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Abstract

What effect does the choice of exchange rate regime -
L

T r——

have on a "small" open economy's real allocations UJE&M@m"3!%”W7?

and level of welfare? This question is discussed s
. 5N

within the construct of a cash-in-advance economy.
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It is shown that the economy's steady state levels

of consumption, labor force participation, output

and welfare are inversely related to its steady-state
inflation rate. Consequently, as is shown, a flexible
exchange rate regime is preferable to a fixed one
because it allows a nation to optimally choose its

rate of inflation.

We would like to thank Robert King and Alan Stockman for helpful comments
and suggestions, Any remaining errors are ours,



In a recent paper in the Journal of Political Economy, Elhanan

Helpman develops a simple two country model to compare the welfare
levels that are achieved under different exchange rate regimes. 1In a
world characterized by perfect foresight, his basic finding is that
equilibrium consumption allocations, and hence welfare levels, are
identical under a floating exchange rate system and a (one sided peg)
fixed exchange rate regime. This result is due to Helpman's
assumption that output is determined exogenously which allows a
separation of the real and monetary sides of the economy. The purpose
of this paper is to éxtend Helpman's model by making two alterations in
his seﬁup: kl) to allow production to be endogenously determined as a
function of labor force participation and (2) to allow welfare levels
to be dependent upon labor service as well as upon consumption. The
main conclusion then obtained is that a country may achieve a higher
welfare level under a flexible exchange rate regime than under a fixed
exchange rate regime since it is able to choose an optimal rate of

domestic inflation (or currency depreciation).

I The Model

Consider the following model of a "small" open economy inhabited
by an immortal representative agent who is blessed with perfect
foresight. The agent's goal is to maximize his lifetime utility,

U(-), as given by



_g ot
U = Eop Uleyetepsly) pe(0,1)

where p is the individual's (constant) subjective discount factor,

U(-) his momentary utility function, Cue and Cp, are his period t

consumption of the home country's output and the foreign country's

output respectively, and 1t is the quantity of labor services he

supplies in period t. The momentary utility function, U(¢), is
assumed to be strictly quasi-concave and twice differentiable with
consumption being a -normal good and labor service being an inferior
one. |

The representative agent has two sources of income. His
primary source of income is through the owner operation of a fifm.
The firm produces the consumption good using labor, 1, supplied by
the individual. The firm's output of this good, y, is described by

the following production process
v, = £(1)

where the function £(+) is taken to be twice differentiable and
to exhibit diﬁinishing returns to scale. Also, in each period t

the individual receives a nominal transfer payment, Xt’ from the

domestic government (this transfer payment may be negative).
There is an international bond market in which the individual can
freely participate. In this market he can issue (or buy) one period

real bonds denominated in terms of the home produced good, bH’ or the
foreign produced good, bF' These two kinds of bonds pay the

and r_,

internationally determined real rates of return r F

H

Vo

w



respectively. If, for instance, the representative agent were to

issue domestically denominated bonds worth bﬁ units of the home
produced good he would have to repay the equivalent of (1+rH)bH units

of the home produced good next period to the buyer of the bond.
In the model the individual must use currency to purchase goods.

For example, if in period t the individual purchases Ut units of the

home produced good this must be bought using currency from the

individual's current holdings of domestic money, MHt' Likewise, in

this period his purchases of the foreign produced good must be bought

using currency from his holdings of foréign money, MFt'

A time profile of the individual's life in a typical period, t+1,
will now be given so as to highlight the circulation of money in the
model. The representative agent enters this period with a certain
amount of domestic and foreign money to spend left over from the
previous period,t. Now at the beginning of period t+1 the individual
receives in domestic currency the income his firm accrued from sales

during the previous period. This amounts to PHtf(lt) where PHT

represents the domestic nominal price of the home produced good in
period t. At this time the agent also receives a nominal transfer

payment from the government in the amount Xt+1.

