arXiv:2008.05003v1 [math.OA] 11 Aug 2020

INFINITE SUM RELATIONS ON UNIVERSAL C*-ALGEBRAS

GIULIANO BOAVA AND GILLES G. DE CASTRO

ABSTRACT. We extend the usual theory of universal C*-algebras from generators and
relations in order to allow some relations to be described using the strong operator
topology. In particular, we can allow some infinite sum relations. We prove a univer-
sal property for the algebras we define and we show how the Cuntz algebra of infinite
isometries as well as the Exel-Laca algebras can be described using infinite sum relations.
Finally, we give some sufficient conditions for when a C*-algebra generated by projec-
tions and partial isometries is a universal C*-algebra using only norm relations, in case
one still wants to avoid using relations with respect to the strong operator topology.

1. INTRODUCTION

One tool used to define a C*-algebra is to consider a certain family of operators on a
Hilbert space H and then consider the C*-subalgebra of B(H) generated by this family,
that is, we define a C*-algebra represented on H. If we want the family to satisfy certain
conditions, such as reflect the properties of another mathematical object, one can ask to
what extent the algebra depends of the representation or if it can be uniquely defined.

Looking at the history of C*-algebras generated by partial isometries - including projec-
tions, isometries and unitaries - we see examples of such uniqueness theorems: Coburn’s
work on the C*-algebra generated by one isometry [4], Cuntz’s result on the simplicity
of certain algebras generated by isometries with mutually orthogonal ranges [5], and the
uniqueness theorem of Cuntz and Krieger for the C*-algebra defined from a square matrix
of zeros and ones [0].

Instead of proving a uniqueness theorem for each class of algebra, we can try to define a
C*-algebra in terms of a universal property. This was done by Blackadar in [I] by defining
a universal C*-algebra in terms of generators and relations. Although he hinted that we
could use any relation for operators on a Hilbert space or for elements on a C*-algebra, he
only developed the theory for what we call norm relations in this paper. His first example
said that any C*-algebra is universal with respect to all elements as generator and all
*_algebraic relations in the algebra, however this is not very helpful when defining a C*-
algebra. Indeed, if we define a C*-algebra using operators as explained above, we would
like to use a set of generators corresponding the operators used to define the C*-algebra.
For the algebras of the previous paragraph, Blackadar showed how to do that, except
for the Cuntz-Krieger algebras associated with infinite matrices and implicitly the Cuntz
algebra O, since we need to deal with infinite sums converging in the strong operator
topology and these cannot be directly described in terms of norm relations.
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Going back to the history of C*-algebras generated by partial isometries after Black-
adar’s paper, we get the impression that using a relation involving an infinite sum is a
forbidden practice. For example, when studying Cuntz-Krieger algebras of infinite matri-
ces, Exel and Laca in [§] state that the theory developed in [1] “breaks down when the
relations involve the strong topology” so they found norm relations in order to define a
universal C*-algebra for infinite matrices of zeros and ones. Other examples are consid-
ering at first only row-finite graphs for the C*-algebra of graph [9] and asking that an
integral domain has the property that the ideal generated by a non-zero element has finite
index [7].

The main goal of this paper is to extend Blackadar’s construction in order to define a
universal C*-algebra that allows for relations using the strong operator topology, more
specifically we allow as a relation a net of operators converging to zero with respect to
the strong operator topology. This is done in Section 2l For the universal property, in
order to define a *-homomorphism from our algebra to a C*-algebra A, we need a faithful
representation of A on a Hilbert space so that we can have access to the strong operator
topology (Theorem [ZIT]). Another difficulty added by allowing relations involving the
strong operator topology is that not all representations of the universal C*-algebra satisfies
the relations, as shown in Example .1 however we prove that there exists a faithful
representation of the algebra that satisfies all relations (Theorem 2.14]).

In Section B, we work out in details how we can indeed allow infinite sum relations in
order to define the Cuntz algebra and Exel-Laca algebras. In particular for Exel-Laca
algebras, the relations we use are exactly the infinite sum relations Exel and Laca avoided
in [8].

Finally, despite the main goal of this paper being using relations with respect to the
strong operator topology in order to define a universal version of a given C*-algebra,
in Section @l we deal only with norm relations. We show that under some conditions a
C*-algebra generated by projections and partial isometries, independently on how it was
defined, can be described using as generators a family corresponding to the projections
and partial isometries and only using norm relations (Theorems and [4.4)), in case one
still wants to avoid relations using the strong operator topology.

The other result of Section [ namely Corollary 4.3l gives a strategy for finding a
“correct” set of norm relations describing a certain C*-algebra. As mentioned above,
sometimes a C*-algebra generated by partial isometries (and projections) is originally
defined represented in a Hilbert space. To define a universal version of this algebra, we
can start by using all algebraic relations that can be written using generators associated
to each partial isometry (including the projections). The result of Corollary [£.3] says that
at least we have a *-isomorphism between a distinguished commutative C*-subalgebra
generated by projections of the universal and represented versions. One way of using this
conclusion is in avoiding relations with respect to the strong operator topology involving
only a distinguished subset of mutually commuting projections by replacing them with
all algebraic relations. However, one usually wants to choose a smaller list of relations
and expects that this list encodes all other relations. Another way of using the conclusion
of Corollary 3] is that we can take the spectrum of this commutative C*-subalgebra
generated by the projections to define, for example, a partial action or a groupoid and
then a C*-algebra from them. If the new construction and the universal C*-algebra of
the restricted list of relations coincide, it means that we arrived at the “correct” set of
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relations. Implicitly, this was done in [8], when they showed that their version of the
Cuntz-Krieger algebras for infinite matrices is isomorphic to a partial crossed product.

