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Abstract 10 

 11 

Cross�correlations between nominal load and resistance terms in limit state functions for 12 

geotechnical soil�structure interaction problems can be expected. A closed�form solution for 13 

the reliability index for a simple linear limit state function is used to examine the influence of 14 

nominal load and resistance correlations on computed margins of safety. The formulation 15 

also includes the contribution of the underlying accuracy of the load and resistance equations 16 

(method bias) and bias dependencies with the magnitude of nominal load and resistance 17 

values assumed in the limit state design function. Sensitivity analyses and example problems 18 

for the external sliding limit state for a cantilever wall and the pullout limit state for internal 19 

stability of reinforced soil walls with different soil reinforcement types are presented. 20 

Ignoring nominal correlations where they exist is shown to under�estimate the reliability 21 

index in some cases and to over�estimate the reliability index in other cases. In the example 22 

problems, these differences are shown to exceed one order of magnitude in terms of 23 

probability of failure, but in the sensitivity analyses using a wider range of input parameter 24 

values the differences can be several orders of magnitude.   25 

 26 

 27 

������� ��������� Geotechnical soil�structure interaction; reliability�based design; linear 28 

limit state; nominal correlation; bias dependency; sliding; pullout. 29 

  30 
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Introduction 31 

 32 

Geotechnical engineers are often faced with simple soil�structure interaction problems in 33 

which the same input parameter definitions appear in both load and resistance terms of a limit 34 

state function. Examples are gravity retaining wall structures, anchored sheet pile walls, and 35 

pullout of soil reinforcing elements in soil nail walls and mechanically stabilized earth (MSE) 36 

walls. These limit states are best expressed within a reliability�based design framework 37 

including load and resistance factor design (LRFD).  A major objective of modern reliability�38 

based design for geotechnical soil�structures is to achieve a consistent margin of safety 39 

expressed by reliability index. A number of different approaches are available to meet this 40 

objective including Monte Carlo simulation and simple closed�form solutions based on 41 

probability theory. The requirements for modern geotechnical reliability�based design are laid 42 

out in ISO2394:2015 Annex D (�
���
����
������
������
��������
����������
���� ). A 43 

useful summary of the arguments in favour of geotechnical reliability�based design can be 44 

found in the recent paper by !���
�����"�. However, he also warns against the use of overly 45 

simplifying assumptions in closed�form solutions for the purpose of expediency. In this paper 46 

we address this issue in the context of the treatment of potentially correlated random nominal 47 

load and resistance variables that can arise when considering limit states of the type 48 

introduced above within a reliability�based design framework using a general closed�form 49 

solution proposed by�#���������
��$�%�
�������������"�.  50 

 51 

The influence of correlations between nominal load and resistance values on computed 52 

reliability index in structural engineering applications has been noted by �
� �
�� &�
�53 

��'()�, *���� ��'("�+� ,��-����� ��'''�+� and .����� �
�� �����
�� ������. �
� �
�� &�
�54 

��'()� and .����� �
�������
�� ������� showed that positive correlations between nominal 55 

load and resistance terms can increase or decrease the probability of failure up to one order of 56 

magnitude, depending on the formulation and linearity of the limit state function, number of 57 

load terms, strength of the correlation, and the distribution of load and resistance random 58 

variables. *������'("��showed that differences in probability of failure greater than one order 59 

of magnitude were theoretically possible for cases with cross�correlation coefficient ranging 60 

from −1 to +1. Nevertheless, these correlations are not usually a concern in structural 61 

engineering problems (e.g. ,��-���� �'''). This simplification has been carried over to 62 

geotechnical soil�structure interaction problems where reliability theory�based formulations 63 
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have been used to compute resistance factors for LRFD calibration (e.g. /�����0������1��''(2�64 

����
������1���� 2�!�������������). 65 

 66 

Nominal load and resistance correlations in limit state functions used for reliability�based 67 

design of geotechnical soil�structures occur when the same random variables for soil 68 

properties such as strength and unit weight appear in expressions for both nominal load and 69 

resistance terms. In this study, the term ����������		
������ is used to denote this condition. 70 

#�������� �
�� $�%�
��������� ����"� showed that positive nominal correlations in simple 71 

soil�structure interaction problems can have a large influence on margins of safety expressed 72 

by reliability index or probability of failure. The influence of these correlations can be further 73 

amplified if �
�������� for the load and resistance terms is also considered in simple limit�74 

state function formulations. Method bias refers to the accuracy of the underlying 75 

deterministic expressions for load and resistance and is a function of the accuracy of the 76 

underlying model that describes the mechanics of the problem (��
�� ����) plus the 77 

uncertainty that results from calibration of models that include one or more empirical 78 

parameters (����
� ��� ��1� ��� 2�#�������� ��� ��1� ���().  !���
��
��3������� ����4+� ��� � 79 

defined a similar quantity called ��
�������	 which was used to quantify the accuracy of pile 80 

load capacity equations with respect to measured loads in pile load test databases. #��������81 

�
��$�%�
�������������"��gave one example that showed that ignoring positive correlations 82 

in the closed�form solution for reliability index that included method bias statistics resulted in 83 

over�estimation of probability of failure up to three orders of magnitude for the extreme case 84 

of positive nominal cross�correlation coefficient equal to +1.  85 

 86 

The main objective of this paper is a broader investigation of the influence of nominal 87 

correlations on the magnitude of reliability index for simply linear limit state design functions 88 

with one load term and one resistance term using a general closed�form equation for 89 

reliability index proposed by #���������
��$�%�
�������������"�. The approach considers 90 

method bias statistics and method bias dependencies with the magnitude of nominal load and 91 

resistance values used at time of design. Example geotechnical design problems expressed by 92 

simple linear soil�structure limit states are used to demonstrate the computation of nominal 93 

cross�correlation coefficients and method bias statistics and their combined impact on 94 

calculated reliability index. Ignoring nominal correlations when they exist is shown to under�95 

estimate the reliability index in some cases and to over�estimate the reliability index in other 96 
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cases. This is of practical interest to engineers if geotechnical soil�structure design is to move 97 

towards fully probabilistic assessments of margin of safety (i.e., reliability�based design).    98 

Closed-form solutions for reliability index of simple linear limit state 99 

function 100 

 101 

The performance function of interest in this investigation has the following form: 102 

 103 

R n Q ng R Q=λ −λ
 

(1) 

 104 

where Rn and Qn are random nominal resistance and load values, and λR and λQ are random 105 

resistance and load method bias values computed as:  106 

 107 

λR = Rm/Rn (2a) 

λQ = Qm/Qn (2b) 

 108 

Quantities Rm and Qm represent measured (actual) resistance and load values. Method bias 109 

values are used to transform nominal values to measured values. Alternatively stated, they are 110 

a measure of the accuracy of the load or resistance equation in a limit state function. Method 111 

bias is the combined effect of inaccuracy in the underling deterministic model used for 112 

nominal load and resistance calculations (i.e., model error) together with errors due to 113 

calibration of these models as explained by ����
� ��� ��1� ���� � and #�������� ��� ��1� ����(�. 114 

