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ABSTRACT 

Th is  r e p o r t  p resen ts  t h e  s o l u t i o n  t o  t h e  pure-bending of a c i rcu lar  

c y l i n d e r  w i th  t h e  coup le-s t ress  theory  of l i n e a r  e l a s t i c i t y .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA l i n e a r  

bending moment-curvature r e l a t i o n  i s  der ived  p a r a l l e l  t o  t h e  c lass ica l  beam 

theory .  The s e c t i o n  modulus ( o r  t h e  p ropor t i ona l  c o e f f i c i e n t )  assoc ia ted  

w i th  t h e  coup le -s t ress  theory  i s  always g r e a t e r  than t h a t  p red ic ted  by t h e  

classical  t heo ry ,  and t h e  r a t i o  of t h e  former t o  t h e  l a t t e r  i n c r e a s e s  as 

t h e  r a d i u s  of t h e  beam decreases .  These a s p e c t s  c l e a r l y  ag ree  w i t h  t h e  

observed behavior  of nuc lear-grade g raph i te .  

Based on t h e  s o l u t i o n ,  i t  is f u r t h e r  es t imated  t h a t  t h e  c h a r a c t e r i s t i c  

l e n g t h  R 2  of t h e  coup le-s t ress  theory  f o r  H-451 g r a p h i t e  ranges from 

0.62 t o  1.54 mm. Th is  range of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR concurs w i th  t h e  magnitude of t h e  g r a i n  

s i z e  (maximum i s  1 . 5 7  nun f o r  H-451 g r a p h i t e )  and agrees  w i t h  an  aspec t  of 

t h e  coup le-s t ress  theory .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 

iii 
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dR, ds, dv 
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R2 

difference of the quantity across the edge of C 

vector or tensor 

i 
component of ( > ;  partial derivative with respect to x 

cross section 

% 

constants of integration 

radius of the cylinder; radius of the cylindrical beam 

couple-stress medium 

edge 

coefficient of bending moment; moment coefficient; quadratic 
function of ;i 

coefficient of axial flexural stress; stress coefficient; 
linear function of ;i. 

couple-stress constants 

2 

2 

line, surface, and volume area elements, respectively 

Young’s modulus 

applied force on edge C of the bounding surface 

permutation symbol (used with summation convention jkl, jpq, 
Ipq, etc.) 

modified Bessel functions of the first and second kinds, 
respectively 

summation over the range of the indices 1, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 ,  3;  summation 
convention is adopted, unless otherwise noted 

material parameter, characteristic length of the couple- 
stress theory for H-451 graphite; defined by E q .  2-3 

bending moment vector and components of the bending moment 
about x-axis and y-axis, respectively 
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s u r f a c e  couple 

s u r f a c e  of u n i t  outward normal v e c t o r  

p a r t i t i o n  

app l ied  s u r f a c e  f o r c e  

t a n g e n t i a l  s u r f a c e  couple 

p o s i t i o n  and p o s i t i o n  v e c t o r ,  r e s p e c t i v e l y  

u n i t  tangent  v e c t o r  a long edge of bounding s u r f a c e  

s u r f a c e  f o r c e  

displacement f i e l d  and displacement f i e l d  v e c t o r ,  respec- 
t i v e l y ;  p lane s t r a i n  displacement 

secondary deformat ion f i e l d ,  d isplacement 

r o t a t i o n  and r o t a t i o n  v e c t o r ,  r e s p e c t i v e l y  

Car tes ian  coord ina tes  

d i f f e r e n t i a l  ope ra to r  

d ivergence 

c u r l  

Kronecker d e l t a  func t i on  

v i r tua l  displacement 

r o t a t i o n  accompanying 6u 

s t r a i n  g rad ien t  assoc ia ted  w i th  v i r t u a l  d isplacement 

r o t a t i o n  g rad ien t  assoc ia ted  w i t h  v i r t u a l  d isplacement 

'L 

s t r a i n  t e n s o r ,  k inemat ic  q u a l i t y  of coup le-s t ress  theory 

r o t a t i o n  g rad ien t  t e n s o r ;  k inemat ic  q u a l i t y  of coup le-s t ress  
theory ;  l e n g t h  i n v e r s e  

Lame' cons tan ts  

coup le-s t ress  t e n s o r ;  p lane s t r a i n  displacement 

v i  
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1 .  INTRODUCTION 

This  r e p o r t  s t u d i e s  t h e  imp l i ca t i ons  of t h e  coup le -s t ress  theory  of  

l i n e a r  e l a s t i c i t y  i n  model l ing t h e  mechanical  behav io r  of g ranu la r  b r i t t l e  

materials, s p e c i f i c a l l y  t h e  g r a p h i t e  used i n  gas-cooled nuc lea r  r e a c t o r s .  

It s o l v e s  a boundary va lue  problem and then compares t h e  r e s u l t s  w i th  t h e  

laboratory-observed phenomena of  g r a p h i t e .  

The complete boundary va lue  problem i n  coup le -s t ress  theory  of  l i n e a r  

e l a s t i c i t y  w a s  f i r s t  c o r r e c t l y  formulated by Mindl in and T i e r s t e n  (Ref. 1 ) .  

The genera l  a s p e c t s  of t h i s  theo ry ,  as descr ibed by Mindl in (Ref. 2 ) ,  are 

t h a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 .  

I n  

The coup le-s t ress  i n f l u e n c e  depends s t r o n g l y  on t h e  r a t i o  o f  t h e  

s m a l l e s t  dimension of t h e  body t o  t h e  material parameter  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR 

(de f ined by E q .  2-13).  
2 

I f  t h e  r a t i o  i s  l a r g e ,  t h e  coup le-s t ress  e f f e c t  i s  n e g l i g i b l e .  

When t h e r e  are s t r a i n  g r a d i e n t s  and a dimension of a body 

approaches R 

magnitude. 

coup le -s t resses  may produce e f f e c t s  of  app rec iab le  
2 ’  

The material parameter R2 is r e l a t e d  t o  and be l ieved t o  be  about 

t h e  same o r d e r  o f  magnitude as t h e  g r a i n  s i z e  f o r  i d e a l i z e d  

g ranu la r  materials. 

genera l ,  t h e  l a b o r a t o r y  mechanical  test d a t a  of  g r a p h i t e  show t h a t ,  

i n  t h e  presence of s t r a i n  g r a d i e n t s ,  the apparent  stress and apparent  

s t r e n g t h ,  c a l c u l a t e d  by c lass ica l  e l a s t i c i t y ,  c o n s i s t e n t l y  exceed t h e  

stress and t h e  s t r e n g t h  determined by t h e  homogeneous deformat ions (Ref. 3) .  

