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INFLUENCE OF VIBRATIONS ON MOLECULAR STRUCTURE DETERMINATIONS·. 

'III • . INERTIAL DEFECTS* 

Dudley R. Herschbach1 

Department of Chemistry and Lawrence Radiation Laboratory, 
University of California, Berkeley, California · 

'•" .· 

Victor \~1. Laurie 

Departmant of Chemistry, Stanford University 
'·Stanford, California 

Abstract 

·The relationships bet\'leen various types of moments of 

inertia.'·.and vibration-rota t1on corrections are developed from · 

· .... · 
'· . . ~-

l general theory, with emphasis on the qualitative physical ' 'tl ' ''. 
I 

features and the quantiti~s which may be calculated without 

knowledge or anharmonic force constants. The inertial defects. 

.of planar triatomic and tetratomic molecules and nonplanar 

molecules with a plane of symmetry are considered, and it is. 

found that simple approximation~ which depe~d mainly on the 
i 

. one or two modes of' lowest frequency, give results \'li thin 10-

20% of the experimental values. The application of inertial. 

defect corrections in structure analysis is illustrated for 

li . 
I 

'! 

..... ' 

the calculation of HH distances in c~c1 2 , Si~F 2 , and CH3cxo ... ~-·· 

-molecules (X a H, F, Cl, Br). 

* ' This l'rork was supported at Berkeley by the U.S. Atomic Energy 
Commission and the Alfred p. Sloan Foundation and at Stanford · 
by the National Science Foundation and tho ·Petroleum Research 
Fund administered by the Amer~can Chemical Society. 

1Present address: ·.Department of Chemistry, Harvard University, 
. Cambridge, Massachusetts. 
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i . 

: :' .·.-

Spectroscopic. determ1na tiona of molecular structure usually · . 
must make use ·of tJ;l.e ~'e!'.fective" ·moments or inertia .or the 

ground' vibrational state, as it_ is seldom feasible to ev~·luate . 

experimentally the ·corrections .for vibration-rotation inter~ 

·, . . ~ 

-... 

action. Relations among the moments which hold only tor. a rigid''.:_.:. 

body are assumed also to hold for the effective moments. In·. :-~ .. ·': . 
··f·. :1 •. · 

particular, it is often convenient. to make use of a combina t1on ' . 
. . 

or the principal moments which gives the "second moment" o.f a ' ~-

coordinate axis, Py a ~(Ia + I~ • Iy)• 

this is given by 

2Py. Ia +I~- Iy a 2~m1Yi I 

'.l ,, .• 

For a. rigid molecule 1 ·
1 

1,1 : · 
. I 

.. 
(l) 

·. 
, .. 

\IZhere Y i is the d1 Stance of the ! th a tom .from. the a~ plane and · . · . · '. 

. . 
mi is its mass (a,~ 1 Y may be permuted among x,y,z). These 

I 

, ... qua.nt1~1es are e~P~.9ially useful 1!' a molecule has a plane o.f 
........ 

symmetry. Also, in the "substitution method 11 of structure · . ·<··· 
. ·.: ··:~ ; : ,. ' 

analysis, the isotopic differences of the seco.nd · momonts are the · :: -- .· ·· · 

primary factors in the calculat1ons. 1 '~ Since it is usually ·· · .-'::-':: .·~ ·· 
• u 

necessary to employ the effective moments of. inertia, however,. 

the. corresponding quantities contain contributions !'rom 

vibrat1on-rotat~on interactions and Eq. (1) is replaced by3 .. 

·2(Jy •!fa +f~ ·Jy • 2Py -ll.y. · (2) 

The. vibrational_ contributions· are denoted by ll.y. and are termed . 

"inertial detects." . :· 

~ : \ 

.. ~ . . · .. 
. ',, ! 

' . .... 

. .. 
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For a planar molecule, Py Q 0 for the,out-of-plane direction. 

(the c-axis) and the corresponding inertial defect becomes 

directly observable. 4 Thus,· 

-- (3-) 

where J.c >f b.> fa ... It is found that for different mole<?ules 

A varies considerably 1n magnitude and may be either pos1tiv~ 

or negative. As first pointed out by Darling and Denn1son, 4 

1'or small amplitude vibrations of planar molecules A may be 

calculated from the atomic masses and coordinates and the 

harmonic force constants, without knO't'lledge of anharmonic force 

constants.5 .. Further theoretical discussions have been given 1· 
~~: 

' . by Nielsen, 6 Posener,:7 and Oka and Morino~ Values of A ~ve ;' 

been calculated for a· number of s~all molecules8-10 and the 

results are in excellent agreement with experiment. 

In this paper the general inertial defects -defined in Eq. 

(2) are studied. As in Parts I and II of this series, 11•12 . 
I 

particular attenti~n is given to the role o~ anharmonicity and· 

to features which affect the determination of the average 

structure of a molecule. Since the precise calculation of 
., 

inertial defects becomes very laborious even for planar mole-

cules \'lhen more than three a toms are involved, 't'.Te have 

... examined simple approximations \'lhich depend mainly on "one or 

two modes of vibration and find that these provide reliable 

estimates of A in many cases.· .. 
. . 

. ' 
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GENERAL FO~lliLATION 

Some results of the general theory of vibration-rotation 
. . 

1n~eractions 6 ,ll will be restated briefly 1 in order to put them · 

in a convenient form and to emphasize qual1.ta ti ve physical 

features.· For small amplitude v1b~tions5,l3 a perturbation . ··1. .;, 

expansion up to terms linear in the vi bra t1onal quantum numbers · : · · · 
I . .. . . . :_ . 

·gives the following relations: 

. fa.· < 1 ~~>~ 1 • 42: sE t[(C~t> 2 l../(V9l <Q;> '. ·, (4) 
' • I· ' :· ' - ' ,. 

.... · ·'·. 

(:I • • ' 

'· 
(5) .. · 

.: . ~ ; : . 

In· Eq.(4), the effective spectroscopic moment of inertia is 

seen to differ from the reciprocal of the average of the inverse 

of the instantaneous moment because of the contributions of 

.. Coriolis in~eractions. In Eq. (5), this "inverse of the· average 

inverse" is iconverted to the direct vibrational average of the 

·· instantaneous moment of inertia by separating out the terms 
;, . 

which arise in expanding the double inverse. Finally, in Eq. (6),. ~ .. 

' .. 

\ ... 

. ~ . . 

'., .... 

the direct average moment is related to the momant ot: inertia:. 

for a particular rigid configuration or the atoms (termod the 

"standard" confi~ration3) by averaging ~n expansion. or the .. 

·. \... 

. ' . . . 

instantaneous moment in powers of the n·ormal coordinates. Up 

to terms linear in the vibrational quantum numbers, the quadratic 

~verages. {Q;) de~end.onl~ on the harmonic vibrational frequencies, 

·{Q;). ·_._ (2K(dsw
8

)(v
8 

+ids)' (7) 

, I, ,' 

-'·· ··: 
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2 . 
'-vhere d

5 
is the degeneracy of the mode and K a h/87r c= 16.8627 

·' 
amu A2 cm71 The linear averages (Q~) involve the anharmonic 

~ . 

force constants (see Appendix C of ~art I). 

· In Eq. (5) the origin o:f the "shrinkage 1
' caused by inverse 

averaging is entirely analogous to that in the diatomic case,11 

I 

for which 
·-1 

(r -2) < {r2) • 

The Coriolis term in Eq. (4) may also be given a simple· physi·)al 

interpre~tion. The atoms are all vibrating relative to the 

principal axis system 11 f1xed" to the ro'ca ting molecule, 14 ard. 

the slight angular momentum associated with these vibrationr. 

makes the observed rotational· kinet;ic energy slightly larg,;r · 

than it \'tould otherwise be .. l5. 'l~us 

'\' d-1. ~ \' -1)' 2 
LJ a) a Jlla > L.. a (Ia JHa ~ 

and since 'the total angular momemtumJi'L is a constant of ·;rle ..... 

motion 1 this increase in the rotational energy appears r.:·:; a 

slight shrinkage of' the affective moments of inertia~ ·,; r.d.lc it 

·is convenient to describe the terms involving (Q2 ) in ~;·qs. (4}-
s ' 

(6).as due respectively to Coriol1s coupling, 1nve;r:>s1cn, and 

harmonic averaging ot the moment of 1nert1a 1 this cla:.s1f1ca

tion should not be interpreted too I'igidly o Tho conr.'ttions · 

imposed when defining a set of rotating axes 11f'ixed" to a 
. 14 
vibrating molecule imply relationships among the ':oef.f1c1ents 

·h~a~ A~'\ and c:t•· One ot th~ most useful of thes(; relations8 

is.· 

·'I.: 

. j 

. ·~ 

I . I 
I 
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(8) 

In the sum of Eqs. (4)-(6)., which relates the effective -moment. 

· ·of inertia to tim. t for the standard configuration of the 

molecule, 

(9) 

we may use (8) to rewrite the coefficient of the harmonic term 

in a form which eliminates explicit reference to the term that 
. 

arises from the inverse averaging. That is., 

·.· tf ~~ r:: -A: - L y[(a~Y) 2 /Iy] - .4I: t[(C~t} 2 Xsf(X 8 ->-t}J., (lOa) 

may be rewritten as 

(lOb}i\: .-:·_ .. 

We shall choose either the equilibrium or the average 

configuration of the atoms as the standard one., and make com

parisons with the corresponding moments of inertia I~ or I:.,· 

respectively• As sho~m in Part ~~ the various coefficients 

a~t3 ~- A~~ .. C~tl" the vibrational frequencies., 'and the harmonic 

averages (Q;) all remain practically the same for any choice of 

the standard configuration •. However., the anharmonic averages 

(Qs) are quite sensitive to this choice. In particular~ when; 

the average configuration is taken as the standard., 

(Q ) ... o •. 
s 

' 
Also from Eq. (9) we have 

.. _.:, 

'· .. 

