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Influence of side groups on 90° superexchange: A modification
of the Goodenough-Kanamori-Anderson rules

Wiebe Geertsma and D. Khomskii*
Solid State Physics Laboratory, Groningen University, Nijenborgh 4, 9747 AG Groningen, The Netherlands

~Received 29 November 1995!

A mechanism is suggested which can modify in certain cases the Goodenough-Kanamori-Anderson rules
determining the character of superexchange in magnetic insulators; namely, side groups coupled to ligands,
which are often present but are usually ignored, may contribute significantly, and may in certain cases even
lead to a change in sign of the superexchange interaction. Thus this factor can make the 90° superexchange of
half-filled shells antiferromagnetic, in contrast to the usual case. Qualitative arguments and numerical estimates
show that this mechanism may be important in the inorganic spin-Peierls compound CuGeO3 .
@S0163-1829~96!02829-9#

As is well known, the exchange interaction in magnetic
insulators is predominantly caused by the so-called superex-
change — which is due to the overlap of the localized orbit-
als of the magnetic electrons with those of intermediate
ligands. There exist different processes contributing to the
superexchange interaction which appear under various
names in the various calculational schemes: delocalization
superexchange, potential exchange, indirect exchange, ki-
netic exchange, correlation exchange, ring exchange, etc.
~see, e.g.,1–4 and below!. Nevertheless, usually most of these
partial processes give results which follow the so-called
Goodenough-Kanamori-Anderson~GKA! rules. According
to these rules for instance, a 180° superexchange~the mag-
netic ion–ligand–magnetic ion angle is 180°! of two mag-
netic ions with partially filledd shells is strongly antiferro-
magnetic, whereas a 90° superexchange is ferromagnetic and
much weaker.

Recently, several materials were studied in which these
rules seem to be violated, or at least their validity is ques-
tionable. One of such systems which now attracts consider-
able attention is CuGeO3—the first inorganic compound
showing a spin-Peierls transition.5 The main feature of the
crystal structure6–9 of CuGeO3 is shown in Fig. 1. It consists
of CuO2 ribbons with a nearly square planar coordination of
the Cu21 ions by O22. The Cu ions are coupled by an O
pair bridge. The Cu–O–Cuangle isf'98°, which is rather
close to 900. However, the superexchange interaction be-
tween nearest neighbor Cu atoms is antiferromagnetic:5,10

J'23 to 26.5 meV~we defineJ by the exchange Hamil-
tonian:H522JS1S2). The question arises why this Cu-Cu
superexchange interaction is antiferromagnetic, while the
well-known GKA rules predict a ferromagnetic superex-
change interaction for the 90° cation-ligand-cation configu-
ration.

In this paper we discuss some of the basic structural and
electronic features which may lead to such a violation of the
GKA rules. In order to keep the presentation simple and
clear we use a simple perturbation theory scheme1,3 and con-
sider the smallest cluster possible in order to emphasize the
physics involved. The detailed discussion of the superex-
change interaction in CuGeO3, taking into account all de-

tails of the structure, will be given in a separate paper. The
localized orbitals we consider are shown in Fig. 2. On the
~magnetic! cations M1,2, we consider only a half-filled
dx822y82 orbital and on the ligandsL1,2, we take thepx8 and
py8 orbitals. Thes-type covalent mixing parameter between
the ligand p and cation d orbital is defined by
l5^duHeffup&/D, whereD5ed2ep , and ^duHeffup& is the
transfer integral, which is often calledtpd .

Let us first discuss briefly the basis of the GKA rules for
the sign of the 90° configuration. In the standard theory un-
derlying these rules one considers a number of processes
contributing to superexchange in which each mechanism has
a definite sign: positive for a ferromagnetic interaction, nega-
tive for an antiferromagnetic interaction.

Two ferromagnetic contributions are illustrated in Figs.
3~a! and 3~b!. The first one is caused by the real ferromag-
netic exchange between one magnetic cation and a ligandp
orbital polarized by another cation. It gives

Ja54l2Jpd , ~1!

whereJpd;0.01–0.05 eV. The second ferromagnetic contri-
bution is due to a Hund’s rule exchange interactionJH on a

FIG. 1. One of the basic structural units of the CuGeO3 struc-
ture: the one-dimensional@CuO2# ribbon.d: Cu21; s: O22; (:
Ge41.
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ligand when two ligand electrons from differentp orbitals
are virtually transferred to the cations, Fig. 3~b!. It gives

Jb52l4JH~L !, ~2!

where JH(L);0.5–1.5 eV. The magnitude of these two
mechanisms does not strongly depend on deviations from the
ideal 90° configuration which we will assume in the follow-
ing discussion.

Two principal antiferromagnetic contributions are the so-
called delocalization, or kinetic superexchange, Fig. 3~c!,
and the correlation superexchange, Fig. 3~d!. Both of these
contributions require the transfer of electrons between cat-
ions and thesameligand orbital, and for 90° geometry these
terms do not contribute because such a transfer is forbidden
by symmetry. Thus we see that in standard cases 90° super-
exchange of half-filled shells is indeed ferromagnetic, which
explains one of the GKA rules.

