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Abstract. Here, a fourth order singular elliptic problem involving p-biharmonic operator with Dirichlet
boundary condition is established where the exponent in the singular term is different from that in the
p-biharmonic operator. The existence of infinitely many solutions is proved by the variational methods in
Sobolev spaces and the critical points principle of Ricceri. Finally, an example is presented.

1. Introduction

Nonlinear singular elliptic problems have been studied intensively in recent years and arise in some
parts of science such that boundary layer phenomena for viscous fluids, chemical heterogeneous catalysts,
chemical catalyst kinetics, and theory of heat conduction in electrically conducting materials.

Motivated by such interest, Huang and Liu in [5] studied the following singular problem.∆2
pu − µ

|x|2p |u|p−2u = f (x,u) in Ω,

u = ∆u = 0 on ∂Ω.

Where Ω ⊂ RN is a bounded domain and 1 < p < N
2 .

Also we can mention the following problem with Hardy potential−∆pu = µ |u|
p−2u
|x|p + λ f (x,u) in Ω,

u = 0 on ∂Ω.

which is studied in [4].
In [15] the following problem is studied.M

(∫
Ω
|∆u|p dx

)
∆2

pu − a
|x|2p |u|p−2u = λ f (x,u) + µ1(x,u) in Ω,

u = ∆u = 0 on ∂Ω,

where 1 < p < N
2 and M : [0,+∞[→ R is a continuous function.
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Motivated by such works on this topic, we concern the existence of weak solutions for the following
problem∆2

pu + a(x) |u|
q−2

|x|2q = λ f (x,u) in Ω,

u = ∆u = 0 on ∂Ω
(1)

where ∆2
pu := ∆(|∆u|p−2∆u) is the p-biharmonic operator, a ∈ L∞(Ω) with essΩ inf a(x) > 0, Ω is a bounded

domain in RN (N ≥ 3), containing the origin and with smooth boundary ∂Ω, λ is a positive parameter, and
1 < q < N

2 < p. Also f : Ω×R→ R is an L1-Carathéodory function. As we see, in this article essΩ inf a(x) > 0,
and the exponent in the singular term is different from p in the p-biharmonic operator. Also, the problem
is studied where N

2 < p therefore we have the compact embedding X ↪→ C(Ω̄), which makes our results
different from those in [15].

We can refer to [2, 3, 7, 8, 12] as some general references on subject considered in this paper.

Definition 1.1. The function f : Ω × R→ R is said to be an L1-Carathéodory function, if

(A1) the function x 7→ f (x, t) is measurable for every t ∈ R;

(A2) the function t 7→ f (x, t) is continuous for a.e. x ∈ Ω;

(A3) for every h > 0 there exists a function `h ∈ L1(Ω) such that

sup
|t|≤h
| f (x, t)| ≤ `h(x), for a.e. x ∈ Ω.

Let X := W1,p
0 (Ω) ∩W2,p(Ω), endowed with the norm

‖u‖ :=
(∫

Ω

|∆u(x)|p dx
)1/p

,

where Ω is a bounded domain in RN (N ≥ 3) containing the origin and with smooth boundary ∂Ω. Moreover,
‖ · ‖1 denotes the norm of L1(Ω); i.e.,

‖u‖1 :=
∫

Ω

|u(x)|dx.

Remark 1.2. The power p can be considered as a function i.e. p : Ω→ [1,+∞). In this case, one can define the space
Lp(x)(Ω), W1,p(x)(Ω) and W1,p(x)

0 (Ω). This approach is usable to extend the set of the research problems answering a
wide variety of applications, for example, studying the problem involving p(x)-Laplacian ∆p(x)u as a nonlinear and
nonhomogeneous operator,(see [13, 14]) or studying p(x)-energy functionals for a non-standard growth problem (see
[10, 11]) and etc.