2. STRONG OPERATOR TOPOLOGY RELATIONS ON UNIVERSAL C*-ALGEBRAS

In this section, we adapt Blackadar’s construction [I] to include relations that can be
used to describe how some infinite sums should behave with respect to the strong operator
topology (SOT) when a C*-algebra satisfying these relations is represented on a Hilbert
space.

Let G be a non-empty set and G* be a disjoint copy of G, where each element of G* is
denoted by ¢* for some g € G. Let Bg := C(G U G*) be the free C-algebra generated by
G U G* with the standard involution, that is, Bg is the free *-algebra over C generated by
g.

Definition 2.1. Let G and Bg be as above. We define a norm relation as a pair (z,n) €
Bg x Ry, and a SOT relation as a net (z;);e; on Bg. A generating triple is a triple
(G,Rn,Rs), where Ry is a set of norm relations and R is a set of SOT relations.

The idea is that a norm relation (x, n) is interpreted as the inequality ||z| < 1 when z is
represented on a C*-algebra, and a SOT relation (x;);c; interpreted as s — lim; o, 2; = 0
(limit on the strong operator topology), when the net is represented as operators on a
Hilbert space. We use this as motivation for the following definition.

Definition 2.2. Let (G, Ry, Rs) be a generating triple and H a Hilbert space. We say
that a *-algebra homomorphism p : Bg — B(H) is a representation of (G, Ry,Rs) if
|lp(x)]| < n for every (x,n) € Ry and s — lim;_,o p(x;) = 0 for every (z;)ier € Rs.

Remark 2.3. Let (G, Ry, Rs) be a generating triple. Since Bg is the free *-algebra over
C generated by G, in order to describe a *-homomorphism ¢ : Bg — A, where A is a
*_algebra, it is sufficient to know the values ¢(g) for the elements g € G. In particular, if
{T,}4eg is a family of operators in B(H), we say that this family forms a representation
of (G,Rn,Rg) if the map p : Bg — B(H) defined by p(g) = T, is a representation of
(Q, Ry, Rs)

In order to build a universal C*-algebra from a generating triple, we need to somehow
control the representations of the triple. This is done with the notion of admissibility as
in [, Definition 1.1].

Definition 2.4. We say that the generating triple (G, Ry, Rs) is admissible if for every
family {po : Bg — B(H,)}a of representations of (G, Ry, Rs), the map

(2.5) D,ra: Bsg — B(D, Ha)
. — D, palr)
is a well-defined representation of (G, Rn,Rs).

The following result is useful when checking admissibility of a triple.

Proposition 2.6. Let (G, Ry, Rs) be a generating triple. If for every g € G there exists
ny € Ry and for every net x = (x;);er € Rg there exists nx € Ry such that for every
representation p of (G, Ry, Rs), we have that ||p(g)|| < ny and ||p(x;)|| < nx for every
i €1, then (G, Rn,Rs) is admissible.
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Proof. By using the properties of the norm on a C*-algebra, we can easily check that for
every x© € Bg, there exists n, € R, such that ||p(x)|| < n, for all representation p of
(G,Rn,Rs). This implies that given a family {p, : Bg = B(Ha)}acq of representations
of (G,Rn,Rs), the map given by () is well-defined. It remains to show that @ . pa
is a representation of (G, Ry, Rs).

For (z,m) € Ry, we have that

@pa(l’)

ae)

= sup [|pa(z)|| < 7.
a€el)

Suppose now that x = (z;)ic; € Rg and take & = (§a)aco € Peq Hao  Given
e > 0, there exists a finite set /' C Q such that > o\ p 1€al? < soptT- Also, since
lim; o0 pa(2:)(€a) = 0 for every a € 2, using that [ is a directed set, we can find ig € I
such that for every i > iy and every o € F, we have that ||p.(z;)(&.)[]? < sFT Where
|F'| is the cardinality of F. Hence, for i > iy,

@ pa(i)(§)

a€e

=D lleal@)E)1* < Y loal@) ED P+ D llpalz)IPl€al® <

a€cll a€EF acQ\F
€

g
F +n2
| |2(|F|+1) oz 11

Therefore, lim;_,oc @, Pa(r:)(§) = 0, and hence s — lim;_,oc P, palri) = 0, since §
was arbitrary. O

)<€.

The following definition is motivated by the previous proposition.

Definition 2.7. Let (G, Ry, Rs) be a generating triple. We say that a relation x =
(;)icr € Rs is bounded by n € Ry if for every representation p of (G, Rn,Rs), we have
that ||p(z;)|| < n for everyi € I.

The next goal is to define a C*-seminorm on Bg in order to build a C*-algebra from
a generating triple (G, Ry, Rg). For that, let P, rs) be the set of all C*-seminorms
p @ Bg — R such that p(x) = ||p(z)| for all x € Bg, where p is a representation of
(G, RN, Rs).

Proposition 2.8. Let (G, Ry, Rs) be an admissible generating triple. Then,

sup  p(z) < o0
PEP(G, Ry Rg)

for all x € Bg.
Proof. Suppose that x € Bg is such that

sup  p(z) = oo.
PEPG, Ry Rg)
Then, for each n € N, there exists a representation p, of (G, Ry, Rg) such that ||p,(x)| >

n. This would imply that @, .y pn(z) is an unbounded operator, contradicting the ad-
missibility of (G, Rn,Rs). O
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Let (G,Rn,Rs) be an admissible generating triple. For each x € Bg, we define

Joll = uppepy . o, (@) and Nigrgme) = o € Bs | [loll = 0} It's well known
that || - || : Bg — R is a C*-seminorm, Ngr, rs) is a self adjoint ideal of Bg and
|1l - Bg/Ngry.rs) — R given by

4+ N, = inf x+

o+ Nemumoll = g int o+l

1S a norm.