The individual then takes his cash to the international
bond-cum-foreign exchange market and liquidates the debts that he
incurred during the previous period. These debts now amount in

nominal terms to (1+rHt)PHt+let + (1+rFt)et+1PFt+1th where th+1 is
the foreign nominal price of their output in period t+1 and e is

the price in domestic currency of a unit of foreign currency in period
t+l. After doing this the individual issues new domestic and foreign

de . o . . .
nominated real bonds worth in nominal terms PHt+1th+l and



et+lth+1th+1 respectively. His resulting new holdings of cash are

then allocated between holding domestic and foreign currency in the

magnitudes NHt+1 and MFt+1'

During the remainder of the period the individual uses his
holdings of domestic and foreign currency to purchase his consumption

quantities of the home produced good CHt+1 and the foreign produced

good, ¢ He also supplies labor input to his firm. The agent

Ft+l®

then enters period t+2 with MHt+1 - PHt+1cHt+1 units of domestic

currency and MFt+i - PFt+1°Ft+1 units of foreign currency and the

process begins again. It has of course been assumed in the above
discussion that in period t+1 the individual made his decisions about
how much money to hold, bonds to issue, goods to consume, and labor to
supply in an optimal fashion. This is the matter to which we now

turn.
Formally the recursive equation of the representative agent's

dynamic programming problem isl .

Vis,s P = max  {U(eg+ cps 1) + V(s ,y5 P y))
Che* SFe . .
1e0Sea1

subject to
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5.
wnere s, = (th, th, MHt/PHt’ NFt/PFt] and Pt = (PHt’ PFt' et). The first

constraint, or (1), is the individual's budget constraint while the two
constraints (2) and (3) represent the agent's cash-in-advance constraints

vhich reflect the fact that the individual must have currency to purchase goods.

The following set of seven Euler equations can be derived from the above
dynanic programming problem in the usual manner vhere G.s Bt and Y, are the

Kuhn-Tucker multipliers associated with the constraints (1), (2) and (3)

respectively and the notation -, means that the functional arguments are being

t
evaluated at their ﬁate t values?
) ' 30-Lo)/3eye = OePhe/Pheay *
) . QUC+ )/oepy = 0Pprer,1/Phrey * Ve
(6) A/, = -0 P /Py ()
7 | P01 Phea1/Presz * Brad) © %t
(&) (201 Pra1%e2/Phits2 * Teed) = CeStatPpeed P
® . poy (PTpeay) = o , )

4]
Porn (0, Vot Phrer | CefetFea

(10) . Pﬂt+2 pﬂt+1
The first two Euler equations, (4) and (5), set the marginal
utilities of consuming home and foreign produced goods equal to their
marginal costs. To be more explicit by way of an example, the marginal
cost of consuming an extra unit of the home produced good would be the
marginal (indirect) utility obtained from holding an additional unit.

of domestic real balances. In other words, the right-hand side of %)

turns out to be equal to aV(-t)/a(MHt/PHt).

The fourth and fifth equations, (7) and (8), set the marginal
benefits of holding extra units of domestic and foreign balances at
the beginﬁing of period t+l1 equal to their marginal costs. For
example, by holding an extra unit of domestic real balances at the

beginning of t+1 the individual can increase his consumption of the



home good by one unit during the remainder of the period. Thus the
marginal benefit of holding an extra unit of domestic real balances at

the beginuing of t+l is the gain in utility derived from consuming an
extra unit of the home good in t+1. That is, the left-hand side of (7) is

equivalent to pdU(-t+1)/3c The marginal cost of holding this unit

He+1®

of real balances, @, is the marginal (indirect) utility a bond would

= -paV(- t+1)/3b

have yielded instead. In other words, a He+l”

t
The next two Euler equations, (9) and (10), state that the
marginal benefits from and costs of issuing domestic and'foreign bonds
must be equalized.?® By issuing a domestic real bond in t+l the
individual can increase his consumption of the home good by one unit

this period. Therefore the marginal cost, P of issuing a domestic

real bond at the beginning of t+l is the gain in t+1 utility that this

would allow, or -paU(-t+1)/9 The benefit of issuing such a

CHes1”

"

bond, as shown by minus the left-hand side of (9), is equal to the loss in
t+2 utility that the individual will suffer when this bond must be

repaid.‘ That is, the left-hand side of this equation equals

-[(1+rHt+1)p2]3U(°t+2)/acut+2.