We recall Rellich’s inequality [9], which says that∫
Ω

|u(x)|q

|x|2q dx ≤
1
H

∫
Ω

|∆u(x)|q dx, for all u ∈ X, (2)

where H := ( N(q−1)(N−2q)
q2 )q. We define F(x, t) :=

∫ t

0 f (x, ξ) dξ, for every (x, t) in Ω × R. Also we consider the
functional Iλ : X→ R as

Iλ(u) := Φ(u) − λΨ(u),

associated with (1), for every u ∈ X, where

Φ(u) :=
1
p

∫
Ω

|∆u(x)|p dx +
1
q

∫
Ω

|u(x)|q

|x|2q a(x) dx,
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and

Ψ(u) :=
∫

Ω

F(x,u(x)) dx,

for every u ∈ X. By (2) implies

‖u‖p

p
≤ Φ(u) ≤

‖u‖p

p
+
‖a‖∞
qH

∫
Ω

|∆u(x)|qdx, (3)

for every u ∈ X, so Φ is well defined, coercive and Gâteaux differentiable and its Gâteaux derivative is the
functional Φ′ ∈ X∗ given by

Φ′(u)(v) =

∫
Ω

|∆u(x)|p−2∆u(x)∆v(x) dx +

∫
Ω

|u(x)|q−2u(x)v(x)
|x|2q a(x) dx,

for every v ∈ X. Moreover, Φ is sequentially weakly lower semicontinuous and strongly continuous. On the
other hand, by standard arguments, Ψ is well defined and continuously Gâteaux differentiable functional
whose derivative

Ψ′(u)(v) =

∫
Ω

f (x,u(x))v(x) dx,

is a compact operator for every v ∈ X.

Definition 1.3. For fixed real parameter λ, it is said that a function u : Ω→ R is a weak solution of (1) if u ∈ X and∫
Ω

|∆u(x)|p−2∆u(x)∆v(x) dx +

∫
Ω

|u(x)|q−2u(x)v(x)
|x|2q a(x) dx − λ

∫
Ω

f (x,u(x))v(x) dx = 0,

for every v ∈ X, which shows that the critical points of Iλ are exactly the weak solutions of (1).

Our main tool in order to prove the existence of solutions for the problem (1) is the following theorem [1,
Theorem 2.1] which is a version of Ricceri’s principle [12, Theorem 2.5].

Theorem 1.4. Let X be a reflexive real Banach space, let Φ,Ψ : X → R be two Gâteaux differentiable functionals
such that Φ is sequentially weakly lower semicontinuous, strongly continuous and coercive, and Ψ is sequentially
weakly upper semicontinuous. For every r > infX Φ, put

ϕ(r) := inf
Φ(u)<r

supΦ(v)<r Ψ(v) −Ψ(u)

r −Φ(u)
,

γ := lim inf
r→+∞

ϕ(r), and δ := lim inf
r→(infX Φ)+

ϕ(r).

Then the following properties hold:

(a) for every r > infX Φ and every λ ∈]0, 1
ϕ(r) [, the restriction of the functional

Iλ := Φ − λΨ

to Φ−1(] −∞, r[) admits a global minimum, which is a critical point (local minimum) of Iλ in X.

(b) if γ < +∞, then for each λ ∈]0, 1
γ [, the following alternative holds either,

(b1) Iλ possesses a global minimum, or
(b2) there is a sequence {un} of critical points (local minima) of Iλ such that

lim
n→+∞

Φ(un) = +∞

(c) if δ < +∞, then for each λ ∈]0, 1
δ [, the following alternative holds either:

(c1) there is a global minimum of Φ which is a local minimum of Iλ. or,
(c2) there is a sequence {un} of pairwise distinct critical points (local minima) of Iλ which weakly converges to

a global minimum of Φ, with limn→+∞Φ(un) = infu∈X Φ(u).
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2. Multiple solutions

For fixed x0 ∈ Ω, set D > 0 such that B(x0,D) ⊆ Ω, where B(x0,D) denotes the ball with center at x0 and
radius D and B(x0,D) not containing the origin.

The compact embedding X ↪→ C(Ω̄) implies

k := sup
u∈X
u,0

(
maxx∈Ω̄ |u(x)|

‖u‖

)
< ∞. (4)

Set

Li :=
2π

N
2

Γ(
N
2

)

∫ D

D
2

|
12(N + 1)

D3 r −
24N
D2 +

9(N − 1)
D

1
r
|
irN−1dr, (i = p, q) (5)

where Γ is the Gamma function and defined by

Γ(t) :=
∫ +∞

0
zt−1e−z dz, for all t > 0,

and h is a constant such that h > 1.
Also set

A := lim inf
ξ→+∞

‖`ξ‖1
ξp−1 ,

and

B := lim sup
ξ→+∞

∫
B(x0, D

2 ) F(x, ξh ) dx

ξp ,

where `ξ ∈ L1(Ω) satisfies condition (A3) on f (x, t) for every ξ > 0.
The next theorem shows that the problem (1) admits an unbounded sequence of weak solutions.