Definition 2.9. Let (G, Ry, Rs) be an admissible generating triple. We define the C*-
algebra generated by (G, Ry, Rs) as the completion of Bg/Ngryrs) With respect to the
norm || - || above and we denote it by C*(G,Rn,Rs). We also denote by i : Bg —
C*(G,Rn,Rs) the canonical *-homomorphism.

Remark 2.10. If there are no SOT relations, that is Rg = 0, then C*(G, Ry, Rs) =
C*(G, Rn), where C*(G, Ry) is the C*-algebra considered by Blackadar in [1].

We are now ready to state and prove a universal property for C*(G, Ry, Rs).

Theorem 2.11. Let (G, Ry, Rs) be an admissible generating triple and let A be a C*-
algebra. If ¢ : Bg — A is a *~homomorphism such that there exists a faithful represen-
tation m : A — B(H) of A on a Hilbert space H for which 7o ¢ is a representation of
(G,Rn,Rs), then there is a unique *-homomorphism @ : C*(G, Rn,Rs) — A such that
p=poi.
Proof. We prove that the map ¢ : C*(G, Ry, Rs) — A given by @(z+Ngry.rs)) = ()
is well-defined. For that, take x € Mg r, rs) arbitrary. By the definition of Ngr, rs),
we have that ||7(¢(x))|| = 0, which implies that w(¢(z)) = 0. Since 7 is faithful, we have
that ¢(z) = 0 showing that ¢ is indeed well-defined.

Clearly ¢ = @ oi and @ is the unique *-homomorphism from C*(G, Ry, Rs) to A
satisfying this property. O

Remark 2.12. Generally, relations defining C*-algebras are given in terms of a equality.
If all products and sums are finite, we present the relation (z,0) € Ry as z = 0 (or some
variation of the expression). For relations involving infinite sums or products, we have to
somehow transform it as net converging to zero on the strong operator topology. We will
show how to this in Section [l

We now prove that the canonical *-homomorphism ¢ : Bg — C*(G, Rn,Rg) satisfies
the hypothesis of Theorem .11l First, we need a lemma.

Lemma 2.13. Let (G, Ry, Rs) be an admissible generating triple. For every x € Bg \
NG Ry Rs): there exists a representation p of (G, R, Rg) such that ||p(x)|| = ||=]|.

Proof. Since © ¢ Ngryrs), We have that [[z]| > 0. Then, for each positive integer n,
there exists p, representation of (G, Ry, Rs) such that 0 < ||z|| — [|pn(x)] < 1/n. Since
the triple is admissible, p = @, p,, is a representation of (G, Ry, Rg). For this p, we have

that [|p(x)[| = sup, [|pn(2)]| = [l2|]. B

Theorem 2.14. Let (G, Ry, Rs) be an admissible generating triple. Then, there exists
a faithful representation m, : C*(G, Ry, Rs) — B(H.,) on a Hilbert space H, such that
Tu 01 1S a representation of (G, Ry, Rs).
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Proof. For each © € Bg \./\/’(gij,Rs), we take a representation p, of (G, Ry, Rs) such
that ||pz|| = ||z|| as in Lemma I3l By Theorem 2.T1], there exists a representation 7, of
C*(G,Rn,Rs) such that p, = 7, oi. Define 7, = EBmeBg\N@,RN,RS) T

Notice that m, 0t = @, 7, 01 = €D, p., which is a representation of (G, Rn, Rs), since
the triple is admissible.

It remains to show that m, is faithful. For a € C*(G,Ry,Rs) \ {0}, let x € Bg \
NgryRrs) be such that |la —i(z)|| < |la||/4. An easy computation with the definition of
[i(z)[| shows that [|z[| > [[i(z)[| > |[a]| = [lal|/4 = 3][a]|/4. Then

la = i(@)[| = [mu(a = i(2) | = || (@i(@)]| = lmu(@)]| = (|7 (@(@)] = [Iru(a)l] =

[lp2 () || = [[mula) || = l| [} = {lmu(a)l],
which implies that

[mu(a) | > |zl — lla —i(z)[| = 3[|all/4 — |lal|/4 = [lal|/2 > 0.
Hence 7,(a) # 0, and since a # 0 was arbitrary, 7, is faithful. O

As we will see at the end of Section B.I], contrary to what happens if we only have norm
relations, for a representation 7 : C*(G, Ry, Rs) — B(H), even if it is faithful, it is not
always true that m o is a representation of (G, Ry, Rs).

3. EXAMPLES

Although some examples fall in a broader class of algebras, we decided to use some sim-
pler examples to give all the details of the construction. The main tool will be interpreting
an infinite sum as a net that converges to zero in the strong operator topology.

As it is implicitly done in [I], equality relations involving only finite sums and finite
products can be written as a pair (x,0) for some x € Bg. For instance, if you want to
say that a certain generator S is a partial isometry, that is $S*S = S, we can give the
relation (SS*S — S,0).

The following lemmas will be useful to study our examples.

Lemma 3.1. If (P));er is a net of positive operators on a Hilbert space H such that
P, <Pjifi<jands—lim, P, =0, then P, =0 for alli € I.

Proof. Let £ € H be given and notice that ((F,£,&))iesr is a non-decreasing net of non-
negative real numbers that converges to zero. This implies that (P£,&) =0 for all i € I.
Since ¢ is arbitrary and for each ¢ € I, P, is a positive operator, then P, = 0 for all
1€ 1. O

Lemma 3.2. Let (P))icr be a net of projections on a Hilbert space H such that ), ., P =1
with respect to strong operator topology. Then P;P; = 0 whenever © # j.