For the idealized case of no difference between nominal (predicted) load and resistance 115 

values and corresponding measured values, bias values are equal to +1. This is the 116 

assumption used for the block�sliding problem that appears later in the paper because bias 117 

values are not available in the literature for this limit state.  However, bias statistics can be 118 

found in the literature for other soil�structure interaction problems such as shallow 119 

foundations (e.g., &�
��
��!���
����"2 &�
������1����"), deep foundations (e.g., !���
�120 

�
�� 3������� ��� 2 5����
��� ��� ��1� ����2� #����
� ��� ��1� ���)), and for internal stability 121 

limit states for reinforced soil wall structures (e.g., #�������������1� ����2 6�
���� ��1� ���"�+�122 

���"7). If all bias and nominal values are assumed to be lognormally distributed, then the 123 
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reliability index (β) for 89�����
� � can be computed as� (#�������� �
�� $�%�
���������124 

���"�: 125 

 126 

n Q

n R

n R n Q n R n Q n n

2 2

Q λ

2 2

R λ

2 2 2 2 2 2 2

R λ Q λ R R λ Q Q λ n R Q

(1 + COV )(1 + COV ) 
 ln OFS  

(1 + COV )(1 + COV )

β =

ln (1 + COV )(1 + COV )(1 + COV )(1 + COV )(1 + ρ COV COV ) (1 + ρ COV COV ) / (1+ρ COV COV )

 
 
 
 

 
 127 

 128 

(3)    129 

 130 

The notation format adopted here is that � denotes mean, COV denotes the coefficient of 131 

variation (standard deviation/mean) and ρ
R
 and ρ

Q
 are cross�correlation coefficients for 132 

random variables Rn and λR, and Qn and λQ, respectively. When parameters ρ
R
 and ρ

Q
 are 133 

non�zero then the limit state is understood to have bias dependencies. This means that the 134 

accuracy of the underlying deterministic equations that appear in a limit state function vary 135 

with the magnitude of the nominal value. Parameter ρ
n
 is the cross�correlation coefficient 136 

between Rn and Qn. As before, subscript n denotes predicted (nominal) values. The first term 137 

in the numerator is the ��
	������� factor of safety (OFS) (#����������� ��1� ����) computed 138 

as: 139 

 140 

R R R n

Q Q Q n

n R

n Q

R
OFS FS

Q

λ λ λ

λ λ λ

     � � � �
     = = =
     � � � �       

(4) 

   141 

The operational factor of safety corrects the conventional mean factor of safety (FS) assumed 142 

as the ratio of nominal resistance (Rn = �
Rn

) and nominal load (Qn = �
Qn

) to give a “true” 143 

mean factor of safety. It is computed by multiplying the FS used at design time by the ratio of 144 

mean of resistance bias values and mean of load bias values. 145 

 146 

For the special case of perfect models (i.e., Rm = Rn, Qm = Qn) and OFS = FS, 89�����
�4 147 

reduces to: 148 
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n

n

n n

n n

2

Q

2

R

2 2

R Q

2

n R Q

(1 + COV )
 ln FS  

(1 + COV )
β =

(1 + COV )(1 + COV )
ln

(1+ρ COV COV )

 
 
  

 
 
  

 

(5) 

 149 

This equation can be found in the related literature (e.g., *�����'(";�!���
����(). For the 150 

case of uncorrelated Rn and Qn values, ρ
n
 = 0 and 89�����
�4 reduces to: 151 

 152 

n Q

n R

n R n Q n R n Q

2 2

Q λ

2 2

R λ

2 2 2 2 2 2

R λ Q λ R R λ Q Q λ

(1 + COV )(1 + COV ) 
 ln OFS  

(1 + COV )(1 + COV )

β =

ln (1 + COV )(1 + COV )(1 + COV )(1 + COV )(1 + ρ COV COV ) (1 + ρ COV COV )

 
 
 
 

 
    153 

(6) 154 

 155 

It should be noted that the log term in the denominators of 89�����
�� 4,�  � and� : must be 156 

positive in order for the reliability index to be a real value. However, in the limit of the 157 

denominator term approaching zero the value of β approaches infinity so design outcomes are 158 

safe and this numerical result is not of practical concern. In the next section, a parametric 159 

study is first carried out using 89�����
�   to investigate the influence of ρ
n
 on reliability 160 

index; then 89�����
�: is employed to explore the influence of cross�correlation parameters 161 

for method bias, ρ
R
 and ρ

Q
 on β; and lastly, the combined influence of ρ

n
 with ρ

R
 and ρ

Q
 on β 162 

is examined.  163 

Parametric study of the influence of cross-correlation coefficients ρρρρ
n
, 164 

ρρρρ
R
 and ρρρρ

Q
 on reliability index 165 

 166 

Influence of cross-correlation coefficient ρρρρ
n
 for nominal load and resistance terms 167 

 168 

The impact of ρ
n
 on reliability index is investigated for the case of COV of both Qn and Rn 169 

ranging from 0 to 0.50 and FS varying from 1 to 10. The maximum possible limits on the full 170 

range of ρ
n
 are −1 and +1. A negative value of ρ

n
 indicates that Qn and Rn are negatively 171 

correlated, in which case Rn tends to decrease linearly as Qn increases, or vice versa. A 172 
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positive value of ρ
n
 implies that Qn and Rn tend to increase or decrease simultaneously. If ρ

n
 = 173 

0, then Qn and Rn are statistically linearly independent.  174 

 175 

;������ shows plots of reliability index, β, versus factor of safety, FS, for cases with ρ
n
 = −1, 176 

−0.5, 0, 0.5 and 0.9 using 89�����
�  with COV
Qn

 = COV
Rn

 = 0.20. Results for ρ
n
 = +1 are 177 

not shown because this value with COV
Qn

 = COV
Rn

 gives zero for the denominator of 178 

89�����
�  and thus infinite β value.  179 

 180 

As expected, for the same value of ρ
n
, β increases linearly with the log of FS. For a constant 181 

value of FS, β increases with ρ
n
 increasing from −1 to 0.9. This means that ignoring the 182 

correlation between nominal load and nominal resistance (i.e., assume nominal cross�183 

correlation ρ
n
 = 0) results in under� and over�estimation of the reliability index if Qn and Rn 184 

are positively and negatively correlated, respectively. For instance, for FS = 2 and ρ
n
 = −1, β 185 

= 1.73 (probability of failure Pf = 4.18%) but for the case of ρ
n
 = 0, β = 2.47 (Pf = 0.68%). 186 

The difference is close to one order of magnitude in terms of probability of failure. For the 187 

case of ρ
n
 = 0.9 the reliability index is very large, i.e. β = 7.90 (Pf = 1.39×10

−15
). The 188 

differences identified here show that the impact of ρ
n
 on β is much greater when values of ρ

n
 189 

are positive. The influence of ρ
n
 on reliability index also increases with magnitude of FS. For 190 

example, when FS = 3 the β values are equal to 2.75 (Pf = 0.30%) and 3.92 (Pf = 0.0044%) 191 

for ρ
n
 = −1 and 0, respectively. The difference in Pf is roughly two orders of magnitude.  192 

 193 

Contour plots of β versus COV
Qn

 = COV
Rn

 for FS = 2 and ρ
n
 = −1, −0.5, 0, 0.5 and 1 using 194 

89�����
�  � are available in ;����� ���of the� ��		��0�
����,�������� to this paper.�One 195 

example appears here as ;������ corresponding to positively cross�correlated Qn and Rn with 196 

