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We introduce a new class of distributions by generalizing the subexponential class to investigate the
asymptotic relation between the tails of an infinitely divisible distribution and its Lévy measure. We
call a one-sided distribution u O-subexponential if it has positive tail satistfying
lim sup, oot * (x, 00)/u(x, 00) < oco. Necessary and sufficient conditions for an infinitely divisible
distribution to be O-subexponential are given in a similar way to the subexponential case in work by
Embrechts et al. It is of critical importance that the O-subexponential is not closed under convolution
roots. This property leads to the difference between our result and that corresponding to the
subexponential class. Moreover, under the assumption that an infinitely divisible distribution has
exponential tail, it is shown that an infinitely divisible distribution is convolution equivalent if and
only if the ratio of its tail and its Lévy measure goes to a positive constant as x goes to infinity.
Additionally, the upper and lower limits of the ratio of the tails of a semi-stable distribution and its
Lévy measure are given.
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1. Introduction and main results

In the study of infinitely divisible distributions, one of the most important problems to
investigate is the relation between an infinitely divisible distribution and its Lévy measure.
In this paper, we consider the asymptotic relation between the tails of an infinitely divisible
distribution on [0, co) and its Lévy measure by generalizing the subexponential class. In
this section, we mention some known results and give our results without proofs.

Hereafter, N and R denote the set of positive integers and the set of real numbers,
respectively. The function j(x) denotes the tail of a measure u, that is, i(x) = u(x, co), and
P, denotes the class of all distributions u# on [0, co) satisfying j(x) > 0 for every x > 0.

The class 7D, denotes the class of all infinitely divisible distributions u# on [0, co) with
Laplace transform

A(s) = exp {L (e - 1)V(dt)},
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where the Lévy measure v satisfies J;fo (1 A t)yv(dt) < oo and 9(¢) > 0 for every ¢ > 0. Define
the normalized Lévy measure v as v = lg,~13v/v(1, 00).

Our concern is with the asymptotics of the ratio g(x)/v(x). We define two relations for
positive functions f(x) and g(x) on [A4, co) for some 4 = 0. The relation f(x) ~ g(x) is
defined by lim, . f(x)/g(x) = 1 and the relation f(x) =< g(x) by liminf,_ . f(x)/g(x) >0
and lim sup,_ f(x)/g(x) < co. Denote by u * p the convolution of distributions # and p
on [0, co) and by u"* the nth convolution power of u. The relation ‘<’ is closed under
convolution (Proposition 2.7), but the relation ‘~’ is not (Remark 2.2). Several distribution
classes play important roles. The first one is the subexponential class S introduced by
Chistyakov (1964).

A distribution ¢ on [0, co) is said to be subexponential (u € S) if

b}

Tim @ () /() = 2.

If a distribution on [0, co) has regularly varying tail, then it belongs to &. But there are
distributions in & which do not have regularly varying tail. One-sided stable distributions and
the Pareto distribution are examples of the former case, and the Weilbull distributions with
parameter less than 1 and the lognormal distribution are examples of the latter case.
Furhermore, these are in ZD.. See Embrechts (1984), Embrechts et al. (1997) and Goldie
and Kliippelberg (1998).

The following result shows that the subexponentiality is very important in the study of
the tail behaviours of an infinitely divisible distribution and its Lévy measure.

Theorem A (Embrechts et al. 1979). Let u be a distribution in TD. with Lévy measure v.
The following are equivalent:

() ues;
(i) v, € S;
(iii) @(x) ~ 7().
Motivated by the above theorem, we introduce some distribution classes. Define the class
IS as IS =SNID,. Let WS be the class of distributions ¢ in P, such that

lim g z(x)/fa(x) = ¢ for some ¢ > 0.

Let WIS be the class of distributions ¢ in 7D, such that

lim @(x)/v(x) = ¢ for some ¢ > 0.

We are interested in the relationships among these distribution classes. For instance, as a
generalization of Theorem A, it is an interesting problem whether WIS = WS NID,.
Indeed, Chover et al. (1973a; 1973b) define the convolution equivalent class and Sgibnev
(1990) gives a theorem corresponding to this class, which is an extension of Theorem A.

Define the class L(y) with y=0 as the «class of u such that
lim, o l(x + k)/ii(x) = e 7% for every k € R. A distribution u on [0, o) is said to be
in the convolution equivalent class S(y) with y = 0 if u satisfies
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(i) ue Ly, N
(i) limy oo * fi(x)/fl(x) = 24(—y), where fi(—y) = [;~ e’ u(dt) < oc.

It is obvious that S(0) = S. A distribution u in £(y) is said to have exponential tail with
rate y. Let £ = £(0). Some generalized inverse Gaussian distributions belong to S(y) for
some v = 0 (Embrechts 1983).

Theorem B (Sgibnev 1990). Let y > 0 and u be a distribution in ID.. The following are
equivalent:

(i) we S
(i) v € S(y);
(iii) € L), (it —y) < oo and F(x) ~ i(—y)o(x).
We deal with the more general asymptotic relation
a(x) < v(x).
To begin with, we refer to the first result on this generalization. A distribution 4 € P, is said
to have a dominatedly varying tail if lim sup,_,f(x)/#(2x) < co. Let D be the class of all
distributions x4 € P, with dominatedly varying tail. A one-sided semi-stable distribution

belongs to D (Theorem 1.3). The Peter and Paul distribution defined by u({2*}) =27* for
k € N is in D. However, it is not in S (Goldie 1978).

Theorem C (Watanabe 1996). Let u be a distribution in ID,.

(1) The following are equivalent:
(a) €D
(b) v; € D.

(i1) If vi € D, then u(x) < v(x).

Remark 1.1. The opposite direction in (ii) does not hold. For example, the lognormal
distribution is in S but not in D.

We now define a new class of interest. We say that a distribution 4 on [0, c0) is O-
subexponential if

lim supf@ * fi(x)/i(x) < oc.

