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Abstract. Using the critical point theory and the method of lower and upper solutions,
we present a new approach to obtain the existence of solutions to a p-Laplacian impul-
sive problem. As applications, we get unbounded sequences of solutions and sequences of
arbitrarily small positive solutions of the p-Laplacian impulsive problem.
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1. INTRODUCTION

The p-Laplacian operator appears in many research areas. For instance, in the
study of torsional creep (elastic for p = 2, plastic as p — o0), flow through porous
media (p = 3/2) or glacial sliding (p € (1,4/3]), see [2]. The existence of multiple
solutions of the p-Laplacian problem was considered in many papers, see for exam-
ple [1], [3], [5], [6] and the references therein. Most of them treated the problem
under conditions on f which imply some sort of oscillations between a sublinear and
a superlinear behaviour.

In [3], a contribution was made for the case when pF'(z, s)/|s|P interacts asymptot-
ically with the first eigenvalue. In [5], the existence of at least one solution was ob-
tained when the nonlinearity pF'(x, s)/|s|P stays asymptotically between the first two
eigenvalues of the p-Laplacian operator. More recently, the authors of [6] obtained
the existence of multiple nontrivial solutions for the case ganQO pF(z,5)/]s]P < A1

Motivated by the above works, in this paper we consider a p-Laplacian problem

(1.1) (@, (u") + f(t,u) =0, t€O0,1)\{tr,.. . tm},
(1.2) W(0) = pou(0) = 0, u'(1) + pu(1) =0,
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with an impulsive condition
(1.3) AP, (u'(ty)) — opulty) =0, ke {1,2,...,m},

where p > 1,0 =t < t; < 2 < ... <ty < tjms1 = 1 are fixed points, ®,(s) =
|s[P=2s, A®,(u/(t)) = Pp(u/(t])) — ®p(u'(t;;)), f: [0,1] x R — R is a continuous
function, po >0, 1 > 0,0, 20, k=1,2,...,m.

Define the functional p: W1?(0,1) — R by

) o= [ [ p a3 R O e,

p Pt p p

where F(t,u) = [ f(t,s)ds and WP(0,1) is the usual Sobolev space endowed with
the norm ul| = (f; |u B[P + o/ (t)|?) dt) 7.

We say that u € W1P(0, 1) is a solution of BVP (1.1)—(1.3) if it satisfies (1.1)—(1.2)
and for every k = 0,1,...,m, uj = u|(,,,,) is such that u; € W2P(t;,tit1). For
k=1,2,...,m, the limits «'(}), u/(t; ) exist, v/(¢;) = «/(t) and (1.3) holds.

Definition 1.1. A function o € WP(0,1) is called a lower solution of (1.1)—
(1.3) if it satisfies

(@p(/ (1)) + f(t,a(t)) 20, t€(0,1)\ {tr,... . tm},
A®, (o (tr)) — onalty) = 0, ke {1,2,....m},
a'(0) — poa(0) =0, (1) + (1) < 0.

A function 3 € WHP(0,1) is called an upper solution of (1.1)—(1.3) if it satisfies the
reversed inequalities.

Combining the lower and upper solutions and the critical point theory, we prove
in Theorem 2.1 that for the impulsive problem (1.1)—(1.3) between the well-ordered
lower and upper solutions, the related functional has a minimum u. Furthermore,
u is a solution of (1.1)—(1.3).

As applications of Theorem 2.1, in Section 3 we prove that problem (1.1)-
(1.3) has two unbounded sequences of solutions, which are respectively character-
ized as local minimizers of ¢, assuming that —oo < Bgﬁg F(t,u)/|ulP < 0 and

limsup F(t,u)/|ul/’ = oo, uniformly in ¢ € [0,1]. We also prove in Section 4 that
u—F00
problem (1.1)—(1.3) has a sequence of arbitrarily small positive solutions, assuming

that hm mfF(t u)/|ul? = 0 and hm sup F'(t,u)/|uP = oo, uniformly in ¢ € [0, 1].
—ot
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2. MAIN RESULTS

Theorem 2.1. Let «, 8 be lower and upper solutions of (1.1)—(1.3) with a < [ on
[0,1] and assume f: [0,1] x R — R is a continuous function. Then the functional ¢
defined by (1.4) has a minimum on [«, (], i.e. there exists u with « < u < ( on [0, 1]
such that

o(u) = min{p(v): ve W'P(0,1), a <v < B}
Furthermore, v is a solution of BVP (1.1)—(1.3).