Proof. Let Py(I) the set of finite subsets of I. Translating the infinite sum ) ., P =
1 to a net, we obtain the net (3. Pj)xep,(r) Which converges to 1 with respect to
strong operator topology. Fix iy € I and observe that the subnet (3 ..y P;)ijexem(n)
also converges to 1 with respect to strong operator topology. By multiplying by F;, on
the left, we conclude that the net (3, v\ ;01 Pio Fi)ioexepy(r) 18 non-decreasing, of positive
operators and converges to 0 with respect to strong operator topology. By Lemma [B.1]
ZieX\{io} P,y P, = 0 for every X € Py(I) such that ig € X. Fix jy € I such that jo # o
and consider X = {1, jo}. For this choice of X, we obtain P, P;, = 0. Since i, and j, are
arbitrary, the result follows. O
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Lemma 3.3. Let H be a Hilbert space with orthonormal basis {ey}ren and let {T;}icr be
a bounded net in B(H). Iflim; o, Ti(ex) = 0 for all A € A, then s —lim; o T; = 0.

Proof. By linearity and the continuity of operation on H, we can see that for every
h € span{ey}aea, we have that lim; ., T;(e)) = 0. Fix M > 0 such that ||T;|| < M for all
i € I and let h € H be arbitrary. Given € > 0, there exists hy € span{e,}ea such that

|h — hol|| < €/2M. Also, there exists ig such that for all i > g, ||7;(ho)|| < €/2. Then, for
all ¢ > 19, we have that

€ €
T = T = ho) + Tilho)ll < T = holl + [ Tho)l] < M5+ = =

The result follows. O

3.1. Cuntz algebras. The class of algebras O,, studied by Cuntz [5], when 2 < n < oo,

can be seen as the universal unital C*-algebra generated by n isometries Sy, ..., .S, such

that

(3.4) i S.Sr = 1.
=1

For n = oo, Cuntz defined O as a C*-subalgebra of B(H) generated by isometries
{S;}°, on an infinite dimensional Hilbert space H such that . | S;S; <1 for all n. He
showed this algebra is simple so it does not depend on H or the isometries. It known that
we can see Oy as the universal unital C*-algebra generated by isometries {5;}°; such
that S;S; = 0, whenever @ # j.

We would like to use (34]) as a relation when n = oo, however this cannot be true with
respect to the norm topology, since in O, for all r, we have that 1 — 37 | .S;S; is a
projection of norm 1.

We can interpret (3.4) as a sum with respect to the strong operator topology. More
specifically, we consider the triple (G, Ry, Rs), where G = {T;}5°,U{1}, Ry is the set of
relations that say that 1 is a unit and 7;7; = 1 for all 7, and R is the singleton set with
element (1—3"7_ | T;77)2°,. To see that the triple is admissible, we take a representation
p of (G,Rn,Rs) and notice that the set {p(7T;)}32, is composed of isometries so that
p(T;)p(T;)* are projections such that Y >° p(T;)p(T;)* = 1 with respect to the strong
operator topology. By Lemma B2 the projections p(T;)p(T;)* are mutually orthogonal.
This implies that 1 —>"._, p(T;)p(T;)* is a projection for all r, so its norm is bounded by
1. By Proposition 2.6 (G, Ry, Rs) is admissible.

To prove that O, = C*(G, Ry, Rs), notice that if p, is the faithful representation given
by Theorem 2.14] then the above computations show that p,(7;)*p.(T;) = 0if i # j, and
hence T;T; = 0 for i # j inside C*(G, Ry, Rs). By the universal property of O, there
is a unital *-homomorphism ¢ : Oy — C*(G, Ry, Rs) such that ¢(S;) = T; for all i. We
build an inverse for ¢ using Theorem 2111 Let H be an infinite dimensional separable
Hilbert space and decompose H as H = @, | H,,, where each H, is again an infinite
dimensional separable Hilbert space. For each ¢ € N with ¢ > 1, let R; be an isometry
from H to H; seen as an element of B(H). Clearly > . | R;R; < 1 for every n > 1, so that
there exists a faithful (because O is simple) representation 7 : O, — B(H) such that
m(S;) = R;. Also notice that ) .2, R;Rf = 1 with respect to the strong operator topology.
By Remark 23] there is a *-homomorphism v : Bg — O, such that ¥ (T;) = S;. We then
get that 7m o9 is a representation of (G, Ry,Rs). The map ¢ : C*(G,Rn,Rs) = Ox
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given by Theorem [ZI1]is a unital *-homomorphism such that (T;) = S; for all i, which
then implies that {Z; =1

Another way to prove that ¢ is a *-isomorphism would be to observe that ¢ is surjective,
and since O, is simple, it would suffice to show that C*(G, Ry, Rs) is not the algebra
{0}.

We now show that there exists a faithful representation p of O, such that p o is
not a representation of (G, Ry, Rs). The construction is analogous to the construction
of m above. The difference is that we add an extra non-zero subspace Hj, in the direct
sum, that is, H = @~ , H,. Defining R; as above, we get a faithful representation
p: O — B(H). In this case, notice that Y .°, R; R} converges with respect to the strong
operator topology to the projection on the proper subspace @, | H,, and therefore po 1
is not a representation of (G, Ry, Rs).

3.2. Exel-Laca algebras. In [6], Cuntz and Krieger defined an algebra O4 associated
with a finite square matrix of zeros and ones A and studied its relationship with topological
Markov chains. They remarked that a similar construction could be done with infinite
matrices as long as infinite sums are considered in the strong operator topology. In their
paper, they defined the algebra already represented on a Hilbert space and showed that
under some conditions on the matrix, the algebra is unique in the sense that it does not
depend on the representation [6, Theorem 2.13].