The class of all O-subexponential distributions is denoted by OS. The class OS includes all
of the classes S, S(y), D and WS.
Remark 1.2. Klippelberg (1990) calls an O-subexponential distribution weak idempotent.

In relation to the class OS, we show the same type of theorem as Theorems A, B and C.
The situation is different here, because the class OS is not closed under convolution roots.
The following proposition clarifies the difference of the property on convolution between
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the class OS and the other classes. We say that a class C is closed under convolution roots
if u"* € C for some n € N implies u € C. Moreover, for a class C;, we say that C is closed
under convolution roots in the class C; if u"* € C for some n € N and u € C; imply u € C.

Proposition 1.1.

(1) S is closed under convolution roots (Embrechts et al. 1979.)

(ii) S(y) is closed under convolution roots in the class L(y) (Embrechts and Goldie
1982.)

(iii) D is closed under convolution roots.
(iv) OS is not closed under convolution roots. Let p be the distribution defined as

p(dx) = ¢ O x(dx),
; (k+ 1)2
where T={keN:k=>37j3"",ji=0o0r1}, O is the probability measure
concentrated at k and c is the normalizing constant. Then p does not belong to OS,
but the nth convolution power p"* belongs to OS for all n = 2.

Theorem 1.1. Let u be a distribution in ID..

(1) The following are equivalent:

(a) vy € OS;
(b) d(x) = v(x).

(i) The following are equivalent:
(a) € OS;
(b) v* € OS for some n=1;
(c) f(x) < ﬁf’*(x) for some n = 1.
If (b) holds, then the set of n € N such that vi™ € OS is identical with the set of
neN such that f(x) = Vn*(x) and is equal to {meN:m=ny} with some
no € N.

@i1) If vy is in OS, then u is in OS. However, the converse does not hold.

Remark 1.3. There exists u € TD, N OS with v; ¢ OS. In other words, in (ii)(c) ng is not
always equal to 1. An example is given by taking p from Proposition 1.1 as the Lévy measure

v. Then we see that v; ¢ OS but ¥¥* € OS. An early result of Griibel (1983) has some faults
in this respect.

Remark 1.4. Theorem C is obtained by using Theorem 1.1 and Proposition 1.1(iii). The

original proof in Watanabe (1996) is more complicated by virtue of employing a Tauberian
theorem.

We give two corollaries of Theorem 1.1.

Corollary 1.1. Let u be a distribution in TD, with vy € OS.
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(i) For a non-negative locally integrable function f(t) on [0, c0),
| rcnar = | s

1 1

(ii) For a non-negative non-decreasing function g(t) on [1, o), the integral LOC g(Hu(dr)
is finite if and only if the integral Loc g(tyv(de) is finite.

Corollary 1.2. If u"* € OSNID, for some integer n =1, then u € OS NID,. Thus OS is
closed under convolution roots in the class ID..

We consider WS and WIS again. While it is obvious that U,=¢S(y) C WS, we do not
know whether U,=S(y) = WS. However, it is known that they are identical in the class

L(y).
Theorem D (Chover et al. 1973a; 1973b; Cline 1987; Rogozin 2000). For y = (,
WS N L(y) = S(y).

On the other hand, Theorem B implies that U,=¢S(y) NZD, C WIS. We conjecture the
following three identities:

(1) WS = Uy=08(p);
(i) WIS = Uy=S(y) N ID,;

and thus,
(iii) WIS = WS NID..
Combined with Theorem D, the following theorem shows that the above conjecture is
true in the class L(y).
Theorem 1.2. For y = (),
WIS N L(y)=S(y)NID..

Corollary 1.3. Let u be a distribution in ID.. If, for every a € R,
c(a) = lim A+ a)

e )
exists and is positive and finite, then there exists v = 0 such that

ueSY)NIDy and c(a)=e ""a(—y).

Remark 1.5. The condition can be weakened to the existence of c¢(a) for every a in a set with
positive Lebesgue measure including 0. See Theorem 1.4.1 in Bingham et al. (1987).
Although it is not easy to give the upper or lower limit of ji(x)/v(x) for a distribution u
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in OSNID,, we can show them for semi-stable distributions on [0, co). An infinitely
divisible distribution u# € P, is called semi-stable if, for some a > 1, there exist » > 1 and
¢ = 0 satisfying

A(s)* = fd(bs)e™ for s = 0.

For a semi-stable distribution the span b and the index a =loga/logh (0 < a < 1) are
important. A span is not unique, but the index is independent of the choice of span. See Sato
(1999) for semi-stable distributions on R?.

Theorem 1.3. Let u € ID, be a semi-stable distribution on [0, co) with Lévy measure v,
index o and span b.
(1) The distribution u is in D.
(i1) We have
liminf@:I and limsup@: su V{x—).
x—00 (X x—oo V(X)) 1=x<p V(X)

Thus the distribution u is in S if and only if V(x) is continuous on (0, c0).
(iii) The upper limit in (ii) is bounded by b“. This bound is attained if and only if
v(dx) = czkezb’kaébkm(dx) with some c, xy > 0.

We show some fundamental properties of distributions in OS in Section 2. Proofs of all
the statements in this section are given in Section 3.

2. Properties of the class OS

In this section, we state the properties of OS, comparing them with those of S.
We start with definitions and notation. Let OL be the class of all distributions such that

lim sup, oo it(x + k)/it(x) < oo for every k€ R Let f: f(Hu(dt) = f(a’b] f(Hu(dr) for
0<a<bh<oo. Let I"(u) = limsup, o %f(x)/f@(x) for u € P,.

Proposition 2.1.

(1) S C L (Chistyakov 1964.)
(i) OS C OL.

Proposition 2.2.

(1) If ue L, then lim,_,.e“ji(x) = oo for every ¢ > 0.
(11) If u € OL, then lim,_e“i(x) = oo for some € > 0.