Lastly (6) sets the marginal disutility of work equal to the
marginal benefit of such work. Using (4) and (7) this equation

can be rewritten as:
- 1! .
aU(-t)/alt = -[f (lt)PHt/PHt+1]PaU( t+1)./8cm;_*_1

An extra unit of work in period t leads to an increase in the nominal

value of the firm's output in this period of PHtf'(lt). But the individual

does not receive the firm's earnings until t+1. At this time the real

. .o L} ’ .
value of these extra earnings will be PHtf (lt)/PHt+1’ To see what this



e

extra unit of labor is worth in utility terms the increment in the real
value of the firm's earnings must be multiplied by the (discounted)
marginal utility of home consumption in period t+1. Thus the expression

on the right-hand side of the above equation is obtained. By defining e

as the domestic rate of inflation in period t, so that'rrH Ht+1/ 1,

the above equation can be rewritten as:

(1) U( t)/31, = -[f'(lt)/(1+1r )]1p3U(- t+1)/3c Ches1

II Purchasing Power and Interest Rate Parities

The Euler equations (4) to (10) may be used to show that the
economy's ' equilibrium implies Purchasing Power Parity and Interest
Rate Parity hold in each period. Equations (4) and (5) yield as the

marginal rate of substitution between consuming home and foreign goods

(12) au('t)/'scﬂt % Pue/Phee1 * B¢
BU(-t)/lSth

t Pre®e/Pher * Ve

while equations (7) and (8) yield the condition

(13) t Ht/pﬂt*l * Bt = PHt
P_.e

o PpeCy TPurer * Yo Ppe%:

Further, the assumption that o and cp enter additively in the

Ne—— .
momentary utility function implies a constant, unitary marginal rate

e

of substitution between consuming home and foreign goods so that it

can be infered from (12) and (13) that Purchasing Power Parity holds

or"

PHt/etPFt =1.



Next consider equations (9) and (10) which yield

(+ryp,) = (1+rFt)(et+1PFt+1/PHt+1)(PHt/etPFt)'

e ..

Given Purchasing Power Parity, we then obtain Interest Rate Parity

in terms of the real rates of return in each country®

(M) = (L4rg,),

This result obtains because the boﬁdS«are denominated in terms
of home or foreigﬁ produced goods which are perfect substitutes in
consumption. A positive (or negative) differential between the home
and foreigﬁ real rates of return would allow our representative agent

to make an unlimited profit by buying (selling) domestic denominated

([ 4

bonds while issuing foreign denominated real bonds worth the same
amount in terms of the consumption good. The individual could then
pocket the positive difference between the real interest payments

hé would earn and owe as a result of the above transactions.

The real rates of return on domestic and foreign denominated bonds
must equalize to prevent such obvious arbitrage between the two types

of bonds and the unbounded profit opportunity that this allows.

IITI The Steady State Equilibrium:

For equilibrium in the model to hold the goods market must clear

each period or

(14) CHt + Che = f(]t) Vie=l,...,»



e

%
where he is the period t foreign demand for the home produced good.

Likewise the money market must always clear so that

* _ s _ .
(15) MHt + MHt = MHt Vt=l,...,

*
where MHt is the foreign demand for domestic currency in period t

and M;t is the supply of domestic currency in this period. Lastly,®

the government's budget constraint for period t is

. _MS _ wuS _ -
(16) X, = Mg, - Mg o Vt=l,...,=,

The model's steady state equilibrium is characterized by constant

(over time) values for all real variables, the domestic and foreign

inflation rates, and for the Kuhn-Tucker multipliers.” Thus dropping

time subscripts on variables so as to denote their steady state values

one can rewrite equation (11) as

17) (3U/3c,)/ (30/31) = '(1+ﬂH)/Pf'(1).