When the matrix is finite, Blackadar described O4 as universal C*-algebra [1, Example
1.3(e)(9)]. One of the main goals of [§] was to define a universal C*-algebra of an infinite
matrix of zeros and ones. Since they relied on Blackadar’s construction, they couldn’t
use the same relations as Blackadar used since they would be dealing with infinite sums.
They, then, had to find enough norm relations to describe the algebra in question. In
this section, using the theory developed in Section [2, we show that the algebra defined
by Exel and Laca is indeed the same one obtained by allowing infinite sum relations in
Blackadar’s example.

Definition 3.5. [8, Definition 7.1] Given a set of indices I and a 0-1 matriz A = (Aij)ijer
with no identically zero rows, the unital Ezxel-Laca algebra O is the universal C*-algebra
generated by a family of partial isometries {S;}icr and a unit 1 satisfying the following
relations:

EL1. SZ*SZS;S] = S]*SJSZ*S“ foralli,5 €1;

EL2. 5;575;57 =0, whenever i # j;

EL3. SZ*SZS]S; = AZ]SJS]* fOT’ all ’l,j S [,'

EL4. for all X,Y C I finite such that

AX, Y g) =[] Aas T = Ayy)
reX yey
15 zero for all but a finite number of j’s, we have that,

[T Sese JT(1 - S58,) =D AX,Y,5)8;S;.

zeX yey Jjel

Let I and A be as in the above definition. Our next goal is to describe O4 using infinite
sum relations. As generators we set G = {T;};c;U{1}. The norm relations Ry are the
ones that say that 7; is a partial isometry for each ¢ € I and that 1 is a unit. The SOT
relations Rg are given by:
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CK1. Y, Ty = 1;
CK2. foreach i € I, T;T; = ng Ay TiTY,

seen as nets in the natural way. This way, we get a generating triple (G, Ry, Rs). To
prove that this triple is admissible, we use Proposition and find constants 7, that
bound the relations CK1 and CK2. As in the example of the Cuntz algebra, we see
that the first is bounded by 1 and that {p(T;)p(T;)* }ier is a set of mutually orthogonal
projections for every representation p of (G, Rxn,Rs). This implies that the relations on
CK2 are all bounded by 2. N

To build a *~homomorphism from Q4 to C*(G, Ry, Rg), we use a faithful representation
7 of C*(G,Rn,Rs) on a Hilbert space H as in Theorem 214l In order to simplify the
notation, we will use 7T; instead of 7(7;) in the computations below. As mentioned in the
previous paragraph, EL2 holds for the T;’s. To prove the remaining relations, take h € H.
By CK2, for 1,5 € I,

TTT;Ty(h) = lim lim > " A Ay LT, Ty (h) = lim Y A A TLT (R,

X—o00 Y —o0 X—o00
zeX yey zeX

where the limits are taken over the directed set of all finite subsets of I and the last equality
holds by EL2. Since A;, and A;, are numbers, we see that the same final expression is
valid for T T;T7T;(h). Tt follows that Ty T;T;T; = T;T;T;"T;, which is EL1. Next, we
prove EL3. For i,j5 € [,

T;TTT) (k) = lim Y AT (h) = AT

X—o0
rzeX

where the first equality is due to CK2 and the last equality follows from EL2. Finally, for
EL4, let X, Y and J be finite subsets of I such that A(X,Y,j) =0 for all j € I\ J, and
A(X,Y,7) #0 for all j € J. A similar argument as above shows that

[[ Z7n) = Jim (H Am> T,T; (h)
reR

rzeX
and also, using CK1, that

[[a-1;1,)h) = 513202 <H(1 — Ays)> T, T (h).

yey seS \yeY

Then, by CK2 and EL2, we have that

[z [[a-1;1)0) =

zeX yey
it 35 (T4 ) (L0 - ) 7m0 -
reR se€S \zeX yey
Jlim. (H Am> (H(1 - Ayr)> T,T7(h) =
reR \zeX yey

Jim S ACCYE: () = S A VAT (00 = S AV 1),
re JjE JE€
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By the universal property of (5A, we have a unital *-homomorphism ¢ : O4 —
C*(G,Rn,Rs) such that ¢(5;) = T;.

To find the inverse, we recall a faithful representation of O given in [8, Section 9.
We define Py = {(in)nen € IV | A; =1, for all n € N}. The hypothesis that A has

Znin-l»l

no identically zero rows implies that P, is non-empty. Considering EQ(PA) be the Hilbert
space with its canonical basis {£,},ep,, we define the operators L; : (2(Py) — (*(Py4) for

each 7 € I by
Liey) — {5 A =
o 0 if Ay, = O,

where 1t = popty ... € Py, and notice that

Lo, = JEmme T Ho=1,
R0 if g # i.

Therefore, L; L} is the projection on the space Span{e,, | 1o = ¢}, and L L; is the projection
on the space span{e, | A, = 1}.

Also let F be the free group generated by I, with regular left representation A of F on
(*(FF), whose canonical basis is denoted by {d,},er. By [8, Proposition 9.1], there is a
unique faithful representation p : Oy — B({2(Py) @ (2(F)) such that p(S;) = L; ® ); for
all 2 € I.

We want to use Theorem 211l in order to find a *-homomorphism from C*(G, Ry, Rs)

to O 4. For that, it suffices that {L; ® \; };e; U{Id} forms a representation of (G, Ry, Rs)

(see Remark 223]). The norm relations are satisfied since p is a representation of O4. We
check the SOT relations. For that take u € P4 and g € F, and notice that

(Li @ Ai)(Li @ Xi)"(ep © bg) = LiLi(e,) © b,
and that
Since there is a unique ¢ € I such that uo =7, we have that
Z(Li @ Ni)(Li @ Ai)" (6, ® 0g) =€, @9,
iel
and, by Lemma 3.3, CK1 follows.
Noticing that span{su | Aipo =1} =D, A, _,Span{e, | p = j}, we conclude that

(Li @A) (Li® M) (e ®8g) = > LiLi(e,) @6, = > Ay(L; @ \)(L; ® \)" (2, @ 6y),
J:Ai=1 J€el
and hence, by Lemma B.3] CK2 holds. N
By Theorem 2.T1] there exists an unital *-homomorphism ¢ : C*(G, Ry, Rs) — Oa
such that ¥ (T;) = S;. By the universality of these algebras, we have then that 1) = @1
We now consider the not necessarily unital version of Exel-Laca algebras.