ρ
n
 = 0.5. The horizontal trajectory of β values drawn at COV

Qn
 = 0.20 gives 3.60, 4.14 and 197 

then 3.52 for COV
Rn

 equal to 0, 0.10 and 0.20, respectively. Other trajectories in COV
Qn

 and 198 

COV
Rn

 space in this figure and the companion figures in the ��		��0�
����,�������� with 199 

different cross�correlation coefficients result in a wide range β responses. However, as 200 
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expected, combinations of lower values of COV
Qn

 and COV
Rn

, when all other parameters are 201 

kept the same, give higher reliability index values. 202 

 203 

Influence of cross-correlation coefficients ρρρρ
R
 and ρρρρ

Q
 for method bias and nominal 204 

resistance and load values 205 

 206 

Bias dependencies between model resistance bias and nominal resistance (ρ
R
) have been 207 

examined in the literature for different geotechnical soil�structure interaction problems for 208 

shallow foundations, deep foundations, and for internal stability limit states for reinforced 209 

soil wall structures. The need to consider bias dependency in reliability�based design or 210 

LRFD calibration of geotechnical structures has been emphasized by !���
��
��3�������211 

����4�, !���
� ����"�+� 5����
��� ��� ��1� ������+� &�
� �
�� !���
� ����"�� �
�� &�
� ��� ��1�212 

����"�, amongst others. The quantitative influence of ρ
R
 and ρ

Q
 on computed reliability index 213 

is explored in this section.  214 

 215 

Reliability index β computed using 89�����
�: is plotted against operational factor of safety 216 

OFS in ;�����4.� In this figure�nominal values of load and resistance are uncorrelated (ρ
n
 = 217 

0) but load and resistance method bias is correlated with nominal values of load and 218 

resistance (i.e., there are bias dependencies). The magnitude of β increases linearly with the 219 

log value of the operational factor of safety. However, the slopes of the curves are greater 220 

when ρ
R
 and ρ

Q
 are both negative. When ρ

R
 and ρ

Q
 have opposite signs the difference in β 221 

values from the case of ρ
R
 = ρ

Q
 = 0 is less, because the terms with these parameters in 222 

89�����
�: oppose each other. The consequences of combinations of ρ
R
 and ρ

Q
 with different 223 

signs on β can be appreciated by following the vertical trajectory of the line drawn at OFS = 224 

2 which shows that β increases in the order of 0.75, 1.01 and 2.71 for ρ
R
 = ρ

Q
 = 1, 0 and −1, 225 

respectively. Finally, the greater the magnitude of OFS, the greater the difference in β values 226 

with changes in the magnitude of ρ
R
 = ρ

Q
.  227 

 228 

The effect of magnitude and sign of ρ
R
 and ρ

Q
 on β is explored further in ;�����). For the 229 

case of ρ
R
 and/or ρ

Q
 increasing from −1 to +1, β decreases. When ρ

R
 and ρ

Q
 have the same 230 
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sign, the influence on β is amplified as indicated by the diagonal line with ρ
R
 = ρ

Q
. For ρ

R
 and 231 

ρ
Q
 with opposite sign, the influence of these terms is partly negated as noted earlier and 232 

demonstrated by the diagonal line for ρ
R
 = −ρ

Q
. 233 

 234 

;����� �� in the ��		��0�
���� ,�������� to this paper shows contour plots of β versus 235 

COV
λR

 and COV
λQ

 for ρ
R
 = ρ

Q
 = −1, −0.5, 0, 1, ρ

R
 = −1 and ρ

Q
 = +1, and ρ

R
 = +1 and ρ

Q
 = −1. 236 

The first of these figures is reproduced here as ;�����  . Similar to the trend described for 237 

data in ;�����4, a horizontal trajectory at COV
λQ

 = 0.4 shows β increasing slightly at first 238 

and then decreasing thereafter. The last two plots in ;����� �� of the ��		��0�
����239 

,�������� show that when ρ
R
 and ρ

Q
 are of opposite sign, β is more sensitive to the 240 

magnitude of COVλQ

 for the case of ρ
R
 = −1, and more sensitive to COVλR

 for the case of ρ
Q
 241 

= −1. 242 

 243 

Combined influence of nominal cross-correlation ρρρρ
n
 and bias cross-correlations ρρρρ

R
 244 

and ρρρρ
Q
 245 

 246 

;�����: shows plots of β versus OFS using 89�����
�4 where both bias dependencies (i.e., 247 

ρ
R
 and ρ

Q
) and nominal correlation (i.e., ρ

n
) are taken into account. The grey shaded regions 248 

correspond to β values computed using ρ
R
 and ρ

Q
 equal to different combinations of −1 to +1. 249 

The upper and lower limits on each region correspond to ρ
n
 = +1 (or +0.6) and −1, 250 

respectively. β is very sensitive to ρ
n
 when ρ

R
 and ρ

Q
 are both negative. Consider the case of 251 

OFS = 2 with ρ
R
 = −1 and ρ

Q
 = −1; β is equal to 1.75 and 2.71 corresponding to ρ

n
 = −1 and 0, 252 

but β = 8.16 for ρ
n
 = 0.6. This is an unfavorable outcome for pullout limit states of 253 

reinforcing elements since bias dependencies reported in the literature (e.g., *��
� �
��254 

#�����������'; <���
��#����������� ;�����
��
��#����������� ;�6�
������1����"�+����"7) 255 

have been shown to always be negative for both load and resistance models. The importance 256 

of considering ρ
n
 in the computation of reliability index using closed�form solutions for these 257 

limit states is thus confirmed. For cases where ρ
R
 and ρ

Q
 are both positive or of opposite signs, 258 

the influence of ρ
n
 is much less.  259 
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 260 

The importance of ρ
n
 is further revealed in ;�����" which shows contour plots of β versus 261 

COV
Rn

 = COV
Qn

 and COV
λR

 = COV
λQ

 using 89�����
�4. The nominal cross�correlation ρ
n
 is 262 

set to 0.5 and −0.5. Cross�correlation parameters for bias dependencies are ρ
R

 = ρ
Q
 = −0.5. 263 

Reversing the sign of ρ
n
 results in opposite trends in β. For example, for ρ

n
 = −0.5 and 264 

constant COV
λR

 = COV
λQ

 = 0.4, increasing COV
Rn

 = COV
Qn

 from 0.2 to 0.6 leads to β 265 

decreasing from 2.19 to 1.23 (;�����"�). For the same conditions and ρ
n
 = 0.5 in ;�����"7, 266 

β increases from 2.65 to 4.17. 267 

 268 

The implications of different combinations of nominal cross�correlation parameters and bias 269 

dependencies on reliability index are demonstrated in the next section using simple design 270 

cases.  271 

Problem examples 272 

 273 

Formulation of limit state functions 274 

 275 

Two example limit states are investigated here. The first example is the frictional sliding 276 

block problem shown in ;����� (� with block height (H), length (L), unit weight (γ
R
) and 277 

base friction angle (φ
R
). A horizontal active force is assumed to act against the vertical side of 278 

the block. This force is a function of the retained soil unit weight (γ
Q
) and friction angle (φ

