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INFINITELY STRETCHED MOONEY SURFACES OF REVOLUTION ARE
UNIFORMLY STRESSED CATENOIDS*

BY
CHIEN-HENG WU
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Abstract. Axially and radially stretched Mooney surfaces of revolution are found
to tend to catenoids as the stretching tends to infinity. Moreover, two catenoids are
found to exist for any given set of stretching parameters. A formal two-term asymptotic
solution is obtained explicitly and the stretching of a cylindrical surface is given as an
example.

1. Introduction. Isaacson [1] showed in 1965 that the shape of an inflated arbitrary
Mooney surface of revolution tends to a spherical surface as the inflating pressure tends
to infinity. The radius of the spherical surface as well as a formal two-term asymptotic
solution have recently been obtained by Wu [2]. These results follow from the fact that
an infinitely stretched Mooney surface is uniformly stressed and the fact that the
equilibrium configuration of a uniformly stressed closed surface subjected to a constant
normal pressure is spherical.

It is also known that the equilibrium configuration of a uniformly stressed surface
subjected to no surface load is a minimal surface, of which a flat surface is a special case.
The flattening of membranes of revolution by large stretching is of this nature and the
relevant result was obtained by Perng and Wu [3]. The most general minimal surface
of revolution is the catenoid [4]. In fact one of the very few nonlinear membrane problems
that can be solved explicitly deals with the stretching of catenoids [5, p. 162].

The above observations suggest that the equilibrium configuration of an arbitrary
Mooney surface of revolution subjected to radial and axial stretch tends to a catenoid
as the stretching becomes infinitely large. A formal asymptotic analysis presented in
this paper shows that this is indeed the case. Moreover, two asymptotic states exist
for a given set of boundary conditions. The two states, however, are associated with
different potential energy levels. If we assume that nature prefers the state of a lower
energy, then the state with a lower energy may be called the preferred state.

2. Formulation. Let (r, 8, z) be a fixed cylindrical coordinate system and let S
measure the dimensionless arc length along a curve C defined by
7= R(S)
z = Z(S)

C R(S)>0, 0<8<1, 2.1

* Received April 9, 1973. Supported by U.S. Army Research Office-Durham under Grant ARO-D-31-
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characterizing the meridian curve of a membrane of revolution. The functions R and Z
are continuous but may have discontinuous derivatives. The membrane is stretched
axisymetrically so that the deformed shape can be characterized by a meridian curve

c.r = X(8), z = Y(8), (2.2)

satisfying the conditions
X(0) = ae'? X(@1) = b, (2.3)
Y1) — Y(0) = 2, (2.4)

where ¢ > 0 is a small parameter. The condition (2.4) determines the curve ¢ to within a
rigid-body displacement along the z-axis. The constants a and b are positive. We assume
without loss of generality that b > a. (We can always redefine R(S) to satisfy this condi-
tion.) The deformation from (2.1) to (2.2) is the subject of our investigation.

Suppose we denote by A, and A, , respectively, the principal extension ratios in the
meridian and azimuthal directions; then

A, = dL/dS, A, = X/R, (2.5, 2.6)

where L = L(S) measures the arc length along the curve c. We assume that the membrane
is made of a Mooney material [5] characterized by a strain-encrgy function W defined by

2 2 ]- ].
WA, Ay) = (A1 + A" + XFKIE) + k(Alef + ;&E + 7\?) 2.7

where k = C,/C, , the ratio of the two Mooney constants, and W is nondimensionalized
by the quantity C,H, H being the constant thickness of the undeformed membrane.

Based on (2.7), the fundamental equations can be derived. We prefer to use the set
of equations given in [6]. These are

1 1 )

Tl = A_2 WA; ; T2 = X: WAz ’ (287 9)
ar, _ p _ pydX a4 ) — ‘ *
s = (T, —T) IS 75 (XT,sin &) = 0, (2.10, 11)

1 dX 1dY .

_— T = —_——-——= 9

A, 4S8 cos &, A, dS sin &, (2.12, 13)

where the subscripts on W denote partial differentiation with respect to the indicated
argument. T, and T, are, respectively, the meridian and azimuthal stress resultants.
The function @ is the angle between the tangent to ¢ and the raxis. Eqgs. (2.5)-(2.13),
together with the conditions (2.3) and (2.4), constitute the complete formulation of the
problem. We repeat, however, that the function Y (S) can be determined only to within
an arbitrary constant. Moreover, the origin of L(S) is not specified. The arbitrariness
does not alter the nature of the physical problem but cnables us to cast our final result
into a more convenient form.

