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1. Introduction and preliminaries. In a great number of problems of quality con-
trol, the rejection or the acceptance criteria depends on finding the Kth defective
or Kth nondefective of items in a sample respectively. Some sampling plans, to solve
these problems of quality control, assume that the number of inspected items is
a constant (see e.g. [6], [7], [8]) while others assume it is a random variable ([1],
[3], [4])- To reach decisions with respect to acceptance or rejection of a lot, single-
stage as well as many-stage sampling plaps are used. For instance in [8] are given
maximum likelihood estimates of the fraction defective (p) under the following
three sampling plans:

1°. Inspect a random sample of n units from the lot. Accept the lot if there are
fewer than k defectives. Reject the lot if there are k or more defectives.

2°, Inspect randomly selected units of the lot one at a time until either k defectives
have been observed or until n units have been inspected. Reject the lot if k defectives
are observed. Accept the lot if n units are inspected, provided that the number of
defectives observed is less than k.

3°. Inspect randomly selected units of the lot one at a time until either k defectives
orn — k + 1nondefectives have been observed. Reject the lot if there are k defectives.

In all these plans k and n are predetermined numbers. In general, k will be much
less than n.

Considerations of this note are based on inspections from a sequence of m lots
of inspected items and our curtailed sampling plans are similar to those in [8] (the
same as in [1]). Thus, we deal with an attribute acceptance plan in which randomly
selected individual units from a lot are inspected in sequence until either:

1. an accumulated total of k defectives is found, in which casc the lot is rejected,
or until
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2. an accumulated total of K nondefectives is found, in which case the lot is
accepted.

In such sampling plans, the number Y of inspected items is a random variable,
taking the values k, k + 1, ..., n, where

(1) n=k+K-—1.

In [1] the probability p of selecting a defective in a single trial is assumed constant
from trial to trial and trials are assumed stochastically independent. Under those
conditions the joint probability [Y = y], and that a lot will be rejected and the joint
probability that [Y = y], and that a lot will be accepted are probability functions
of one-parameter negative binomial distributions [1], i.e.

@) f(yﬂR;p)=(i:ll>p"qy"k, y=k,k+1,....n,
and

1 .
(3) f(yﬁA;p)=(Iy<_l>q"p’ K y=K,K+1,...n,

where 4 and R are events denoting acceptation and rejecting sample respectively.

The above given distribution of the random variable Y can be applied in the case
when the quality control was accomplished directly after the production cycle or
when the article was not subjected to deterioration. However, in practical applica-
tions it needs maximum likelihood estimation of the fraction defective when the qual-
ity control is carried out after a certain period of time or after transport, during
which the number of defectives can increase.

Thus, in such a case, the maximum likelihood estimate of the fraction defective
is not well described by the formulas given in [1] and [8]. In this case the number
of defectives in a sample is better described by the so-called inflated negative binomial
distribution introduced in this note.

Let us note here that examples of phenomena well described by the inflated bino.
mial or Poisson distributions may be found in [5], [9], [10].

Our extensions of attribute acceptance plans considered in [1] go in two directions:

(a) p is a value of the random variable P with distribution function F(p),

(b) the random variable Y is being well described by functions of probability
functions of negative binomial distributions except for k which is inflated, that is,
there are more observations than can be expected on the basis of the distribution (2).

The aim of this paper is to give maximum likelihood estimations of the process
(or lot) average proportion (p) of defectives and the proportion (a) of the population
which follows the negative binomial distribution based on attribute samples that
have been curtailed either with the rejection of a lot on finding the kth defective
or with the acceptance of it on finding the Kth nondefective. The maximum likelihood
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estimations, j and & are based on inspections from a sequnece of m lots of the in-
spected items. Using the method of linearization, we obtain linear estimates of p
and «. Moreover, we find the asymptotic variance and covariance of considered
estimators.