Q
). 279 

A practical example is the block comprising of the facing and reinforced soil zone in an MSE 280 

wall that is used to compute the margin of safety against external sliding. The outside 281 

dimensions of a concrete cantilever wall including the soil over the heel and toe is another 282 

example. 283 

 284 

The nominal resistance is computed as: 285 

 286 

n R RR HL tan= γ φ
 

(7) 

 287 

and the nominal load as: 288 
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 289 

Q2 2

n Q

1
Q tan H

2 4 2

φ π
= − γ 

   

(8) 

 290 

The second example (;����� (7) is the ultimate pullout limit state for a planar soil 291 

reinforcement element of anchorage length Le located at depth z below the backfill surface in 292 

the passive zone of a reinforced soil wall with soil unit weight (γ
R
) and friction angle (φ

R
). 293 

The pullout resistance is developed in response to the active earth pressure acting against a 294 

contributory area of the wall face of height Sv and width Sh. The active earth pressure is a 295 

function of depth z to the middle of the contributory area (equal to the reinforcement depth), 296 

and properties of the soil in the active zone behind the wall facing (soil unit weight (γ
Q
) and 297 

friction angle (φ
Q
)). The reinforcement layer may be continuous or discontinuous in the plane 298 

strain direction. If the reinforcement is a geosynthetic sheet (geogrid or geotextile), the 299 

nominal resistance is computed as (;*/�����'; *��
��
��#�����������'): 300 

 301 

n e R RR = L z tanα γ φ
 

(9) 

 302 

where α is an empirical interaction coefficient. The nominal load can be expressed as 303 

(;*/�����'; ���*&�����)): 304 

 305 

Q2

n Q v
Q tan zS

4 2

φ π
= − γ 

   

(10) 

 306 

For a MSE wall with steel strip or steel grid reinforcement, the nominal resistance (Rn) and 307 

load (Qn) are computed as (!/=�����); ;*/�����';����*&�����);�<���
��#��������308 

��� ): 309 

 310 

n e RR = 2FL wz γ
 

(11) 

 311 

where F is a dimensionless pullout resistance factor and w is the width of the steel strip or 312 

steel grid and 313 

 314 
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Q2

n Q v hQ tan zS S
4 2

φ π
= κ − γ 

   

(12) 

 315 

Here, κ is a dimensionless pullout resistance factor that is a function of z. 316 

 317 

For reinforcing elements comprised of a row of soil nails, the nominal resistance and load are 318 

calculated as (/����
���
��!�������''�; >8�����"; ;*/����� ;�6�
������1����"�): 319 

 320 

n e R RR = 2DL z tanγ φ
 

(13) 

 321 

where D = nail diameter, and  322 

 323 

Q2

n Q v hQ tan HS S
4 2

φ π
= η − γ 

   

(14) 

 324 

Here, η = empirical piecewise or continuous function of normalized nail depth (z/H).   325 

 326 

Similar expressions can be developed for other types of anchorage systems that rely on the 327 

frictional strength of the anchorage zone to develop pullout resistance (e.g., ,������ ��� ��1�328 

����). As before, soil properties are taken as random variables and all other parameters are 329 

deterministic.  330 

 331 

The focus here is on the influence of the random variables for the soil in resistance and load 332 

terms. The general form of these limit state functions (89�����
��) is: 333 

 334 

Q2

R n R R Q n Qg R (A, , tan ) Q B, , tan
4 2

 φ  π
= λ γ φ − λ γ −  

    

(15a) 

 335 

or 336 

 337 

Q2

R n R Q n Qg R (A, ) Q B, , tan
4 2

 φ  π
= λ γ − λ γ −  

    

(15b) 

 338 
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The last equation is for the case of the limit state with Rn and Qn computed using 89�����
��339 

��� and� ��. The deterministic parameters identified in the load and resistance equations 340 

introduced earlier have been collected together in constant terms A and B.  341 

 342 

The random variables in 89�����
��  are λR, γ
R
, φ

R
, λQ, γ

Q
 and  φ

Q
. Different design scenarios 343 

can be imagined for φ
R
 =  φ

Q
 = φ and γ

R
 = γ

Q
 = γ.  Here, φ

R
 =  φ

Q
 = φ means that φ

R
 and φ

Q
 are 344 

the same random variable denoted as φ. Τhe nominal load Qn and nominal resistance Rn are 345 

cross�correlated. Similarly, this paper uses φ
R
 ≠   φ

Q
 to denote that φ

R
 and φ

Q
 are two 346 

independent random variables (i.e., two different populations), although they may have the 347 

same statistical parameters (i.e., same mean (�φ
R

 = �φ
Q

) and same coefficient of variation 348 

(COVφ
R

 = COVφ
Q

)). The same interpretation applies to γ
R
 = γ

Q
 = γ and γ

R
 ≠ γ

Q
. Five different 349 

cases are summarized in &�7����. Each case will yield a different nominal cross�correlation 350 

coefficient ρ
n
 for the four random nominal load and resistance variables as demonstrated in 351 

the next section. Maximum and typical ranges for mean and COV of friction angle and unit 352 

weight for frictional soils are summarized in &�7��� � based on values reported in the 353 

literature (e.g., 6�-����� �
�� .���0� �'':; !���
� �
�� 3������� �'''; #��-���� �
��354 

��������
� ���4). As noted earlier, friction angle and unit weight are assumed to be 355 

lognormally distributed.  356 

 357 

Computation of cross-correlation coefficient ρρρρ
n
 for nominal load and resistance 358 

variables 359 

 360 

In this section, the sliding block problem is considered first using the limit state function 361 

expressed by 89�����
� � �. To simplify calculations and to focus on the influence of 362 

nominal correlation, correlations between φ and γ within each load and resistance equation 363 

are ignored. The computation of ρ
n
 (Pearson’s ρ) between nominal load and resistance 364 

variables is carried out assuming H = 10 m and L = 6 m. In fact, the magnitude of ρ
n
 is 365 

independent of the magnitude of deterministic parameters that appear in all limit state 366 

equations introduced earlier (e.g., see the textbook by ���
����)). Hence, constant terms A 367 

and B in 89�����
�� � could be taken as +1 in the Monte Carlo (MC) simulations to follow. ��368 

�369 
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;�����'��presents a scatter plot of Rn against Qn from n = 3000 MC realizations for Case 1. 370 

In this case the values of φ and γ for load and resistance terms are not the same.  Hence, 371 

during each MC realization a different population of φ and a different population of γ are 372 

sampled for load and resistance terms. The mean and COV of φ and γ values are shown in the 373 

figure captions. For convenience these values are the same. As expected there is no visual 374 

correlation between Rn and Qn and this is confirmed quantitatively by the horizontal 375 

regressed line through the data points and the computed Pearson’s ρ which is 0 to two 376 

decimal places. �377 

�378 

;�����'7�presents a scatter plot of Rn against Qn with n = 3000 data points for Case 2 and 379 

the same sliding block example with the same input parameters. In this case the values of φ 380 

and γ in load and resistance terms are the same. Hence, during each MC realization a single 381 

population of φ and a single population of γ are sampled. These data are highly negatively 382 

correlated with ρ
n
 = −0.72 383 

 384 

In ;�����' the data are plotted for 3000 MC realizations for illustrative purposes (i.e., to see 385 

individual data points). However, to increase accuracy of the estimation of ρ
n
 to two 386 

significant figures, all simulations were run out to n = 10
6
 realizations and these results are 387 

used hereafter.  388 

 389 

The same general approach described above to compute ρ
n
 can be used for limit states 390 

expressed by 89�����
��� � and � 7. The influence of COV values of γ
R
,  φ

R
,  γ

Q
  and  φ

Q
 on 391 

computed ρ
n
 values are investigated next for both equations. The ratio r = COVφ / COVγ = 2 392 

is the maximum ratio of the COV of φ and γ values in &�7��� �. ;����� �� shows that for 393 

these conditions ρ
n
 remains essentially constant at about 0, −0.70, 0.14, 0.39 and −0.83 for 394 