1-1 



For i n s t a n c e ,  i n  t h e  pure-bending test of a g r a p h i t e  beam, t h e  apparent  

f l e x u r a l  stress (as  de f ined i n  Eq. 7-1) a t  any g iven s t r a i n  exceeds t h e  

u n i a x i a l  t e n s i l e  stress by approximately 35%, and t h e  apparent  f l e x u r a l  

s t r e n g t h  exceeds t h e  u n i a x i a l  t e n s i l e  s t r e n g t h  by n e a r l y  50% (Ref. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 ) .  

This phenomenon c o n t r a d i c t s  t h e  c o n s t i t u t i v e  assumption of c l a s s i c a l  

e l a s t i c i t y  t h a t  t h e  mechanical responses are uniquely  determined by t h e  

s t r a i n .  Rather ,  i t  shows t h a t  t h e  s t r a i n  g r a d i e n t s  a f f e c t  t h e  mechanical 

responses of g raph i te .  Moreover, Brock lehurst  (Ref. 4 )  perceived t h a t  

" the  i n f l u e n c e  of g r a i n  s i z e  r e l a t i v e  t o  specimen dimensions must be  

considered when o b t a i n i n g  s t r e n g t h  d a t a  on d i f f e r e n t  ( g r a p h i t e )  materials." 

H e  p o i n t s  out t h a t  t h e  apparent  f l e x u r a l  s t r e n g t h  i s  dependent on t h e  same 

parameter ,  t h e  r a t i o  of t h e  s m a l l e s t  dimension t o  g r a i n  s i z e  ( i n  l i e u  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I? zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA) as i s  t h e  coup le -s t ress  theory .  These ev idences make c l e a r  t h a t  t h e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
mechanical responses of the graphite and the couple-stress theory have many 

2 

s imi lar i t ies ,  l ead ing  t o  t h e  assumption tha t  t h e  mechanical responses of 

g r a p h i t e  r e f l e c t  coup le -s t ress  i n f l uence .  

s i o n a l  argument fu rn ished i n  Ref. 2 ,  quoted earl ier ,  are used below t o  

e s t i m a t e  t h e  e r r o r  caused by n e g l e c t i n g  coup le -s t resses  when ana lyz ing  

l abo ra to ry  pure-bending test  d a t a .  

Th is  assumption and t h e  dimen- 

The pure-bending test  d a t a  of g r a p h i t e  show t h a t  most test  specimens 

a r e  c y l i n d e r s  w i th  t h e  smallest dimension approx imate ly  10 mm and w i t h  t h e  

maximum g r a i n  s i z e s  ranging from 0.4 t o  6.7 mm (Ref. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 ) .  The r a t i o  of t h e  

smallest dimension t o  t h e  g r a i n  s i z e  f o r  most of t h e  test  specimens i s  on 

t h e  o r d e r  of 10. This i s  no t  a l a r g e  enough number t o  i n d i s c r i m i n a t e l y  

neg lec t  t h e  coup le -s t ress  i n f l u e n c e  w i thout  f u r t h e r  i n v e s t i g a t i o n  of t h e  

problem. 

mechanical behavior  of g r a p h i t e  beams, t h e  s o l u t i o n  of t h e  boundary va lue  

problem f o r  a c i r c u l a r  c y l i n d e r  under pure-bending i s  pursued f u r t h e r  and 

then compared w i th  t h e  e x i s t i n g  exper imenta l  d a t a .  

To q u a n t i t a t i v e l y  e s t a b l i s h  t h e  coup le -s t ress  e f f e c t s  on t h e  

The governing equat ions  of t h e  coup le -s t ress  theory  f o r  an i s o t r o p i c  

l i n e a r  e las t ic  medium and t h e  accompanying boundary cond i t i ons  are 

reproduced i n  Sec t i on  2 fo l low ing  t h e  work of Mindl in and T i e r s t e n  (Ref. 1 ) .  

The formulae of stress and coup le -s t ress  are a l s o  de r i ved .  The s o l u t i o n  

1-2 



f o r  t h e  pure-bending of a c i r c u l a r  c y l i n d e r  i s  then  formulated i n  Sec t i ons  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 by super imposing a p lane s t r a i n  deformat ion t o  t h e  c lass ica l  l i n e a r  

e las t i c  s o l u t i o n .  The assumption i n  c lass ica l  pure-bending s o l u t i o n  ( t h a t  

t h e  normal c r o s s  s e c t i o n  of t h e  beam remains i n  a plane)  i s  preserved i n  

t h e  s o l u t i o n  ob ta ined i n  t h i s  r e p o r t .  

I n  Sec t i on  5 ,  t h e  s o l u t i o n  i s  used i n  c a l c u l a t i n g  t h e  stress f i e l d ,  

t h e  coup le-s t ress  f i e l d ,  and t h e  bending-moment f o r  a given bending curva- 

t u r e .  Numerical r e s u l t s  of t h e  bending-moment and t h e  a x i a l  t e n s i l e  stress 

a s  func t i ons  of a/R2 (a  i s  t h e  r a d i u s  of t h e  c y l i n d e r )  a r e  a l s o  presented  

f o r  g iven va lues  of Po isson ' s  r a t i o .  These r e s u l t s  are summarized i n  

Sec t i on  6 .  

The t h e o r e t i c a l  r e s u l t s  of t h e  coup le-s t ress  theory  and t h e  exper i -  

menta l l y  observed phenomena of g r a p h i t e  are q u a l i t a t i v e l y  compared i n  

Sec t i on  7 .  

tests which d i s a g r e e  w i th  t h e  c l a s s i c a l  e l a s t i c i t y  and t h e  u n i a x i a l  t e n s i l e  

t es t  r e s u l t s  can be  s a t i s f a c t o r i l y  i n t e r p r e t e d  by t h e  s o l u t i o n  of t h e  

coup le-s t ress  theory  presented i n  t h i s  r e p o r t .  