Definition 3.6. [8, Definition 8.1] Given a set of indices I and a 0-1 matriz A = (Aij)ijer

with no identically zero rows, the Exel-Laca algebra Oz is the C*-subalgebra of Oy gen-
erated by {S;}ier-
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Notice that the above definition for Q4 is not as a universal C*-algebra. In order to
do that, we have to observe that the relation EL4 uses a unit, but Q4 is not necessarily
unital. We can rewrite EL4 without the use unit whenever X # ). In fact, Exel and
Laca showed in [8, Proposition 8.5] that there exists Y C I finite such that A(0,Y, ) =0

for all but a finitely many j’s if and only if O4 is unital, in which case Oy = O4. So
we have to consider two cases in order to describe Q4 as a universal C*-algebra. If there
exists Y C [ finite such that A(0,Y,j) = 0 for all but a finitely many j’s, then Oy is the
unital C*-algebra generated by a family of partial isometries {S;}ic; satisfying EL1-EL4.
If there is no such Y, then we rewrite EL4 without the use of unit and O, is the universal
C*-algebra generated by a family of partial isometries {S;};c; satisfying E1-F4.

By allowing infinite sums we are able to describe O 4 as universal C*-algebra in a unified
way. We just need to change CK1 in order to avoid the need for a unit. If we check our
computations as well as the example of the Cuntz algebra, we see that we can replace
CK1 by the relations 77T = 0, whenever ¢ # j. Similarly to what we have done for O4
above, we can show that O, is isomorphic to the universal C*-algebra generated by a
family of partial isometries {T;};c; with mutually orthogonal final projections such that

CK. for each i € I, T;/T; = > .. Ay Ty T}

In the case that there exists Y C [ finite such that A((),Y,j) = 0 for all but a finitely
many j’s, we should be able to find a unit in our version of Q4. Indeed, supposing the
existence of such Y, consider the sets J; = {j € I | A(0,Y,j) =0} and Jo, = {j € I |
A(D,Y,7) # 0}, so that J; is finite. Notice that A(0,Y,j) = 0 if and only if there exists
y € Y such that A,; = 1. We consider a faithful representation p, of O4 as in Theorem
214, and to simplify the notation we use the isomorphism O4 = p,(O4) as a equality.
Using the inclusion-exclusion principle and CK, we see that, with respect to the strong

operator topology,
S )T =Y 1T

0£ZCY 2€Z jEN

Notice that the left hand side is an element of O 4, and if we define

U= > (-0 + Y 1y,

0AZCY 2€Z JEJ2

then U € Oy and UT; =T, = T;U for all « € I, and hence U is a unit for O4.

4. C*-ALGEBRAS GENERATED BY PROJECTIONS AND PARTIAL ISOMETRIES

In this section, we prove that under some conditions a C*-algebra generated by projec-
tions and partial isometries can be described as a universal C*-algebra using only norm
relations and generators corresponding to the projections and partial isometries. This
means that we can define a C*-algebra using SOT relations or any other means, and if
we prove the conditions of Theorem or Theorem [£.4], we know that there is a set of
norm relations describing the same C*-algebra.

We start by studying commutative C*-algebras generated by projections seen as them-
selves or as a C*-subalgebra of a not necessarily commutative C*-algebra.



12 GIULIANO BOAVA AND GILLES G. DE CASTRO

Lemma 4.1. Let A be a C*-algebra and Q = {q1,q2, - .-, qn} C A be a subset of mutually
commuting projections. Then the set

P=3s1le Il (-

JeX  ke{l,.n}\X

D#XCA{L,....,n}

is formed by projections that are mutually orthogonal and span P is the C*-subalgebra of
A generated by Q.

Proof. Before starting the proof, we note that the elements in P can be written without
using the unit because X # (). Clearly, the elements in P are projections. Let X; and
X, be non-empty subsets of {1,...,n} such that X; # X,. Without loss of generality,
consider m € {1,...,n} such that m € X; e m ¢ X,. Then the projection

o I (-

JEX1  ke{l,...,n}\X1
contains the factor ¢,, and the projection

Mo II -

JEX2  ke{l,...,n}\X2

contains the factor 1 — ¢,,. Since the projections ¢; commute with each other, then

Mo I a-w||I]e TI G-aw|=0,

JjeEX1  ke{l,..,n}\X1 Jje€EX2  ke{l,..n}\ X2

showing that the projections in P are mutually orthogonal. From this, it is easy to see
that span P is a C*-subalgebra of A, since it is closed under the operations and it is finite
dimensional. Furthermore, for every i € {1,...,n},

g = Z H qj H (1 —qx) | €spanP,

XC{1,...,n} \JEX ke{l,.,n}\X
1€X

which says that C*(Q) C span P. Since that it is clear that span P C C*(Q), the result
follows. O

Theorem 4.2. Let A be a commutative C*-algebra which is generated by a family of
(mutually commuting) projections {q;}icr. Denote by Ry the set of all finite algebraic
relations in A involving the generators in {q; }icr, i.€., Ro is the set of all relations of the

form
finite finite

> A [ e =0

that are satisfied in A. Consider a set {p;}icr with the same cardinality of I and define
Ry = {pi =p; =p; i € I} U{pipi, = piupiy | 2,72 € T}