Let us now turn our attention to the factors which can
make these symmetry-forbidden transfers possible. The ob-
vious one is a deviation from 90°, to be discussed later.
Another, less obvious source comes from the presence of
side groups interacting with the intermediate ligands.

The main idea may be explained as follows. Whereas for
pure 90° geometry thepx8 and py8 orbitals are strictly or-
thogonal, which prevents the antiferromagnetic superex-
change, the presence of a side group~Ge! attached to a
ligand violates this orthogonality. In other words, apx8 hole
existing in an intermediate state can make ‘‘a detour’’ to a
side group and then return onto apy8 orbital of oxygen, thus
giving finally an antiferromagnetic contribution.

Let us consider this effect in some detail. It is convenient
to rotate the coordinate system for thepx8 andpy8 orbitals on
the ligand over 45° as shown in Fig. 4. When thepx and
py orbitals are equivalent it is clear that cation-ligand-cation
transfer paths tend to cancel: they interfere destructively.

However, if thepx andpy are inequivalent, such a cancella-
tion does not happen. The presence of side groups really
makes these twop orbitals inequivalent.

Side groups have two effects on the ligandp orbitals.
First, due to the lattice potential, thepy orbital has an energy
different from that of thepx orbital: a high positive charge on
the side group, as, for instance, for Ge41 in CuGeO3, will
make the electronicpy orbital more stable than thepx orbital

FIG. 2.M2L2 cluster for 90° superexchange. The angleb is the
deviation from 90°. TheM1-L1-M2 angle is f5p/21b. The
dx822y82 orbitals onM1 andM2 and thepx8 andpy8 orbitals on the
ligandsL1 andL2 are shown. The transfer matrix element between
ligand p and magneticd orbital is t.

FIG. 3. Graphical representation of the perturbation expansion
of the virtual electron transfer processes considered in the main
text, which give the main contribution to 90° cation (M1)-ligand
(L1,2)-cation (M2) superexchange. The numbers indicate the order
of the subsequent transfers (t/D) and Hund’s rule interactions
(JH) in the perturbation expansion. The contributionst/D to the
perturbation expansion are indicated. The sign of each virtual trans-
fer depends on the phase of the wave functions. ——3——:
symmetry-forbidden virtual transfer. Wavy line: exchange interac-
tion.
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by an amountd. Also, a large hybridization of the ligand
py orbital with a s bonding side group orbital~for Ge an
sp3 orbital! can give thepy orbital an appreciable shift with
respect to thepx orbital. Another factor, which also leads to
inequivalence of transfer paths, is thep-p hybridization in
the O pair bridgeW5^py(L1)uHupy(L2)&.

We find now the expression for the kinetic exchange—the
process shown in Fig. 3~c!—taking into account~1! the de-
viation from ideal geometry,~2! thepp hybridizationW, and
~3! the energy shift of thepy orbital with respect to thepx
orbital due to side group effects. This expression has the
form

Jkin52
8

Ud
~lx

4Dx
21ly

4Dy
222ly

2lx
2DxDy!

52
8

Ud
~lx

2Dx2ly
2Dy!

2, ~3!

where the excitation energies include thepp covalency and
the side group effect;Dx5D as defined above, and
Dy5D1W1d. The covalency parameters include the geo-
metrical factor: lx5lsin(f)sin(f/2) and
ly5lhsin(f)cos(f/2), whereh takes into account that part
of thep orbital is hybridized into an antibonding ligand–side
group orbital. The first term in Eq.~3! is due to transfer via
px orbitals only, the next viapy orbitals, and the last is a

cross term where part of the transfer is viapx and part via
py orbitals. Note thatJkin vanishes in the case of equivalent
px andpy orbitals.

Next we consider the correlation and ring exchange,
where by ring exchange we mean the process of virtual tran-
sitions involving the excitationM1-L1-M2-L2-M1 . For these
contributions we get

Jcor528lx
4Dx

2S 1

2Dx
1

1

Dxx
D28ly

4Dy
2S 1

2Dy
1

1

Dyy
D

14lx
2ly

2~Dx1Dy!
2S 1

Dxy
1

1

Dx1Dy
D , ~4!

where the excitation energies areDab5Da1Db1Uab
p (a

and b refer to the ligandp orbitals!; Uab
p is the Coulomb

interaction in theligand p orbitals. The terms withDab are
contributions involving excitations from one ligand, while
the terms withDa are due to excitations fromp orbitals on
different ligands.

It is now instructive to expand these superexchange con-
tributions Eq.~4! in Uab

p /(Da1Db). One then obtains the
above discussed ferromagnetic contribution@Eq. ~2!# with
2JH5Uxx

p 2Uxy
p . The remaining contribution is

Jcor8 528~lx
2Dx2ly

2Dy!~lx
22ly

2!. ~5!

Again, this contribution vanishes in the case of equivalent
ligand orbitals.