Most observed phenomena on g r a p h i t e  beams under pure-bending 

The d imensional  argument f o r  t h e  coup le-s t ress  theory  i s  a l s o  employed 

t o  estimate t h e  c h a r a c t e r i s t i c  l eng th  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR, accord ing t o  t h e  s o l u t i o n  and a 

measured r e s u l t  f o r  a graph i te .  Th is  procedure y i e l d s  a range of R t h a t  

concurs w i t h  t h e  magnitude of  g r a i n  s i z e  f o r  t h e  g r a p h i t e  and c l e a r l y  

compl ies w i t h  t h e  obse rva t i on  t h a t  R 2  is a t  t h e  same o r d e r  magnitude as 

g r a i n  s i z e .  

2 
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2 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACOUPLE-STRESS THEORY OF LINEAR ELASTICITY 

In this section, an outline of the couple-stress theory of linear 

elasticity for isotropic materials, derived by Mindlin and Tiersten 

(Ref. l ) ,  is presented. Since the concern in this report is the static 

equilibrium state between loading and deformation, the body forces, body 

couple-forces, and inertia are all neglected in the formulation of this 

section. Tensorial index notation and the rectangular Cartesian coordinate 

system x are predominantly employed in this sect.ion. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 ’  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx2 x3 ’  

For any partition P of a couple-stress medium B (see Fig. 2-1) with 

no body forces and body couples, the equations of equilibrium are 

where aP = surface enclosing P, 

- surface force, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAog zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Jh?$ surface couple, 

ds = surface area element, 

r = position vector, and 

n = unit outward normal vector. 
’I, 

‘I, 

(2-1 a) 

( 2 - l b )  

Taking P as a tetrahedron enclosed by a surface of-unit normal n and the 

planes parallel to the coordinate planes in the rectangular Cartesian 

coordinate system, then letting the volume of the terrahedron shrink to 

zero,  results in Eq. 2-1 yielding 

% 
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Fig. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2-1. Partition P of a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcouple-stress medium B 
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= n  ( i ,  j zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1 ,  2 ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 )  ( n > i  j 'ji 9 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2, 

where T = t h e  stress t enso r ,  
'L 

1-1 = t h e  coup le-s t ress  t e n s o r ,  and t h e  repeated  i n d i c e s  
2, 

i and j = t h e  summation over  t h e  range of t h e  i n d i c e s  (adopt ing t h e  summa- 

t i o n  convent ion) .  

S u b s t i t u t i n g  Eq.  2-2 back i n t o  Eq. 2-1 and app ly ing  t h e  d ivergence theorem 

prov ides 

= o  , (2-3a) 
i j  ,i 

T 

= O  , ( i ,  j , k ,  1, = 1 ,  2 ,  3) 
' i j , i  + e j k l  'kl 

(2-3b) 

where ( ) , i  = t h e  p a r t i a l  d e r i v a t i v e  w i th  respec t  t o  x and 
i' 

e = t h e  permutat ion symbol. 
j k l  

Equat ion 2-3a i s  t h e  f a m i l i a r  equat ion  of equ i l ib r ium,  bu t  E q .  2-3b relates 

t h e  coup le -s t ress  

E q .  1-4 below). I f  Eq. 2-3b i s  m u l t i p l i e d  by t h e  permutat ion t e n s o r  e 

and t h e  sum over  j ,  t hen  

w i th  t h e  skew-symmetric p a r t  of T (shown as T* i n  
% 'L 

j Pq 

A where -rA = t h e  component of T . 
Pq % 

L e t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1-1 be  represented  by t h e  p a r t i t i o n  
2, 

2- 3 



where 6ij zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= t h e  Kronecker d e l t a  func t i on ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
fi= t h e  dev ia to ry  p a r t  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe, and 
'L 

pkk = t h e  trace of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1-1. 
'L 

Then E q s .  2-3,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 - 4 ,  and 2-5 and 

y i e l d  

= o  , 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
TS - 
i j , i  e k i j  ' l k , l i  

where T~ = t h e  symmetric p a r t  of T.  
'L 'L 

The s c a l a r  f u n c t i o n  1-1 of  Eq. 2-5 is an impor tan t  f u n c t i o n  i n  satis- 

However, s i n c e  i t  does no t  appear  
kk 

f y ing  t h e  t r a c t i o n  boundary cond i t i ons .  

i n  t h e  equat ion  of equ i l i b r i um,  i t  i s  a f unc t i on  of p o s i t i o n  bu t  does no t  

i n f l u e n c e  t h e  equ i l i b r i um equat ions .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs a resu l t ,  adopt ion  of t h e  conven- 

t i o n  

is p o s s i b l e ,  and t h e  boundary cond i t i ons  t h a t  i nvo l ve  1-1 can b e  determined 

la ter .  With t h i s  convent ion,  t h e  stress t e n s o r  becomes 
kk 

Now t h e  l i n e a r  i s o t r o p i c  elast ic  s o l i d s  are concen t ra ted ,  and t h e  

c o n s t i t u t i v e  assumptions of  t h e  coup le -s t ress  theory  of l i n e a r  e l a s t i c i t y  

are recorded. The k inemat ic  q u a n t i t i e s  of t h e  coup le -s t ress  theory  are 

def ined as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2-4 



1 
E zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi j  = (UiYj + u j ,i ) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAY 

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw = -  
k 2 e k i j  u j , i  ' 

K = w  
i j  j ,i 

9 

(2-9a) 

(2-9b) 

( 2 - 9 ~ )  

where E = t h e  s t r a i n  t e n s o r ,  
% 

K = t h e  r o t a t i o n  g rad ien t  t e n s o r ,  

u = a g iven d isp lacement  f i e l d ,  and 

w = t h e  r o t a t i o n  v e c t o r .  

'L 

'L 

'L 

I nspec t i on  of E q s .  2-5, 2-7, and 2-8 i n d i c a t e s  t h a t  a t  least  c o n s t i t u -  

t i v e  assumptions f o r  T~ and 

e l a s t i c i t y  are needed. For t h e  i s o t r o p i c  e l a s t i c  media, i t  i s  assumed t h a t  

i n  t h e  coup le -s t ress  theory  of l i n e a r  
'L 'L 

-rs and 
% % 'L zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2r 

are l i n e a r  i s o t r o p i c  func t i ons  of E and K ,  r e s p e c t i v e l y :  

T S .  = XE 6 + 2 l lE  
kk i j  i j  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1 3  
(2-1 Oa) 

(2-1 Ob) 

- - 
where and p = t h e  Lam& c o n s t a n t s ,  and d and d = t h e  coup le -s t ress  

cons tan ts .  Dimensionally, s i n c e  i s  moment pe r  u n i t  area and K i s  l e n g t h  

i n v e r s e ,  d, and a2 have t h e  u n i t  of f o r c e .  

from Eqs. 2-9b and 2 - 9 ~ ~  p i s  trace f r e e  and is, hence, t h e  d e v i a t o r  of t he  

coup le -s t ress  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1-1. 