Cases 1, 2, 3, 4 and 5, respectively.  395 

 396 

;������� shows the influence of the magnitude of ratio r on ρ
n
. For Case 1, all variables are 397 

uncorrelated and thus ρ
n
 remains zero. However, for all other cases the value of ρ

n
 decreases 398 

with increasing magnitude of the ratio of r = COVφ / COVγ . For Case 2, ρ
n
 is −0.18 for r = 1 399 

but falls to −0.89 as r increases to 4. The reason is that as r increases, the uncertainty in 400 
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friction angle (COVφ term) contributes more to the uncertainty in both Rn and Qn while the 401 

influence of uncertainty in soil unit weight (COVγ term) is less. This can be appreciated by 402 

the form of 89�����
�� " and ( to compute Rn and Qn which are more sensitive to the 403 

magnitude of friction angle φ than to unit weight γ. Increasing φ values result in increasing Rn 404 

and decreasing Qn values (i.e., increasing negative correlation). The effect is amplified as r 405 

becomes larger.  406 

 407 

The sensitivity of ρ
n
 to magnitude of friction angle can be seen in ;������� for cases with 408 

one or two correlated soil parameters and the mean of friction angles �φ
R

 = �φ
Q

.� In contrast,�409 

;������4�shows that ρ
n
 is essentially independent of the means of unit weight, �γ

R

 = �γ
Q

, over 410 

a reasonable range of 14 to 22 kN/m
3
. This is due to the appearance of γ

R
 and γ

Q
 as linear 411 

terms in both expressions for the Rn and Qn, respectively.  412 

 413 

The friction angle of a soil can be expected to vary with unit weight (,�������
��3������414 

�'"); !�����������1����(). Here, this correlation is denoted by cross�correlation coefficients 415 

ρφ
R
,γ

R

 and ρφ
Q
,γ

Q

, and their influence on ρ
n
 is shown in ;������) for values in the range from 416 

−0.7 to 0.7�and assuming ρφ
R
,γ

R

 and ρφ
Q
,γ

Q

 are equal. Case 1 with uncorrelated variables (ρ
n
 = 0) 417 

can be considered as the reference case. Cross�correlation parameters ρφ
R
,γ

R

 and ρφ
Q
,γ

Q

 have 418 

little effect on ρ
n
 for Case 3. Cases 2 and 5 can be seen to be only slightly influenced by the 419 

magnitude of cross�correlation between soil friction angle and soil unit weight. In contrast, 420 

there is a very strong influence of ρφ
R
,γ

R

 = ρφ
Q
,γ

Q

 values on ρ
n
 for Case 4. For ρφ

R
,γ

R

 = ρφ
Q
,γ

Q

 421 

increasing from −0.7 to 0.7, ρ
n
 decreases from 0.85 to −0.37. The practical range of interest is 422 

ρφ
R
,γ

R

 = ρφ
Q
,γ

Q

 > 0 since the expectation is that friction angle increases with soil unit weight and 423 

this is the assumption made in the related literature (e.g., ���������� �
��?�� �''4; 6���424 

�
�� &�
� �''"; #�7�� �
�� ���%����%�� ���"; #�7�� �
�� ��
�� ����). As examples, the 425 

cross�correlation coefficient between friction angle (degrees) and dry unit weight of 426 

cohesionless soil was computed as ρφ,γ  = 0.48 (.�*=!� ���)). The values of ρφ,γ were 427 

calculated as 0.57 and 0.22 by $�%�
��������� �
�� #�������� ����"� based on measured 428 

values of φ and γ reported by 6��� �
�� ��
�� ��':(� and ��������
� ��� ��1� ������, 429 

respectively. 430 
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 431 

If ρφ
R
,γ

R

 and ρφ
Q
,γ

Q

 are positive, the practical range for ρ
n
 is from 0.39 to −0.37. For 432 

ρφ
R
,γ

R

 = ρφ
Q
,γ

Q

 ranging from 0 to 0.40, the ρ
n
 values are positive; thus ignoring ρ

n
 leads to 433 

underestimation of β and safer design outcomes (refer to ;����� �). For ρφ
R
,γ

R

 = ρφ
Q
,γ

Q

 434 

exceeding 0.40, computed ρ
n
 values are negative and unsafe designs may result if the nominal 435 

cross�correlation coefficient is taken as ρ
n
 = 0. Values of ρ

n
 for all cases are summarized in 436 

&�7���4.  437 

Examples of reliability analysis 438 

 439 

Two limit state design examples are presented in this section to demonstrate the quantitative 440 

influence of ρ
n
 on computed reliability index. The first example is the base sliding limit state 441 

for a cantilever retaining wall and the second is the pullout limit state for a reinforced soil 442 

wall. In the example cases to follow possible correlations between friction angle and unit 443 

weight were not considered because the influence of possible correlation between these 444 

variables on computed reliability index was found to be negligible. A similar conclusion can 445 

be found in .�*=!�����)�. 446 

 447 

Cantilever wall external sliding limit state 448 

 449 

Problem dimensions and nominal (mean) soil property values are given in ;����� � . The 450 

dimensions are taken from an example that appears in ;*/�� ����(�. The soil properties 451 

assumed in this investigation are similar to those that appear in the FHWA design example. 452 

Three design scenarios are considered based on assumptions regarding possible correlation 453 

between soil properties used for resistance and load terms in the limit state equation (i.e., 454 

cross�correlation coefficient between soil property populations in each term is 0 or 1): 1) the 455 

backfill and retained soils are the same but the soil friction angle is taken from a different 456 

population for the foundation soil; 2) the backfill, retained and foundation soils are all the 457 

same; and 3) the retained and foundation soils are the same and both are different from the 458 

backfill soil. Note that for the resistance term the soil properties of interest are the friction 459 

angle of the foundation soil and the unit weight of the backfill located above the heel. In these 460 

Page 17 of 49

https://mc06.manuscriptcentral.com/cgj-pubs

Canadian Geotechnical Journal



D
raft

CGJ�2017�0012R1 revised submission to CGJ (clean) May 2017 

 

18 

 

calculations (and in the original FHWA example) the virtual wall back is assumed to be 461 

frictionless.  462 

 463 

Since method bias statistics are not available for load and resistance terms, the analyses were 464 

performed assuming the current models are perfectly accurate, i.e., �λR

 = �λQ

 = 1, COVλR

 = 465 

COVλQ

 = 0, and ρ
R
 = ρ

Q
  = 0. Hence, any uncertainty in analysis outcomes is due to 466 

uncertainty in the choice of soil parameters used at design time. Conventional deterministic 467 

analysis of external base sliding of the structure using the soil properties in ;������  gave a 468 

factor of safety FS = 2. 469 

 470 

The results of initial calculation steps are summarized in &�7���). The value of COV
Rn