Proof of Propositions 2.1 and 2.2. We only prove (ii) of each proposition. Assume that
u € OS and 0 < k < x. Then we have



Infinite divisibility and generalized subexponentiality 451

o0

i (x) = J a(x — Hu(ds)
0—

k X
— @) + Liﬂ(x ~ Du(dn) + jkmx ~ Hu(ds)

= ((x) + @(x)ul0, k] + pa(x — kHu(k, x].
Therefore,

e — k) _ TFE)/f) — 1 — 0, K]
) u(k, x1 '

Letting x — oo, we obtain

a(x — k
lim i‘.ﬂp% = A0 () — 1 — o, K.

It follows from the assumption that the right-hand side is finite. The proof of Proposition
2.1(ii) is complete.

Note that u € OL if and only if f(logx) is O-regularly varying. It follows from Theorem
2.2.7 in Bingham et al. (1987, p. 74) that lim,_ . x“i(logx) = co for some ¢ > 0. O

Both § and OS are characterized by their tail behaviours as follows.

Proposition 2.3.

(1) Let uy € S and u € Py. If jti(x) ~ cita(x) for some ¢ >0, then uy € S (Teugels
1975.)
(1) Let u; € OS and u, € Py. If i1(x) < iz(x), then uy € OS (Kliippelberg 1990.)

The following is a generalization of Lemma 7 in Athreya and Ney (1972, p. 149).

Proposition 2.4. If u € OS, then, for arbitrary ¢ > 0, there exists ¢; > 0 such that, for n =1
and x =0,

% < o +e— 1"

Proof. Let a, = supx>o,u”—* (x)/@(x) for n=2. For any given ¢ >0, take y such that
SUP,= L % fi(x)/@(x) < I*(u) + ¢. Since

uHDF (x) = i(x) + L um (x — Hu(do),

we have
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aps1 <14 sup
O=x<y

fi WO )+ sup w(d)

J" )
a(x) x=y

- Hx)

1 Mk u(x) — fi(x)
<l4+—+asup——————
ao) T A

= co+ayr,

where ¢y = 14 1/(y) and r = I"(u) + € — 1. Note that /*(u) =2 by the argument in the
proof of Proposition 2.1. It follows by induction that

where ¢; = 1+ co(r — 1)\ O
Remark 2.1 (Chistyakov 1964). For i € Py, liminf,_.u"*(x)/i(x) = n.

Lastly, we give two propositions on the convolution properties, a part of which
corresponds to the converse of Proposition 1.1.

Proposition 2.5.

(i) S is closed under convolution power, but is not closed under convolution (Leslie
1989.)
(i) S(y) is closed under convolution power, but is not closed under convolution
(Kliippelberg and Villasenor 1991.)
(ii1)) D is closed under convolution.
(iv) OS is closed under convolution (Kliippelberg 1990.)

Proof. For (iii), observe that f(x) V fa(x) < iy * ia(x) < f11(x/2) + @2 (x/2). {O}
Proposition 2.6. If u"* € OS for some n =1, then u** € OS for every k = n.

Proof. 1t is easily shown by induction, on account of Proposition 2.5(iv) and the observation,
that

TR _ ) ) 2 ()
HOEIEG) ) ) )
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b

The following shows that the relation <’ is closed under convolution.

Proposition 2.7. Let u; (i =1,2,3,4) be in Py. If j1(x) < fia(x) and fi3(x) < fia(x), then
A1 % 43(x) < iy * 4a(x). Therefore, if jt)(x) < ita(x), then @™ (x) < @5 (x) for n = 1.

Proof.

00 00

f(x — Hus(de) = L fo(x — Dus(di)

p1*pz(x) = J

0

00

- jo 5(x — padn) = L u(x — Dpaldr) = B F ).

O

Remark 2.2. The relation ‘~’ is not closed under convolution. For example, let u; =
1(00(dx) + w), 1 =4(01(dx) + ), where u is the Peter and Paul distribution. Then the

relation u?3*(x) ~ u3*(x) does not hold, although /;(x) ~ @(x).

3. Proofs of the results

In this section, we prove the results presented in Section 1. The proof of Proposition 1.1 is
given last because of its difficulty. We will use Proposition 1.1 in the proof of Theorem
1.1(iii), but Proposition 1.1 will be shown independently of other results.

3.1. Proof of Theorem 1.1

We will prove Theorem 1.1 step by step, beginning with the following proposition.

Proposition 3.1. Let 1, = 0 with k € N be a sequence satisfying > o Ar =1, Ao+ 41 <1
and sup{x = 1: Y32 JAxt < oo} = oco. Put =332 yArp"™ for p € Py

(1) The following are equivalent:
(a) p € OS;
(b) 7(x) =< p(x).
(i) If sup{k : Ax > 0} = oo, then the following are equivalent.
(a) 7€ OS;
(b) p™ € OS for some n=1;
(c) 7(x) < p"*(x) for some n = 1.

If n€OS, then the set {ne€N: p" € OS} is identical with the set {n €N :
7(x) < p"*(x)} and equal to {n € N : n = ny} for some ny.

Proof. Let us set x > 0. We omit the proof of (i) since this is proved in the same way as (ii)
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by using A9 +4; <1 instead of sup{k : A > 0} = co. To prove (ii), we first prove the
equivalence of (b) and (c).

(b) = (c). If p™* € OS, then, by Proposition 2.4, for arbitrary ¢ > 0, there exists ¢; > 0
such that p%*(x) < ¢;(I"(p"*) 4+ ¢ — 1)*p"*(x) for every k=1 and x > 0. Therefore, we
see that

7)) = Ap™ () < D> Ap () < e Y A (p") + € = DFprF(x).
k=1 k=1 k=1

On the other hand, for 1,, >0 (m=n=1),
() = A" () = Lup™ (3).
(¢) = (b). If we take m = 2n such that 4,, > 0, then, it follows from (c) that
PPEE) = prEE) = () 0) = P (),

which implies (b). Thus we see that (b) and (c) are equivalent.