We consider now separately the factors contributing to an
antiferromagnetic interaction. For the contribution due to the
deviation of the Cu-O-Cu angle from 90°, denoted byb, we
find the geometrical contribution

Jgeo528l4DS 11
D

Ud
Db2, ~6!

where the parametersl and D refer to the situation with
equivalentp orbitals.

Next we consider contributions due to the presence of
side groups. For weak ligandpy–side groups hybridization
we may takeh2'd/Ds , whereDs is the energy difference
between the ligandp orbital and the side groups orbital. We
find the following result:

Jside group522l4
D2

Ud
S d

Ds
1

d

D D 2
22l4DS d

Ds
1

d

D D S d

Ds
12

d

D D . ~7!

The first term is the kinetic and the second the correlation
contribution.

The effect of the O pair bridge hybridization of thepy
orbitals gives

Jhybr522l4S 21
D

Ud
D W2

D
. ~8!

In addition to these three terms~6!–~8! there are cross
terms between these three effects. These cross terms also add
up to an antiferromagnetic contribution.

FIG. 4. TheM2L2-S2 cluster. The axesx8 and y8 are rotated
over 45° tox and y, with respect to those used in Fig. 2. Thes
bonding orbitals on the side groupsS1 andS2 are indicated. The
angleb is the deviation from ideal 90° geometry.tx is the transfer
integral betweendxy andpx , andW is the transfer integral between
the py orbitals on the two ligandsL1 andL2 .
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Let us give a quantitative estimate of these superexchange
contributions for the CuGeO3 compound. We estimate the
parameters by assuming that the geometrical contribution has
to reproduce the exchange constant in the high-Tc cuprate
compounds for 180° geometry. We take~see Refs. 11 and
12! tpd51.0 eV, D54.0 eV, Ud57 eV, JH(O)50.4 eV,
b58°, W50.7 eV. For the dp exchange we take
Jpd50.025 eV. For the shift of thepy orbital with respect to
the px orbital we taked'0.4 eV. For the energy difference
between the side group orbitals and the anionp orbital we
takeDs'4 eV.

We obtain for the covalency parameterl5tpd /D50.25.
Then we findJ'250 meV for the cuprates. For CuGeO3
we find for the ferromagnetic contributionsJa56.3 meV and
Jb53.1 meV. So the total ferromagnetic contribution to su-
perexchange is 9.4 meV. For the quadratic antiferromag-
netic contributions we findJgeo523.8 meV, Jside group
522.6 meV, andJhybr522.5 meV. To this we have to add
the cross terms between these three~geometrical, side group,
andpp hybridization! effects, and we find a total contribu-
tion of the quadratic and cross terms to the superexchange of
215.1 meV. The sum of all ferromagnetic and antiferromag-
netic contributions isJ525.8 meV and is antiferromag-
netic. It compares well with the nearest neighbor superex-
change derived from various experiments for
CuGeO3. Furthermore, we find that when the shiftd of the
py level due to the side group vanishes we will still find a
small ferromagnetic interaction of 0.3 meV for the total su-
perexchange.

From this simple example it is clear that the deviation
from 90° is not sufficient to make the superexchange inter-
action antiferromagnetic. Such a small effect on the total
superexchange interaction due to the deviation from ideal
90° geometry is also found in anab initio calculation on a
Cu2O6 cluster.

13 Only an appreciable energy shift of one of
the intermediate ligandp orbitals with respect to the other
p orbital involved in the transfer paths, which is caused by
the influence of a side group~Ge!, can change the sign of the

superexchange interaction from ferromagnetic to antiferro-
magnetic.

We conclude that side groups, which are often present but
are usually ignored, can significantly modify the 90° super-
exchange and, in certain cases, can cause an apparent viola-
tion of the GKA rules~cf. also Refs. 14 and 15!. In particu-
lar, such groups attached to bridging anions can make the
90° superexchange antiferromagnetic. We have shown that
this factor plays an important role in the mechanism of the
superexchange interaction in the spin-Peierls system
CuGeO3. The great sensitivity of the total exchange to the
side groups may probably explain a change in properties of
CuGeO3 when Ge is substituted16,17 by Si ~this question is
now under investigation!.

Superexchange is also very sensitive to the Ge-O distance
and to the angle between the Ge-O bond and the Cu-O-Cu
plane. A change in these parameters may significantly
modify the resulting Cu-Cu exchange. The driving force for
the spin-Peierls transition may thus well be the sensitivity of
the superexchange interaction to the side group. The modu-
lation of the superexchange interaction is then partially
caused by a modulation in the interatomic Ge-O distance
and/or~Cu-O-Cu!-~Ge-O! angle which accompanies the ob-
served distortion.6 ~For a different interpretation, see Ref.
18.!

There exist other systems where we expect a significant
influence of side groups on superexchange, e.g., organome-
tallic and bioinorganic compounds as discussed in Ref. 15.
This side group mechanism may also be of relevance in other
inorganic materials, e.g., the layered magnetic semiconduc-
tors of the kindACrS2 andACrSe2 , whereA is a monova-
lent ion Li, Na, K, Ag, or Cu.19
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