::. -

'; .: 

.. . 

',·. 

. ,.,, 
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These formulas, together '!.'lith (4)-(7), shO'Vl that the various 

kinds of momenj;a o1:_1ner~1a, 

l :::1 * 
J a.' (I~ ) , {Ia.)" Ia 

I 

. may be interconverted by calculations which require only harmonic 

· force constants, whereas to relate any of these to the equilibrium 

moment I~ we must have the anharmonic force constants. 

The "normal 11 order of the various moments of inertia is 

"(I ) > I* > a > Ie ., 
a a ~a a - {1~) 

This order1 and the occasional deviations from it, may be under

stood by considering the signs of the various vibration-rotation 

terms. Among the harmonic terms; the inversion correction in 

Eq. (5) is always negative; 1n Eq. (6), hO'Vlever; 

(15) 

since the definition of the coefficients requires 

[see Eqo (25)]. 
* . Thus we see from Eq. (12') that the inequality 

* (Ia) > Ia must always hold. For the ground vibrational state 6 · 

the Coriolis contribution in Eq._ (4) can be re~1tten as 

. ,/ . (17) 

. 
where now s > t in the s~ations (See Appendix B of Part I). 

In Eq. (9), the harmonic contribution may .likewise be rewritten · 

with use of (lOb) as 

. -·· .• ···- -

... 

.... 
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..,. 
for the ground state, with s > t.. These expressions show that 

11resonant" Coriolis interactions 6 ~ 11 will not influence the 
. . I 

moments of inertia for the ground vibrational state. The contri-

bution (17) is always negative. 

usually dominant, and therefore 

L: st?~~{Q;) ~· o, 

The first term in (18) is 

(19) 

for the ground vibrational state.. Accordingly, in Eq. (9) t~e 

negative Coriolis and inversion corrections determine the sign 

ot the harmonic contributions, and the inequality r: > sa hold~,: 
whenever (19) does. The individual terms in the anharmonic 

contribution in Eqs. (6) and (9) may be either positive or 

negative. Analysis of experimental data tor simple molecule,s 

has shown 11 ~ 12 that in most cases the stretching modes dominate 

I 

Lsa~a{Q 8 ) > O, {20e). , '· 
and 

and Sa··;;r. I~ usually holds because {206
) outweighs the ha;rmonic " · 

contribution (19)· 

INERTIAL DEFECTS 

From Eqs. (2) and (9) we obtain a general expression for 

the inertial defec~ as a sum of anharmonic and harmonic vibra-

"' tional contributions, 

(21) 

.. 

I 

I 
r 

l 
t 

. I 
. ! 

i 
I 

. 1 

I 
. i 

i 
.·' 
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-Ay(anhnr) n.[ 3 [a~a +a~~ • a~y](Q 3 ) 

and~ from Eq. (lOb), 

(22) 

( ) 
· · " [ ao: f3f} YY 2 

-Ay har ~ -3Ls Ass +Ass - Ass]{Qs) 

{23) 

+4 Ls ~[(~~t) 2 + ('~t)
2
- (C~t) 2 )[Avi(At-As)J(Q;). 

An·equivalent but more cumbersome expression6J7 for Ay(har) 

ma~ be obtained from Eq. (lOa)$ The coefficients are defined 

in terms of derivatives of the Cartesian coordinates of the atoms 

with respect to the normal coordinates» 

where 

a~ m 2l:1m1 ((31 (opJ.JdQs) + .Yi (oYijOQs)J, (24a) 
·. ·· ... ·. ' 

a~f3 = -2 I 1m1a1 (of3 1 /0~s) = ... 2 I:1m1 f31 (aaj/'oQ~) 

(25) 

'~t = 2:' 1m1 [ (oi3i/0Qs) (oYjj'OQ~c) ... (oYi/OQs) (ot31/0~) ], 
(26} 

and all quantities are evaluated for the standard configuration 

ot the atoms ... Thus·~ (16) and several other useful relations are 

readily obtained: · 

aa f3J3 YY 4'\' (~ ~ ). 
as +as -as = L1m1Y1 oYi;vQs' 

2 ~ Aaa + Af3f3- Ayy ~ 0 
SS SS £S 

8 

.. 

I 

;I·; 

(28) 

(29) 

(30) 

(31)· 

.. 

.. ~-· ... ; 

i 
! 
i 

. i 
l 

' 
. ! 

} 

f 
I 

I 
I 

• i 
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Planar I•1olecules 

When all the atoms lie in the a~ plana 1 the coefficient (28) 

of the anharmonic part ot Ay vanishes identically (since all v
1 

a 0), and 

Ay = Ay(har). 
I 

(32) 

Also, for in-plane vibrations, 

(o v
1
;0Q

5
) ~ o (33a) . 

and for out-of-plane vibrations, 

(33b) 

Thus the coefficient (29) also vanishes for in-plane vibrations, 

and it becomes equal to 2 for out-of-plane vibrations. Similarly, 

if both w
8 

and wt are in-plane modes, C~t = C~t = 0, whereas~1~,.: 
. .· y . ' 

w
5 

is in•plane and wt is out-of-plane, Cst = Oe All the 

Cor1ol1s coupling constants vanish if w
5 

and wt are both out-of

. plane. 

A -= A(1) + A(O)., 

·;.where 

I· 
' Jf 

•, 

; 

· .. .. 
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and 

(35a) 

(35b) 

Here W
8

t m A-
8
/(>..

8
- >..t),. etc .. , and .§.1 .£!. 1 no\'t refer to in-plane vibra

tions, ~ to out-of-plane vibrationsp ~~e equivalent expressions 

obtained from {lOa), as '/lell as those from (lOb} or (23) have been 

given, as these are more convenient for some purposes~ 

If out-pf-plane vibrations are absent (as in a triatomic 

molecule) or "frozen 11
1 the inertial defect becomes 

L.. S L.s 1 "'SS I •• • • - ~ I • 

. s s ' 

·A ~·A(i)!;; 4" \' (r6 ) 2 {>~s 1 (Q;)-·A.s(Q;,>.1 . (36) :1 

), ,-A. . J .· 
.. (where \'le nol'T take s > s 1

). This must be positive for the ground 

----· ·· vibrational state since, as in (18); \'te may replace the· factor 

Also, from {6) and (28)-(33) wa find 

(Ic- (Ia + Ib)) == O,p (37) 

as expected from Eq. (1) 't'lith all Y
1 

= o. In this case the · 

contributions to A(i) arise solely from the '!shrinlcage" effects 

which accompany the Coriolis interactions of (4) and the invQrse 
'·'. 

averaging of (5}; these effects» shown separately in (34a), have 

been amalgamated in (34b) and (36). · 

I 

I 
I 
f 

. I 
I 

I 
I 

·1 
. I 

r 

... ·.: 
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If out-of-plane vibrations are present (37) becomes 

{Ic • (Ia + I 0 }) = -2 Lt (Q~} ~ (38) 

according to (29)· In A(O) this 1s allmys a negative contri

bution, and corresponds simply to averaging E.q .. (1) over the 

nonplanar configurations attained during the.vibrat1onse 

There are in addition contributions to both A(i.) and A(O) from 

Coriol1s coupling betw·aen the in-plane and out-of-plane modes, , 

as seen in (34a) and (3Sa)· Often the out-of-plane modes are 

all lower in frequency than the in-plane ones; then all Wt~ < 0, 

and these Cor1oli s terms rej.nfor.ce ( 36) to make A ( i) more 

positive and reinforce (38) to make A(O) more negative. 
!i 

These general considerations do not indicate the sign of · 

the total inertial defect. Ho\·.rever., unless one or more out

of-plane modes are of very low frequency, we expect h. to be p 

positive for the ground vibrational state, and this is found 

to be the case for almost all planar molecules thus rar studied. 

The negative contribution of the out-oi'-plane·modes accounts 

for the fact that planar ring compounds · . .::.usually have rather 

small positive inertial defects. Examples are shown in Table I· 

These molecules have several low ~requency out-of-plane modes 

which·cancel.much of the contribution from the in-plane modes. 

Molecules l'Tl th a Plane o:r SiLIT' ... 'Tletry 

\olhen the only out-of-plane atoms are symmetrically equivalent 

pairs., the vibrations may be classified as either symmetric (+) 

I 

I 
I ., 
I 

I 

I 

' . ' 

. ' . ' 

I 
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or anti symmetric (-) \.zi th respect to the plane o1" symmetry· (taken. 

as the a~ plane). 16 Thus, for an atom! located on the symmetry 

plane, Eqs. (33a) and (33b) again hold tor (+) and (-) vibrations 

respectively. For a symmetrically equivalent pair of atoms l• k · 

located out··of the plane, 

(39a) 

and 

(39b) 

tor (±) vibrations. As betore, the in-plane atoms give no contri

bution to. Eq. (22), the anharmonic part or the inertial defect. 

According to (39), the coefficient (28) of the anharmonic part. 
• ; i.. __: 

also vanishes for (-) vibrations of the out-of-plane atoms.., and:' 

. for . the ( +) vi bra tiona 

aa. ~~ yy . 8 \ ("!> /;:,. ) 
a::: 8 + as - as ""' £.. j mj Y j o Y J' v Q.s , (40) 

where the sum extends over one member or each of the pairs ot 

symmetrically equivalent out-of-plane atoms. Similarly, the · 
. i 

harmonic coefficient (29) has ~o contributions from (+) vibra-

tions or in-plane atoms, whereas the out-of-plane pairs give 

'(41) 

For {-) vibrations both the in-plane and out-of-plane atoms 

contribute and (29) may differ greatly from the value of 2 

: obtained fo-,:o planar molecules. 