(b) and (c) = (a). Since we can take the same 7 in (b) and (c), it is easily obtained by
Proposition 2.3. L

(a) = (c). Let 5 € OS. Using p(x) < p**(x) for k = 1, we have

D Mp) =Y ApF(x) = 7).
k=1 k=1

That is to say,
p(x) = (1 = 20)”'7(x).
Moreover, it follows by induction that
PP @) < (1= 20) 7™ (). (3.1

By Proposition 2.4,

70 < eI () + € = D). (3.2)
We obtain from (3.1) and (3.2) that

PR < (") + € = DI = Zo) 7).

Therefore, we see that

0 = n ok o)
=S5 2,200 5, P A1 — D1 = a0) 7k 33
; T ; o HU; () + € — D1 = 49) 3.3)

The assumption allows us to choose n = 2 such that 1, > 0 and the second term of the right-
hand side is less than 1. Let us prove that

—F
PO

0.
)
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Assume that {x;: j€ N} is an increasing sequence satisfying lim; ..x; =occ and
lim; ..o p™*(x;)/7(x;) = 0. Since

DR (x; DR(x;
limsupp (x])<limp o5 _

— = — =0 forl<k<n,
jooo (X)) Jooe 1(x))

the first term of the right-hand side of (3.3) goes to 0 as j — oo. Then the second term
should be not less than 1. This is a contradiction.

Conversely, noticing 4, > 0, we obtain p"*(x) < (1,)'7(x). Thus we obtain (c).

Since we can take the same n in (b) and (c), one half of the last assertion is true. The
other half follows from Proposition 2.6. O

Applying this proposition to the compound Poisson distribution gives the following,
which corresponds to the special case of Theorem 1.1 with finite Lévy measure.

Proposition 3.2. Let u € ID. with finite Lévy measure v and put
o
~ (0, 00)

Yo

(1) The following are equivalent:
(a) vo € OS, equivalently, vi € OS;
(b) f(x) = v(x).
(ii) The following are equivalent:
(@) € OS;
(b) vi* € OS for some n=1;
(c) m(x)=<vI*(x) for some n=1.

If weOS, then the set {neN:vl*cOS} is identical to the set {ne€N:
A(x) < vi*(x)} and equal to {n € N : n = no} for some ny.

We can now prove Theorem 1.1.

Proof of Theorem 1.1. Let x > 0. First we decompose u into the convolution of two
distributions as follows. Let ¢ = v(1, o) and define the distribution x; in ZD, with Lévy
measure c¢v; and the distribution u, in ZD, as u = u; * up. Comparing the tails of these
distributions with e~“°¢* (0 < ¢ < 1) by Theorem 26.1 of Sato (1999), we see [iy(x) =
o(f1(x)). Let ¢; > 0 such that i,(x) < c;t;(x). Since

i) = Liﬂz(x — n(dn) < cljoimx — D(dn) = ey (),

we obtain

(%) < A < et (x) < e (x). (34

It follows from (3.4) that u; € OS implies 4 € OS and u € OS implies u* € OS. Since
w1 is a compound Poisson distribution and u; and u2* have the same normalized Lévy
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measure, we see that u; € OS and u2* € OS are equivalent by Proposition 3.2(ii). Thus,
up € OS and u € OS are equivalent. Moreover, in this case, @(x) =< it;(x).

(1) (@) = (b). If v; is in OS, by Proposition 3.2, u; € OS and j;(x) < 7;(x). Moreover,
since i1(x) < @(x) < cju¥*(x) < @g1(x), we have (x) =< i (x). Thus, we conclude that
Ha(x) = f(x) < vi(x) < 7(x).

(b) = (a). Conversely, suppose that i(x) =< v(x). Then we see that

e ‘evi(x) < @ (x) < a(x) < v(x) < vi(x).

Thus we obtain i1(x) < v;(x), and Proposition 3.2 thereby implies that v; € OS.

(il) Applying Proposition 3.2 to u; and by using the fact mentioned after (3.4), we can
easily see that (a) and (b) are equivalent. Additionally, (c) is obtained from (a) and (b) by
Proposition 2.3. Hence, it is enough to show (b) from (c).

(¢) = (b). From the assumption, we have

VIR (x) = (X)) = fi(x) = e C—Vl*(x)
n

Hence i(x) < v >|‘(x) which implies ¥1* € OS by Proposition 3.2. The last assertion in (ii)
follows from that of Proposition 3.2.
(iii) This is obvious from (i), (ii) and Remark 1.3. U]

Proof of Corollary 1.1. Assertion (i) is easily shown from Theorem 1.1(i).
Noticing that OS C OL, assertion (ii) follows from the equivalence of the following:

)7 g(0u(de) < oo, 353 (g(k +1) — g(k)atk) < oo and Y027, (g(k + 1) — g(h)i(k — 1)

< 0. U

Proof of Corollary 1.2. Observe that 4"* and u have the same normalized Lévy measure.
O

3.2. Proof of Theorem 1.2

Before proving Theorem 1.2 we give a number of useful lemmas and propositions. We start

with an interesting equality which is a generalized version of that in Lemma 3 of Rogozin

(2000). The proof is similar and omitted.

Lemma 3.1. Let p be a distribution on [0, oo). [ffoof tp(dt) < oo, then, for n = 2 and x > 0,

00 n—1 px
J pW(t)dt:ZJ PR (x — tp(1)dt + nJ p(1)de.

k=170
The following lemmas, due to Rudin (1973), will be used in the proof of Proposition 3.3.

Lemma 3.2. Let 7 =Y 3" Jep*™ for p € Py with Ay =0 and 3> oAk = 1. If there exists
n € N such that [° t"p(dt) = oo and >3 (k"A; < oo, then
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lim inf 77x)/ p(x) = > k.
k=0

Lemma 3.3. Let f(x) = > 70 fxx* with fi >0, F(x) =7 oAwx’ with Ay = 0. Suppose
that f(1) < oo, f(x) = oo for every x > 1, F(f(1)) < oo and there exists x > f(1) such that
F(x) < oo. Then

o PG, (f(x)) =S ks,
k=1

n—oo Vl

where [-], denotes the Taylor expansion coefficient of x".