2. The Probability Function of the Random Variable Y. The probability function
of Y, the number of inspected items, may be expressed as

4) FOsp0) =f(y o R pa) + f(y N A; p,ar),

where A4, R and p are as above, and o, 0 < « < 1, denotes the proportion of the
population which follows the negative binomial distribution.
Under the conditions (a) and (b)

1—a+ap, y=k,

(5) f(yGR;p’a):'la( 1
k

1>pqu"‘, y=k+1,..,n,

6 f(vnA;pa) =a y -1 gp %, y=K, K+1,...,n,
k K — 1

where here, and in what follows, ¢ = 1 — p.
But, by (4)

oo JfynRipea), y=k, k+1,.. . K—1,
f(}’p’a)_{f(yr\R;p,oc)+f(ymA;p,oc), v=K,....n,
so that

(1 — a4+ ap, y=k,

-1 ko y—k — I _
a(k I)Pq , y=k+1,...,K—-1,

_}7—1 k y—k /yﬁl K y—K = K
ac(k_l)pq +oc<K_1 gp ", y=K,...,n,

0 elsewhere.

(M Sfipa) =

If o = 1, the above distribution reduces to the one considered by [1].
From (7) we have

1
l——oc+o<J.p"dF(p), y =k,
0

— 1 L )
(8) f(y'O()= a(i—[>J‘0p,‘qy de(p)’ y=k+1,. ., K-1,

y =1 1ky—k - 5 y —1 1Ky—l(‘
oc(k_1>‘[opq dF(p) + o K_1)]47 dF(p),

y=K,...,n.
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On the basis of (5), the probability of rejecting a lot is given by

P(R)=1—a+ a.rp" dF(p) + o Z (y ~ D folpqu_"dF(p) =

° y=k+1 \k

n 1
= l—~oc+ocz<y 1)fp"q"_"dF(p).
y= 0

k\k — 1
Using the formula

¢ ([6]-[7D),

)"
)f T

33
1=
S
NS
SN—
S
X
L)
=
I
:
I
;=
(I
b

we obtain

Let us consider some particular cases:
(i) If P is uniformly distributed, i.e.

9(p) = {

if 0<p<1,

0 if ps0, pz1,

then
l—a+afk+1), y=k,

) fOra) =Lakjp(y +1), y=k+1, k+2,...K—1,
ak + K)y(y + 1), y=K, K+1,...,n,

and
PR)=1—oa+on —k)(n+1).

(i) If P is beta distributed, i.e.

1 a—1 b—1 :
"1~ p) if 0<p<1, a>0, b>0,
9(p) = < B(a, b)
0 if pg£0, p=1,

where
1
B(a, b) = J (L= pfTdp,
0
then
1 —a+ aBla+k b)Ba,b), y=k,
<{_1)B(a*kb+)’*k)/3(ab) y=k+1,.. . K—1,
(10) 1y, 2) = a(%:l>B(a+k,b+y—- k)/B(a, b) +
+a<§(:;)3(a_K+)’,b+K)/B(a,b), y=K,...,n,
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and

PR)y=1-a+a), (Z)B(a + z,b+ n— z){B(a, b).
z=k
3. Average Sample Size. In the case, when p is fixed, we have

n . 1 n _ 1
EY=(1—-o+ap)k+a ) ¥y <i B 1) Pt Yy G’( _ 1)q"py“".
€

y=k+1

Hence we obtain
Ty ‘ y_l\k—k ‘ (y_"l)K~K
EY=(1 o)k + o YTE Y =
(1-9) T”{Eﬂ(lc—. JreT Lotk 1) 4
k K
=(J—a)k+a—[1—5(p,n+1,k)+oc—S(p,n+ l,k—])],
p q

where n = K + k — 1, and

k
S(p,n, k) =Y (n) P q" .

x=0 \X

Putting & = 1, we get the value given in [1].