In the steady state equilibrium the representative agent's cash-

in-advance constraints hold as strict equalities® so that his budget

constraint (1) can be written as

c = £(1) - £(1)[m/(Mm)] + (X/By) - tb

where c= CH+CF and b= bH+bF. The term f(l)[nH/(l+ﬂH)] represents the tax

that inflation levies on the individual. This inflation tax term arises



10,

in the model because the firm is constrained to accumulate and hold cash
over each period. However, in the model's general equilibrium the
negative impact this tax has on real income is exactly offset by the
real value of the transfer payments the individual receives from the

government. The real value of these transfer payments, (X/PH), is equal

190

to the amount of real revenue, [nH/(1+ nH)](Ns/PH), that the goverment earns

through money creation--a fact easily deduced from the goverment's

budget constraint (16). Thus,
_ s
(%/Py) = [my/ (1+m )1 G /R

Since in the steady state both domestic and foreign individuals only

hold domestic currency so as to purchase home goods (i.e. PHtcHt= MHt and

* *
M ¢ for all t) it immediately follows from (14) and (15) that

P HtcHt= H

(X/Py) = £Q1) [n/ (14m)).

Thus in the model's steady state equilibrium the representative

agent's budget constraint will look like
(18) " ¢ = £(1) - rb.

Equations (17) and (18) implicitly define solutions for the
steady state Qalues of consumption, c, and labor services, 1. It can
therefore be seen that the direct effect of inflation on the
consumer's consumption-labor supply decision must occur solely through
the manner in which it affects the margin of substitution between

consuming and working as given by the right-hand side of (17).

"w
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Formally, an increase in the domestic rate of inflation,?® T leads to a

decline in the representative agent's steady state participation in

the labor force and consumption:!%,!!

(19) dl/dm, <0
(20) de/dm, = f'(l)(dl/dnﬂ) <0,

The economic intuition behind these results is straightforward.
Recall that the firm holds the individugl's nominal earnings for one
period before distributing them to him. A high rate of inflation will
cause the purchasing power of these earnings to be reduced when the
individual actually receives them. Thus when inflation rises the
value of an extra unit of work to the individual is diminished. The
individual will therefore reduce his labor supply and consequently
there will be a fall in output and consumption.'? Market
activity--hefe, the operation of a firm--requires the use of money
and is taxed by inflation while non-market activity--leisure--does not
require the use of money and hence escapes the inflation levy. As a
result when the rate of inflation rises the individual moves out of
the market activities of pro&uction and consumption and into the

non-market activity of leisure.
IV Fixed versus Flexible Exchange Rates
In the steady state the representative agent's equilibrium

anounts of consumption, ¢, and labor supplied, 1, were shown to be

decreasing functions of the domestic inflation rate, Ty» OF

11,



c = c(wH)

1= l(nH).

Thus the agent's steady state equilibrium level of welfare, W, may

be written as

(21) W= Ulelmy),1(m)],
- o4

Now purchasing power parity states that the following must

hold

PHt = etPFt Vit=l,...,»

which implies that

(22) M, =

He = Tpe * Oy * TpS, Vit=l,...,

Ft

where w_,_ = (PFt+1-PFt)/PFtvis the foreign inflation rate in periQd t

and 6t E (et+1-et)/et is the rate of depreciation of the exchange rate

in period t. Hence with fixed exchange rates (i.e. § = 0 ) it nmust
be the case that the domestic and foreign countries have the same

inflation rate, or that T Tpe Consequently, with fixed exchange

rates the domestic economy has its welfare level, W, exogenously
determined by the foreign inflation rate, m.:

F

W= U[c(np),l(ﬂp)].