Instead of (37) or (38), for a nonplanar molecule the direct 

vibrational average or the second moment is given by 

(Ia + It3 - Iy) ~ 4 I jmj y j 
2
+ L ;.6as (Q.s) + r !~Ass (Q;-) .. 

(42) 

. ; 

'! 
r 
• '• 
" 

I 

i' 

!· 
.I 
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(40) and (41). 

• . . , 
4· ... 

· · -:--~ : :~~.::· -.~;·::,;~;:·;~:··~:D:).;:):f 
UCRL :112.08(~ ,._,., -,:·7 ·!"•!;· 

respeot1v&l)f, an4 

.... 

v 
J 

.:~:.,,.~_:::.~.·i&t;:r~i;;;~.,~ ·is the coordinate of an out•ot•plane a tom in the standard 
-,_, ·-.",i!'·.J:<!:~•I,': i~~tf1 .. ~~ I . . ' 

:\H :;,~·:i}hJ:~;~~: configura t1on ot the· molecule • 3 . The analogous expre sa ion tor , , ... · ... , ... •- ''··~ 
. . •' ·:.:(~1/:·;~·.;· /i:.~;·_'>:! .. ;: 

efteot1ve momenta ot inertia 1a again obtained b:;' adding , ·5}:;:·/•::·:~;;'.·(-,:i:~·.;; 
. ;:,.J·;:·~·_::.·.::··::tj;:;·}~;E· 

the oontr1but1ona from Cor1ol1s coupling and inverse avemgins··:~·::: ... ~:··:- ... ·::,·'d: 

I 

that 1s, as 1nBCJ.• (9)J b1 replacing the harmonio ooef't1oient. 

. /:: ~:.~_.:.S~.~~,~;;~:;.:;r- AA
88 

b1 A (/ 
88 

~·. : Altho~ . ( 40) shows 
.·::. };·~-~;:.:;:\)-/?> . 

' 

that relat1vel:~ tew terma·.·· 

, .... ... : .. ,... ···.:.:., .... contribute ~o. th~ ·anharmon1o part ot the inertial deteot, in 
. , .{: -'~l}f;-:;{~(}f~·.. · · . · :. :· ... :,· :::-:r/.':: ~, ;,i~ 

...... • 1 .,., ......... practice there 1a no way. to .. evaluate these. However, the ···· · · .. ,., .. , 
~ ·i~-·~\A;:~:r:::;t~h.:- . .. ·. ~)::·:.:.r.i\il::;: :;.: 
·,; -:;~·.·~·:':.-::·:;'·7·,:-etteot ot the anharmon1o .terms 1a.s1mpl:f to displace the ooorcl1····:·._.:,~::·~!-;~ 
.>:·~~-\;;:·I~}If~;~i.:~:.· ... · ·. . . . . . . .. . · .. ·.:.~:;~~:: __ ,.~~;.: 
::JJ.t~:.: .. ~,b):~:~~n·~;~_·nate.~ _ro~. the average ... oont1gurat1on ot the ~leoule,. ~J~·. ~ .(YJ~>•; :~ ,· :!-~.k{~iY· 

:_··:;:,j·r:7:i;~··;;.i~;\~;}_<trom· those. ·.t.or' the ~uil1br1um configura t1on, aa noted 1ri Bqe .:(11* )•>}.·:::,::,t;· 

~;l~}I;i;~~~m1~:Thu~~.· ~we· ohpo·~. ~~ average o~~igunt1on ~:.the -~darcl, • ·l:~;~l\~t.~tltt 
i::tr~@~~~t:~if 1 

Q + :1 ~ -fv -
4 
E JmJ ( y J) ' • Ay (ilU). ' ' c:.~Nr3IiHi1:1;·~a· 

.·_,:·!'t~::.~;~~·::·:~:·:·:;:~-i· For molecules wh1oh have a single pa1r ot out•ot•plane atoma, ':.-.:.-... ~ ... ;:· .. :·;· .. b:\:··>:-:\t· 
: f·2:.;/:~~·~;.:t;<'·1~ 1 ~.~~i:~· -. · · ~ · ·:· ~~~ J.:~ ~Xf.~~i:~:~;·! ~.' ~~::'~~ 

· ·{ ..... , .. ,. ·\'> .... :·this relation. ·enal»lea the average value ot the out-ot-plane ·..---·. ·. '" "., / .... , ... ···l 
<i\;:({}::·fh~:r_;}··:: . I . ' . . . . · .. >·'t-<··;:::~~·;~~{~f:k ;}l.: 
.• , ... 

1 
.• , . ,·.· ... 1·'- c11stanoe to .b,e determined without .knowledge ot anharmonic .. · ....... , .......... \ ......... . 

Hfflt~~~i?~i~i,roroe oona~ta. · · " ; :~~/{i1\~{f·m: 
.. : :.:·:·~,.~·~·'·r ·:;\,., In the preceding c11acussion,. we have· 1gnore~ the nondiagonal -.. ·;.,,. .. 1..:·,:\l . 

.. ~+i!!~~~::~{~·:\liW{Y . · · . .::.~ii~'.~ .XK:rt:::~:~;;:. 
~'(·~::.?·::r:: .. '?(,''.'·.-._terms .in the 'etteot1ve moment ot ~e~t~ .~.e~aol'. which appear, -~·:·~ 7 . .-.:.,:_.~:;_:·>(F-:,:·~·L 
;;~i -t.'/",~.:l',~ .:; ..... '~ • ' I' ~. ' l ' 6 11 ,"~.,;~t-:'6'/:~r~•,;\:•;'}- r:•,,~: 

, ... :-{·P.ii~:~_,: .. 3·!~-:-~~ the general._treatmEtn·t ot v1brat1an•rotation· 1nteraot1on, ·' ; .. ;:_,r.:r~~(H:;:·'f:::>~·( 

":r~f~(~;}j~:ji_?~\i!:.:·;~; ; .·:·i .'. \:· ';' ' aJ) ;<· -.' ; '·: :<· :',<~~.\~~·· . : '~ ~-·:: ·~.·; .:· .. ;·~;)·:-~:}~~1f~J~?.;rr::i: 
...... -~,:··.:,,-· ... ~·' ........ J a) • E a<va + ida)cs ··' .. : ··· .. , . . ... , .... , ....... •Jiri·'· ·'·:;. 

:~<·~~t~1'J~~~:·:;~~F7-{ ,_··. . ·· · · . : · .. ~ · 5·. · .· ··· ·. · ...... ·; .. : .,._,.. :· ~· · · ·::-'.' .. ,_;r;~.~:}~~t!}f.}~.·-;;;Ar.· 
'·;/:;~:_.;;~:~/::C~\';[.::,:'l'hese terms vanish 1dent1call),. ·tor/ mole.oUl..·a · ot orthorhombic·. · ·:· .. )::·'\):{Y~.~~·~; .. Jl 
•.\<~:·<1'-t:,r•.;;..n:-: ·. . . . ·.. ... . . :)· . ... . . . .. . :q: .. :. ~ ':'_·. ·.: ·. .. .. ~;f-~·.},'~:·>::·:·.&e: 
~·:)}:~·::i,~- .. ~?[-{_t.r.•.~•trl. (~in~:. ~ups. c2V.' · » 2 •:._o~, D2b)•;·i·]'o~ :.a p~r. moleoule, t>•_.:.\;f:: -.:i.t' 
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J'~Y O:nc11a,y van:l.sh, and. fa~ Cloos not. oontr:l.'buto to the 1nert1al 

dG,foot because the mum of tho 1n•plano m~monta, Ja + ~~ :1.1 tho 

same whathor or not a trancton'M.t1on haa 'boon appl:t.oc1 to ol:t.m1n• 

a to tho fa~ o:ro11 t,om. J'O:L" nonplana:L" molooulol ,.,:t.thout orthott•. 
' ' . 

nom~:t.o ~~mmot~~ A1l·tho o~ouo torma appoa:r, but :t.n tht u~l 

oo.1o te:L" w'n1onJ a • ·J; >>!a~, oto., tho d.:1.a~onal:t.z~~~,. ,t~~n•."o~-~ . 

mat1on amount• to a·vo~ ArnAll aooend. or~or portur'bat:l.en 
4 t ; - ::; ~ 

oof':'oot:t.en,, ancl n:t.~oo tn:l.a :t.u a quac1rat:t.o r\mot:S.on ~~'n:(Y 
1 

+ i), . 
1t ma~ 'bo c11aro;A:L"doc1.s Xn oaco 'two ot tho· p%':t.no1pal .momenta • 

, are oqual' oz- nearl~ equal, a.a~ 1a ,w ~~ tho transtonnat.ton 1& . 

. . ,· J ~.J; w tt5a +./~) ± IC( fa: ~~) 2 + .4fa~JI-, (44)
11 
' 

.· ~h0ro tho minus s1sn retol's toJ ~ ~ riowov~ar, practically th~a orll.y . ,. 

non planar molecules . tor whiCh·. ( 44) would be :requ1rec1 a:l;'ta symmetric· 

. . tops, anci tor those. 1 t is conv~~~1orlal to retain.§~ ~.J ~ anc1. .. . .. 

. resarc.i tho !a~ ~orreot1on as. contributing to the c1egener:ate.,·. ·. · .. 

··. Coriol1s perturbation6,ll rather than to the moments of. inertia~.· . · 
·. I .. 

\. 

' " 

.. EXAMPLES AND APPROXIl·tATIONS 
. ~ . :. ·, 

.... . . ·.· 
.,. 

Bent Tria tomio !·1oleoulos · . . . . . . 
_i • " 

,, 

I 
~ I 

'I 

.,i 
' : 

I 
; I 

' 1: I 
'! 