1 2 - 
2, - 

I n  Eq. 2-10b, s i n c e  K = 0 
kk 

'L 

'L 

- 
The p o s i t i v e - d e f i n i t e n e s s  of t h e  s t ra in -energy  r e q u i r e s  t h a t  A ,  p, d , ,  - 

and d2 s a t i s f y  t h e  r e s t r i c t i o n s  (Ref. 1 )  
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(2-1 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
It is assumed in this report that Eq. 2-11 is met for the material constants. 

The equation of equilibrium (Eq. 2-6) can be expressed in terms of the 

displacement field u by using Eqs. 2-9 and 2-10. In vector notation, it is 
'L 

(A + 2 p )  vv* u - p( l  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2; V') vx vx zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu = 0 
% 'L 

where V = the differential operator, 

V -  = divergence, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Bx = curl, and 

R 2  = the characteristic length defined by 

R 2  = Z , / U  
2 

(2-1 2 )  

(2-1 3)  

To determine the solutions for Eqs. 2-9, 2-10,  and 2-12 in the surface 

traction boundary value problems requires knowing the conditions on the 

boundary that relate the surface traction to the internal stress and couple- 

stress. 

Tiersten (Ref. 1) follows. 

A short review of the boundary conditions derived by Mindlin and 

For an arbitrary admissible variation 8u of the displacement field u 
'L 'L 

in the body B y  the principle of virtual work requires that 

(2-14) 

Ei 6ui dR , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
+ I C -  
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r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

where t h e  le f t -hand s i d e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= t h e  v a r i a t i o n  of t h e  s t ra in -energy  caused by 

t h e  v i r t u a l  d isplacement du,  
'L 

6~ and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6~ = t h e  s t r a i n  g rad ien t  and t h e  r o t a t i o n  g r a d i e n t ,  
'L 'L 

r e s p e c t i v e l y ,  assoc ia ted  w i th  t h e  v i r t u a l  

disp lacement ,  and 

dv = t h e  volume a rea  element.  

On t h e  r ight-hand s i d e ,  

- 
P = t h e  app l ied  s u r f a c e  f o r c e ,  
'L 

- 
Q = t h e  t a n g e n t i a l  s u r f a c e  couple,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2, 

- 
E = t h e  app l i ed  f o r c e  on t h e  edge C of  t h e  
2, 

bounding s u r f a c e ,  

dw = t h e  r o t a t i o n  accompanying 6u, 
% 2, 

dR = t h e  l i n e  area element.  

Because of t h e  symmetric proper ty  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAK t h e r e  is no c o n t r i  
%' 

and 

u t i o n  --I t h e  

s t r a i n  energy from t h e  t race of 1-1 on t h e  le f t -hand s i d e  of Eq. 2-14. 
'L 

To app ly  Eq. 2-14, t h e  scalar product  o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6u and Eq. 2-6 i s  formed and 
'L 

then  i n t e g r a t e d  over  t h e  volume of B. By t h e  d ivergence theorem, 

To conver t  t h e  s u r f a c e  i n t e g r a l  i n  Eq. 2-15 t o  t h e  form of Eq. 2-14, t h e  

second i n t e g r a l  can be  w r i t t e n  as 
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1 
- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-e 2 i j k  ni ('nn,j '%) ' 

where 

- - 
= n  n 

l-lnn i j 'ij 

(2-1 6) 

is a s c a l a r  func t ion .  

theorem f o r  t h e  i n t e g r a l  i nvo l v ing  t h e  last  term of Eq. 2-16, y i e l d  

There fore ,  Eqs. 2-14 and 2-15, w i th  t h e  S toke ' s  

where t = t h e  un 
% 

and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
9 

t tangent  v e c t o r  a long t h -  edg of t h  boundin s u r f a c e ,  

= t h e  d i f f e r e n c e  of t h e  q u a n t i t y  a c r o s s  t h e  edge C. 

By t h e  s tandard  argument of t h e  c a l c u l u s  of v a r i a t i o n ,  t h e  t r a c t i o n  

boundary cond i t i ons  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfor t h e  stress and coup le -s t ress  f i e l d s  are 

- - 1 
'k = "i TS i k  + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-e 2 i j k  n i (%jy l  'nn,j 

2-8 
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These boundary c o n d i t i o n s ,  t oge the r  w i th  Eqs. 2-9, 2-10, and 2-12,  

complete t h e  governing equat ions  f o r  t h e  coup le -s t ress  theory  of l i n e a r  

e l a s t i c i t y  f o r  homogeneous i s o t r o p i c  s o l i d s .  I n  t h e  fo l lowing s e c t i o n s ,  

t h e  boundary va lue  problem f o r  t h e  pure-bending of a c i r c u l a r  c y l i n d e r  

i s  so lved and compared w i th  t h e  c l a s s i c a l  beam theory.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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3.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAPURE-BENDING OF CIRCULAR CYLINDER 

I t  i s  convenient t o  adopt t h e  c i r c u l a r  c y l i n d r i c a l  coo rd ina te  system 

r ,  8 ,  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz f o r  t h e  boundary va lue  problems concerning t h e  c i r c u l a r  

c y l i n d e r s .  

bending w a s  chosen s o  t h a t  t h e  z-axis co inc ides  w i th  t h e  c e n t r a l  a x i s  of 

t h e  c y l i n d e r  and t h e  0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0 d i r e c t i o n  (x-axis f o r  t h e  corresponding 

rec tangu la r  Car tes ian  system) is perpend icu la r  t o  t h e  bending moment vec to r .  

The o r i g i n  can be  loca ted  at  any po in t  on t h e  c e n t r a l  a x i s .  