12.
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Under a flexible exchange rate regime, however, the "small"

domestic economy may choose the rate of domestic inflation, Ty (or

equivalently the rate of currency depreciation, 0), which maximizes
domestic welfare, W. Maximizing the domestic welfare function (21)

with respect to the domestic rate of inflation yields

dW/d‘n’H = (aU/ac)(dc/dnH) + (3U/31)(dl/dnH) =0,

Using the result in (20) that de/dm.= f"‘(l)(dl/dnﬂ) we have the condition

that
(3U/8c)/(au/a1) = -1/£'(1).

Now comparing this result to equation (17) we see that to maximize

welfare we must set

(1+r)(1+wH) =1

or

(23) L -x/(1+r),

This is the familiar optimum quantity of money result as discussed

in Friedman(1969). Let us define the variable iH as
i.= 7,+r+ 0.1,

It can then be seen that the above rule for the optimum quantity
of money would set theopportunity cost of holding money, or -iH/(l+iH),

equal to zero,



14,

As has been mentioned when the domestic economy picks its

inflation rate, T it is also simultaneously picking its rate of

exchange rate depreciation, 5--a fact evident from (22). In
particular (22) and (23) tell us that when the domestic country
follows the rule for obtaining the optimum quantity of money its

exchange rate will appreciate at the rate

-6 = iF/(1+iF) i M.+ 1+ 7T

where the right-han& side of the above equation is the
opportunity cost of holding foreign currency,

Thus unless the foreign country is adhering to the rule for the
optimum quantity of money the domestic country should adopt a flexible
exchange rate system and follow the rule itself. This allows the
domestié eeonomy to maximize its own welfare as opéosed to the
adoption of a fixed exchange rate system which constrains it to accept
the foreign suboptimal rate of inflation and the associated inferior'

level of welfare.

v Conclusions

This paper has extended Helpman's model by allowing pfoduction to
be endogenous and welfare levels to be dependent upon labor service
as well as consumption. Higher infiation'reduces both consumption and
labor service and, if the inflation rate exceeds the optimal rate,
reduces the economy's welfare level as well. A case for flexible

exchange rates may be made unless the foreign country maximizes its

welfare level by choosing the optimal rate of inflation. Then the

choice between adopting a system of fixed or flexible exchange rates

is a matter of indifference.



Appendix

As was mentioned in the text equations (17) and (18) implicitly define
solutions for the steady state values of ¢ and 1. By totally differentiating
these equations and then solving the effects of a change in ™, on 1 can be
uncovered., The result of this exercise is
al/an!

2l u=U

3 =
1 [y Qe))E (al/ay - B8 M)

~
u=u

where al/anH u=d and 81/3f'(1)|u=ﬁ show the substitution effects of a change

in the domestic inflation rate and the marginal product of labor on labor
supply (around the equilibrium level of utility, ), respectively, and 3l/3y
shows the effect of an increase in real income on labor supply.

The above expression for 31/311H is unambiguously negative. The numerator
of the above solution is negative showing that a rise in inflation causes a sub-
stitution effect which leads to a drop in labor supply. That is, when the
inflation rate rises the agent substitutes out of market activity--production
and consumption--and into non-market activity--leisure. The denominator of
the expression is unambiguously positive since all of the terms composing it
are positive. The last term in the denominator will be discussed first. As
the rate of inflation rises the individual cuts down on the amount of labor
he supplies to his firm. But this causes the marginal product of labor,

f' (1), to rise, Specifically, a unitary fall in labo; service causes the
marginal product of labor to rise by f'(1). But this rise in the marginal
product of labor causes a substitution effect which makes the individual
work more. That is, now working is more profitable and this increases the
individual's labor force participation mitigating the adverse effect that a

rise in the inflation rate had on the agent's labor supply decision.