··. I 
'' 'i 
•': r 

. I 
'·! 

' ., l 

A symmetrica~. bent XY
2 

molecule offers the simplest exampie: ':.',· · .· ::· ... 

. ·.·: of' the inertial detect and most or. the available calculations · .. 
· .. 

·hav.e dealt with. this case .• 4 "7,S,~o A 'bent XYZ ·molecule: is not ·. · · .. :· 

· . much more complicated,· however• .. The· general 'expression· (34b) · ·: · ·, · 

·.'reduces to six terms,· .. : ·. · <.::· 
. ' -. ~ •' ; . ;I '. . : .. ... .. 

···: ··;··.:.·' 
' : ' ~-- . . . . .. ~- .;-
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2 2 2 .· .. 
+ 4 <Q3)[(C13) v113 + (C23) \v23J, (45a) · 

\'There (Q;) = 2~I\(,~ 8 )(~s + ~); \'1
3

t = w;/(w;- w~) .. and the 
',I •,: I 

Cor1ol1s constants satisfy a sum rule, 

. ( 45b) 

For the ground vibrational state the result reduces further to 

· ( 45c,) · 

' . 
. :1 

Here the Coriolis constants refer to the out-of-plane axis (the 

c-axis), and Eq._ (l~5b) . .follm..rs from Eqs. ,(8) and (33)· For a 
·-

bent XY
2 

molecule, one third of the terms in Eqs. (45) drop out,· 
' .. v 

as · c12 = 0 . (where w1 denotes the syiP~'netric stretching frequency, 

w2. the bend, and w
3 

the antisymmetric stretch). 

The Coriolis coupling constants .,may be evaluated by means 

of a convenient matrix procedure due to f.leal and Polo •17 This 

gives the components along the Y-axis as 

;Y = ·L-1 0Y (Lj)-1 
;;;. ~ ,..., ""-# ~ (46) 

in terms of the amplitude matrix L which relates the internal 
~ . 

displacement coordinates to the'normal coordinates,; ~--=1£ 6 and 

a matrix, cY, which depends only on the atomic masses and 
,-.w , I ! 

' . 
geometrical parameters and can be evaluated from the usual s---
vectors employed in vibrational analys1s. 1 ~ In this way we 

obtain for the general bent XYZ molecule, 

'~ ... 

j' 
,! 
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012 =- 021 = ~ 2 sin,0' (47a) 

0
13 ... - 0

31 
=- 1J1P31 - IJ3(p;31 - p

32
cos,0} (47b} 

023 = - 032 =- 1J2P32 - ~3(P32 -
p
31 

cos,0'},· (47c) 

and c
11 

~ c
22 

= c
33 

= Q. For the bent XY2 case, the calculation 

or· (. Y reduces to a very simple formula, given by Meal and Polo~l7 
""" 

which requires only a knowledge· of the harmonic stretching force 

constants, and not the normal coordinate transformation or the k 

matrix elements. 

The calculations \'rhich have· been carried out ·.for several 

bent XY
2 

moloculea4"7,S,lO (listed as "exact" in Table II} hav:e 

given good agreement with the_ observed inertial defects. For 

the ground vibrational state, the calculated inertial defects are 

not-very sensitive·to substantial variations in the vibrational 

.force constants and Coriolis coupling parameters. Thus it is o.f 

interest to examine approximate .forms of Eqs. (45) \~hich require 
i 

only the vibrational rrequencies. 

According to Eq. (26)., the Coriolis coupling .constants 

\'thich linlc modes ws and wt represent the components or a vector · . 

cross product, 

(48) 

\tJhere the atomic displacement vectors .for each normal mode have 
. . . ·4 . 

. 'the components daifiQ
5

., etc. As noted by Darling and Dennison, .. _· 

in the normal · vibrations o.f 'H20 and_ other . symmetric hydride 

~-

"I 

·~·· .. 

. i 
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molecules, the hydrogen atoms. move almost parallel (for w
1 

an<i 

w
3

) or perpendicular Q:'or w
2

) to the bonds. The c·oriolis coupling 

bet'\'leen the bonding mode and the ~ntisymmetric stretch is then 

·alm~st maximal (c~ 3 ';;,/ 1), and there is little coupling bet~'lee~ ·. 

the symmetric and anti symmetric stretching modes ( c~ 3 .~ 0 ). 

~·This situation pp-J;"sists for other XY
2 

molecules and even XYZ 

·. molecules as long as the central atom is much heavier than the 

end atoms. On the .other hand, i!' the central atom is the.lightest 

one, or all three ·have about the same mass, as in 0120 or 03, the ... 

atomic displacements deviate considerably from the bond directions 

and the Coriolis coupling between the various modes becomes 
' ' 

.·roughly uniform (within the restrictions imposed by the molecul~r 

symmetry). 

For the ground vibrational state, the limit. o!' "dominant 

coupling 11 
( c

23 
~ 1) gives 

A ~ 4K(.l:.. + _1_ - l ) 
w

2 
w
3 

lu
2 

+w
3 

, 
: I ' 

whereas the limit of 11uniform coupling" gives 

A 4111 4K(_g_ + _g_ + _g_ 
T. wl , w2 CJ3 

1 1 

wl+w2 w2+w3 

for an XYZ molecule (each c2 factor in 
1 ' 
3'] or 

_;, 1 

1 ) 
wl+w3 

Eq. (45c} 

1 
'' )' " 

" 

w2+.1J3 wl+w3 

·' 

.. (49a). · 

... ·. 

(49b} 

is replaced by 

' ' 
~ ! 

.. ' ·-

(49c) 
. ·.·, :. ~· 

'· 

. . I 
. ·. '., 

' t 
I· 
I 
!. 

!I 
i ~ 
t. 

1: 
'• I' 
1: 
q 

:. 
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for an XY
2 

molecule (each c2
- ~). In view of the sum rule for 

· the Coriolis .coefficients, Eq. {45b)~ thcsa approximations. may 

both be \'lritten in the form 

(soa) 

by replacing the n_ ... cquency terms in Eq •. (4Sc) with an average 

value, 

1 =(..l..+....L- 1 \ ..• 
0 I W W I U) +UJ r.Av··,·: , ss s s s s 

(SOb) 

In the dominant coupling limit, only one term is retained; in·. 

the uni.form c·oupling limit all the terms are averaged, three 

terms in the case ·of an XYZ molecule., two for an XY
2 

molecule. 

In Fig. 1 and Table II the results obtained .from these 

approxima tiona are compared wi-th the observed inertial defects 

f'or triatomic molecules• As expected, the dominant cou'pling 

approximation (open squares in Fig. 1) is quite acqurate for the 

hydride molecules, but· considerably overestimates tho inertial 

defects for other moleculesJ v,rhereas tho uniform coupling 

approximation (open circ.les) is of'ten an underestimate. For 

either approximation the beild:tng frequ~ncy predominates in the 
:.~ 

average value of' Eq. (SOb), as.indicated in-the upper panel of,. 

Fig. 1; hence an even simpler approximation is,: 

(SOc).· 

This usually falls between the dominant and uniform coupling 

11m1 ts (heavy 'clashed <liagonal line in Fig. 1) .' · 
·' .... _ . 

. i\ 

.· ;:·. 
·. ; .· 
.... · 

:'· 
; . ,. 
' 

::- .. 

• <. 

t' i. 

t 1 
:r-. f. 

'· 
., : 
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For an excited vibrational ~tate the 1ne1 .. tial defect is 

mol .. e sensitive to the na turc · of the Cor1ol1s . coupling. · If the 

bending mode is excited, the approximations corresponding to 

'Eqs~ (49) and (50) giv~ 

and 

.A *:// A
0 

+ (8K/w
2

)vr
32 

A ~ Ao + ~( 2 K/w2)(t'll2 + w32) 

ll· *:// Ao + '(4~w2)(\·112 + W32) 

) '- . 

{ 49a 1
) 

(49b I) 

(49c') 

(50c') 

vrhere A
0 

is the inertial defect fo1 .. the ground state. Again,·. 

the data for hydride molecules
8 

are found to confor:n accurately\ 
. . \ 

;; 
:: ,, 

·.;J 
. . i: 

. •·• ,!; 

. " 
!· 

to the dominant coupling approximation, Eq. (49a 1 
). ~he s2o · ·' 

molecule (bottom entry in Table II) is the only other example 

available at prezent. 

Planar Tetratomic Holecules 

For a planar tetra tom1c molecule \'11th no other symmetry 

elements thero are 20 distinct nonvanish1ng Cor1ol1s coefficients.· 

and hence the general expression for the inertial defect, Eqs. 

(34b) and {35b), has 41 terms. The exact calculation isstill 

qui to arduous for molecules t'li th c2v symmetry such as formalde-

' hyde,· '\'lhich have ll Coriolis constants. However, recently Olea 

and Morino9.havo carried through a complete normal coordinate 

~nalysis and obtained good agreement with the observed inertial 

defects for several of these molecules. Their calculations 

enable us to make a detailed analysis of simple approximations 

similar to Eqs. (50), which we again find to yield surprisingly 

·' ., 



.. 

-20- UCRL-11208 

good results (see_Fig. 2 and Table III). 

For the ground vibrational state the general formula gives 

1>. = 1>.+ +A-

where 

A- -2K 
~ m..._ .. 

and the sum rules are 

\' \' ( c )2 = 2 
LJ S L..s I 'SS I 

(5la) 

(51 b) 

(5lc} 

···:·-\:.:.· .. 