 = 0.13 471 

was computed using 89�����
� " and Monte Carlo simulation with lognormally distributed 472 

random variables for φ described by �φR

 = �φQ

 = �φ = 30° and COVφR

 = COVφQ

 = COVφ = 473 

0.10, and for γ, �γR

 = �γQ

 = �γ = 18 kN/m
3
 and COVγR

 = COVγQ

 = COVγ = 0.05. The COV 474 

values for friction angle and unit weight give r = 2. The same statistical values were used to 475 

compute COV
Qn

 using 89�����
� (. For each case identified in &�7����, the nominal cross�476 

correlation coefficient ρ
n
 was computed using MC simulation. These data can be visualized 477 

by scatter plots of the type shown in ;����� ' and can be found in the ��		��0�
����478 

,�������� to the paper. The values of ρ
n
 are 0.11, −0.78 and −0.88 for Scenario A (Case 3), 479 

Scenario B (Case 2) and Scenario C (Case 5), respectively. The computed reliability index 480 

values decrease in the reverse order as β = 4.02, 2.83 and 2.75. A reasonable target reliability 481 

index value for external sliding of this structure when seated on competent ground is βT = 482 

3.09 (Pf = 1/1000) (/�����0������1��''(). Hence, the structure can be assumed to be unsafe 483 

for two of the three scenarios. If nominal correlations between load and resistance terms are 484 

ignored, then all three scenarios give β > βT = 3.09, implying that the structure has an 485 

adequate margin of safety against sliding in probabilistic terms. This is an unsafe assessment 486 

of margin of safety for two of the example scenarios if nominal load and resistance terms are 487 

in fact correlated using the assumed input parameters. For these two cases the difference in 488 

terms of probability of failure is more than one order of magnitude. Nevertheless, the 489 

practical and easy solution to increase the reliability index for this limit state is to increase the 490 

length of the foundation heel. 491 
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 492 

Reinforcement pullout limit state 493 

  494 

Three reinforcing elements are considered: 1) geogrid, 2) steel strip, and 3) soil nail. The 495 

pullout limit state for a reinforced soil wall for the geogrid and steel strip cases is based on 496 

the Simplified Method recommended by ���*&�� ����)�. The soil nail calculations are 497 

based on methods described by /����
�� �
�� !������ ��''��+ >8�� ����"� and ;*/��498 

���� �. The problem geometry for the geogrid reinforced soil wall case can be referenced to 499 

;�����(7. Each wall is H = 10 m high. The other deterministic parameters are assumed as 500 

follows: 1) geogrid wall: width of reinforced soil zone, L = 0.7H, Sv = 1.0 m, z = 0.5 m, Le = 501 

1.5 m and α = 1.07; 2) steel strip wall: L = 0.7H, Sv = Sh = 0.5 m, z = 6 m, Le = 4.6 m, w = 502 

0.05 m, F = 1.0 and κ = 1.2; 3) soil nail wall: L = 0.9H, Sv = Sh = 1.20 m, D = 0.15 m, z = 6 503 

m, η = 0.75 and Le = 6.7 m. It should be noted that the depth of the reinforcing element for 504 

each structure type was selected to give the minimum factor of safety against pullout failure 505 

using the deterministic equations for load and resistance described earlier together with the 506 

empirical non�dimensional coefficient values recommended in the references cited above.  507 

 508 

For the geogrid and steel strip wall cases, the statistical parameters for soil frictional angle 509 

and unit weight are �
φR

 = �
φQ

 = �
φ
 = 30° and COV

φR

 = COV
φQ

 = COVφ = 0.10, and �
γR

 = 510 

�
γQ

 = �
γ
 = 18 kN/m

3
 and COV

γR

 = COV
γQ

 = COVγ = 0.05. For the soil nail wall case, the mean 511 

values were the same as those just reported, but the COV values are COV
φR

 = COV
φQ

 = COVφ 512 

= 0.20 and COV
γR

 = COV
γQ

 = COVγ = 0.10. This is because soil nails are installed in natural 513 

soils while geogrid and steel strip reinforcing elements are installed in engineered soils which 514 

are assumed to be less variable. Bias statistics for each pullout analysis type can be found in 515 

the references cited in the footnotes to &�7��� . As before, all random variables are assumed 516 

to be lognormally distributed.  517 

 518 

The statistics for the spreads in nominal resistance (COV
Rn

) and nominal load (COV
Qn

) were 519 

computed in the same manner as that described for the wall example but using the load and 520 

resistance equations applicable to each reinforcement type. Scatter plots of Rn and Qn can be 521 

found in the ��		��0�
����,�������� to this paper. In these examples the computed nominal 522 

cross�correlation coefficients varied from 0.39 to −0.70. Computed reliability index values 523 
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are greater than βT = 3.09 regardless whether or not nominal correlation was considered. In 524 

fact, typical practice for LRFD calibration of the pullout limit state for these systems is to use 525 

βT = 2.33 (Pf = 1/100) (����
������1���� ). This is because if one element fails there are other 526 

reinforcement elements to compensate. The same low reliability index value is assumed for 527 

LRFD design of single compression piles that are part of a group of piles which give the 528 

foundation system strength redundancy (!��������������1����)).  529 

 530 

As in the cantilever wall case example and the sensitivity analyses presented earlier, nominal 531 

correlations between load and resistance values can lead to greater or lower estimates of 532 

margins of safety in terms of reliability index or probability of failure. However, for the 533 

reinforcement cases analyzed here, the differences do not have a practical impact on design 534 

outcomes since the values of β are all greater than 2.33.  535 

 536 

It can be noted that margins of safety for this limit state expressed in deterministic or 537 

probabilistic frameworks are easily adjusted for other MSE wall examples by changing the 538 

values for reinforcement spacing and length which are deterministic. In fact, the prescribed 539 

minimum reinforcement length of 0.7H recommended by ���*&�� ����)� is largely 540 

responsible for the large value of β in the example cases here. This empirical constraint is 541 

related to the external sliding limit state for these structures. *��
� ��� ��1� ������� and 542 

#�������� ��� ��1� ������� examined the margins of safety against pullout for the most critical 543 

layer in a large number of constructed reinforced steel strip and geogrid reinforced soil walls 544 

reported in the literature. They concluded that the actual as�built reliability index and factors 545 

of safety were well above minimum values recommended in current allowable stress design 546 

(ASD) practice and for LRFD calibration, and was attributable to the L = 0.7H minimum 547 

length criterion.   548 

Conclusions 549 

 550 

This paper is focused on the influence of cross�correlation between nominal load and 551 

resistance terms (called nominal correlation for brevity and denoted as ρ
n
) on the calculation 552 

of reliability index (β) or probability of failure for simple limit states in soil�structure 553 

interaction problems. Correlation between nominal load and resistance terms is quantified by 554 
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the conventional Pearson’s cross�correlation coefficient that can vary in the range −1 ≤ ρ
n
 ≤ 555 