Ry = {ZAmeimn =0 Z)\mHQimn :OGRO}-

Then C*({p; }icr, R1 URs2) is *~isomorphic to A by the map p; — q;.

and
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Proof. Since the relations in R make each p; a projection, then the pair ({p; }icr, R1UR>)
is admissible and, since relations in Ry U Ry are satisfied in A (replacing p; by ¢;), then
there is a *-homomorphism ¢ : C*({p;}icr, R1 U R2) — A given by ¢(p;) = ¢;. Denote
by Ag the x-subalgebra of A generated by {q;}cr, i-e., Ag is the C-span of finite products
of ¢;’s, and consider the map ¢y : Ag — C*({pi }ier, R1 U Rz2) given by ¥y(q;) = p; in the
generators and extended to Ag in such way that it is a *-homomorphism. We need to
verify that vy is well defined. To see this, consider x € A such that

x:Z)\qul-jk :ZMuH%’M-
J k u v

—_——

1 2

Since z1 — 22 = 0 € Ry, then
ZA] lejk - ZMU Hpiw = 0 € RQ
J k u v

and, hence, ¥g(x1) = ¥o(x2), showing 1) is well defined. We claim that v is contractive.
Indeed, let

J K;
y=> [, € Ao
k=1

J=1

Denote by Ay the *-subalgebra of Ay generated by the (finite) set {4, };],5:’1 By Lemma

I, Ay is a C*-algebra and so 1 restricted to A, is contractive. Since y € Ay, then
llYo(y)|] < ||ly|| and since y € Ag is arbitrary, then v is contractive. Denote by v the
extension of 1y to the closure of Ay, which is A. Clearly, ¢ and v are the inverse of each
other. 0J

Next corollary gives a step in looking for a universal version of a C*-algebra generated
by projections and partial isometries. In some examples in the theory such as for graph
C*-algebras [11] and labelled spaces C*-algebras [2], there is a commutative C*-subalgebra
generated by projections that plays an important role when studying the structure of the
algebra.

Corollary 4.3. Let A be a C*-algebra generated by a family of partial isometries {t;};cs
and B a commutative C*-subalgebra of A generated by family of projections {q; }ie;. Con-
sider a set {s;};e; with the same cardinality of J, a set {p;}ier with the same cardinality
of I and disjoint from {s;};e; and define G = {p;}ier U{s;}jes. Let Ry be the set of all
finite algebraic relations in A involving t; and q; and denote by R,y the set of all relations
obtained from Ro by replacing each t; and each g; with s; and p;, respectively. Then,
the natural surjective *~homomorphism ® : C*(G, R1) — A restricts to an isomorphism
& : C*({pi}ies) = B, where C*({p;}icr) is the C*-subalgebra of C*(G,Ry) generated by
the family {p:}ier-

Proof. Clearly ® is surjective, so we only need to proof the injectivity. Let {r;};c; be a set
with the same cardinality of I and Rs be the set of all relations obtained by considering
in Ry those relations that can be written using only {¢;}:c; and then replacing each ¢;
with 7;. By Theorem [£.2] the universal *-homomorphism ¥ : C*({r;}icr, R2) — B given
by U(r;) = ¢; is an isomorphism. The universal property of C*({r;}icr, R2) also give us
a surjective *-homomorphism © : C*({r;}icr, R2) — C*({pi}icr) given by O(r;) = p;.
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Since (© 0 U)o ®(p;) = p; and D o (6 0 U~)(g;) = ¢i, then @ : C*({pi}ics) — B is an
isomorphism. O

The next result is inspired by what in the literature is known as the Gauge Invariance
Theorem. This class of results can be thought as being a uniqueness theorem and describes
conditions to conclude that a map defined in a universal C*-algebra is injective. As we
have seen in the previous results, if we use the generators of a C*-algebra to define a
universal version of it, we automatically get a surjective *-homomorphism and, under
conditions of Corollary 1.3 we get a *-isomorphism of a distinguished C*-subalgebra. In
the next theorem, under stronger hypothesis, we obtain a *-isomorphism for the whole
algebra.

Notation. In next theorem, we use (B) to denote the set of all finite products of elements
in B.

Theorem 4.4. Let A be a C*-algebra generated by a family of projections {q;}icr and
a family of partial isometries {t;};e; and suppose that there exists a strongly continuous
action v : T — Aut(A) such that for every z € T, i € I and j € J, we have that
V(@) = @ and v.(t;) = zt;. Let N = ({q;}ier U{t;}jes U{t;}jes) N AY and suppose
that for every finite subset Y C N, the C*-algebra generated by Y is finite dimensional.
Consider a set {p;}ier with the same cardinality of I and a set {s;};e; with the same
cardinality of J and disjoint from {p;}icr. Let G = {pi}ier U{s;}jes and ® : Bg — A
be the map given by ®(p;) = q; for all i € I and ®(s;) = t; for all j € J. Define
M={xe(GUG") |P(z) € N} and define sets of norm relations

Ri={pi=pi=p;liel}U{s;sis;=s;|j€J}

finite finite
Rgz{Z)\xx:0 ' @(ZAJCQ;) :0}.

zeM zeM
Then ® factors to an isomorphism between C*(G, Ry UR2) and A.

and

Proof. The proof will follow the steps: we define a strong continuous action § : T —
Aut(C*(G, R1 URy)), find its invariant set C*(G, R UR2)?, show that & is injective over
C*(G,R1 UR,)? and then conclude that ® is an isomorphism.