Proposition 3.3. Suppose  that Ay =0 for k=0, > Ar=1 and sup{x=1
YAt < oo} =00, Put =37 Ap"* for p € P If p € OSN L, then

hmmf”( *) Zkzk (3.5)

X—00 p_x

Proof. Put ¢ = Y12 kM. If [ 1p(dt) = co, we obtain (3.5) from Lemma 3.2 directly. If
fgj tp(dt) < oo, we consider the quantity

X—00

lim mf p(l )ro(ﬁ(t) — cp(1))dt.

It follows from Proposition 2.4 that » 7 Ax ffo pW(t)dt< oo. Thus, in the following
estimation, exchanging the order of sum and integral is permitted. Using Lemma 3.1 and
Proposition 2.4, we obtain

lim inf% Jjo(ﬁ( £y — cp(t)dt = lixrrliogf$ i ro/lk(pW( 1) — kp(1))dt

X—00 ( k:2 x
= lim 1nfp—Zik Z J p7*(x — Hp(1)dt
Jj=

(Y _
< ¢, lim 1nfmj p(x — Hp(t)dt, (3.6)

X—00

where the constant ¢, defined by ¢ =c1> 5,k (I*(p) +c— DF'(k—1) is finite.
Moreover, we have
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1 X 1 n—1
liminf_—J o(x — t)p(1)dt < liminf —— o(n—k—1)p(k
minf = | PG = Dp(Hd < limin p(n);m pk)

n— k)p(k 3.7
ng(ﬂ py iminf == )Zp( (k). B

Note that supy=op(k)/p(k + 1) < oo because p € OS C OL. Let f; = p(k) and F(x) =
x? in Lemma 3.3. Then, f(1) = >3 (p(k) < [,;°(¢ + 1)p(df) < co. We see from p € L that
F() =Y op(k)xk = x7! [“ep(r)dt = oo for x =e¢ with every ¢ > 0. Hence, using
Lemma 3.3,

o0

hzgggfrzp(n — kp(k) < Z kA f (D! =23 p(k) < oc. (3.8)
k=1 k=0
We obtain from (3.6), (3.7) and (3.8) that
lim inf;r(ﬁ(r) — ¢p(f))dr < . (3.9)
x=o0 p(x) Jy

On the other hand, assume that liminf, . ,7(x)/p(x) > c. Then there exists ¢ > 0 such that
7(x)/p(x) > ¢ + ¢ for all x large enough. Thus

lim inf —— Jm(ﬁ( £) — cp(1)dt = liminf —— ro p(1)dt.
x—oo p(x) x—=oo p(x) )¢

However, since p € £, the right-hand side goes to infinity by Feller (1971, Theorem 1,
p. 281). Since this contradicts (3.9), we must have liminf, . .7(x)/p(x) < c. It follows from
Fatou’s lemma and Remark 2.1 that liminf,_..7(x)/p(x) = c. Therefore, we conclude that
liminf, . 7(x)/p(x) = c. O

The following proposition is the key to proving Theorems 1.2 and 1.3. Part (i) is due to
Embrechts and Goldie (1981, Proposition 2).

Proposition 3.4. (i) For u € ID,,
liminf“%) = 1.
x—oo V(X

(i) If u € ID, and vi € OSN L, then liminf,_ . i(x)/v(x) = 1.

Proof. (ii) Let x > 0. Let u; and u, be the same as in the proof of Theorem 1.1. Write i;(x)
as the sum of two terms as follows:

—c .k n 00
() = Ze CVF@O =343 = J1a0) + T2,
k=1 k=1 k=n+1

From Proposition 2.4, lim,_.olimsupy_.oJ2,,(x)/J1.,(x) = 0. Since L is closed under
convolution (Embrechts and Goldie 1980), lim, o/ 1 ,(x + k)/J1 (x) = 1 for every k € R
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Hence we have lim, ... (x + k)/@(x) =1 for every k € R, which means that u, € L.
Combining with Theorem 1.1, we obtain u; € OS N L. We have, for x > y > 0,

xX—)

y y
() = AR = L?ﬂl(x — Dua(dn) + J (e — (D) + @ x — Y)(y)

0—
= ]1()() + 12()(7) + 13()().
Since u; € L, we easily see that lim, . lim, ./;(x)/@i(x)=1 and lim,

lim, . /3(x)/@1(x) = 0. Furthermore, since f(x) = o(i;(x)), for arbitrary ¢ > 0, we can
take y so large that, for x > y,

L) (T — D — 1)
sl Ml e wR Al
B (C ) o T F ()
= éj L ae MUNsenToe

Thus we obtain by u; € OS that lim, .. limsup, ... />(x)/i(x) = 0. Therefore, we have
#(x) ~ @1 (x). It follows from Proposition 3.3 that

lim inf @(x)/#(x) = liminf @ (x)/cii(x) = > kAg/e = 1.
X—00 X—00 —1

O

Proof of Theorem 1.2. First we prove the case of y = 0. By Theorem A, we easily see that
SNZID,; C WIS N L. Conversely, suppose that u € WIS N L. We can take ¢ > 0 such that
#(x) ~ cv(x). By using this and Theorem 1.1(i) we see that v; € OS N L. Thus we see from
Proposition 3.4 that
¢ = lim @: liminf@: 1.
e i(x) e o)

This implies u € SNZD, by Theorem A.

Secondly, we deal with the case of y > 0. By Theorem B, S(y) NZD,. C WIS N L(y).
Conversely, assume that 4 € WIS N L(y). Then there exists ¢ > 0 satisfying g(x) ~ cv(x).
Using this and Theorem 1.1(i), we have v; € OSN L(y). This implies that v(—y) =
fooo e’"v1(df) < co. In fact, thanks to Fatou’s lemma, we find that

o o rx—1 . Ev(x)
ey (df) = J lim Lv df) < liminf ———— < 0
J, &van =] im0 e <tmine 0

Similarly, we have gi(—y) < co. Now we can define a measure v” and a probability measure
u’ by
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V(x) = Jooe”v(dt),

X

w(x) = Clreytﬂ(dfl where ¢ = (A(—y))"".