Proof. Let us consider the modified problem

(2.1) (@p(u)) + f(t,q(t,u) =0, te€(0,1)\{tr,... . tm},
(2.2) u'(0) — pou(0) =0, u'(1)+ piu(l) =0,
(2.3) AP, (u'(ty)) — opulty) =0, ke {1,2,...,m},

where ¢(t,u) = max{a(t), min{u, 8(t)}}.
Define the functional ¢: W?(0,1) — R by

(2.4)  @(u) = /01 {|u/|p _ F(t,u)} at + i |0kuétk)|2 n |ou(0)|P N |M1u(1)|p,

p p p p

where F(t,u) = [, f(t,q(t,s))ds.

We can see that ¢ is coercive and weakly lower semicontinuous, hence it can
achieve a minimum u € W1P(0,1).

We shall complete the proof in two steps.

Step 1. The critical point u of @ is a solution of (2.1)—(2.3).

For each v € W1P(0,1) we have

(2.5) 0= /0 [, ()0 — F(tqlt, )] dt + S opu(te)olty)

k=1
+ @ (p0u(0))0(0) + @p(pau(1))u(1).

When v € W, 7(0,1), we have

1 m
0= /0 [y ()0 — F(t qlt, )] dt + S opu(te)olty).

k=1
Fork € {1,2,...,m}, select v € Wol’p(O, 1) with v(¢) = 0 for every t € [0, tx|U[tk+1, 1].
Then
tht1
0= [0 - ottt

tr
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So u satisfies
(Q)p(u/))/ + f(ta Q(tvu)) = O; te (tk;tk+1)~

Hence, u satisfies (2.1).
Now multiplying by v € VVO1 '?(0,1) and integrating between 0 and 1, we have

D AL, (tr))u(tr) = Y orulti)v(te).
k=1 k=1

Therefore, A®,(u'(ty)) = oru(ty) for every k € {1,2,...,m}.
Applying integration by parts to (2.1), since u satisfies (2.1) and (2.3), we get

(2.6) [=®p(w/(0)) + ®p(p0u(0))]0(0) + [Bp(u' (1)) + Bp(pru(1))]o(1) = 0.

Next we prove that u satisfies (2.2). Without loss of generality, we assume u’(0) —
wow(0) > 0, then let v(t) =1 —t € C§° and we get the contradiction

0=~ (u/(0)) + @, (p0u(0)) > 0.

So u/(0) — pou(0) = 0. In a similar way we get u/(1) + pu(1) = 0.

Thus w is a solution of (2.1)—(2.3).

Step 2. The function u is also a solution of (1.1)—(1.3). It is enough to prove
a<u<fonl0,1]

Defining (u — 3)" := max{u — 3,0} and integrating by parts, we have

0< / (@) — By(3)) — (F(t,alt, w)) — F(t B)))(u — B)* dt

=3 [ ) - 2,80 — (Fltaaltow) — Fie, 5w - 5)*
k=0"tk
= S AD (1) — ABH (B () (ults) — A1)
k=1
T [, (1)) — ®,(8 (1)) (u(1) — BL))*
— [, (' (0)) — ®,(8 (0)))(u(0) — B(0))*
[ @) - @ - B,

where [0,1]7 = {t € [0,1]: u(t) — B(t) > 0}.
From the monotonicity of ®,, we obtain
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If w(0) — 5(0) > 0, the definition of upper solutions of (1.1)—(1.3) implies
W' (0) = B(0) = po(u(0) — 4(0)) > 0.

Then we have ®,(u/(0)) — ®,(4(0)) > 0 and

Thus we have

—

0< / (@, () — By () — (F(talt,w) — F(2.8)](u— B)F dt

g_

[A®, (u'(t)) — ADy(B'(t)))(ulte) — B(tr)) T

NE

k

Il
_

o (u(ty) — B(tx))? < 0.

/AN
|
NE

=
Il
—

Thus u(t) < S(¢), t € [0,1]. In a similar way we can prove u(t) > a(t), t € [0,1].
Hence, u is a solution of (1.1)—(1.3).
Notice that the function @(u) — p(u) is constant on {u € WP(0,1): a < u < 8}
Consequently, both the functions ¢ and ¢ have the same minimum point between «
and [ so that the theorem follows. O

3. UNBOUNDED SOLUTIONS

Theorem 3.1. Let f: [0,1] x R — R be a continuous function. Assume that

A inf ft,u) > —oo0, sup ft,u) < oo,

(B1) (t,u)€[0,1]x[0,00) (t,u) (t,u)€[0,1] X (—00,0] (t,u)

(Ag) —o0 < 1imji:an(t,u)/|u|p < 0, limsup F(t,u)/|u|P = oo, uniformly in
U—E00 u—Foo

[0,1].
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Then the impulsive problem (1.1)—(1.3) has two infinite sequences of solutions {uy}

and {v,} satisfying
K Upt1 SV S SV U K S Uy SUppl S

and

lim max u,(t) =00, lim min v,(t) = —oc.
n—o0 t€[0,1] n—o0 t€[0,1]

Proof. We will complete the proof in five steps.