* (2.11) is the first integral of the original equation and represents the equilibrium condition along
the z-axis.
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Our objective now is to solve the posed problem asymptotically in terms of the
parameter e as e tends to zero. Our analysis will be formal and the order symbol will
refer to the parameter € as ¢ — 0.

The conditions (2.3) and (2.4) suggest that the functions X and Y arc O(¢™'’*). The
orders of the other quantities follow accordingly. We write

172 _ -1/ _ -2 RS V2
X = ¢, Y =&y, L = ¢, A =€ "N, 2.14)
A2 = 6_1/2)\2 y T1 = G—ltl y T2 = G_ltz y d = ¢'
Eq. (2.7) can now be written as
W(Al y Az) = 6_2U)()\1 y )\2 y G) (2.15)
where
w5 N 5 © = BASNE 4 e+ W) + e%(% + %) Fé—iy (216)
. 1 2 )\l )\2

Because of (2.16), we shall consider all the newly introduced quantities in (2.14) as
functions of S and e and write f = f(S, ¢) where f is a generic symbol. We shall assume
that f is analytic in S and ¢, and adopt the convenient notation:

af _ of _ 9

dS® = oS*’ fn(S) = 9 f(Sr é)
The governing equations (2.5), (2.6) and (2.8-2.13), and the boundary conditions (2.3)
and (2.4) now become

(2.17)

€=

M o= dl/dS, . = z/R, (2.18, 19)
1 1
t, = Ewh , t, = )T;w“ , (2.20, 21)
dh _ e d
Tog = (ty — t) IS’ 78 (xt, sin¢) = 0, (2.22, 23)
7%% = cos ¢, )\l—lg—g— = sin ¢, (2.24, 25)
2(0,¢) =a, z(1,¢) =b, y(1,¢ —y0,¢ = 2. (2.26)

3. Asymptotic configuration—catenoid. The asymptotic state is an infinitely
stretched state. If we let ¢ = 0 and use the notation (2.17), the system of equations
(2.18)-(2.26) becomes

Ao = dly/dS, A2 = /R, (3.1, 2)
tio = 2kNiohg to = 2kNiohao (3.3, 4)
dt ds d .
g8 = (= ) 5g, 55 (Wehosing) = 0, (3.5, 6)
1 dzo _ L dyo _
W T cos ¢, , o dS = sin ¢ , 3.7, 8)

20) = a, zo(1) = b, yo(1) — 3,(0) = 2. (3.9)
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It follows from (3.3), (3.4) and (3.5) that

th = t20 = constant. (3,10)
Eq. (3.6) yields
1
To = tio SIN ¢ (3.11)

where f, is as unknown integration constant. Eq. (3.6), together with (3.1), (3.7) and
(3.11), implies

R (R S

dly = " 0 8in° ¢ o - . (8.12)

Eq. (3.8), together with (3.1) and (3.12), implics

_ _f_1
dy, = 1,0 S0 By deo (3.13)

which, in turn, yiclds
_fe

Yo = —3. In tan 2 (3.14)

Note that the boundary condition is not violated by our setting the integration constant
to zero in (3.14). Egs. (3.11) and (3.14) are the coordinates of a catenary which can also
be written as

X = To cosh ?" Yo . (3.15)

tio

Substituting (3.1) and (3.2) into (3.3) and applying (3.12), we get
2
bo iy as - —(f L) oo

tio SIN ¢o/ sin @,
or, after applying (3.11), (3.13) and (3.15),

f_n R(_S)__. (3.16)

cosh? 42 7 Yo

U
E)

dyo _ 4
dS

wl

Integrating (3.16) yields

t]lco <t10> f R(Sl) dS’
= o [2 2| —inn [220 00 |} + 2109 - w0y @10

where y,(0) is an unknown integration constant. Since y,(S) must be consistant with
our previous choice (3.14), y,(0) cannot be arbitrary. The function y,(S) is given impli-
citly by (3.17). All the other quantities can be determined by simple substitution. In
particular, (3.12) yields