X

This is one of the density transformations called Esscher or exponential transformations.
Then, u” is in ZD, with Lévy measure v”. See Sato (1999; 2000). Integral by parts leads, for
y>x>0, to

Jye”ﬂ(do = e — A)e + ije“ﬂ(t)dt-

We have lim,_,i@(y)e’” /y Ly e’ fi(t)dt = 0 by the slow variation of x"zi(log x) (Feller 1971,
Theorem 1, p.281). Further, since [~ e”’u(dr) < oo, we see that [ e”’(r)dr < co. Then,
again by Feller (1971),

lim ﬁ(x)e”"/yj e’ i(r)dt = 0.
Thus, we obtain

00
lim /F’(x)/J e’ i@(tdt = yc.
X—00 X
Similarly,

o0

xlElOlC W(x)/J e’'v(r)dt = y.

X

Since lim,_, . ft(x)/v(x) = ¢, we obtain that

lim u”(x)/v”(x) = lim clj e”’ﬂ(t)dt/J e”'v(t)dt = cc.
X—00 X—00 X X
This means that u” € WIS. On the other hand, we see that 4 € £ from u € L(y). Thus
w e WISN L =S8NID,. Therefore, cic =1 by Theorem A, that is, ¢ = g(—y).
Drawing everything together, we have u € L(y), f(—y) < oo and g(x) ~ a(—y)v(x).
Finally, by Theorem B, we conclude that u € S(y) N ID,. O

Proof of Corollary 1.3. For a € R, put

L dx+a) da)
=0 w0

Then, g(a) is monotone and satisfies g(a + b) = g(a)g(b). This means that g(a) = e 7 for
some y = 0. Therefore, u € L(y) and lim,_,f(x)/v(x) = ¢(0). It follows from the proof of
Theorem 1.2 that ¢(0) = f(—y) and u € S(y) NZD,. Finally, we have c(a) = c(0)e™7* =
a(—y)e e 0
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3.3. Proof of Theorem 1.3

Lemma 3.4 (Yakymiv 1987). Let u € D, with Lévy measure v. If vi € D, then, for
arbitrary ¢, 0 € (0, 1), there exists xo such that

(1 —ep((1 +0)x) < a(x) < (1 + e)v((1 — d)x) for x = xo.

Proof of Theorem 1.3. Note that the Lévy measure v has a certain periodicity, that is,
v(bE) = b~*v(E) for a Borel set £ in (0, c0).

(1) It is obvious from Theorem C and v; € D that u € D.

(i) By Proposition 3.4, we have

| < liminf 2 (3.10)

R ()

Since i(x) is continuous by Example 28.2 of Sato (1999),

iminf 2% fiminf lim 2 =9 _ jiminf 25 (.11)
x—o0  P(X) x—00 =0 V(X — €) x—oo P(Xx—)
By Lemma 3.4 and the periodicity of v, we obtain
: ax) _ v(rx) . v(rx)
fimsup 5y = mlimsup Sy =l S, o) G-12)
. - = -1
lim inf ) (lmsup 4G )) = ( sup v(_x )> . (3.13)
¥=00 P(X— ) x—oo V(X) 1=x<b V(X)

Choose sequences {x;:k €N} and {r;: ke€N} such that 1<x; <b, x;— x,
l<xo<b, ri 11 and limy_"(rpx)/v(x;) = inf,<1supi<,<p¥(rx)/v(x). Then, we see
that

~ lim sup v(r;x
inf su v(rx) L V(rkxk) ;Hoop (rixe)
PLEG T ke v liminfiCe)
< o) _ x-) (3.14)

= sup ——.
V(xo) 1=x<p V(X)

We obtain from (3.10)—(3.14) that
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1 < liminf @ — fim inf %)

x—oo  V(x x—oo P(X—

) A
R )

: V(x)
< limsup —= hm nf
x—oo V(X) =00 P(xX—)

_ . -1
< inf sup P )< sup v(x)) =1

r<lisy<p V(X) \1=x<p V(X)

Thus, we obtain liminf, . @(x)/v(x) = 1 and lim sup,_,o@(x)/7(x) = supj<z<pV(x—)/v(x).
(iii) First, we show that supj<,<,”(x—)/¥(x) < b*. Let x € I; = [b*x, b*"'x) for k € N
with x9 > 0. Since 7(x—) < Z;’;kv(lj) =1 -=b%w{y) and #(x)= Z;c:k+1v(1_,-) =
(1= b W(ly1), we have v(x—)/v(x) < V([k)/v(1k+1) =5b*. Tt is obvious that
SUP1=y<pP(x—)/V(x) = b* if v(dx) = €1 7b F“pry (dx). Conversely, if supj=,<p¥(x—)/
v(x) = b, then there exists a sequence {x; : kK € N} such that 1 < x; < b, x; — xp and

V() b

k—o0 17(xk)

Since 7(x;) = b=“¥(b~'xy), this implies that limj—oov(b~'xs, x¢) = 0. Since

V(b X0, Xo) = v(llm 1nf(b Xiey X)) = llm 1nf v(b Xi, X5) =0,

we see that the support of v is concentrated in Ugcz{b*xo}. That is, v(dx) =
Y yezb 04, (dx) with some ¢ > 0. O

3.4. Proof of Proposition 1.1

(ifi) Use @(x) < @™ (x) < ni(x/n).
(iv) Instead of p, we study, adding a mass on {0}, the distribution # defined by

n=cd —— o +1)2 9,(dx),

ne’ly

where Ty = {n e NU{0} : n=3",j3""", j;=0or 1} and ¢; is the normalized constant.
It is enough to show that 7 ¢ OS and " € OS for n =2, because it is shown by
Proposition 2.7 that "*(x) < p"*(x) for n = 2.