Theorem 2.1. Assume that f : Ω × R→ R be an L1-Carathéodory function such that

(i) F(x, t) ≥ 0 for every (x, t) ∈ Ω × R+;

(ii) A < hp

Lpkp B, where k and Lp are given by (4) and (5).

Then for every λ ∈ Λ :=] Lp

phpB ,
1

pkpA [ the problem (1) admits an unbounded sequence of weak solutions in X.

Proof. Let X := W1,p
0 (Ω) ∩W2,p(Ω) and Φ and Ψ be the functionals introduced in Section 1.

Fix λ ∈] Lp

phpB ,
1

pkpA [. As seen in Section 1 the functionals Φ and Ψ satisfy the regularity assumptions
requested in Theorem 1.4.

Take {ξn} ⊂ R+ such that limn→+∞ ξn = +∞, and limn→+∞
‖`ξn ‖1

ξ
p−1
n

= A. Thus (4) shows

max
x∈Ω̄
|u(x)| ≤ k‖u‖. (6)

Also from (3) and (6), we obtain

Φ−1(] −∞, r[) = {u ∈ X; Φ(u) < r}

⊂

{
u ∈ X;

1
p
‖u‖p < r

}
⊂

{
u ∈ X; max

x∈Ω̄
|u(x)| < k(pr)

1
p

}
.



M. Makvand Chaharlang, A. Razani / Filomat 32:14 (2018), 5003–5010 5007

Set rn := ξ
p
n

pkp , for all n ∈ N. Since Φ(0) = Ψ(0) = 0, we have

ϕ(rn) = inf
Φ(v)<rn

(supΦ(u)<rn
Ψ(u)) −Ψ(v)

rn −Φ(v)

≤

supΦ(u)<rn

∫
Ω

F(x,u(x)) dx

rn

≤

sup
|u(x)|<ξn

∫
Ω

F(x,u(x)) dx

rn

≤
ξn‖`ξn‖1

ξ
p
n

pkp

.

Hence, it follows that

γ ≤ lim inf
n→+∞

ϕ(rn) ≤ pkp lim inf
n→+∞

‖`ξn‖1

ξp−1
n

= pkpA < +∞.

Now, we show that the functional Iλ is unbounded from below. Indeed, since 1
λ <

Bphp

Lp
, there exist η > 0

and a sequence {τn} of positive numbers such that τn → +∞ and

1
λ
< η <

php

Lp

∫
B(x0,D/2) F(x, τn

h ) dx

τp
n

, (7)

for n large enough.
Let h > 1 be as before, we define {vn} ⊂ X given by

vn(x) :=


0 Ω̄ \ B(x0,D)
τn
h

(
4

D3ρ3
−

12
D2ρ2 + 9

Dρ − 1
)

B(x0,D) \ B(x0, D
2 )

τn
h B(x0, D

2 )

where ρ = dist(x, x0). Clearly vn ∈ X and∫
Ω

|∆vn(x)|i dx =
(
τn

h

)i 2ΠN/2

Γ( N
2 )

∫ D

D
2

∣∣∣∣∣12(N + 1)
D3 r −

24N
D2 +

9(N − 1)
D

1
r

∣∣∣∣∣i rN−1 dr

=
Li

hi τ
i
n, (i = p, q).

Thus

Φ(vn) =
1
p

∫
Ω

|∆vn(x)|p dx +
1
q

∫
Ω

|vn(x)|q

|x|2q · a(x) dx

≤
Lp

hpp
τp

n +
‖a‖∞
qH

∫
Ω

|∆vn(x)|q dx,

=
Lp

php τ
p
n +
‖a‖∞Lq

qhqH
τq

n.

Condition (i) and (7) show

Ψ(vn) =

∫
Ω

F(x, vn(x)) dx ≥
∫

B(x0, D
2 )

F
(
x,
τn

h

)
dx ≥

Lpητ
p
n

php ,
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therefore

Iλ(vn) = Φ(vn) − λΨ(vn) ≤
Lp

php τ
p
n +
‖a‖∞Lq

qhqH
τq

n −
λLpη

php τ
p
n

=
Lp

php (1 − λη)τp
n +
‖a‖∞Lq

qhqH
τq

n.

for every n ∈ N large enough, which follows that

lim
n→+∞

Iλ(vn) = −∞

as q < p and (1 − λη) < 0. Now, Theorem 1.4 (b) implies, the functional Iλ admits an unbounded sequence
{un} ⊂ X of critical points which are weak solutions for the problem (1).