The coord ina te  sys tem f o r  t h e  c i r c u l a r  cy l i nde r  under pure- 

L e t  ( e < r > ,  e<0>, e<z>)  be t h e  orthonormal b a s i s  a t  any po in t  ( r ,  0 ,  z) 
'L 'L Q.J 

i n  t h e  c y l i n d e r ;  then t h e  displacement vec to r  u of  t h i s  po in t  has t h e  v e c t o r  

r e p r e s e n t a t i o n  
Q.J 

and u = f unc t i ons  of r ,  6,  and z .  r '  u89 Z 
where u 

The governing equat ions i n  Sec t i on  2 can be  converted t o  t h e  c y l i n d r i -  

cal  coord ina te  system by r e f e r r i n g  t h e  p a r t i a l  d e r i v a t i v e s  as t h e  cova r ian t  

d e r i v a t i v e s .  Thus, t h e  s t r a i n  and r o t a t i o n  g rad ien t  t enso rs  have t h e  

fo l low ing  components: 

S t r a i n  Tensor Components 

1 u + - u  1 E = -  
68 r r r 6,6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 
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Rotation Gradient Tensor Components 

- u  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
r 

- -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAK =‘(-u 1 

rr 2 r z,er 2 uz,e 8,rz 

- u  
K =-(U 1 

K = 1 ( 1 u  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- - u  u + - u  (3-3) 

re 2 r,rz z ,rr 

1 - -  1 

Or 2 2 z,86 r 8,8z r r,z r z,r 
r 

1 - - u  1 

r 

- u  
K = - ( u  1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

zt3 2 r,zz zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz ,rz 

3- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 



I n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE q s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3-2 and 3-3  and i n  what fo l l ows ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( ) , r  s t a n d s  f o r  t h e  p a r t i a l  

d e r i v a t i v e s  w i th  respec t  t o  r ,  etc.  The stress t e n s o r  and coup le -s t ress  

tenso r  are a s t r a i g h t f o r w a r d  s u b s t i t u t i o n  of E q s .  3-2 and 3-3  i n t o  E q .  2-10. 

For t h e  boundary cond i t i on  E q .  2-17 on the  c y l i n d e r  s u r f a c e ,  - " k j  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA,R is 
t h e  d ivergence of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE ,  and t h e  u n i t  normal t o  t h e  bounding s u r f a c e  of a 

c i r c u l a r  c y l i n d e r  i s  n = e<r>. 

f o r  t h e  c y l i n d e r  become 

Thus, pnn = - prr and t h e  boundary cond i t i ons  
' L ' L  

- s 1 -  1, 

P z = T  r z  - -  2 r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAlJ r r , 8  + 3 (Pr0 . r  + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr "ee,e + E,,,, 

+1- ) , 1,  + -  
r "re r " O r  ( 3 - 4 )  

wi th  no edge on t h e  s u r f a c e  f o r  an i n f i n i t e  c y l i n d e r ,  = 0. 
%J 

The classical l i n e a r  elastic s o l u t i o n  of  t h e  pure-bending of a c i r c u l a r  

c y l i n d e r  i s  s tud ied  nex t .  S ince  t h e  c i r c u l a r  c y l i n d e r  i s  a s p e c i a l  case of 

t h e  p r i s m a t i c  b a r  whose s o l u t i o n  can be  found i n  most t e x t s  of e l a s t i c i t y  

(e .g . ,  Ref. 5) ,  d i s r e g a r d i n g  t h e  r i g i d  body of mot ions,  t h i s  s o l u t i o n  i s  

recorded i n  c i r c u l a r  c y l i n d r i c a l  coo rd ina te  system as fo l lows:  
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cos e zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
u = z r -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

P zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 
Z 

where p zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= the radius of curvature of the bent cylinder, and 

v = the Poisson's ratio. 

Lam6 constants X and 1-1 can be related to Young's modulus E and Poisson's 

ratio v by 

VE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE 
(1  + V ) ( l  - 2u) ' IJ = 2 ( 1  + v )  A =  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(3-6) 

Since the displacement vector function given by Eq. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3-5 satisfies the 

Laplace equation €or the equilibrium of the elastic media in classical 

theory, E q .  2-12 is also satisfied. Therefore, if u is a solution for the 

couple-stress theory, it has to satisfy the traction-free boundary condi- 

tions. 

2, 

A s  has been computed in Ref. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 ,  the symmetric stress tensor Ts has 
2, 

the components 

Er 
TS = - cos e , 

zz P 

The couple-stress is calculated from E q s .  3-5, 3-3, and 2 - l o b :  
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cos e zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAb Z  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-4  (vd, + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd2) - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 - 8 )  

S u b s t i t u t i n g  E q s .  3-7 and 3-8 i n t o  E q .  3-4,  one f i n d s  t h a t  t h e  t r a c t i o n -  

f r e e  boundary cond i t ions  a r e  not  s a t i s f i e d  f o r  t h e  s u r f a c e  couple zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 : 
Z 

but  t h e  rest of t h e  f r e e  t r a c t i o n  boundary cond i t ions  are s a t i s f i e d .  I n  

o t h e r  words, E q .  3-5 i s  a s o l u t i o n  of t h e  coup le-s t ress  theory f o r  a 

c i r c u l a r  c y l i n d e r  on ly  i f  a d i s t r i b u t e d  s u r f a c e  couple Gz given by E q .  3-9 

i s  app l ied .  

S ince  i t  i s  assumed t h a t  t h e r e  i s  no s u r f a c e  couple nor  s u r f a c e  f o r c e  

app l ied  on t h e  cy l i nde r  s u r f a c e ,  t h e  c l a s s i c a l  elast ic  s o l u t i o n  ( E q .  3-5) 

i s  not  a s o l u t i o n  of t h e  pure-bending of t h e  c i r c u l a r  cy l i nde r  i n  t h e  

coup le-s t ress  theory.  To cons t ruc t  a s o l u t i o n  f o r  t h i s  problem, a 

secondary deformat ion f i e l d  u , which s a t i s f i e d  E q .  2-12 and t h e  t r a c t i o n  

boundary cond i t i ons ,  is i n t roduced:  

( 1  1 
'L 

(3-1 0 )  

a t r = z  . 