Throughout this proof, let every integer be expressed in the ternary system and f(n, i)
denote the ith digit of an integer n (counting from the right). Let us prove n ¢ OL, which
leads to ¢ OS. Let n; be the largest number consisting of & digits in 7Ty, that is,
f(ng, i)y=1for 1 <i < k, and m; be the smallest number consisting of k& + 1 digits in Ty,
that is, f(my, k+ 1) =1 and f(my, i) =0 for 1 < i < k. Note that my is next to n; in Ty,
and
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k—1

;1
nk:Z3':§(3k—1), my = 3%,
i=0

From
1 e ™
DT e
n(ng ) U({nk}) cl(nk +_1)2
and
7 = N —n -2 cie e ™
P I R A
=Mk
we see that
77(711{_ 1) € — l(mk+ I)Zemk B | .
g =41~ ~3hen).
n(ng) e (np+ 1) en (1—¢e)exp 2( 1)
Hence,
7(x — 1
lim sup 77({ ) - 00
y—oo 1(X)

This means that 7 ¢ OL.
We have to show that #"* € OS for every n = 2. By Proposition 2.6, it is enough to
show that 7** € OS. We have

2% — AN 1
A= s T

(Co)

where (Cy) means the condition ny, ny € Ty, n; = ny and n = n; + ny. It is easy to see that
the support of #** is NU {0}.

The representation of n € N in the ternary system is denoted by (). For example,
3 = (10). We now prove the following:

e~ 24
7)) =<5 (3.15)

where

p = p(n) = sup {i ji=2,n= Zji?’il}a
=1

g=qm) =#{i:ji=11=<i=< pn -1},

with the understanding that p = 0 for n € Ty and ¢ = 0 for p = 0 or 1. For example, p = 4
and ¢ =2 for n = (102101).
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Put [(n) =", (2 + 1)2. Since

1 —n
2% —n
= =—1
7 ({n}) <e (%):)(nl + 1)2(np + 1) 5 1(n),
(3.15) is equivalent to the relation
24(n)

We estimate the number of combinations of n; and n, satisfying (Cy) for given n. If
f(n, i)=2 (0) for some i = 1, then it necessarily means that ( f(ny, i), f(n2, i)) = (1, 1)
((0,0)). However, if f(n, i) = 1, then there may be two patterns: ( f(ny, i), f(ny, i)) = (1, 0)
or (0,1). For instance, the set of (ny, my) corresponding to n = (211) is {((111),
(100)), ((110), (101))}. Hence, only the digit 1 in the ternary representation of » influences
the number of combinations of n; and n, corresponding to n. Keeping this in mind, we
show (3.16) in the case p(n) =0 and in the case p(n) = 1 separately. If p(n) =0, then,
seeing that ny = n € Ty and n, = 0, we immediately obtain that /(n) = 1. Also, we easily
obtain

1
(=Y ——=< > ——=<oo
(Co) (ny + 1) keNU{O}(k+ D
Let p(n) = 1 and consider the lower bound of /(7). Now we can find an n, which has p(n)
digits. Such an n, does not exceed 337" — 1), which is the largest number consisting of p
digits in Ty. On the other hand, if M = #{n,: n is a number consisting of p digits
appearing in (n;, ny) and satisfying (Co)}, then M = 29 or 297!, For example, if n = (211),
then p=3,¢g=2,and M =297 =2; if n = (1211), then p =3, ¢=2, and M =29 = 4.

Thus, we see that
24(m+1 24(n)

Gr £ 12 32

I(n) =

Next we consider the upper bound of /(n), assuming p(n) = 1. Since f(n,, p) =1,

Z]l3tl> 2]311 3p1

i=p+1
Denote g(m) =sup{i:j; =1, m=3 7 3"} for m € Ty\{0} and g(0) = 0. Then g(n,)
= p(n). We write I(n) as the sum of /,(n) and I,(n), where
1 1

— . Ln= —
2 2
(n2+ 1) (Cogim=p 2+ 1D

Ii(n) =
(Co), g(n2)=p+1

Suppose that g(ny) = p(n) + 1. Then
ny = 3801 3pl (3.17)

Meanwhile, for j = p(n) + 1, #{n, : g(ny) = j} is estimated by partitioning the digits of n,
into three parts and considering their combinations respectively as follows. The number of
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possible combinations of digits of n, from the first to the (p — D)th is 29, f(n,, p) is
necessarily equal to 1, and the number of possible combinations of digits of n, from the
(p + Dth to the (j — 1)th is not more than 2/~7~!, Multiplying these together, we have

#{m : g(ny) = j} <2774 (3.18)
From (3.17) and (3.18), we obtain
2J=ptq-1 9 24
hm= 3 GI T3 E 73 (3-19)

J=ptl

On the other hand, suppose that g(ny) = p(n). Since ny =371 and #{n, : g(n) = p} =
29 or 297!, we see that
24 24

(3.20)
From (3.19) and (3.20), we see in the case where p(n) = 1 that

72 24
1(m) = $i(n) + Ia(n) < = 55,

We have finished the case where p(n) = 1. Thus we have (3.16), which implies (3.15).
Now we shall show that

¥ ({n}) < {n}). (3.21)

Considering the case where n3 =0, we easily obtain the lower bound of 7**({n}),

namely, 7°*({n}) = n({O})nz*({n})
Let us show that 7 ({n}) /nz*({n}) is bounded above. For a given n, let (C;) denote the
condition that ny, ny, n3 € Ty, ny = n, = ny and n = n; + ny + n3. Then

7 {nh<e "> :

G (4 D2(na + 1)(n3 + 12

This time we estimate the number of combinations when 7 is the sum of three elements in
To. In this case, we have to take into account the contribution from the lower places. Let
J(n) =Yy (n2 + 1)"*(n3 + 1)7%. Recalling (3.15) and noticing that
1 9
<
(n1 + 1D)2(na + D3(n3 + 12 (n+ 1)?