+1. The case with ρ
n
 = 0 corresponds to no correlation and is a tempting assumption for 556 

simplicity in reliability�based design and is almost always made for LRFD calibration using 557 

readily available reliability theory�based closed�form solutions. A more comprehensive 558 

closed�form solution by #���������
��$�%�
�������������"� for reliability index (β) is used 559 

in the current study. This formulation includes the contribution of possible dependencies 560 

between method accuracy (method bias) and nominal values for load and resistance terms. 561 

The mean of bias values are used to adjust estimates of factor of safety used at design time to 562 

give a more accurate estimate (on average) of the (true) operational factor of safety. The main 563 

conclusions drawn from this study are as follows. 564 

 565 

1.  Nominal load and resistance terms in simple linear limit state equations can be cross�566 

correlated due to the presence of the same random variables in both terms. For design 567 

cases with the mean factor of safety within the range of about 1.5 to 3.0, ignoring 568 

negative nominal correlations when they are present will typically result in under�569 

estimation of probability of failure by up to two orders of magnitude. On the other hand, 570 

ignoring positive nominal correlations when they exist over�estimates probability of 571 

failure up to several orders. This error is on the safe side, but the penalty is a more 572 

conservative and thus more expensive for design.     573 

 574 

2.  For limit state functions having the forms examined in this paper for the sliding block 575 

problem and reinforcing element pullout problem, the magnitude of nominal correlation 576 

is dependent on the ratio of COV of soil friction angle to COV of soil unit weight, and 577 

the mean of soil friction angle. Increasing both values was shown to make the computed 578 

nominal correlation more negative.  579 

 580 

3.  The nominal correlation is typically negative when the same soil friction angle appears in 581 

both load and resistance terms. The practical implication is that when this is the case, the 582 

nominal correlation must be considered to ensure adequate margins of safety for simple 583 

limit state designs using closed�form solutions. For cases where load and resistance 584 

terms do not share the same soil friction angle, the nominal correlation will always be 585 

positive.  586 

 587 
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4.  The nominal correlation has a much stronger influence on computed reliability index 588 

when bias dependencies for both load and resistance models are concurrently negative. 589 

This is an unfavorable outcome for pullout limit states of reinforcing elements since a 590 

survey of load and resistance bias dependencies reported in the literature shows that both 591 

are always negative. For bias dependencies with opposite signs or concurrently positive, 592 

the influence of nominal correlation is much less.   593 

 594 

5.  Actual design examples showed that probabilities of failure were at least one order of 595 

magnitude different with and without considering nominal correlations. When the 596 

probability of failure considering nominal correlation is unsatisfactory, the design may 597 

have to be revised to achieve a target minimum acceptable β value even though the 598 

conventional factor of safety for the same limit state is satisfactory. This situation 599 

highlights the need to treat conventional ASD practice and reliability�based design as 600 

two complementary design strategies. 601 

 602 

As demonstrated in the paper, the influence of cross�correlation and bias statistics on 603 

reliability index can be computed using Monte Carlo simulation techniques directly. 604 

However, once the nominal correlation coefficient is computed, the closed�form solution 605 

(89�����
� 4) has the advantage of transparency and ease of use (e.g., using Excel 606 

spreadsheets). This avoids the complication of practicing engineers having to develop 607 

familiarity with Monte Carlo simulation techniques for correlated random parameters and 608 

having to carry out a very large number of simulations if the target reliability index is very 609 

large.  610 

 611 

Finally, it should be noted that the examples that are used here correspond to simple limit 612 

states where soil properties occur in both resistance and load model terms in a limit sate 613 

function. However, some limit state functions such as the tensile (yield) strength for a soil 614 

reinforcing element will not have nominal correlation because the resistance (strength) is 615 

unrelated to the surrounding soil properties. Other examples are shallow footings and 616 

compression piles when the loads applied to the structure are independent of the soil. For 617 

these examples, 89�����
�4 is simplified to 89�����
�:.     618 
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6��&��;�;�>@=8��805 

�806 

;����� �1 Reliability index β computed using 89�����
�   versus factor of safety FS 807 

considering different cross�correlation ρ
n
 values and COV

Qn
 = COV

Rn
 = 0.20 808 

 809 

;����� �1 Contour plots of β versus COV
Qn

 and COV
Rn

 for FS = 2 and ρ
n
 = 0.5 using 810 

89�����
� �811 

�812 

;�����41 Reliability index β computed using 89�����
�: versus operational factor of safety 813 

OFS considering different combinations of cross�correlation coefficients ρ
R
 and ρ

Q
 values and 814 

ρ
n
 = 0 815 

 816 

;����� )1 Contour plots of β versus ρ
R
 and ρ

Q
 using 89�����
� : (OFS = 3.0,  COV

Rn 
= 817 

COV
Qn

 = 0.20,  COV
λR

 = 0.50,  COV
λQ

 = 0.30) 818 

�819 

;�����  1 Contour plots of β versus  COV
λR

 and  COV
λQ

 considering for ρ
R
 =  −0.5 and ρ

Q
 820 

= −0.5 using 89�����
�:�(OFS = 3.0,  COV
Rn

 =  COV
Qn

 = 0.20) 821 

 822 

;����� :1 Reliability index β versus operational factor of safety OFS  considering different 823 

combinations of cross�correlation ρ
R
 and ρ

Q
 with ρ

n
 values using 89�����
�4�824 

 825 

;�����"1 Contour plots of β versus COV
Rn

 =  COV
Qn

 and COV
λR

 = COV
λQ

 using 89�����
�4�826 

(OFS = 3.0): (a) ρ
n
 = −0.5, (b) ρ

n
 = 0.5 827 

 828 

;�����(1�Example load and resistance limit states: (a) Frictional sliding block problem, (b) 829 

Pullout of geosynthetic soil reinforcing element 830 

 �831 

;�����'1�Rn versus Qn for sliding block example using 89�����
��" and ( (�φR

 = �φQ

 = 30°, 832 

�γR

 = �γQ

 = 18 kN/m
3,  COVφR

 = COVφQ

 = 0.10,  COVγR

 = COVγQ

 = 0.05):  (a) Case 1: φ
R
 ≠ φ

Q
 833 

and γ
R
 ≠ γ

Q
, b) Case 2: φ

R
 = φ

Q
 and γ

R
 = γ

Q
 834 

�835 

;�������1 Influence of COV values of γ
R
, φ

R
, γ

Q
 and φ

Q
 on ρ

n
 (�

φR

 = �
φQ

 = 30°, �
γR

 = �
γQ

 = 18 836 

kN/m
3,  COV

φR

 = COV
φQ

 = COVφ, r = COVφ / COVγ = 2) 837 
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;����� ��1 Influence of ratio of COVφ over COVγ on ρ
n
 (�

φR

 = �
φQ

 = 30°, �
γR

 = �
γQ

 = 18 838 

kN/m
3,  COVφR

 = COVφQ

 = COVφ,  COVγR

 = COVγQ

 = COVγ = 0.05) 839 

 840 

 841 

;�������1 Influence of mean values of friction angle φ
R
  and φ

Q
 on ρ

n
 (�

γR

 = �
γQ

 = 18 kN/m
3,  842 

COVφR

 = COVφQ

 = 0.10,  COVγR

 = COVγQ

 = 0.05, r = 2) 843 

 844 

 845 

;������41 Influence of mean values of unit weight γ
R
 and γ

Q
 on ρ

n
 (�

φR

 = �
φQ

 = 30°,  COV
φR

 = 846 

COV
φQ

 = 0.10,  COV
γR

 = COV
γQ

 = 0.05, r = 2) 847 

 848 

 849 

;������)1 Influence of cross�correlation between friction angle and unit weight ρφ
R
,γ