Step 1. For every M > 0 there exists 3, an upper solution of BVP (1.1)—(1.3),
with 8 > M on [0, 1].

By (A1) there exists K > 0 such that

(3.1) flt,u)+ K >0 on [0,1] x [0,00)
and
(3.2) F(t,u)+ Ku>0 on [0,1] x [0,00).

Given M > 0 and a fixed 0 < ¢ < min{p;/2,1/2}, select d > 0 such that

F(tad) K b—

1
P
T +d1’*1< ’ e? and ed> M.

(3.3)

We define (§ to be a solution of the problem
(3.4) (p(u)) + f(t,u) + K =0, u(0)=d, «(0)=0.

Assume that there exists to € (0, 1] such that 8(t) > d/2 on [0,t) and 3(to) = d/2.
From (3.1) and (3.2) we know that §'(¢) < 0 and F(¢,3(t)) + K3(t) = 0 on [0, to].
From the conservation of energy for (3.4) we obtain

L 150F < Tl 0 + F(t, 6(0) + KA1

1
= F(t,d) + Kd < 2 ——(cdy”

ie.
0<—p'(t) < ed.

It follows that for any ¢ € [0, t¢],
d— p(t) < edty < ed,
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which leads to the contradiction 8(t9) > (1 — €)d > d/2. Then for ¢ € [0, 1] we have
B(t) > d/2 > M and §'(t) = —ed. So we can see that

6'(0) + p0B(0) = 0

and d
5,(1) + Mlﬁ(l) > —ed+ ,LL1§ > 0.

Hence, the conclusion follows.

Step 2. For every M > 0 there exists «, a lower solution of BVP (1.1)—(1.3), with
a< =M on [0,1].

By (A;) there exists L > 0 such that

(3.5) ft,u)— L <0 on [0,1] x (—o0,0]
and
(3.6) F(t,u) — Lu>0 on [0,1] x (—00,0].

Given M > 0 and a fixed 0 < § < min{p;/2,1/2}, select d > 0 such that

F(tv_d) L <p_

1
p
¥ +dl’—1 ST 6P and dd > M.

(3.7)

We define (3 to be a solution of the problem
(38) ((I)p(ul))/ + f(t7u) - L= Oa U’(O) = _da U'/(O) =0.
Assume that there exists to € (0, 1] such that a(t) < —d/2 on [0,t9) and B(tg) =

—d/2. From (3.5) and (3.6) we know that o/(t) > 0 and F(¢,a(t)) — La(t) > 0 on
[0,t0]. From the conservation of energy for (3.4) we obtain

—1 -1
PP < =1/ ()] + F(t, (1)) — Lat)
P
p—1
= F(t,—d) + Ld < —=(6d)?,
p

i.e.

It follows that for any ¢ € [0, t¢],

a(t) + d < ddty < 8d,
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which leads to the contradiction a(tg) < (6 —1)d < —d/2. Then for t € [0, 1] we
have a(t) < —d/2 < —M and o/(t) < dd. So we can see that

o/ (0) + poa(0) < 0

and

d
0/(1) + ,ula(l) < dd — /.L1§ < 0.
Hence, the conclusion follows.
Step 3. There exists a sequence of positive real numbers {s, } with s,, — oo such
that ¢(s,) — —oo, where ¢ is defined by (1.4).
Choose a sequence {s,} of positive real numbers with

F(t
s, — oo and min (t, 5n)

t€[0,1]  |sn|P e

We have

( ) /1 F(t )dt—|— / |0k5n|2 |M08n|p |‘LL18n|p
Plsn) = — »Sn E +
0 2 p D

o
< - mm}Ftsn + [sn|? Zl k'

|p |/JO| + |M1|
tefo p

It follows that o(s,) — —oo.

Step 4. There exists a sequence of negative real numbers {t,,} with ¢,, — —oo such
that o(t,) — —oc.