In the case, when (8) takes place, we obtain

1
0

EY=(l—a)k + ockf p '[1 - S(p.n + 1, k)] dF(P) +

1
+ aKfq_' S(p,n + 1,k — 1) dF(p).
0

When P has uniform or beta distribution, we obtain, accordingly to (9) and (10),

EY=(1 —a)k +akY 1f(y + 1) + «K 3 1(y + 1)
y=k y=K
and

EY:(l—a)k+ak;" (i)za(a+k,b+y—k)/3(a,b)4r

+ oK Y <1Jé> B(a — K + y, b + K)/B(a, b) respectively.
y=K

4. Estimation of the Parameters o and p. Let us suppose, similarly to [1], that m

lots have been subjected to inspection in accordance with the curtailed plan described
above. Let ry be the number of the lots that were accepted, r, be the number of the
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lots whose sample results contained defectives and nondefectives, and let r, be the
number of lots whose sample results contained only defectives, so that

m=ry+ry +r,.

Let the number of defectives found and the number of items inspected be recorded
for each lot. The sample data then consist of paired values (zy, y), (22, J2), - - -

s (Zrgs Vro)s (k, Vrov1) (ke Yegr2)s o os (ks Yrotrs)s (k, Frotrtt =K} ...
e os Ky Yegar +r, = k), whete z; (i = 1,2, ..., 1) is the number of defectives found
in the ith accepted Iot (z,- < k) and k, of course, is the number of defectives found
in each rejected ot and y(I == 1,2, ..., ro + ry + r,) is the number of inspected
items. Thus z is a constant equal to k for indices ry + 1 to rq + 1y + r, and y is
a constant also equal to k for indices ry + r; + 1 torg + 1y + rs.

The likelihood function for such a sample is given by

(1) L{(z1, 71} o (2 20)] = @ 7(1 = o+ apt)?
o yi— 1\ « yi—K r yi— 1\ ¢ ik
1D1<K_1>q ! i~1:[+1<’<“1)pq ‘

Taking logarithms of (11), differentiating it with respect to o and p, equating
to zero, and solving the resulting equations for « and p, we obtain

(12) & ={(m—ry)/m(l — p"),

ri Vi = (K + k)ro + k(m — r)/(1 — pY)

(13) p="1= :
Yoyi— km + k(m — r)/(1 — p).
i=1

The maximum likelihood estimates obtained from (12) and (13) are not linear in o
and p. Thus, there is some trouble with their calculation. In order to get the pilot
estimates « and p of o and p respectively, we can make a linearization similarly
to [10]. Pilot estimations & and p of o and p can be obtained from the following
equations

(14) fi=1-—o+ ap,

(15) fus1 = okp'q,

where f, and f,,  are observed relative frequencies for k defectives, and k defectives
and one nondefective respectively in a sample of size n, while 1 — « + op® and
akp*q are the respective probabilities of k defectives, and k defectives and one

nondefective, obtained from (5).
Eliminating « from (14) and (15), we have

(16) Sera(t = P = (1 = f) (1 = p) kp*.
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Hence :
(17) 1 _Pk:(l “fk)(l“l’)k/[(l—fk)(l _P)k"“fku]‘

Putting (17) into (12) and (13), we obtain linear equations for estimates & and p of «
and p respectively

(18) &= (m—ry)[firs + k(1 = fi) (L = p)]/mk(L — f,) (L — B),

and

(19)
2y =K+ k)ro + (m = r2) [firr + k(1 = f) (1 = P)J(L = f) (1 — )

p="" : - .

A;y,- —km + (m — 1) [ firr + k(1 = £) (L= PY(L = £) (1 — p)
Hence

(m = r,) [(fyi — k) fiyo + k(1 = fi)( i yi + Krg = kry)]
(20) & = - i=1 . - i=ro+1 ’

mk{(1 — f,) (Z Vi+ Krog — kr)) — (m = 1) freq]
(U= 1) (3 ) = Kro + kr) =+ (ro + 1) e

(1 R ,

m

(1 - f’<) (i;lJ’i - krz)

The asymptotic variance and covariance of the estimates & and p are given by the
matrix M [2], where

_p(&logL) _ (2log L\]™
ou® )’ du op _I:oz(o?), Cov (8, ﬁ)] :

_p(PlogL) _ p(0logl - L Cov (8 5).a%(5)
dudp )’ ap?