\' ·a 2 '\' b 2 
.L.s(Cs6) = l; LJs(Cs6) = 1 · · (52b) 

!,. 
' I ~ 

Here s 1 s 1 = 1 to 5 denote the in-plane modes {s < s' i~ the 
"· 

double sums) and ~ 6 is the frequency of the out-of-plane bending 
. . . c 

mode. For molecules with c2v symmetry C
06

, is nonzcro·only for· 

the coupling o_f the A
1 

modes (s = 1, 2, 3) and the B
1 

modes (s' =· 

/4, 5); c~ 6 is nonzero only for B1 modes, and c~ 6 only for A
1 

modes · 
i 

(provided the two-fold symmetry axis is the a-axis; the reverse 

holds if it is the b-axis). Thus for c2v molecules Eq. (5la} 

reduces to 12. terms rather than 21 and the sum rules become 

== 1; ·[; ( ,c )2 = 1 
s s5 . · (53a) 

and 

(53b) 

From these sum rules and the average frequency approximation 

we obtain~ for the general case, 

·, 

' 

:; 

I 

! 
:: 

-;,· 

. ~: '. 

': 

- .~i . 
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I 

A~~ 8K/n
55 1 

A-.~ -(2Kjw6) 

-21~. 

and, for c2v symmetry, 

. + 
A ~. (4~n 64 ) + (4K/n55 ) 

A- 01 -(2Kjw6 ) - (4K/n
6 

•6a) - (4-K/ns6bL 

UCRL-11208 

.... : ... " 

(54a) 

(54b) 

(55a) 

(55b) 

\'lhere the n55 1 'terms, are defin~d as in Eqs~ (50), and the ns6 

terms are given by 

(56) 

In Eq •. (53a) ten terms contribute to the averoge frequency and· 

. in (53b) five terms to each of the t'!tro average frequencies. .ThJ.~ · 

it is quite unlikely that the dominant coupling approximation 

\'lould be a realistic approximation for an unsym•netrical molecule. 

In Eqs. (55), it will sometimes appl;>' in the ns ,6 average, to. 

which only two terms contribute., but \·till hold less often for the 

other n 's, to ,-rhich three terms contribute. · 

Situations where dominant coupling should apply can usually 

be recognized from a qualitative inspection of the form of tho 

normal coordinates. For example, Eq. (48) indicates that for x
2
co · 

· or X!·!02 molecules 's6 should be small, since in the ll.'s mode the __ 

"outside" atoms (X or 0 atoms) move approx1Ir.ately parallel to the 

symrnet~J axis (a-axis) and the contributions from the axial·atoms 

tend to cancel out. 19 

Fig. 2 and Table III-include all the available experimental 

data on ground state inertial defects of.planar tetratomic 

molecules •. The ob~erved values. (solid triangles in Fig. 1) are 

: ~ 

H 
-·~ 

. ' 

.. ,, 

.. : 

i 
I 

··i 

I 

. j 
·, I 

I 
I 
I 

. i 

I 
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again found to correlate with 4K/w.~, (heavy dashed diagonal line), 

\'/here wt denotes the lowest in-plane bending frequency, but 

several examples show rn.a.rked deviations, particularly· F2co, c·lN02, 

and BrF
3

• The dominant coupling approximation (open squares) 

evaluated .for the two lO\'lest in-plane frequencies is given merely 

to provide an empirical comparison; except for F2co, it is much 

too high, as would be expected since this makes no allo~anca for 

the negative A- contribution. The uniform coupling approxirna~ion 

(open circles) is again an underestimate and is quite low for.the 

x
2
co, XN0

2
, and BrF

3 
molecules. 

.; 
. ,! • 

However, a comparison with the normal coordinate calculations . 

which Oka and Morino9 carried out for six c2v molecules shows that 

the uniform approximation actually gives fairly reliable results. 

for the individual terms in Eqs. {55) except for the ns, 6 average 

in those cases !'or which 's6 is expected to be very small. .Since . ·~· 

w!l i.s considerably larger than w
5 

in these cases, the uniform 

coupling approximation makes A- much too negative, as shown in 
I 

Fig. 3· Results very ·close to the 11exact 1
' calculations are 

obtained simply by using a mixed coupling approximation {crosses 

in Figs~ 2 and 3) l'lhich employs dominant coupling ( c4
6 

= l) for the 

ns, 6 term and uniform coupling for the others. 

An exception to this is the Br2co molecule, .for l'rhich the 

un.1:for.m coupling approximation considerably overestimates the 

ns4 term, as seen in Fig. 3· Again, the discrepancy could be 

anticipated, since qualitative considerations indicate that c~ 4 
should approach unity .for x

2
co molecules as the mass or the X atoms 

increases.· However., in this case 11e find·that no simple co:rorect1on 

! 
I 
t 

I 
! 
I 

' \ 

' ·' 

'1> l . I 
l 

~ . ·. 

" r 

•• - !. 

j~ ,. 
;: 

I' 
~ i ,. 
I 
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is feasible. By use of the sum rule~ 

~ = !!li + 4KL (Cc )2(.1_- l ) 
os4 w4. s s4 ws w

3
+w4 • 

(57) 

~ · Althcugh c14 >> c24 and c34, this is offset by the frequency 

factors, (see Fig. 4) since UJl and ru4 >> w2 and tiJ
3

, and all 

. three terms in the sum give comparable contributions. Thus the 

dominant coupling approximation \•rould considerably ove""astima te 

tho sum and uniform coupling considerably underGstimat3 it; the 

values obtained are Q,QJ:l and 0.140, resp0ctively., compared with 

0.032 amu A2 from use of the calculated Ccriolis constants. 
. 2 

Fortunately~ the other term, 4K/w.'~ = o. 089 amu A ~ is independent 

of the nature of the coupling, and is large enough to damp out:! .. 
. ' 

much of .the uncertainty in the total result. For the other 

molecules sho~m in Fig. 3, it is also found that in the various 

averages one of the three contributing Coriolis constants often 

outweighs the others, but the frequency distributions and damping 

effects are 1such that the deviations in ns4 and ns
5
, for exmmple 

practically balance out. 

The only other molecule .for 'VThich the experimental result 

differs from the uniform or mixed coupling approxi·ma tion by more 

than about 10% is BrF
3

• In this case, the approximations agree 

closely with the "exact" .calculation (open triangle in Fig. 2), · 

and the disagreement with the experimental inertial defect may 

be due to inaccuracies in the vibrational assignment. For the 

othel .. molcg"t:tles considered here the observed frequencies \'lere . 

used, but tm··:.assignment for BrF
3 

is tentat~ve and -vm.s derived 
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mainly from~ normal coordinate calculation based on the ClF
3 

force constants. 20 

It is interesting to note that for the unsymmetrical mole-

cules in both Figs. 1 and 2 the simple uniform coupling approxi

mation gives par~icularly good results# only slightly low. 

Another empirical approximation applicable to certain unsymmet

rical molecules was suggested by Olea· and !>1orino9 ~ '\'lho take the 

geometric mean o~ the inertial defocts for ·related synunetr1c 

molecules. These values, '\'lhich are listed under "exact calcu

lation 11 in Tables II and III, come out a bit high. 

At first glance it is surprising that even for the tetratomic 

molecules, for which several terms appear in Eqs. (54) and (55 h 

the simple 4K/wt approximation should be so nearly equivalent to 

uniform coupling. Some qualitative•features that-contribute ·to 

this may be understood from Fig. 4. As .illustrated by the upper 

9urve, the efi'ective frequency wss r associated With the .coupling· 

of two in-plane modes, defined by 
I 

1 = (.1:.. ~ .J:_ - 1 ), (58) 
wss r ws ws ' . . ws +ws I 

is such that wss 1 1s al't-m.ys less than either .ws or t!ls,. The 

frequency Oss 1 obtained from averaging a set of these terms · 

lies between the ininimum and maximum value of w , • In the . . . . ss 

absence of strong contrary bias by the Coriolis constants, the 

inverse averaging favors the minimum value of wss 1 , '\'lhich lies 

2 
bet'\'leen 3wt and Cl.t.• The former limit obtains 'VIhen the next 

highest frequency is near. w.(:' the latter \'then it is very far 

above w.t.• Thus, 1! all the.-coupled terms are averaged, we may 

··expect Oss 1 tQ be near ·wt· and hence ~+ ':' 8K/~.e,· As seen in 

.. -·:. 

.. 
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Fig. 31 this holds accurately for H2CO, n2co, and F2co. For 

the heavier molecules tne ratios of the other frequencies to· 

W
9 

increase, consequently n , becomes substantially larger 
"" ss 

than w t" and A+ falls l'leli below 8K/w t •. In the exact calcula-

tions, this trend~is accentuated by the Coriolis bias illustrated 

bel0\'1 Eq. {57)•. A similar rough analysis accounts for the 

qualitative behavior of the terms involving the out-of-plane 

vibration. The lm-1er curve 1n Fig. 4 sh0\'13 'that only those in

plane modes with frequencies loss than or com~rable to w
6 

\'Till 

give substantial ·contributions.· This usually includes about·. 

half of the in..;plarie modes (see upper panel of Fig. 2)~ - Also, 

to all0\'1 for the· rapid drop-off o.f the frequency factor in Fig.'!~.,' 

we roughly approximate the contribution of these modes as half of 

that for the lowest mode. This gives 

··2K 8K 
A- '"::: - ~ w6 - ( ~ )( ~-) w t ' (59) 

which is -4~wt when wt ~ w6 and is less negative when wt < w 6 ~ 

in accord wit~ the results of Fig. 3· Although these arguments 

are quite crude, they do closely simulate the behavior of the 

exact calculations and also emphasize that the simple 4K/wt 

approximation actually represents an average over all the frequencies. 

rather than neglect of all except wt. 

1

_ The inertial defects of the w
3 

and w
5 

/excited vibrational 

states (the lowest :-n-planc modes) of F2co have been measured 

recently.
21 

These frequencies differ by ,only.43 cm-1 and good 

agre~ment with the data for both states is obtained from a 

"re-sonant coupling" approxirna tion, ., . 