Choose a sequence {t,} of positive real numbers with

F(t,t
t, — —oo and min (¢, tn)
te[0,1] |t |P

We have

1 m 2
oktnl® | |potal” | |pitnl”
tn) = — F(t, t,)dt
olin) = = [ Pttt 3 P8 4 B

N

m 2

ok |pol? + |pa |

— min F(t,t, tQE lox[® t, P
te[éri] ( )+ [tn] — 2 + [tn] P

It follows that ¢(t,,) — —oco.

Step 5. By Step 1 and Step 2, there exist lower and upper solutions a1, £ of (1.1)—
(1.3) with oy < 1. Hence, from Theorem 2.1 we can get a solution u; of (1.1)—(1.3)
such that a; < u; < f1.
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From Step 3 we have s; such that s1 > u; and ¢(s1) < p(u1). Moreover, Step 1
provides the existence of an upper solution 3o with u; < s1 < 2. From Theorem 2.1
we have a solution ug of (1.1)—(1.3) satisfying

ur < ug < B

and
— 3 < < .
olug) = e 1J)(Orrfll)?ul@gﬁ2 o) < @(s1) < p(u1)

It follows that uwy # us.
Iterating this argument, we obtain

Up K Upt1 S ﬁn-ﬁ-l and Sp(un—i-l) < @(Sn) < SO(Un)
From ¢(s,) — —oo we have ¢(u,,) — —oo. It follows that

lim max u,(t) = oo.
n—00 te(0,1]

Reproducing it in the negative part, we prove the result. ([

In a similar way we can get the following results.

Corollary 3.1. Let f: [0,1] x R — R be a continuous function. Assume that
B inf t,u) > — d f(t,0) >0Vtel0,1],
B1) . nf f(t) > —o and F(t,0) 0.1
(B2) —oo < liminf F'(¢,u)/|u|? < 0 and limsup F(t,u)/|ul’ = oo, uniformly in
t €10,1].
Then the impulsive problem (1.1)—(1.3) has an infinite sequence of nonnegative so-
lutions {u,} satisfying

O<u1<<Un<Un+1<

and

lim max u,(t) = co.
n—oo t€0,1]

Corollary 3.2. Let f: [0,1] x R — R be a continuous function. Assume that
C inf tiu) < d f(t,0) <0Vtel01],
(1) ot Ft) < o0 and £(2,0) 0.1
(C2) —oo < liminf F(t,u)/[ul” < 0 and limsup F'(t,u)/|u|P = oo, uniformly in
[0,1].
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Then the impulsive problem (1.1)—(1.3) has an infinite sequence of nonpositive solu-
tions {v,} satisfying
KU1 KU ... K1 <0

and

lim min v,(t) = —oo.
n—oo t€[0,1]

4. ARBITRARILY SMALL SOLUTIONS

Theorem 4.1. Let f: [0,1] x [0,00) — R be a continuous function. Assume that

F(t
(4.1) lim inf (t,v) =
u—0t  [ulP a0t |ulP

=00, uniformly in [0,1].

If one of the conditions
(D1) inf{u > 0: max f(t,u) <0} =0,
te(0,1]
(Dg) There exists 6 > 0 such that

f(t,u) >0 on|0,1] x [0,d]

holds, then the impulsive problem (1.1)—(1.3) has an infinite decreasing sequence of

positive solutions {u,} satisfying

li t) =0.
2 28 v )

Proof. We will complete the proof in four steps.
Step 1. There exist upper solutions {3, } of BVP (1.1)—(1.3) with

4.2 i .
(4.2) trerfé%] Bn(t) >0 and tren[g,)i Bn(t) =0

If (D7) holds, then there exists a sequence {3, } of upper solutions satisfying (4.2).
If (D2) holds, then we have

(4.3) F(t,u) >0 on [0,1] x (0,4].
By virtue of (4.1), we can select a decreasing sequence {d,} C (0, 36) such that

F(t,d, -11
(4.4) (d’p ) <2 b uniformly in ¢ € [0,1] and d,, — 0.
n
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We define 3,, to be a sequence of solutions of the problem
(4.5) (©p(u)) + f(t,u) =0, u(0)=d,, u'(0)=0.

Next we prove that %dn < Bn < dy, on [0,1].

From (D), it is obvious that 8, < d,, on [0,1]. Assume that there exists to € (0, 1]
such that id, < B(t) < d, on [0,ty) and B(ty) = id,. From (D;) and (4.1), we
know that 5'(t) < 0 and F(¢,6(t)) = 0 on [0,%9]. From the conservation of energy
for (3.4) we obtain

E21g 0P < P18, + Pt 5.(0)

— F(t,dy) < %(%dn)”,

ie.