The second term in the denominator can be explained intuitively as follows.
In the model the individual's opportunity cost of holding real balances,
(iH/1+iH), is not equal to the social cost of holding money, which is zero.
This causes the individual's marginal rate of substitution between consuming
and working,-(au/al)/(aU/acH), to differ from the rate at which the economy can
transform labor into consumption as given by the marginal product of labor,
f'(1). Consequently for each unit of labor that the individual cuts back on
due to the increase in the rate of inflation there is a loss in the agent's
welfare (when measured in terms of the consumption good) of the amount
(iH/1+iH)f'(1). In effgct the term (iH/1+iH) represents the implicit tax
which is levied on production due to the requirement that money be used to
buy goods. The loss in the agent's real welfare, mentioned above, causes the
agent to work more and consequently has an offsetting effect on the drop in
labor service caused by the rise in the inflation rate. Note that if the
economy had been following the optimum quantity of money rule (i.e., iH= 0)

the term in question would have disappeared from the denominator of the above

expression,



Footnotes

(1) It is being assumed that the rest of the world is facing an

analogous maximization problem.

(2)  Stockman(1981) illustrates, in a similar context, how the
Euler equations for a representative agent's dynamic programming

problem can be obtained.

(3) The Euler equations (4), (7) and (9) tell one that when the
agent's consumption-saving decisions are being made optimally

the following condition must hold

aU(ot)lacHt = [p(1+rHt)]8U(-t+1)/8cHt+1. Vt=l,...,~.

This equation implies that the marginal rate of substitution
between current and future (home) consumption is equal to the
market rate of transformation between current and future (home)
consumption. This sort of condition is derived and more fully

discussed in Lucas(1978).

(4) Equation (12) and the Purchasing Power Parity condition would

then imply that Bt = Kt for all t.

(5) For notational convenience in the remainder of this paper



(0)

(7)

(8)

the following definition will be employed: r = e~ TFe

Obviously, an analogous set of equilibrium counditions will

hold for the rest of the world.

Constancy of the Kuhn-Tucker multipliers may be derived in the

following manner. Constancy of Cut> SFt and 1t implies the

constancy of the marginal utility of consumption of the domestic
good and thereby of the right-hand side of equation (4). Using

this result, equation (7) then ensures that @ =a (a constant).

Employing equation (4) once again and recognizing that the
domestic rate of inflation is constant allows the result that

Bt = f. Finally, since ﬂt = Kt (see footrote 3), Xt =% .

Next, note that equation (7) ensures the B # 0 unless p =

(1+ﬂH). Suppose B = 0. Then equation (7) may be rewritten as

a = ut(1¥ﬂH)/p. Unless p = (1+nH), # L contradicting

t+1 41

the result in the previous paragraph. For constancy of the

domestic and foreign inflation rates see footnote (8).

Note also equation (9) implies that p = (1+r)-1.

Note that the general condition B # O (see footnote 5) implies

P

HeSue = M

He while the analogous general condition for the

. K3 * [3 2 * — * 3
foreign 1nd1v1dug1, ] # 0, implies PHtcHt = Mﬂt’ Since Che +
*

Cye = © is constant in the steady state, and also

M.+ M, =M

He He e’ the domestic inflation rate equals the steady

state growth rate of the domestic money stock. The same result

can easily be shown to hold for the foreign country as well.



()

(10)

(11)

(12)

Note that the toreign intlatlon rate does not enter into the
system of equations (17) and (18). This is because domestic
residents--consumers and firms--do not have to hold foreign
currency over adjacent time periods. Consequently, the rate

of foreign inflation inflicts no burden on domestic residents.

A more detailed discussion of these results is contained in

the Appendix.

It can be shown that the domestic economy jumps immediately
to the new steady state and that individuals do not change their

holdings of real bonds.

Note the implication of a positively sloped long run Phillips

curve. For a more general discussion see Stockman(1981) or

Aschauer (1951).
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