Taking into account the equalities

& log Ljoa> = —m(l — pYja(l — & + ap"),
0% log Ljda 0p = mkp* ' [(1 — & + &p*),

é* log Ljop? makp A1 — &)J(1 — & + ap*) — Y yi — mk(L - 8)/pq,
i=1

il

we have

o’(@) = {[EY — k(1 — &)] (1 — & + &p*) — K?&(1 — &) (1 — p) p*~'}/4
Cov (&, ﬁ) = k&(l - ﬁ) ﬁk/A ,
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and
o*(p) = p(1 — p) (1 — pY)/4,
4 = m{[EY — k(1 — &)] (1 — p*) — k*&(1 — p) p*~'} .

The mathematical expectation EY was given in Section 3. However, for a sufficiently
large number of lots, the mean of the observed values Y should provide a reasonable
approximation to EY. Thus, in this case, we have

where

o(@) ~ B[ X vi = mk(L = D] (1 - & + ") -
i=1
K&l — &) (1 — p)y p*~ '} m4, ,
Cov (4, p) = ka(1 — p) p*/4,
and

o*(p) ~ p(1 — p) (1 = p)/4y,

where
Ay =2 yi — mk(l = &)] (1 = p*) — mka(1 — p) p*~" .
i=1

After using the linearization (14) and (15), we get
o%(@) = a*{[EY — k(1 — &)] pfi, — k(1 = &) fr+1}/4; ,
Cov (&’ 1_7) = &Efk+1/d2 » Gz(ﬁ) = 1321?(1 - fk)/Az s

where
4y = m{[EY ~ k(1 = @) B(1 ~ ) = k&fors}

References

[1] C. A. Cohen: Curtailed attribute sampling. Technometrics 12 (1970), 295—298.

[2] H. Cramér: Mathematical methods of statistics. Princeton Univ. Press, Princeton 1946.

[3] C. C. Craig: The ASN for truncated single and double attribute acceptance sampling plans.
ASQC Convention Transactions (1968), 63— 67.

[4] C. C. Craig: The average sample number for truncated single and double attribute sampling
plans. Technometrics 10 (1968), 685— 692.

[5] K. N. Pandey: On generalized inflated Poisson distribution. J. Scient. Res. Banaras Hindu

Univ. 15 (1964—1965), 157—162.

[6] G. P. Patil: On the evaluation of the negative binomial distribution with example. Techno-
metrics 2 (1960), 501 — 505.

[7} G. P. Patil: Note on the equivalence of the binomial and inverse binomial acceptance
sampling plans and an acknowledgement. Technometrics 5 (1963), 119—121.

[81 A. G. Phatak, M. M. Bhatt: Estimation of fraction defective in curtailed sampling plans.
Technometrics 9 (1967), 219—228.

[9]1 M. P. Singh: Inflated binomial distribution. J. Scient. Res. Banaras Hindu Univ. 16 (1965 to
1966), 87— 90.

[10] S. N. Singh: Probability models for the variation in the number of births per couple. J. Am.

Statist. Ass. 58 (1972), 721—-727.

164



Souhrn

VYBEROVY PREJIMACI PLAN, ZALOZENY
NA ,,ROZSIRENEM* USEKNUTEM NEGATIVNIM BINOMICKEM
ROZDELENI

Zpist AW RyYCHLIK a DOMINIK SZYNAL

Clének obsahuje maximdln& v&rohodné odhady pramémého podilu p zmetki
ve vyrobnim procesu (nebo doddvce) a podilu o zdkladniho souboru, ktery md
negativni binomické rozdé&leni.

Odhady jsou zaloZeny na vybérové kontrole srovndvdnim z posloupnosti m
doddvek pfedloZenych ke kontrole pfi cenzorovdni vybéru bud zamitnutim doddvky
pii vyskytu k-tého zmetku nebo pfijetim doddvky pfi vyskytu K-tého vyhovujiciho
kusu ve vybéru. Déle jsou uvedeny linedrni odhady podilti p a o a pfisluiné asympto-
tické variance a kovariance.
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