Consequently, t h e  superpos i t i on  + u") w i l l  s a t i s f y  t h e  f r e e  
% 

t r a c t i o n  boundary cond i t i ons  and Eq. 2-12. Since t h e  boundary cond i t i on  

(Eq .  3-10) i s  uniform along t h e  c y l i n d e r ,  t h e  boundary value problem f o r  

u ( l )  can be  regarded as a p lane-s t ra in  problem. 

devoted t o  s o l v i n g  t h i s  p lane -s t ra in  problem. 

The next  s e c t i o n  is 
% 

3- 5 



4. SOLUTION OF THE PLANE STRAIN PROBLEM 

The d isp lacement  of u ( l )  of t h e  p lane -s t ra in  problem t h a t  w a s  deduced zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
'L 

i n  Sec t i on  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 i s  solved here .  

d e l e t e d  i n  t h i s  s e c t i o n .  I n  t h e  c y l i n d r i c a l  coord ina te  system, t h e  p lane 

For s i m p l i c i t y ,  t h e  s u p e r s c r i p t  i n  u ( l )  i s  
'L 

s t r a i n  d isp lacement  u has t h e  genera l  r e p r e s e n t a t i o n  
'L zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

u = u ( r , 8 )  e<r> + u8 ( r , 8 )  e<8> , (4-1 ) 
'L r 'L % 

where u and u are s u f f i c i e n t l y  con t inuous ly  d i f f e r e n t i a b l e  scalar valued 

func t i ons  of r and 8. 
r e 

I n  so l v ing  f o r  u t h e  d ivergence and c u r l  ope ra t i ons ,  r e s p e c t i v e l y ,  
%' 

are app l i ed  t o  Eq.  2-12 t o  y i e l d  t h e  fo l lowing p a i r  of p a r t i a l  d i f f e r e n t i a l  

equat ions :  

According t o  t h e  boundary cond i t i ons  (Eq. 3-10) f o r  Eq. 4-2, a s o l u t i o n  t h a t  

i s  a l i n e a r  func t i on  of s i n  8 and cos 8 is expected. Thus, 

+ G1 r-2 - H1] zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACOS 8 + [A2 R2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy &2 I1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( e )  + B2 R2 3 &2 K1 ($) 

+ E r 2 + F2 Rnr - G2 r-2 + H2] s i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 , 
2 

4- 1 



2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ E r + F3 knr + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAG, r 
3 

1 -2 + G2 r + H2 cos 8 , 

where I ( ) and K ( ) = the modified Bessel functions of the first and second 
n n 

kinds, respectively, n equals 0,  1 ,  (Ref. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 ) ,  and 

A2, B2,  ... = constants of integration. 

The requirement of the continuous differentiability of ur and u8 means that, 

for a simply connected cylinder, the integration constants must satisfy 

' c  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR 3  , H1 = - -  2 2 2  (4-4) 

1 3 H = - - A  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9, 2 2 2 2  

The solution (Eq. 4-3) for a simply connected cylinder is therefore 

simplified to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 

4- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 

(4-5) 



) -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR I1 (e)/+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE 4  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr2 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA$ A 2  ti] COS 8 9 

2 ,  C 2 ,  E l ,  E 2 ,  E3, and E where A 

boundary conditions. 

= constants to be determined by the 
4 

To apply Eq.  3 -10 ,  it will be convenient here to express and in 

terms of u of E q s .  4-1 and 4-5.  Using E q s .  2 -10 ,  3 2 ,  3-3, and 3-4,  the 

boundary conditions become 

'L 'L 

'L 

= o  , 1 -  1 + - u  + - u  + 2 p u  
ur,r r r r e,e ) r,r ( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

r=a 

(4-6a) 

1 

p (ue,r r r,8 r 
- + - dl (- L u + u  + -  1 

+ - U  r r,rre e,rrr 2 %,e8r 

(4-6b) 

I r=a 

( 4 - 6 ~ )  

GIl + d *  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
= 4  s i n  8 , 

P 

where a = the radius of the cylindrical beam. 

4- 3 



S u b s t i t u t i n g  Eq. 4-5 i n t o  Eq. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4-6, s i n c e  s i n  8 and cos 8 are l i n e a r l y  

independent ,  o b t a i n s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= E 2 = E 4 = 0  . (4 -7)  

The remaining i n t e g r a t i o n  c o n s t a n t s  are so lved from Eq. 4-6. 

c2 = 

[i + 4(1 - v) $1 I (">- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[L zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR2 + 8(1 - V) 

a 
2 a  a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAO k2 

- 
- 

- J a  
E3 - 

a a 

where t h e  Lam6 cons tan ts  X and 1-1 are rep laced by t h e  Young's modulus E and 

Po isson ' s  r a t i o  v through Eq. 3-6. 
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5. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBABENDING MOMENT zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAND STRESS 

The d isp lacement  f i e l d  of t h e  c i r c u l a r  c y l i n d e r  w i t h  coup le -s t resses  

under pure  bending i s  t h e  superpos i t i on  of Eq. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4-5 t o  t h e  classical  l i n e a r  

elast ic  s o l u t i o n  (Eq.  3-5). The stress and coup le-s t ress  t e n s o r s  can 

t h e r e f o r e  be  c a l c u l a t e d  from t h e  k inemat ic  equat ions  ( E q s .  3-2 and 3-3), 

t h e  c o n s t i t u t i v e  r e l a t i o n s  (Eq. 2-10), and t h e  stress equat ion  (Eq. 2-8). 

The bending moment-curvature r e l a t i o n  can a l s o  be  ob ta ined.  

From t h e  equat ion  of equ i l i b r i um zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(Eq. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 - l b ) ,  t h e  bending moment i n  t h e  

coup le-s t ress  theory  is computed by t h e  formula 

where M zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= t h e  bending moment v e c t o r ,  
QJ 

A = t h e  c r o s s  s e c t i o n ,  

n = t h e  u n i t  normal t o  t h e  a r e a  element d s ,  and 

r = t h e  p o s i t i o n  vec to r .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBArl, 

% 

The e x p l i c i t  expansion of t h i s  formula i n  t h e  c y l i n d r i c a l  coo rd ina te  system 

€o r  a c r o s s  s e c t i o n  perpend icu la r  t o  z-axis is 

s i n  8 r d r  de  , 
X zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAzz %e 1 + pzr cos e - 

+ pzr s i n  6 + p cos 8 1  r d r  de  , Y zz ze 
0 
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where M and M 
X Y zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= the components zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof the bending moment about the x-axis 

and y-axis, respectively. 