. ;'_. 

!' 
I 

; 
H 

1: 
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i 
' !. ~ ,, 
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(60) 

(\·rhere s• ~ 5, 3 !'or s = 3, 5)· This omits all terms in the 

general expression, Eq. (34b), except those i..rith (w~ - w;) in 

the denominator. 'The experimental 1nortial de£ects correspond ~ 

to Cc3
5

)2 
= 0.74l.and 0.724 for the s ~ 3 and s = 5 states., 

compared with the value o.647 obtained £rom the normal coordinate 

analysis.9 

.APPLICATIONS TO STRUC~URE ANALYSIS 

The errors and 1ncons1~tenc1es introduced in structure 

analysis by the neglect or inertial defects cari be quite.substap

tial.22 Often these can be markedly reduced· by the use of A's 

having only the 10-20% accuracy given by the simple 4K/w~ approxi

mation. In. particular, the magnitude of the observed inertial 

defect usually offers the most conclusive test of the planarity 

. of a molecule. 9 Here '\'le shall consider examples o:r non-planar 
' i . * 

mol'ecules J:or which Eq. ( 1~3 ) may be used to determine the average .· 

. value of the distance bet\'l'een .a pair of out-o:f'-plane hydrogen 
. . 

atoms. In these cases tho hydrogen parametcrs·dcrived .from the 
. . . 

./ : . 
ef:f'octive moments of inertia .. sh0\'1 anorr.alously large· changes on 

isotopic substitution. These variations arise primarily .from the :i 

··.vibrations o£ heavy in-plane atoms rather than changes in the. 

average hydrogen coordinatez~ 22 and they disappear when the 

· inertial defect correction is included. 

. ·- . . ~ --. ., 

·. !;, 

. .i". 

,; 

'. 
·i . 
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~or the c~c1 2 molecule 1 the average out-of-plane coordinate 

(y~ooordinate) of the H atoms is given by 

(61) 

Thei inertial defect h.Y perpe~dicular to the ClCCl plane {xz plane) 

is dorr.inated by the lo\·r-freq)..tency Cl atom vibrations 1 in particular 

the ClCCl sym~etrical bend at ~ 4 = 283 cm-1 • Since the next 

lowest vibration is at 704 cm- 1 ~ Ne expect the inertial de.fect to 
. . . . 2 . 

be.close to 4K/w4 = 0.238. amu A • 

Another estim:te. or .Ay (h<:l:r) ma.y. be obtained from the apparent·' . 

difference in the H and D coordinates derived from the effective 

mom~nts of' inertia o:f the c~c1 2 35 and cn
2

c12 35 · species. · If · 
. . . 

Eq. {61) is used \'lith h.y = 0, the. effective HH distance is: calcu-

la t'ed to be 0.023 A shorter than the DD distance. 23 Ho1.·rever 1 the 

di:fferenco in the true average coordinates is expected to make 
.. 

the HH distance ·longer than the DD by about o. 006 A1 as ii? · · 

methane.~ 2 The presence of the inertial defect is thus'the.rnain 

source of the observe~ isotopic dif'.ference in the effective para-· 

meters. Since deutera tion has little effect on w41 ,i\'~e may neglect_ 

the isotopic variation of h.Y and evaluate it by ~pplyirig E,q· ··{6i) 

to the effective moments_of C~Cl 2 35 and CD2Cl
2
35. In a previ.ous· 

22 : \ 
treatment, . this \'laS done assuming (yH) = <Yn>: A better esti~te 

. is obtained by. transferring the methane result, and this· gives 

A = 0.19 amu A2 
•. Unfortunately, th~re is an uncertainty.of 

Y· 
several hundredths of an Angstrom from the uncertainties ·of i· Me 

. .. . '· > ~ I ' 

• . . 1' 
. 'l' ... 

.. _, 
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in the rotational constants. 23 Fo.r example.~ if.the data for the 

CH C135c1.37 and CD Cl35cl37 species are used, we obtain 11__ = 0.24 
2 2 -y 

amu A2 • 

The average H atom coordinates calculated for the various 

estimates of the inertial defect are given in Table IV. 

A similar calculation has been done for SiH
2

F2, with w4 = 

322 cm-lo Again we have adopted the methane variat1on·1n 

analyzing the isoto~ic data. 24 Rotational constants ;for both 

SiH2F2 and S1D
2

F
2 

are also available for the firqt excited state· 

or· the IJJ4 Vib:ration. For this in Eq. (61) l'le take /).y -:::. 3Ao' 

l'lhere A
0 

is the inertial defect of the ground sta tc; also \'10 
,. 
'I 

assume that {yH) - {yD) is the same as in the ground state, since 

{yH) is expected to be relatively inscmsitive to the FSiF bending. 

mode. The results o£ these calculations are also included in 

Tab'la IV· 

Another class of molecules to 't'thich Eq. (61) may be applied 

has a methyl group attached to a planar frame't';ork so that only 

two of the methyl hydrogens are out-of-plane. ·rn the series of 

acetyl mol~cules CH
3
cxo, with X .. H., F, Cl, Br, CN, etc., the 

· .,,. ... effective HH distance of the methyl group is found to decrease 

. ,·'. 

. marl~edly as X becomes larger. 22 Thus in acetaldehyde the effective 

HH distance is l-76l ... A l'lhereas in acetyl chloride it is 1.712 A and 

in acetyl cyanide 1.703 ~. This apparent decrease in the size of 

· the methyl group disappears when the inertial defect is taken into · . 

account, and the trend in the effective HH distance is seen to be 
,. 

· due· to the increase in !J.Y, as the vibrations involving the X atom 

shift to low·er frequencies. 

'' . . J. 
,• 

;, -

I 
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The calculations are ~ummarized in T~ble v. Again the 

. . · entima tes of Ay obtained from rotational data for the CH
3
cxo 

•. 

. , .... 

c 

. and CD
3
cxo spec~.es agree satisfactorily with those from vibra-

tional. frequencies. The lat·ter estirnates include a. contribution 
.... ·.. ·. 2 . 

of -0.015 amu A from the out-of-plane torsion (internal rotation) 
. . 

·.of the methyl group; this was obtained from an approximate treat-· 

ment given pre;iously. 25 For acetaldehyde the contribution of 
. . ,. . . 1 

in-plane vi bra tiona \'laS taken as .. 4K/lu .f."· -vri th w ~., = 512 em- , the 

lo-vrest in-plane frequency, since the next loi.;est is at 911 c~ -l. 

For the acetyl halides, the· loi.;est · tt'lo 

used; ··in c13 COF, 434 and 590 cm-1; in 

in-plane frequencies vrere 

CH'COCl, 348 and 436 cm-1;, 
3 . 

and in C~COBr, 304 and 338 cm-1 . 

~ · In addition to eliminating the apparent shrinlmge 1n the 

methyl gr.oup size for the heavier members of the acetyl series, 

!.) : 
!\ ... 

the inertial defect corrections yield parameters quite close to ... · . ,;.! 

those for methyl groups .in other molecules. 

0.896 A 1n methane. 12 

. ' 

·,. 
.:_,,, •••••-•o ·-·.·-H '-·: 
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,, 
APPENDIX 

Because of the large number of references from \'lhich 

vibrational and rotational data were taken \·Ie have found it· 

convenient to collect many of the references in one list. 

· References from which vibrational data were taken are marked 

by V; those from which rotational data were taken are marked 

by R· Molecules are listed in the order in \>1hich they appear 

in Tables II - v. 

H 2 o~ HDO~ D2o (V,R): w. s. Benedict 1 N. Gailar, and 

E.K. Plyler, J. Chern. Phys~ 24, 1139(1956). 
~ 

~S, D2s (V.;R): . H·C· Allen, Jr. and E.K. Plyler, J. Chem. · 

Pj:lys. ~~ 1132{1956). 

H 2 Se,~~ n2se (V ,R): T .. Oka and Y ~ :t-7orino, J. r.1o1. Spectroscopy 

f2., 300(1962). 
I 

N02 (V):. E.T. Arakava and A.H. Nielsen, J. Mol. Spectrosc~py 

. _g, 413(1958); (R): · Q.R. Bird, J. Chern. Phys. ~~ 1040(1956). 

· o
3 

(V,R): L~ Pierce., J. Chem. Phys. ~~ 139(1956). -< .. 

. , 

so2 (V,R): D. K1velson_, J. Chern. Phys. ,~, 904(1954). 

Cl02 (V,R): M.G. Krishna and R.F. Curl, J. Chern. Phys. ~ 

2921(1962). 

F2o (V,R}: L· Pierce, N. DiC1ann1, and R.H. Jackson, J. 

Chem~ Phys. ~~ 730(1963)· 

,,. C120 (V): K~ Hedberg, J. Chern. Phys. ~ 509(1951); (R): 

R.H. Jackson, Private Communication. 

. : ; -~· 
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. . -~ ~ .... 

E. Stanunreich . .- R· Forneris, and K. Sono, J •. 

Chern. Phys. ~~ 972(1955) • 

NOF {V): H.s. Johnston and H.J. Bertin, J. Mol. Spectro- · 
. ·. scopy 3, 683(1959); · {R): D.H. !-'hgnuson, J. Chern. Phys. ]:2..- 1071 . 

(1951)1' Phys. Rev. ~~ 485{1951). · . ..· . · 

NSF (V): · 0· Glernser and H •. Richert, · z. Anorg •. Allge_m. Chem. 
391, 328(19bl); (R): ,.,r. H. Kirchhoff and E.B• Hilson, J. Am. · 
'C'fiern. Soc. ~' 1726(1963)· · . . · 

s
2
o (V,R)T\~-~·. D~/ .. J:. · Meschi and R.J. Myers, J. ·Mol. Spectroscopy 

~~ 405(1959)· 

. ~co (v): 

i24(1957)i (R): 

H·H· Blau and U.Ih Nielsen, J. l-1ol. Spectroscopy 1 -
T. Oka, J. Phys. Soc. Japan 'l2, 2274(1960). · 

HDCO, I>
2

CO (V); D.W. Davidson, _B.P. Stoicheff, and H.J. 