J(n),
(€)

we see that, in order to prove that 3*({n})/n**({n}) is bounded above, it is sufficient to
show that
q

J(n) < €057,

7 (3.22)

where ¢ is a positive constant that does not depend on .
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If p(n) =0 or 1, then (3.22) is obtained from

1
< 0
(;(nz + 1>2<n3 + 1) nz’n;wo}wz + 12(n3 + 1)

Next, we consider the case where p = 2. Then note that g(n;) = p — 1 = 1. We have

1
(ny + 1)*(n3 + 1)

J(n) =
j=p—1 (C1),g(n2)=j

1 1
NP NS Eny I D ey

j=p-1 (C),g(n2)=Jj
N(C17 j7 k)
< — 2 7 3.23
= X T, 02

where N(Cy, j, k) = #{(n1, na, n3) : (Cy), g(n2) = j, g(n3) = k}. We shall show that
N(Cy, j, k) < 2/~ pratigh (3.24)

Classifying (g(n2), g(n3)) = (J, k) into seven cases in the following way, we can prove
(3.24) in each case: (a) j=p+1, k<sp-—1, (b) j=p+1, k=p; (c) j=p+1,
k=p+1l; A j=p ksp-1 (¢ j=k=p; O j=p-1 ksp-2; (g
j=k=p—1. Since every case can be handled in a similar way, we give the proof
only for case (a). In this case, k < p < j. If k =0, then N(Cy, j, 0) <2/7PT4, Let k = 1.
When we count the number of combinations, we partition the digits of » into several parts
and consider the combinations in each part. The parts in case (a) are as follows: from the
first digit to the kth; from the (k + 1)th to the pth; from the (p + 1)th to the (j — 1)th; and
from the jth to the last. The last of these does not increase the number of combinations.
The number of combinations from the first to the kth digit is not more than 8%, since each
digit in n;, n and n3 is 0 or 1. The combinations in this first part are of two kinds:
whether the contribution to the (k + 1)th place from the kth place does not exist (call this
the first kind), or does exist (call this the second kind). In the case of the first kind, we can
deal separately with the first to the kth digits and with the (k + 1)th digit onwards. From
the (k + 1)th to the pth digits, the number of combinations is determined by the number of
Is from the (k + 1)th to the (p — 1)th digits of », which is not more than ¢. Hence, the
number of combinations in this part is bounded by 29 From the (p + 1)th digit to the
(j — Dth, the number of combinations is determined by the number of 1s in this sequence,
which is not more than j— p — 1. Thus, the number of combinations in this part is
bounded by 2/~7~!. Combining the combinations of each part, we see that the number of
combinations of the first kind from the (k4 1)th digit does not exceed 2/~7*%~!. For
combinations of the second kind, we pay attention to the (k4 1)th digit of n. If
f(n, k+1)=2, then (f(m, k+1), f(n, k+1))=(1,0) or (0,1) and there is no
contribution to the (k+ 2)th place from the (k+ 1)th place. If f(n, k+1)=1, then
necessarily (f(ny, k+ 1), f(n2, k+ 1)) = (0, 0). Lastly, if f(n, k+1)=0, then (f(n,
k+1), f(ny, k+ 1)) = (1, 1) and there is a contribution to the (k 4 2)th place from the
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(k4 1)th place. Then we consider the same thing for the (& + 2)th digit and repeat the
same procedure inductively. Noticing that contribution to the next-left place stops before the
pth place, we see that the number of combinations of the second kind from the (& + 1)th
digit to the last does not exceed twice the number of the first kind, that is, 2/~ 7*+4,
Combining these with the combinations in the part from the first digit to the kth, we have
finished the proof of (3.24) in case (a) with &£ = 1. Thus, we obtain

Z N(Cy, J, k)g Z
Osksj(?)kl1 +-1)2 0=<k<j
From (3.23) and (3.25), we have (3.22). This completes the proof of (3.21).
Finally, we prove °* € OS. We have
@) @) )
7EE) PR
Since it follows from (3.21) that, for positive constants ¢; and ¢, which do not depend on 7,
3%
772*({”}) -
7 ({n})

we see that ¢; < 13%(x)/n?*(x) < ¢,. Furthermore, since

J—ptqtigk

j— 1
Gy S 81 x 2/-pHatl, (3.25)

0<c < cr < 00,

e, 7 oman

7| PR o

we obtain ¢; < 7**(x)/73*(x) < ¢,. Thus, we conclude that 72* € OS.

Remark 3.1. We conjecture that, for every p € N it is possible to construct a distribution 5
on [0, co) such that #** ¢ OS for 1 < k < p and #*™* € OS for k = p + 1 by generalizing
the above method.

4. Additional remarks

Remark 4.1. Rogozin (2000) states that the proof of Theorem D by Chover et al. (1973a;
1973b) is not complete for v = 0 and that there is a logical gap in the equality on line 12 on
p. 356 of Cline (1987). See also Rogozin and Sgibnev (1999). We agree with him, but found
that the logical gap in Cline’s proof is not critical and thus Cline’s proof of Theorem D is
correct.

Remark 4.2. Lemma 2.1(iv) of Cline (1987) is not correct. A counterexample is as follows.
For n € N, define 4,(x) (i =1,2,3,4) as 41(x) = 1/n?, 42(x) =1, A3(x) = 1/n, Ag(x) =1
for 2n<x < 2n+1, and A;(x) = 1, Ay(x) = 1/n?, A3(x) = 1, A4(x) = 1/n for 2n+1 <
x<2(n+1).
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This lemma was used in Cline’s (1987) Lemma 3.1(iii), Corollary 3.2(i), Theorem
2.13(iii), Corollary 2.14, and Theorem 3.4. Moreover, Corollary 3.3, Theorem 4.1, and
Corollary 4.2 of Kliippelberg (1989) depend on Cline’s Corollary 2.14. Lemmas 1 and 2
and Theorem 1 of Kliippelberg and Villasenor (1991) depend on Cline’s Theorem 3.4.
Finally, Theorem 5.2 of Goldie and Kliippelberg (1998) depends on Cline’s Theorem
2.13(iii). Thus the all above results should be reconsidered.
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