— Joginn ‘f— %o (3.18)
0

0o =
tio

where the origin of [, is chosen at the point y, = 0.
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‘We must now determine the three constants ¢, , f, and 4,(0). Eq. (3.9) requires that

a = f° cosh tf") 40(0), (3.19)
b= f 0 cosh T % (1o(0) + 2), (3.20)

tio [t tro to
" (T) R. =2 % +: [s inh 2 -2 7, (%o(0) + 2) — sinh g b f yo(O)] (3.21)

where

R. = [ "R(S) dS. (3.22)

Eqgs. (3.9), (3.15) and the assumption b > a imply that y,(1) = y,(0) + 2 > 1. It follows
from (3.19) and (3.20) that

% 40(0) = Fcosh™! bo a, (3.23)
0 0
tf“’ (4o(0) + 2) = +cosh™ tf: b, (3.24)
which, in turn, yield
%0 = % |:cosh'1 floc' b + cosh™ tf’: ] (3.25)

For given a and b, (3.25) determines the ratio ¢,,/f, which can then be used to obtain
4,(0) from (3.23). We note in passing that (3.25) has two roots in general.
Subtracting (3.19) from (3.20) and simplifying yields

t 14 b —
2 (0) + 1) = R ——.
f fo 2 sinh bo
fo
Using this relation, we obtain from (3.21)
R, fo (o) to b . bio
bo5" = 2+ 1 nh 2 -~ 3.26
2 = 21 T\ { +3 2o tm] 25, (8.26)
fo

Egs. (3.25) and (3.26) can now be used to determine f, and ¢, . This completes the formal
determination of the three constants involved. Since the constants cannot be solved
explicitly and solution multiplicity is involved, we give a qualitative discussion of the
solutions in the next section.

4. Non-uniqueness of asymptotic configuration. Before proceeding it is convenient
to introduce the following parameters:

Yo = tw/fo, T0o= (R./k)tw, p=a/b <1 u=hby,. (4.1)
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The shape of the asymptotically stretched membrane is given by (3.15), which can now
be written as

Yoy = cosh el . (4.2)

Thus, the number of asymptotic configurations is determined by the number of values
of the catenary parameter v, satisfying (3.25).

The values of v, satisfying (3.25) are detcrmined by the intersections, in the u — v,
plane, of the line

Yo = (1/b)u (4.3)
and the curve

Q*[pl: vo = Q*(u, p) = 3(cosh™ u =% cosh™ pu),  u > 1/p, (4.4)

where the notation is self-explanatory. It can be easily checked that 4Q*/du > 0,
Q™ /du < 0 for u > 1/p. Morcover, the two branches @* mecet and arc tangent to each
other at

u = 1/P, Yo = %COSh_l (I/P), (45)

where 9Q* /du = = . It follows that the two branches can be combined into a single
curve Q[p] defined by

Qlpl: u = Q(v, , p) (4.6)

where @ consists of the unique inverses of Q* and dQ/dy, = 0 at v, = 2 cosh™ 1/p.
The quantity p is a parameter and a sct of Q[p]-curves is given in Fig. 1.

While Egs. (4.3) and (4.4) cannot be solved explicitly, the Q[p]-curves supply a full
and clear picture of the nature of the solutions involved. Let v, = (1/b%)u be the unique
tangent to the curve Q[p] and let w = u* and v, = v,* be the point of tangency, then

Q(w*, p) _ 9Q"
u* 1T *.7)
Yot = QWY p),  bF = w/vo" (4.8)

Eq. (4.7) determines u* as a function of p and hence all the starred quantities are functions
of p. For given p and b, there are the following possibilities:

(1) b < b*(p). The present asymptotic analysis does not yield a solution of the
form (4.2).

(2) b = b*(p). Therce cxists a unique catenoid as the asymptotic solution. The catenary
parameter vy, takes the value v,°(p). Morcover, the catenary satisfies the conditions
Y0(0) < 0, yo(1) > 0.

(8) b*(p) < b < by(p) = (p/2) cosh™ (1/p). The quantity b,(p) is determined by (4.5).
Two solutions exist. Let v, and v, 7" < 7o', be the two catenary parameters.

The corresponding catenaries satisfy, respectively, the conditions 3, (0) < 0, 3, (1) >
0 and y,’(0) < 0, ,% (1) > 0, where the equality holds only when b = b,(p).

(4) b > by(p). Two distinct solutions exist. Let v, and v, v, < 7,*, be the
two catenary parameters. The corresponding catenaries satisfy the conditions y,(0) <
0, %, (1) > 0 and 3, (S) > 0.