.·· :.i 

Bernstein, J. Chern. Phys. 22, 289(1954); E.s. Ebers and H.H. 'Nielsen,· 
J. Chern. Phys. 6, 311(1938}7 (R}: K. Takagi and T· Oka, J. Ph~S· . 
Soc. Japan ~, 1'174 {1963). ·... , 

HFCO, DFCO (V): H.\i. !-1or£;:an, p.A. Staats, and J.H. Goldstein,· 
J. Chern. Phys. ?5_, 337{1956); lR): Q.H. LeBlanc, v.vr. Laurie, and 
W. D. Gi'tinn, J. 'Chern, Phy s • .:2.:i1 598 ( 1960) • 

F
2

CO (V): A.H. Nielsen, T.Q. Burke, p.J.H. Holtz, and E.A. 

Jones, J. Chern. Phys. 20, 596(1952); (R): V.H. Laurie, D.T. Pence, 
and R.H. Jackson, J. Cnem. Phys. ~~ 2995(1962). 

. ! 

c1
2

co,_ Br
2
co (v): J. Overend and J .R. Scherer, J. Chern. Phys. · 

~~ ~296(1960); (R):. Q.\1]. Robinson, J. Chern. PhYs· ~~ 1741(1953)· 

N0
2

F (V): J.p. Davlin and I.e. Hisatsune, Spectrochirn. Acta 

u, 206 ( 1961 ) • . 

N0
2

Cl (V): N.B. Slater, Theory of Unimolccular Reactions 

(Cornell University Press, Ithaca, Ne\'r York, 1959), p. 68; (R): 
fodtnote reference.g. 

ClF31 BrF
3 

(V): footnote reference 20; (R): D.F. Smith~ 

J. Chern •. Phys. ~~ 609{1953); D·"'· rtlrignuson~ J. Chcm. Phys. n~ .·· .· 
223(1957)· The moments of inertia and inertial defect for ClF . 
given by Smith are not correc.tly derived from the exr;.-crimen~l3 · · 
rotational constants and the incorrect value A = 0.125 amu k' is . 
quoted in footnote reference 9· The correct value is A = 0.194 

amu A2 • 

,•. 
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CH
2
c1

2 
(V): s. Bhagvantam, Ind. J. Phys. 2.~ 66, 86(1930); 

(R): footnote reference 23. 

V. \·1. Laurie,. J. Chem. Phys • 26, 1359(1957) • -
CH

3
CHO {V): J.c. Evans and H-I· Bernstein, can. J. Chern. 

~1+., 1083{1956); {R}: R.\'J. K11b., c.c. Lin, and E.B. vlilson, 
r. Chern. Phys. 26, 1695(1957).. · 

~ 

CH
3
coF {V): Evans and Bernstein.'! 1££· ..£!!·; {R): L. Pierce 

and L.C. Krisher~ J. Chern. Phys. ~~ 875(1959). · 

CH
3
coc1 (V): J. Overend., R.A. Nyquist, J.c. Evans, and 

\{.J. Potts, Spect. Ch1m. Acta ,U, 1205(1961); (R): K·M·. Sinnott; 
J. Chcm. Phys. Z!' 851 ( 1961) • · . 

CH
3

COBr (V):, Evans and Bernstein, loc • .£1!·; {R): L.c. Krisher, 

J. Chem. Phys. 33, 1237(1960). 
1

1 

, I 

. . 
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Table I· Inertial de~ects o:f' planar ring compounds. 

. \. 

aK•E· r-1c0li11oh and G.F. Pollnow,. J. Chem. Phys. 22 1 681(1954 .. ~. 

'bn.R. Lide, J. Chem. Phys. gg .. 1577(1954) • 

. cM.H· Sirvetz, J. Chern. Phys. 1.2., 1609(1951). 

, · d:s. Bal<:, D. Christensen, J. Rastrup-Andersen· and · 
E. Tannenbaum, J. Chem. Phys. £2, 892(1956). · 

eB. Bak, D. Christens~, L. Hansen-Nygaard, and J. Rastrup-. 
Andersen, J. Mol. Spectroscopy .2_, 222(1962). 

:f'B. Bale, D. Christensen, L· Hansen..:Nygaard, L. Lipschitz, · · 
and J. Ra'strup-Andersen, J. I~lol. Spectroscopy, .2_., 225(1962). 

' ' 

gB• Balt, D. Chris tense, :L. Hansen, and J. Rastrup-Andersen 1 . 

J. Chem• Phys. 24, 720(1956). . . . 
. -

~. Bak, D. Christensen,. L. Hansen and E. Tannenbaum., 
J. Chern. Phys. £§., 134(1957)· .. · 

', 
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Table II· 

Molecule a 

H
2

0 

HDO 

D20 

·I~S 

D2S 

~Se 

'D Se ·· 
2 

N02 
Q3 .. ') 

302 
Cl02 
F20 

Cl20 

Cl2S 

· NOF 

. NSF 

s2o 
s od 

2 

-34-
UCRL-11208 

o2 
Inertial def'ects of triatomic molecules (amu A ). 

Exact Approx.bCalc. Obs. 
Calc. Eqs. ( 49) Eq. (5cr) ll 

o.o46o o.o459 ... . o.o4o8 o.o486 

o.o545c 0-0548 ·o.o468 o.o537 

. '0.0627 0.0635' 0-0557 o.o648 

0-0631 Q.0631 0·0555 o.o66o 

·0.0879 o.o861 .0.0751 
.. _ ... _. 

.. 0.0736 0-0739 o.o652 0-0744 

0.1034 0.1032 . 0.0910 Q.l045 

\0.0936 · .. o.o849 0.0891 0-072 

0.1107 0.1077 0.0957 6.1018 

'·o.1376 0~1439 0 .. 1303 '0.1348. 

'.0.1602 0~1652 0.1481 ; i .0.1561 

0.1496 0.1456 0.1463 ' 0.1491 '' 

. '.0.187 0-179 .o. 211 .0.197 

0.286 0-276 0-324 

---- 0-134 .0.129 0.113 

. 0-173 0.184 0.187 

0.173 0-174 0-176 

o.475 0-522 0-507 

il 
'!: 
,o; .. 

aReferences are given in the Appendix •. The calculated values 

represent the vibrational contributions to the inertial defect, 
, .und neglect Sl'T'.all contributions from centrifugal· distortion 
and eiectron1c-rota tional interactions. The data refer to the · 
most abundant isotopic species. 

b . ' 
For the hydride molecules, S02' and Cl02 the dominant coupling 

; .. approximation' was used; for all others the uniform coupling 
· app~oximation was used. 

cApproxima ted by the geometric mean. of , A (~0) and :A (D
2
o); · see 

reference g. 

dFpr the excited bending mode; the a~proxil'T'.ate values were 
obtained from Eqs~ (49b') and (50c') respectively. · 

... r 
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Table III. Inertial defects of p~anar 
tetratomic molecules {amu A ). 

llloleculea Exact Apprg):. Calc. Obsw 
Calc. - Av. Fl ... eq. .t~K/tl11 A 

H2CO 0-0597· 0-0548 o.o542 0.0574 

HDCO 0·0711 0.0617 o. 06il8 0.0679 

· D
2

CO 0.0810 . 0.0691 o.o682 0-0777 

HFCO <) 0 .. 0919 o.o861 0-1021 o.ogo3 · 

DFCO 0-1078 ' 0-0932 0.1026 O.l020 
.. 

F2co. ·0.1554'' . 0-1625 ·,. 0-1153 ··0.1556. . . 
- ··:J_ 

·!•. 
' I 

Cl
2

CO . 0-2628 0.276 0-237 .. ·· .. .:. o. 252 '· .. 
. . '·· 

. . 

Br
2

CO . 0.3296 o.417 0.3 .. (2 
·.· 

FN02 0·159 0 ·16o' 0-147 

C1N0
2 0-215 0.220 0.184 0-208 

. ClF3 
0.202 0-119 0-207 0-194 

BrF
3 

0.'220 0-21~ 0.225 0.260 

.. aRefcrences are given in the Appendix. The "exact :I calcula tiona 
arc from reference 9i the values for HDCO, HFCO, and DFCO \·rere 
obtained fro:n the geometric mean approxima. tion, hov;ever 1 and· l""or 
FN02 , ClF3and BrF

3 
substantial approximations in the normal · 

coordinate analyses \'lere necessary. 

bThe uniform ~oupling approxirna tion \'las used for all terms in 
Eqs. (54) and (55) except for the n

5
, 6 terms for the x2co and 

XN0
2 

molecules,. for which the dominant. coupling appr•oximation .· 

was used. · 

I 

I 
.. I 

I 
I 
I 
I 
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Table IV. calculations on X2Yz2 molecules.~ 

Method A <:yH> 

C~Cl 2 

b 0.24 amu A2 0.913 A 

c o.19 0.906 . . 

d 0.24 0-912 

.• .. 

Si~F 2 

b 0.209 1.240 

e Q.207 1.240 

f . 0·192 1.243 

aRcferenc~s are given in the Appendix. 

bFrom A_ = 4K/w4 • 

cFrom C~Cl~5 and CD 2 Cl~5. 

dFrom CH
2
cl35cl37.and cn

2
cl35cl37. 

eFrom ground state rotational data on Si~F 2 and SiD
2
F

2
• 

fFrom rotational data for the state v4 = 1 for Si~F 2 and S1D2F2• 

. . 