Here we prove that the problem (1) has a sequence of weak solutions, which converges strongly to zero.

Theorem 2.2. Let f : Ω × R→ R be an L1-Carathéodory function such that

(I) F(x, t) ≥ 0, for every (x, t) ∈ Ω × R+;

(II) A′ < hp

Lpkp B′, where Lp and k are as in Theorem 2.1 and

A′ := lim inf
ξ→0+

‖`ξ‖1
ξp−1 , B′ := lim sup

ξ→0+

∫
B(x0,D/2) F(x,

ξ
h

) dx

ξp .

Then for every λ ∈ Λ′ :=] Lp

phpB′ ,
1

pkpA′ [ the problem (1) has a sequence of weak solutions, which converges strongly to
zero in X.

Proof. We consider Φ,Ψ and Iλ as in Section 1. Fix λ ∈ Λ′. Knowing that the functionals Φ and Ψ satisfy
the regularity assumptions in Theorem 1.4, we show that λ < 1

δ .
Let {tn} be a sequence of positive numbers such that limn→+∞ tn = 0 and limn→+∞

‖`tn ‖1

tp−1
n

= A′. We know

that infX Φ = 0, so δ := lim infr→0+ ϕ(r). Set rn := tp
n

pkp , for all n ∈ N. Taking (4) into account, one has ‖u‖∞ < tn,
for all u ∈ X with Φ(u) < rn, (similar to the proof of Theorem 4).

Thus

ϕ(rn) ≤
supΦ(u)<rn

Ψ(u)

rn
≤ pkp ‖`tn‖1

tp−1
n

.

Therefore

δ ≤ lim inf
n→+∞

ϕ(rn) ≤ pkp lim inf
n→+∞

‖`tn‖1

tp−1
n

= pkpA′ < +∞.

Hence, Λ′ ⊂]0, 1
δ [.

Now, we show that zero is not a local minimum of Iλ. Let {ξn} be a sequence of positive numbers such that
limn→+∞ ξn = 0 and

B′ = lim
n→+∞

∫
B(x0,D/2) F(x,

ξn

h
) dx

ξp
n

.

Also consider {vn} ⊂ X similar to the proof of Theorem 2.1, defined by {ξn} above. By the same argument, we
obtain that Iλ(vn) < 0 for n large enough. Thus zero is not a local minimum of Iλ as limn→+∞ Iλ(vn) < Iλ(0) = 0.
Therefore, there exists a sequence {un} ⊂ X of critical points of Iλ which converges strongly to zero in X as
limn→+∞Φ(un) = 0.
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Here we present an example as follows:

Example 2.3. Let p =
7
3
,N = 3, and ρ > 0 be a real number and {tn}, {sn} be two strictly increasing sequences

of real numbers that defined by induction. For n = 1,

t1 = ρ, s1 = 2ρ

and for n ≥ 1,

t2n =
(
22n+1

− 1
)

t2n−1, t2n+1 =
(
2 − 1

22n+1

)
t2n,

s2n = t2n
2n =

(
2 − 1

22n

)
s2n−1, s2n+1 = 2n+1t2n+1 =

(
22n+2

− 1
)

s2n.

Let f : Ω ×R→ R be the function defined by

f (x, t) :=
{

2w(x)t, (x, t) ∈ Ω × [0, t1],
w(x)

(
sn−1 + sn−sn−1

tn−tn−1
(t − tn−1)

)
, (x, t) ∈ Ω × [tn−1, tn] for some n > 1,

where w : Ω → R is a positive continuous function with 0 < w0 ≤ w(x) ≤ w0. Obviously f (x, t) is strictly
increasing with respect to t for every x ∈ Ω, the function lξ(x) := f (x, ξ) satisfies in condition (A3) on f ; i.e.,

sup
|t|≤ξ
| f (x, t)| ≤ lξ(x), for a.e. x ∈ Ω,

therefore f is an L1-Carathéodory function. Arguing as in [6], we have

lim sup
ξ→+∞

∫
B(x0, D

2 ) F(x,
ξ
h

)dx

ξ
7
3

= +∞, lim inf
ξ→+∞

‖lξ‖1
ξ

4
3

= 0,

for every x0 ∈ Ω, where Ω is a bounded domain inR3 containing the origin and with smooth boundary ∂Ω,
also D > 0 such that B(x0,D) ⊂ Ω and B(x0,D) not containing the origin. Hence the function f satisfies the
conditions mentioned in Theorem 2.1.
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