Since the stress and couple-stress components due to the displacement 

u of Eq. 3-5 are given by E q s .  3-7 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3-8, respectively, only the stress 

and couple-stress fields due to the displacement u(l) given by Eq. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4-5 need 

further elaboration. Substitutions of Eq. 4-5 into Eqs .  3-2 and 3-3 yield 

'L 

% 

the following components of E ( ' )  and K (1 ) : 
'L zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATu 

Strain Tensor Components 

'rr = i c 2  ,ti [- > Io ($+2 I1 (-)I + 2 El r /  cos 0 , 

Rotation Gradient Components 
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Eqs. 5-3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAand 2-10 then y i e l d  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA;F, and F( l ) .  These r e s u l t s  are 

superposed t o  Eqs. 3-7 and 3-8, r e s p e c t i v e l y ,  then Eq. 2-8 i s  employed t o  

o b t a i n  t h e  stress t enso r  ;F,: 

r cos  8 + 21.1 {C2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2; 
Io zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(i) \ 

r 

r cos 8 , 

Br . ’ ‘I re = - c  a , I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( k ) s i n ~  =-‘I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

5- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 



The coup le-s t resses  are 

"rz zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( -1 ;) sin zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP + 2dl (c2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR 2  ko zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(k) - % zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI1 (e)] - 
= - 4 V d + d  - 

- 
"zr  

+ (E1 + 3E3)} s i n  8 

= -4 (-1 vd + -2) d - co; + 2al 
- 

"'82 

/ 

+ El  + 3E '} zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACOS 8 , \ 31 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(5-4b) 

- = -4 (xl + vz2) + + 2d2 (c2 R 2  7 R2 I1(k) 
%e 

+ E + 3E cos 8 , 
( 1  3)) 

where t h e  Lam6 c o n s t a n t s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAh and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1-1 in the stress t enso r  are r e l a t e d  t o  E and 

v by Eq. 3-6. Using Eq. 5-2, t h e  bending moment i s  obta ined:  

M x = O  . 
I 

5-4 

(5-4c) 
- 



( 5 - 5 )  

4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
where I 

Using C 2 ,  E , ,  and E2 given by Eq .  4-8, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= ra  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA14 i s  t he  a r e a  moment of i n e r t i a  w i th  respec t  t o  the  y-ax is .  
Y zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

E1 

Y zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP m  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM = - y C  , 

c =  
m 

- 

a 
L 

a 

,where Cm = t h e  c o e f f i c i e n t  of bending moment f o r  t he  pure-bending of a 

c i rcu lar  c y l i n d e r ,  o r  simply moment c o e f f i c i e n t .  From Eq. 5-4c, 

r cos zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 
P zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT = C t E  

z z  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 

5-5 



where C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= t h e  c o e f f i c i e n t  of a x i a l  f l e x u r a l  stress f o r  t h e  pure-bending 

of a c i r c u l a r  c y l i n d e r ,  o r  s imply t h e  stress c o e f f i c i e n t .  

are dependent on t h e  geometry ( r a d i u s  a ) ,  as w e l l  as t h e  material proper t y  

(v, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd,, and d2). Also, C 

quadra t i c  f unc t i on  of d2. 

t 
Both Cm and C t  

i s  a l i n e a r  func t i on  of d2, b u t  Cm i s  a 
t 

The numerical  va lues  of C and C wi th  ;r /d as a parameter are 

p l o t t e d  i n  F igs .  5-1 through 5-3 f o r  v = 0.1, 0.15, and 0.2 ,  r e s p e c t i v e l y .  

From t h e s e  r e s u l t s ,  t h e  neg l igence of t h e  coup le-s t resses  i n  t h e  a n a l y s i s  

w i l l  y i e l d  e r r o r s  of less than  10% f o r  bo th  bending moment and a x i a l  

f l u e x u r a l  stress i f  a/R2 > 10. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
m t 2 1  
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, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

c zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
V 

E 
- 2  

0 1 2 3 4 5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 7 8 9 10 

a1p2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Fig.  5-1. C o e f f i c i e n t  of bending moment C,,, and axia l  f l e x u r a l  stress C t  f o r  Po isson ' s  r a t i o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAV = 0.1 
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6 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASUMMARY OF THE COUPLE-STRESS SOLUTION 

To f a c i l i t a t e  comparing coup le-s t ress  theory and t h e  c lass ica l  

e l a s t i c i t y  theory ,  some a s p e c t s  of t h e  r e s u l t s  of p rev ious  s e c t i o n s  a r e  

summarized below: 

1 .  The coup le -s t resses  cause an in-plane deformat ion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( E q .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 - 5 )  i n  

a d d i t i o n  t o  t h e  c lass ica l  e l a s t i c  deformat ion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(Eq. 3 - 5 ) ,  and t h e  

stress ( i n  E q .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 - 4 )  is no t  u n i a x i a l l y  a l igned a long t h e  beam 

a x i s  a s  i n  t h e  c l a s s i c a l  beam theory.  

2 .  The a x i a l  stress T and t h e  bending moment M are propor t i ona l  

Y zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAzz  Y 
t o  Ex/p (x zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= r cos  8) and E 1  /p, Eqs. 5-7 and 5-6, r e s p e c t i v e l y .  

The p ropor t i ona l  c o e f f i c i e n t s ,  stress c o e f f i c i e n t  C and moment 

c o e f f i c i e n t  Cm, are f unc t i ons  of t h e  c y l i n d e r  c r o s s  s e c t i o n  

( rad ius  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa )  and t h e  material c o n s t a n t s  bu t  independent of t h e  

bending cu rva tu re .  

t 

3 .  The a x i a l  stress c o e f f i c i e n t  C 

has the fo l low ing  properties: 

is a l i n e a r  func t i on  of d2 and t 

C t  + 1 ass+* , 

and 

C, = 1 + O(V)  if I v ~  is small . (6-3) 
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2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThe bending moment c o e f f i c i e n t  C 

and decreases  w i th  t h e  i n c r e a s e  of t h e  r a d i u s  a f o r  a given 

material. It a l s o  has  t h e  fo l lowing p r o p e r t i e s :  

i s  a quadra t i c  f unc t i on  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 m 

C m ’ l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAY 

cm zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ I 

and 

‘m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ 8  

as a + m  7 

1 -  (5J 
1 - v  

- 
2 

a 
a s a + O  . 