J ,, 
1;. 
\i 

I 

. '· 

., 
·.; 

1' 
j• 

I 
! 

j , .. 
' . 
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. 
CH

3
cxo molecules.a Table v. .Calculations on 

"'-

X Method A <yH> 

H 
, 

b 0.100 amu A2 . o.894 A 

c 0.117 o.896 

F b 0.202 o.891 

c 0~204 0-891"''' 

Cl b 0.249 0.891 l·! 
'! 

. 
c 0.262 Oe896 .. ~ 

' 

'•. Br b. d d . ' 

c 0.316. o.goo 

·. aReferences are given in the Appendix. 

bFrom ro~ational data for CH
3 

and cn
3 

species .. 

cF~om vibrational approximation. 

dNo data on CD
3

COBr. 

. 
' [ 

f 

' ! 
I 
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Footnotes 

1. J. Kraitohman, Am. J. Phys. 21, 17(1953)· ,..,..., 

2. c.c .. Costain., J. Chern. Phys. ~~ 864(1958). 

3· vle shall use script le"cters to denote effective moments of 

4. 

inertia obtained from experimental values of spectroscopic 

rotational constants. The moments correspondlng to a 

standard, rigid configuration of the atoms \'Till be denoted 

by Roman I 1 s; a superscript ·"e" \'lill be added whe!l a formula 

holds only for the equilibrium configuration.. . \men no super- ·. 

script is used, a formula holds for any choice of the 

standard configuration~ 
\t 

This quantity was first discussed by B·T· Darling and D.M. ' 

Dennison, Phys. Rev. 21, 128(1940), in their study of the 

1120 molecule ~nd \'las termed the "quantum defect", to suggest 

its origin in zero-point vibration. However, as atomic 
\ ' 

spectroscopy has prior claim to this name, ·it seems prefer

able to hse again the general term "inertial defect"., with 

the convention that for planar molecules this means A = A 
c 

unless Aa o·r Ab is explicitly indica ted. 

5· This; holds in the usual approxiir.a tiori in t'lhich only terms 

linear in the vibrational quantum numbers are included in A. 

6. :H.H. Nielsen, Revs. Mod. Phys. §, 90(1951). 

7• · D.vl. Posener, Report TR255., Research Laboratory;' of Electronics., 

Massachusetts Institute of Technology (~~y, ~953)~ 

8. T. Oka andY. r4orino, J. Mol. Spectroscopy 6, 472(1961); 
.. -

~ .. 9(1962). 



;_, 
" 

-39- UCRL-112.08 

9· T. Olea. andY. l4orino, J. lolol. Spectros~opy l.l" 349(1963). 

10 •. L. Pierce, R. Jackson 6 and N. D1ciann1 3 J. Chcm. Pl:lYS· ~ .. 

2240(1961). 

11. · D.R. Hcrschbach and V.\·1. Laurie., J. Chern/ Phys. ~~ 1668 

(1962), referred to as Bart I. 

12 •. . V.,·!. Laurie and D.R. Herschbach, J. Chern. Phys. %l.,1 1687 

(1962).,. rei'erred to as Part II. 

13. Small contributions arising from centrifugal distortion and 

electronic-rotational interactions are not considered here, 

as these have been tr>eated by Oka and Norino in reference 8. . . . 

14. See, :for example, E.B. Hilson, ·J.c. Docius, and p.c. Cross, 
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Captions for Figures 

Experimental inertial defects (solid triangles) compared 

· \'lith values calculated from the dominant coupling 

appro:dma tion (open squo.res) and the uniform coupling 

approximation (open circles). Light da::>hed lines sh0\'1 

the· rough correlation bett·rcen these approximations and 
' . 

the bending .frequency., w
2

; the heavy dashed line is the 

simple 4Kjw
2 

approximation. The upper panel gi.ves the 

vibrational frequencies for each molecule (solid circles 

or ::>quares} and the average .frequencies (open circles) 

,,.lhich correspond to n
53 1 .for the uniform coupling. : · · 

approximation• 

Fig •. 2 •. Comp<lrison o.f experimental inertial defects with 
I 

approximate calculations. Notation is defined under l 
Fig. 1 or in the text. 

Fig. 3· Comparison of results obtained from the complete normal 

· .·. coordinate calculations of Oka and r.1orino9 (triangles)

with the uniform coupling approximation (circles) and 

the mixed coupling approximation (crosses). Solid 

figures give the total inertial defect; open .figures 
' ' + -

in the upper and loi·Iar panels give the ~ and ~ contri- · 

butions. The dotted lines are proportional-to the 

reciprocal of the lo'!trest in-plane frequency., and diamonds· 

give the leading term in the ~- contr1buti 1 o~., ...;21C/w6 for 

the out-of-plane bending frequency. 

Fig. 4. Dimensionless plot of frequency terms which contribute 

to the inertial defect. The·ordinate scale is in 

multiples of 4K/w.c." where w'.. denotes the frequency of · 

the lOi'ler of tho t\·ro coupled modes. The upper abscissa 

·scale gives the ratio of. wt to the higher .frequency. 

' "~. . . .. -··. 

'' 

I 
i 
' 
~ 
i 
' I 
r 
I 
I 
' 

. ' 
I 
I 

• f 

'· 
! \ 

'· 



l 
:-
j. ~ ; ; 
I' 

'\' 
j :· 
j -:· 

4000 I 

I 
j 

' -I 
E 3000 
u 

>-.. 
<..) 2000 z 
w 
:::> 
0 
w 1000 
0:: 
lJ.. 

0.20 

"' oc::r 
:l 
E 
0 . 0.15 . -..... 

<..) 

w 
lJ.. 
w 
0 

_J 

<! 
..... 0.10 0:: 
w 
~ 

.. 0.05 

-42-

~) 

0 f;) 0 Al OR A' MODES 

= Bt MODES 
I 0 0 

a. 
0 <:> r!) c 

~ 

<lit 
~ 

0 c 
s Q 0 I.'J 

a ~-
eaa 0 

a:S ~ 

s DOMINANT COUPLING 

a UNIFORM COUPLING 

0.05 

··t 

· .. 

0.10 0.15 

4K/w2 , amu A2 

Fig~ 1 

UCRL·d1208 

I J. 

'I 1 
I 

• 
G 

a 

• 0 c 
Q 0 i 

0.20 

,,,,._ ___ '' ~~---:___~, ·, ·~"·"'::..:.,c ·-~- • -" ·'·- -~-

\ 

1· MU-33218 
.1 

t' 

I
t· .. 

~· 

(_·. 

~-
. 1:·, 

-I· 

. t: 

r 
! 

i 
I. 
! 

~----~---~~~~----~--------------------------~--------~----~---1 
• 

.· . ··:· 

_., ··; .. 



'e 
(,) 

A 

>-
(.) 

·Z 
w 
:;j 

·o 
w 
ex: 
~ 

··~ 

::) 

E 
0 

A 

1-
u 
w 
Ll... 
w 
0. 

3000 
a 
• 

005 

/ 

. ·, 

-43-

0 
0 A, OR A' MODES 

a 6 1 MODES 

0 • 8 2 OR A" MODES 
oCI 

• 
0 .. a 

Oo II 
0 

0 
0 0 

CJ 
o. 

.0 
.~ 3 0 

~ 
~ 

0 0 .. g 
0 • Ill 
0 

" 

t::1 DOMINANT COUPLING 

a UNIFORM COUPLING · 

x MIXED COUPLING 

.· 

4K/w~, amu A 2 

Fig. 2 

UCRL-11208 

0 

n 
• B 

0 

B D 

3 0 

)( 

i] , 

·'' MU-33219 

I 

I 
I 

I 
I 
I 
I 
I 
i 
I 

i ' 

I~ 
I 

! 

I 
·; 

'j,. 
! 

j. 

I I 

1:: t 

;·' I 
1 
1 

i 
.. 
' , 

f : 

t . .': : ~ . 
I 

! 
I 

f 

t .~ 

,·, 
L. 

~' 

t ,. 
I 

t· 

r 
I 
I. 
i ·. 

' 

l . 
I ' 
r 
(. •'·· 

l 
' 

' : 

' 

f 

' \ 

' , , 

i 

t 
; 

' 



-44- UliRL-11L.Uti 

0 

0.5 ' 

X 

. '· 0.4 

0.3 
. ' .. -~ 

0 

J 
'•. ~;. . 

. _ .. ,. 
. . . 

··.•. 

... '. 

•. 
• ·. ,! • 

-. 

·. -0.2 

0 .. 
1 .. 

'' ... , . " I'~' 

:--:--'<·•·-··---~.; ..... __ -·~.------· 
~ .. : ' 

Fig. 3 ·: MU-33220. 



~ 
·O 

,.: w 
IJ... 
w 
a 
....J 
<! -
~ 

1.0 0::: 
w 
z 

a 
w 
0 
:::> 
a 

.'W 
a:;· 

••• J!l..•. 

(,I 

\' 
·• 
\ 

-45- UCRL-11208 

FREQUENCY RATIO 

· .. (.I I 
.· Ws + Wt -
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(WS- Wt )/( Ws + Wt) 
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This report was prepared as an account of Government 

sponsored work. Neither the United States, nor the Com

mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 

implied, with respect to the accuracy, completeness, 

or usefulness of the information contained in this 

report, or that the use of any information, appa

ratus, method, or process disclosed in this report 

may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 

or for damages resulting from the use of any infor

mation, apparatus, method~ or process disclosed in 

this report. 

As used in the above, "person acting on behalf of the 

Commission" includes any employee or contractor of the Com

mission, or employee of such contractor, to the extent that 

such employee or contractor of the Commission, or employee 

of such contractor prepares, disseminates, or provides access 

to, any information pursuant to his employment or contract 

with the Commission, or his employment with such contractor. 




