wing design. Thus, the TBW
is designed to strive a balance between aerodynamic efficiency and structural efficiency.

A recent flutter wind tunnel test of a dynamically scaled TBW was conducted in NASA Langley Transonic
Dynamic Wind Tunnel (TDT).15 The model is 16% scaled, semi-span, wall-mounted model as shown in Fig.
4. It was reported that the flutter speed is dependent on the angle of attack at ±1◦.15 Test data shows
that the flutter boundary for the TBW is generally lower at −1◦ than at +1◦ in the angle of attack. The
nonlinear effect of the TBW due to axial loading has been analyzed.16,17 While there may be other nonlinear
factors that could contribute to this observation, one plausible explanation could be the geometric nonlinear
tension stiffening effect of the main struts at a positive angle of attack, and conversely the softening effect
at a negative angle of attack.

A finite-element model (FEM) of the TBW is constructed that uses a total of five components. Only the
right side of the aircraft is modeled, and the wing configuration is assumed to be cantilevered to the side of
the fuselage. The three main physical components of the wing configuration are the wing, the strut, and the
jury strut. The FEM uses lumped mass and inertia properties provided by Boeing Research & Technology.13

The lumped mass data is converted into the running mass. Extensional stiffness of the wing is not available
and instead is estimated for the purpose of illustrating the nonlinear effects. Since the nonlinear effect is
sensitive to the extensional stiffness, the solution can vary widely depending on the extensional stiffness. For
this study, we choose the extensional stiffness EA = 3The engine-pylon mass is not available and therefore
is not modeled. It should be noted that the model is not an accurate representation of the Boeing TBW
model, but instead is intended for illustrative purposes only to demonstrate the nonlinear aeroelasticity with
inertial force coupling.

Figure 4. Truss-Braced Wing (TBW) Model in NASA Langley Transonic Dynamic Tunnel (TDT)

Figures 5(a) and (b) are the plots of the lift and pitching moment distributions for the wing and the strut
at 2.5-g condition, corresponding to CL = 2.025 at Mach 0.7 and an altitude of 42,000 ft for a design cruise
gross weight of 146,000 lbs based on a wing reference area of 1,477 ft2.

15 of 19

American Institute of Aeronautics and Astronautics



0 20 40 60 80 100
0

500

1000

1500

2000

2500

3000

BBL, ft

L
if
t 
D

is
tr

ib
u
ti
o
n
, 
lb

/f
t

 

 
Wing

Strut

0 20 40 60 80 100
−3500

−3000

−2500

−2000

−1500

−1000

−500

0

500

BBL, ft

Q
u
a
rt

e
r−

C
h
o
rd

 P
it
c
h
n
in

g
 M

o
m

e
n
t 
D

is
tr

ib
u
ti
o
n
, 
lb

−
ft
/f
t

 

 
Wing

Strut

(a) (b)

Figure 5. Lift and Pitching Moment Distribution at 2.5 g

Figure 6 is the plot of the wing vertical deflection for linear and nonlinear analyses. At a 2.5-g flight load
with no inertial force coupling and nonlinear tension-induced stiffness due to the strut, the vertical deflection
of the wing tip is computed to be 3.1009 ft. With the tension-induced stiffness, the vertical deflection is
reduced to 3.0765 ft. The effect of the nonlinear tension-induced stiffness is apparently not significant. When
the nonlinear bending stiffness is accounted for, the vertical deflection is significantly reduced to a value of
2.2930 ft. Note that the linear vertical deflection is about 9% of the wing span from the strut to the wing
tip. Thus, it is not unreasonable to expect that nonlinear bending effect begins to set in at this value of
bending deflection.
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Figure 6. Wing Vertical Deflection at 2.5-g Flight Condition

Figure 7 shows the effect of the roll rate on the wing tip deflection for linear and nonlinear analyses.
As the roll rate increases, the wing tip deflection increases nonlinearly with the roll rate. The inertial force
coupling of roll rate is reduced by the nonlinear tension-induced and large bending deflection. For typical
transport aircraft, the maximum roll rate may be limited to about 20 deg/sec. Thus, the inertial force
coupling for the TBW is not considered to be significant. However, in general, for high aspect ratio wing
aircraft, the inertial force coupling can be important.
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Table 2 shows the frequencies for linear analysis and nonlinear analysis with and without inertial force
coupling. The nonlinear effect of strut tension stiffening and large bending deflection contributes to the
increase in the wing stiffness results in the frequency increase. For a roll rate of 20 deg/sec, the frequencies
only change very slightly.

Mode Linear Nonlinear Nonlinear with 20-deg/sec Roll Rate

1 1.9418 2.2311 2.2311

2 2.3631 2.7418 2.7420

3 4.0649 4.3267 4.3266

4 6.7069 7.0629 7.0632

5 8.5323 8.7955 8.7068

Table 2. Frequencies of TBW at 2.5-g Flight Condition

Figures 8(a) and (b) show the frequency and damping at 2.5-g flight condition for linear analysis. As can
be seen in Fig. 8(a), the flutter speed occurs at 606 KEAS (Knot Equivalent Air Speed) corresponding to
mode 5 at 2.5-g. For nonlinear analysis, the frequency and damping at 2.5-g flight condition are plotted in
Figs. 9(a) and (b). Due to the nonlinear stiffness, the flutter speed increases to 643 KEAS.
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Figure 8. Frequency and Damping at 2.5-g Flight Condition with Linear Analysis
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Figure 9. Frequency and Damping at 2.5-g Flight Condition with Nonlinear Analysis

It should be noted that flutter is a linear aeroelasticity concept. Nonlinear aeroelasticity can give rise to
limit cycle oscillations which can be analyzed more conveniently in the time domain than in the frequency
domain. As future aircraft tend to employ higher-aspect ratio wing design, nonlinear aeroelasticity can
become increasingly more important that will require a full nonlinear aeroelastic consideration with inertial
force coupling in the initial design. Future studies will investigate the effects of large deflection on a different
high aspect ratio wing aircraft model such as the Common Research Model (CRM) or by redesigning the
TBW aircraft to allow larger wing deflections by reducing the effect of the strut tension.

VII. Conclusions

This paper presents an analytical method for coupling inertial forces into wing aeroelasticity. The inertial
forces resulting from aircraft angular rate and acceleration interact with wing aeroelasticity in a complex
manner. If aeroelastic deflections are significant, the inertial force coupling effect can introduce nonlinearity
in the aeroelastic analysis. The Theodorsen’s method for unsteady aerodynamics is applied to incorporate
the inertial force coupling into the formulation of the aeroelastic angle of attack. Additionally, the elastic
forces are moments are formulated to account for large flapwise bending. This results in a set of nonlinear
aeroelastic weak-form equations. An analysis of the Truss-Braced Wing (TBW) aircraft is performed for a
pure rolling motion. The analysis at 2.5-g flight loads demonstrates that the inertial force coupling causes
a small increase in the wing deflection. The nonlinear tension-induced stiffness due to the strut causes a
slight reduction in the wing deflection. On the other hand, the nonlinear bending effect can be significant
if the wing tip bending deflection is sufficiently large. The flutter speed is shown to be highly influenced by
the nonlinear bending effect which causes an increase in the flutter speed for the TBW aircraft. In practice,
nonlinear bending can give rise to limit cycle oscillations which can be investigated more expediently using
a time-domain analysis.
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