It follows that for any ¢ € [0, t¢],
1

which leads to the contradiction 5(tg) > %dn > %dn. Hence, the conclusion follows.
Step 2. From hni(i)rif F(t,u)/|ulP = 0, uniformly in ¢ € [0,1], we have f(¢,0) =0
for t € [0, 1]. Henge, the function 0 is a lower solution of problem (1.1)—(1.3).
Step 3. There exists a sequence of positive real numbers {s,} with s, — 0T such
that ¢(s,) < 0, where ¢ is defined by (1.4). Choose a sequence {s,} of positive real
numbers with

F(t
$n — 0t and min (’S")—>
tef0,1] [snl?

We have
OkLSn Snp Snp
Hsn) = /Ftsn dt+z|k 2 +|Mo | |u1 |
=1 p D
|0k| |lpol? + [pa [P
< — mln F(t,sn)+ s L
b n) + |snl® Z 8n| »

It follows that ¢(s,) < 0.
Step 4. By Step 1 and Step 2, there exist upper solutions £ of (1.1)—(1.3) with
B1 > 0. Hence, from Theorem 2.1 we get a solution wu; of (1.1)—(1.3) such that

<ur < Sy
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From Step 3 we get s; such that 0 < 57 < n%in]ﬂl and ¢(s1) < 0. According
tefo,1

to Theorem 2.1 we have

p(ur) = (v) < p(s1) < 0.

min %)
veWr(0,1),0<v< P
Thus, u; #Z 0 and it is a positive solution of (1.1)—(1.3) satisfying m[(a)mi up(t) < dy.
telo,

Moreover, Step 1 provides the existence of an upper solution G with m[aa)i] B2 <
telo,

m[ax] u1. From Theorem 2.1 we have a solution ug of (1.1)—(1.3) satisfying 0 < ug <
te[0,1

B2 and uy # us.

From Step 3 we can get so such that 0 < sy < n[lin]ﬁg and (s2) < 0. From
te[0,1

Theorem 2.1 we have

= 1 < < O.
Plu2) = i s P0) S els2)

Hence, uz # 0 and it is a positive solution of (1.1)—(1.3) satisfying m[ax] uz(t) < da.
tel0,1
Iterating this argument, we build a sequence of distinct positive solutions {uy}

satisfying nh—{lgo tIen[(z)Df] un(t) = 0. 0

5. EXAMPLES

Example 5.1. Consider the problem

(5.1) (@p(u)) + f(u) =0,
(5.2) u' (0) — pou(0) =0, u'(1) + pyu(l) =0,
(5.3) AP, (u'(ty)) — opulty) =0, ke {1,2,...,m},

where p > 1, uo =2 0, u1 > 0, o, 2 0, k = 1,2,...,m. The continuous function
f: R — R is defined by

L (Jul + )7 tog(log(Ju] + X)) sin (log(loz(o5(|u] + )

du
(54)  flu)= p(lul +>\)”} 11 —plogA
P T A NP1 o4 0
10g(|u| 4 )\) + Sgn(u)p (1Og )\)2 ) U 7é )
0, u=0
with A = e®. Then it is easy to prove that
inf  f(u) > —o0, sup  f(u) < oo,
u€[0,00) u€(—00,0]
“ d “ d
lim inf 7f0 J(s)ds =0, limsup 7f0 J(s)ds =
W TP WD
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Thus by Theorem 3.1, problem (5.1)—(5.3) has two infinite sequences of solu-
tions {u,} and {v,}, satisfying

KU1 SV <. S0 SU KL S Uy SUpp1 S

and

lim max u,(t) =oco, lim min v,(t) = —oc.
n—00 ¢t€(0,1] n—o0 t€[0,1]

Example 5.2. Consider the problem

(5.5) (©p(u")) + g(u) =0,
u'(0) — pou(0) = 0, w'(1) + piu(l) =0,
(5.7) AD,(u (1)) — opulty) =0, ke {1,2,...,m},

where p > 1, g 2 0, pg > 0, o, =2 0, k = 1,2,...,m. The continuous function
g: [0,00) — R is defined by

(5.8) o) = %{ (up log log i) sin? (10gloglog %) + %}, u > 0,

0, u=0.

Then it is easy to prove that

“ d
lim inf M =

u—0+ up w0+ up

and
inf{u > 0: g(u) <0} =0.

Thus by Theorem 4.1, problem (5.5)—(5.7) has an infinite decreasing sequence of
positive solutions {uy,} satisfying

li t) =0.
A gy v )
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