This completes the determination of the shape of the asymptotically stretched
membrane.
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7 (%, P)

We must now determine ¢;, which determines the magnitude of the stress resultants
and is also required in the y, — S relation (3.17). The quantity ¢,, is determined by
(3.26). In terms of the parameters (4.1), (3.26) is

o = = S“‘fy‘ simh 2y0 4 D coth Yo 4.9)

where u satisfies (4.6) and hence is a function of v, and p. It follows that 7, is a function
of vo and p. A lengthy but straightforward calculation shows that 8*r,,/dv," > 0 and

0710/070 = 0 at vo = 7o™ (4.10)

A set of 714(yo , p)-curves is also given in Fig. 1. We conclude the above discussion by
outlining the graphic construction of the solution pertinent to Fig. 1. For a given pair
of a and b, the following steps are performed:

(1) Erect a line defined by v, = (1/b)u. This line and the curve @[p] have two inter-
sections in general. Denote the values of v, at the intersections by v, (b, p) and v, (b, p)
where v, < v,* is assumed.

(2) Determine 7,0 (b, p) = 71s(vo", p) and 7,7 B, p) = T1(ve”, p) from the
left portion of Fig. 1.

(3) These values, together with the geometric constant R, and the material constant
k, yield the constants ¢,, and f, by (4.1).

(4) The constant y,(0) is determined from (3.23), i.c.,

1o(0) = ‘ylcosh voa for 7y, 2 %c h"11
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Finally, we make an attempt to provide certain physical explanations for the multiple
solutions involved. This is done through an energy consideration. Since only displacement
boundary conditions are specified, the total potential energy is the strain energy stored
in the membrane. Eq. (2.16) implies that

WA, N, € ~ kN A" = T = (4.11)
It follows that the total potential energy, which equals to the total initial area 27R,
multiplied by the constant energy density (4.11), is proportional to r,,°. If we assume
that the membrane prefers the state of a lower energy then the configuration corre-
sponding to the smaller one of 7., and 7,,”’ may be called the preferred state.

5. First-order correction. Differentiating (2.18)—(2.26) with respect to e and then
setting e = 0, we obtain, after using the notation (2.17),

A = dly/dS, Aoy = 2,/R, (6.1, 2)
A
by = 2’9()\10)\21 + )\11)\20) + 2 ;\1_0 ) (5~3)
20
A
tr = Zk(hohar + Midao) + 232, (5.4)
10
dt d
Zo d_g = (t21 - tu) di,g ’ (5~5)
d . .
ﬁ (xot10¢1 €OS ¢ + Toliy SIN ¢y + ;850 SIN d’o) =0, (5'6)
_Ndey 1 de L
)\102 dS + )\10 dS - ¢1 s ¢0 ) (5'7)
&% _1_% = ¢; COS ¢y , (58)

T Mot dS T A, dS
(00 = 0, x,(1) =0, (1) — y,(0) = 0. (5.9)

Substituting (5.3) and (5.4) into (5.5) and making other appropriate substitutions,
we obtain

dt,,/dS = F(S) (5.10)
where
RS = 2 [1 - (;—1) g] tanh % Yo . (5.11)
Integrating (5.10) yields
1a(S) = tu(0) + fo "R S (5.12)

where the constant ¢,,(0) remains to be determined.
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Eqgs. (5.2) and (5.3) imply
)\11=__—_—'-—___' (5.13)

_ _dz  1dx 1 dz, R? dxy
¢, = z, + b, — T l? ay

dyo Zo dYo tio dYo
Substituting (5.14) into the integrated form of (5.6) and using the zeroth-order solution
repeatedly, we get

o dy, dy0+ dyo L t, L\dyo 1= ~% \as k \dy,

(5.15)

(5.14)

or, after applying (3.15) and (3.16),

dx, 14 .
cosh® voyo sinh yoyo 5 dy L 4+ 712 cosh ’Yoyo(Slnh2 Yoo — Dz,
Yo )

2 2
— i cosh® yoyot,, = —;‘ cosh’ bo Y — 1% (%") sinh® tf‘—: Yo . (5.16)
Dividing (5.16) by sinh® y,y, , we get

a [cosh2 Yoo
d sinh YoYo ! t10Yo

(—coth veyo + % sinh 2v.y, + %‘Yoyo)tu:l

dt R?
(—coth veyo + % sinh 2veys + 3ot (Wn - ; coth’ YoYo — ’)’02 & (5.17)

tm

or, after applying (3.16) and (5.10),

d[cosh2 Yoo, _ _tu

sin yoYo ! li0Yo

(—coth yeo + % sinh 2veye + 3voyo)