Let y € N and let m, n and k be the number of ¢;’s, ¢;’s and ¢}’s in y, respectively. For
z € T, we have 7,(y) = 2" *y and since y € A7, then n = k. Then z € M if and only if x
has the same quantity of s;’s and s}’s. Fix z € T and consider 3, : Bg — C*(G, R1 UR>)
given by 5.(p;) = p; and B,(s;) = zs;. It’s clear that §, satisfies the relations in R;.
From the previous characterization of elements in M, if x € M then (,(x) = z and,
therefore, (5, satisfies the relations in R, too. Hence, (3, factors to an endomorphism of
C*(G,R1 URy). Since B.6, and f,, coincides in G, then (5.3, = [., showing f is an
action by automorphisms. A standard €/3 argument shows that 3 is strongly continuous.

We claim that C*(G,R; U Ry)? = C*(M), where C*(M) is the C*-subalgebra of
C*(G,R1 URy) generated by M. Clearly, C*(M) C C*(G,R1 UR,)?. To see the other
inclusion, consider the conditional expectation E : C*(G, Ry U Ry) — C*(G, Ry U R,)?
associated with g given by

E@:A@@M
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Ifz € (GUG"), then E(z) =xifr € M and E(x) =0ifx ¢ M. Let b € C*(G,R1 UR,)?
and choose a sequence (by)ren in Bg converging to b. Each by is a linear combination of
elements in (G U G*) and then E(b) is a linear combination of elements in M. Thus,

b= B(b) = E(limby) = lim E(by) € C*(M).

Now, let’s deal with ®. Since the image by ® of relations in Ry U Ry are obviously
satisfied in A, then ® factors to a surjective homomorphism ¢ : C*(G,R; U R,y) — A.
We claim that @ is injective on C*(G,R; U R,)?. To achieve this goal, it suffices to
show that ® is isometric on linear combinations of elements of M, which is dense in
C*(G,R1 URy)?. By relations in Ry, ® is injective on linear combinations of M. Now,
fix X a finite subset of M. By hypothesis, C*(®(X)) is finite dimensional and since ®
is injective on linear combinations of elements of M, then C*(X) is finite dimensional.
Furthermore, since C*(X) is contained on the set of linear combinations of elements of
M, then the restriction ® : C*(X) — C*(®(X)) is an injective homomorphism between
C*-algebras and, hence, isometric. Since X is arbitrary, then ® is isometric on linear
combinations of elements of M. This shows ® is injective on C*(G, Ry U Ry)".

Clearly ®(5.(b)) = 7.(®(b)) for all b € Bg, and all z € T. By continuity we can extend
to all b € C*(G,R; URs). Hence,

H(b (/Tﬁz(b)dz> H = ’ /Tyz(é(b))H < ||

for all b € C*(G,R1 URy). By [3, Lemma 2.2], ® is injective. O

Ezample 4.5 (Ultragraph C*-algebras). An ultragraph is a quadruple & = (E°, &1, s, 1),
where E? and £! are sets, whose elements are called vertices and edges respectively, and
s: & — EYand r : &' — P(E) are functions called source and range, where P(E°) is
the power set of E°. We denote by £° the smallest subset of P(E°) closed under finite
intersections and unions containing (), r(e) for all e € ! and {v} for all v € E° We
adapt Tomforde’s definition in [I0] allowing infinite sum relations. We define C*(€) to be
the universal C*-algebra generated by a set of projections {pa}acgo and partial isometries
with mutually orthogonal ranges {s.}.ce1 satisfying the relations:

(1) pp =0, panp = papp and paup = pa + pp — panp for all A, B € &%
(2) SiSe = Dr(e) for all e € EY;
(3) Pio} = Dees1(v) Sese for all v € E° such that s (v) # 0.

As in the examples of Section [3 we can prove that the relations are admissible and that
C*(€) coincides with the one defined by Tomforde in [10] and, in fact, both examples of
Section [3 can be modeled using ultragraphs. Assuming that we did not have Tomforde’s
description, let us prove that we can apply Theorem [4.4lto this example. Given n € N with
n > 1, a path of length n is a sequence of n edges a = ay ... ay, such that s(a;y1) € ()
forallt=1,...,n — 1. The set of all paths of length n is denoted by £". The elements
of £% are thought to be paths of length zero and we define £* = |J)— E™. For a path
a = ajy ...aq, with positive length, we define |a| = n and s, = Sa, ** * Sa,, and for A € 9
we set |A| = 0 and s4 = pa. As pointed out in [I0, Remark 2.10], any finite word
in {pa}aceo, {Sctecer and {s}}.cer can be rewritten as s,pasj for some o, 8 € £* and
A € E°. Also, it is standard to show that there is a strongly continuous action v of T on
C*(€) given by v.(pa) = pa and 7.(s.) = zs. forall z € T, A € EY and e € EL.
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If M is the set described in the statement of Theorem [4.4], we can see that elements of M
can be written as s,pasj for some o, 3 € £* and A € £% where |a| = [3]. A finite X C M
is of the form {sa,pa, 5%, -, 5a,pa,55, } for some n € N and oy, 5; € €%, A; € £° for all
1=1,...,n. Welet F be the set of all edges that appears in a path «; or j; for some i, N
be the greatest length of all paths a;, and @ = {pa, }1—; U {pr(e) }ecr. Since the elements
of () are commuting projections, we can apply Lemma (A1 to find a set P of mutually
orthogonal projections such that span P = span (). Consider also W the set of all paths
of length at most N and whose edges belong to ' and Y = {saps}; | o, 5 € W,p € P}.
Using [10, Lemmas 2.8 and 2.9], we see that C*(X) C C*(Y') = span Y, concluding that
C*(X) is finite dimensional, and therefore Theorem [£.4] can be applied, which means that
the C*-algebra of an ultragraph can be defined using infinite sum relations but can be
described using only norm relations.
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