R

 = ρφ
Q
,γ

Q

 850 

on ρ
n
 (�

φR

 = �
φQ

 = 30°, �
γR

 = �
γQ

 = 18 kN/m
3,  COV

φR

 = COV
φQ

 = 0.10,  COV
γR

 = COV
γQ

 = 0.05, 851 

r = 2) 852 

 853 

 854 

;����� � . Cantilever wall example (dimensions from ;*/�� ����(�). Note: Notations in 855 

this figure have been selected to match notation conventions in figure source 856 

�857 

�858 

�859 

6��&��;�&�#68��860 

�861 

&�7����1 Cases for computation of cross�correlation coefficient ρ
n
 between Rn and Qn 862 

�863 

&�7����1 Ranges of mean and COV values for φ
R
, φ

Q
,  γ

R
 and γ

Q
 for calculation of ρ

n
 864 

 865 

&�7��� 41 Summary of ρ
n
 values for sliding block and pullout limit state sensitivity analysis 866 

cases 867 

�868 

&�7��� )1 Summary of input values and reliability index calculation outcomes for cantilever 869 

wall external sliding limit state example (;������ )   870 

�871 

&�7��� 1 Summary of input values and reliability index calculation outcomes for reinforced 872 

soil wall pullout limit state examples with three different reinforcement types 873 
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�1 

�2 

�������� Cases for computation of cross�correlation coefficient ρ
n
 between Rn and Qn 3 

Case 
Random variable 

Friction angle Unit weight 

1 φ
R
 ≠ φ

Q
 or φ

Q only 
a
 γ

R
 ≠ γ

Q
 

2 φ
R
 = φ

Q = φ γ
R
 = γ

Q = γ 

3 φ
R
 ≠ φ

Q
 γ

R
 = γ

Q = γ 

4 φ
Q only 

a
 γ

R
 = γ

Q = γ 

5 φ
R
 = φ

Q = φ γ
R
 ≠ γ

Q
 

Notes: “=” means “same as”; “≠” means “different from”. 
a
 see 	
��������� 4 

�5 

�6 

�7 

�8 

�������� Ranges of mean and COV values for φ
R
, φ

Q
,  γ

R
 and γ

Q
 for calculation of ρ

n
 9 

Random 

variable 

Full range Typical range 

Mean COV Mean COV 

φ
R
 (°) 10 50  0.05 0.30  20 40  0.10 0.15  

φ
Q
 (°) 10 50  0.05 0.30  20 40  0.10 0.15  

γ
R
 (kN/m

3
) 14 22  0.05 0.15  17 20  0.05 0.10  

γ
Q
 (kN/m

3
) 14 22  0.05 0.15  17 20  0.05 0.10  

 10 

� �11 
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�12 

�13 

�������� Summary of ρ
n
 values for sliding block and pullout limit state sensitivity analysis 14 

cases 15 

Case 

Cross�correlation coefficient ρ
n
 between Rn and Qn 

Full range a Typical range a 
Typical value b 

Min Max Min Max 

1 0 0 0 0 0 

2 −0.94 0.42 −0.88 0.10 −0.70 

3 0.01 0.66 0.12 0.54 0.15 

4 0.10 0.94 0.19 0.80 0.39 

5 −0.97 −0.24 −0.91 −0.44 −0.85 

a
 Based on full and typical ranges of mean and COV values for φ

R
, φ

Q
,  γ

R
 and γ

Q
 given in ������� 16 

b
 Based on �

φR

 = �
φQ

 = 30°, �
γR

 = �
γQ

 = 18 kN/m
3
,  COV

φR

 = COV
φQ

 = 0.10,  COV
γR

 = COV
γQ

 = 0.05, r 17 

= 2 18 
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�

�������� Summary of input values and reliability index calculation outcomes for cantilever wall 

external sliding limit state example (��������)   

 Scenario A Scenario B Scenario C 

Resistance model 	
�������� 	
�������� 	
��������

�
λR

 1 1 1 

COV
λR

 0 0 0 

ρ
R
 0 0 0 

Load model 	
�������� 	
�������� 	
��������

�
λQ

 1 1 1 

COV
λQ

 0 0 0 

ρ
Q
 0 0 0 

From ������� → Case 3 Case 2 Case 5 

�
φ
 (°) 30 30 30 

�
γ
 (kN/m

3
) 18 18 18 

COVφ 0.10 0.10 0.10 

COVγ 0.05 0.05 0.05 

FS 2.0 2.0 2.0 

OFS (	
�������) 2.0 2.0 2.0 

COV
Rn

 0.13 0.13 0.13 

COV
Qn

 0.13 0.13 0.13 

ρ
n
 0.11 0.78 0.88 

β ρ
n
 ≠ 0 ������� ������� �������

ρ
n
 = 0 ����� ����� �����

Pf ρ
n
 ≠ 0 2.9×10

�5
 < 2.3×10

�3
 > 3.0×10

�3
 > 

ρ
n
 = 0 7.8×10

�5
 7.8×10

�5
 7.8×10

�5
 

�
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�

�������� Summary of input values and reliability index calculation outcomes for reinforced soil 

wall pullout limit state examples with three different reinforcement types 

 Geogrid 
a
 Steel strip 

b
 Soil nail 

c
 

Resistance model 	
������� 	
��������� 	
�������� 

�
λR

 2.23 1.45 2.98 

COV
λR

 0.55 0.39 0.36 

ρ
R
 −0.46 −0.62 −0.48 

Load model 	
�������� 	
��������� 	
�������� 

�
λQ

 0.45 1.12 0.95 

COV
λQ

 0.92 0.33 0.38 

ρ
Q
 −0.36 −0.08 −0.38 

From ������� → Case 2 Case 4 Case 2 

�
φ
 (°) 30 30 30 

�
γ
 (kN/m

3
) 18 18 18 

COVφ 0.10 0.10 0.20 

COVγ 0.05 0.05 0.10 

FS 2.8 4.6 1.9 

OFS (	
�������) 13.9 6.0 6.0 

COV
Rn

 0.13 0.05 0.28 

COV
Qn

 0.13 0.13 0.25 

ρ
n
 −0.70 0.39 −0.70 

β ρ
n
 ≠ 0 ������� ������� �������

ρ
n
 = 0 ����� ����� �����

Pf ρ
n
 ≠ 0 7.4×10

�4
 > 9.6×10

�5
 < 7.9×10

�4 
> 

ρ
n
 = 0 6.2×10

�4
 1.1×10

�4
 6.7×10

�5
 

Notes: 
a
 Bias statistics from ���������� ��!��"��#����$,�%������������#����$ 

                 b 
Bias statistics from &'�������� ��!��"��#�����$,�%��������� ��!��"��#����$  

                 c
 Bias statistics from (���������#�����)��$��
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