+ h (yo - 1 coth 703/0)] = @(S) dS (5.18)
fo Yo
where

‘YosRatlo .
k* cosh® voyo

G(S) = (—coth voyo + % sinh 2v,y + 2voyo)F(S) — (5.19)

th

Integrating (5.18) yields

t, ( 1 1 sinh® 40 n 3 sinh voyo )
tiyo \ coshyeyo & 2 coshyey, @ 2 Yo Gosh® Yolo

_h ( sinyoyo 1 1 ) sinh yoy, fs , , sinh v,¥o
f o \” cosh” yayo 7o cosh Yo¥Yo * cosh® yoyo Jo G87) dS” + e cosh® voyo (5.20)

r, =

where ¢, is an unknown integration constant.
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Eliminating A;; from (5.7) and (5.8), using (5.14) and applying the zeroth-order
solution repeatedly, we get

) t ) ‘ .
d[yl + x, sinh yoyo — t—;‘; (4 sinh 2veyo + %voyo)] = H(S) dS (5.21)

where

]. 1 .2 V()3R3t10
H(S) = ——— (Lginh 2 + 1 F(S) — —5—5"—- .22
S) tiovo (% sinh 2voy, 3Y0Y0)F(S) 2%% cosh® oo (5.22)

Integrating (5.21) yields

¢ . s
L} sinh 2yt + brops) + f HS)dS' +d,  (5.23)

yl = —X Sinh ’Yoyo + :
1

where d, is an integration constant. Since d; represents only a rigid-body displacement
along the z-axis, we conveniently set

£,00) - .
d, = _;—l(i (2 sinh 27,50(0) + 3v40(0)]. (5.24)
10

We must now determine the three constants ¢,,(0), f; and ¢, in such a way that the
three conditions (5.9) are satisfied. The last of (5.9), together with the first two of (5.9)
and the relation (3.21), yields

1 1
) = =2 {isinh 2) + 1) [ P a5 + [ B ash 629
Yolt, 0 Jo

Finally, the first two conditions of (5.9) yield

_ £.(0) [l 2 . sinh 2y, ]
fr=1 °{t1,70 g TioYo + 27 sinh 70%0(0) sinh veyo(1)

1 h 1 . !
[ o 1) + | [ ) s

! . sinh 2y, }
+ f G(8) dS + {vo ST 7030(0) sinh yee() 2 (5.26)

C =

_ 11(0) [_ cosh v,y,(0)

1 sinh 2 3
birYo sinh v,1/,(0) + § sinh 2yoy0(0) + 2')’03/0(0)]

+b [y0<0> - Leohn ”w] (5.27)

fo Yo 8inh v,y,(0)
The function ¢,, can be conveniently calculated from (5.5). We have
4k COSh2 YolYo tm ? R4 =
tyy = & + ’?Z;R—Z 1 — E %z . (5.28)

The other quantitics can be computed accordingly but are not given here.

6. Stretching of a cylindrical membrane as an example. Consider a cylindrical
membranc characterized by a meridian curve

c.: "T=E® =3 5_-g5<. 6.1)

c=Z(8) =8 —1%
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The membrane is stretched axially and radially so that the meridian curve of the equi-
librium configuration defined by

RS () 62

Y(S)

n
Il

satisfies the conditions
X(0) = X(1) = V%2

Y1) — Y(0) = %2

(6.3)

where € is a small parameter.
In terms of the notation (4.1), we havea = b = 2 and p = 1. Egs. (3.25) and (3.26)

yield:
= 0.5890 M =1
Yo = T > Tio = Tio 7.6328 (6.4)
70(2) = 2.150 1'10(2) = 8.7090
The corresponding asymptotic solutions are:
1 n
z(8) = 7o cosh v, y(S), (6.5)
1 . n . n n
S = T {i[sinh 2v,™y + sinh 2y,™] + v, (y + 1)}, (6.6)
z
10 '
[~ r= 8/2 X
K 2=¢"Y
5 7,=0589
05—
i r=R (=1
- ~—2=Z (=3
i 0< 8<1
o4+ e ey
- \ 10 s 20
r=g"X
7= g4Y
¥=2125
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where n = 1, 2 and ¢°X ~ z, ¢/’Y ~ y. The asymptotic stress resultants are
€Ty, ~ €Ty ~ 2kr ™, n =12 (6.7)
The two solutions are plotted in Fig. 2.
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