5 .  The bending moment c o e f f i c i e n t  C i s  always g r e a t e r  than t h e  

t ’  

m 
a x i a l  stress c o e f f i c i e n t  C 

6 .  From t h e  numer ica l  v a l u e s  of C 

i t  is concluded t h a t  f o r  Posson’s  r a t i o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL, - 0.1 ;  t h e  neg l igence 

of t h e  coup le -s t resses  i n  t h e  pure-bending of t h e  c i r cu la r  

c y l i n d e r  w i l l  y i e l d  e r r o r s  of less than  10% i n  a x i a l  stress and 

bending moment, r e s p e c t i v e l y ,  i f  a/!?, is g r e a t e r  than 10. 

and C t  shown i n  Figs .  5-1 t o  5-3, m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5 

2 
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7 .  APPLICATION TO THE GRAPHITE 

From t h e  c h a r a c t e r i s t i c s  of Cm and C t  a s  g iven i n  Sec t ion  6 and shown 

i n  F igs .  5-1 through 5-3, i t  i s  seen t h a t  C is  f a i r l y  c l o s e  t o  1 f o r  

small zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA] V I ,  but  Cm v a r i e s  cons iderab ly  i n  t h e  midrange of a/R2. 

C can be e a s i l y  determined exper imenta l l y  by us ing  E q .  5-6 f o r  a given 

c i r c u l a r  cy l i nde r .  

cho ice  f o r  t h e  purpose of i d e n t i f y i n g  t h e  i n f l uence  of t h e  coup le-s t resses  

i n  a given material.  Other r e l e v a n t  f a c t s  s h a l l  a l s o  be examined sub- 

sequent ly  t o  f u l l y  conf i rm t h a t  t h e  observed mechanical  responses are 

caused by t h e  presence of coup le-s t resses .  This  s e c t i o n  compares exper i -  

menta l l y  measured d a t a  of pure-bending w i th  t h e o r e t i c a l  imp l i ca t i ons  t o  

show how coup le-s t resses  i n f l u e n c e  observed g r a p h i t e  phenomena. 

t 
Moreover, 

m 
These p r o p e r t i e s  make t h e  measured Cm a f avo rab le  

Recent l i t e r a t u r e  con ta ins  a cons ide rab le  amount of exper imenta l  d a t a  

concern ing g r a p h i t e  mechanical  behavior .  Most of t h e s e  exper iments,  however, 

are designed accord ing  t o  t h e  c lass ica l  e l a s t i c i t y ;  hence, t h e  d a t a  

p r i m a r i l y  d i s p l a y  t h e  incons is tency  of t h e  c lass ica l  e l a s t i c i t y  i n  

c h a r a c t e r i z i n g  g r a p h i t e  stress responses .  The c lass ica l  e l a s t i c i t y  has  no t  

been able t o  c o r r e l a t e  the v a r i o u s  exper iments of g r a p h i t e ,  bu t  in fo rmat ion  

that can l e a d  t o  t h e  q u a n t i t a t i v e  v e r i f i c a t i o n  of t h e  coup le -s t ress  theory  

f o r  g r a p h i t e  is normal ly miss ing i n  t h e  repo r ted  d a t a .  

I n  what zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfollows, some r e p r e s e n t a t i v e  ev idences of nuc lea r  grade 

g r a p h i t e  beams under pure-bending repo r ted  i n  Refs. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 ,  and 7 are 

q u a l i t a t i v e l y  compared w i th  t h e  r e s u l t s  o f  t h e  coup le -s t ress  theory .  

S ince  some a v a i l a b l e  exper imenta l  d a t a  are measured f o r  n o n c i r c u l a r  

c y l i n d e r s ,  i t  is assumed t h a t  the imp l i ca t i ons  of t h e  c i r c u l a r  c y l i n d e r  

ob ta ined i n  th is  ar t i c l e  is a p p l i c a b l e  q u a l i t a t i v e l y ,  o r  by an  analogy,  t o  

the nonc i r cu la r  c y l i n d e r s  w i th  t h e  s i m i l a r  C and Cm. 
t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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To u t i l i z e  t h e  r e s u l t s  of t h e  prev ious  s e c t i o n s ,  t h e  apparent  

f l e x u r a l  stress i n  a beam under pure-bending i s  def ined by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
z z  

where x = r cos e is t h e  d i s t a n c e  of t h e  material p o i n t  from t h e  n e u t r a l  

a x i s ,  and M i s  t h e  t o t a l  moment about t h e  y-ax is .  With t h i s  d e f i n i t i o n ,  

t h e  bending moment M given by Eq.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5-6 y i e l d s  
Y 

Y .  

Th is  r e l a t i o n  makes clear t h a t  C i s  equ iva len t  t o  t h e  q u o t i e n t  m 

f o r  t h e  coup le-s t ress  materials. I n  t h e  fo l low ing  d i scuss ion ,  t h e s e  two 

q u a n t i t i e s  w i l l  n o t  be  d i s t i n g u i s h e d ,  w i th  t h e  understanding t h a t  t h e  l a t t e r  

i s  t h e  parameter i m p l i c i t l y  used i n  most exper imenta l  r e p o r t s  (e .g . ,  Ref. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 ) .  

def ined by Eq. 7-1, i s  n o t  t h e  a c t u a l  a x i a l  stress ‘I A l s o ,  ‘I 

i s  g h e n  by Eq. 5-7. 

‘a) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
z z  ’ which 

z z  

Based on the l oad ing  and t h e  s t r a i n  measurements (Ref. 3 ) ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACm i s  

independent of the bending cu rva tu re  f o r  a given g r a p h i t e  beam w i t h  

unspec3f ied c r o s s  s e c t i o n .  Q u a n t i t a t i v e l y ,  C i s  approx imate ly  1.35, 

which i s  g r e a t e r  than 1 as requ i red  by Eq. 6-4.  
m 

No e x p l i c i t  d a t a  are a v a i l a b l e  t o  e s t a b l i s h  a f u n c t i o n a l  r e l a t i o n  

between C and the beam c r o s s  s e c t i o n  of nuc lea r  g r a p h i t e ,  bu t  i t  i s  

repo r ted  that  

the i n c r e a s e  of the beam volume (Ref. 4 ) .  This  obse rva t i on  sugges ts  t h a t  

m 
f o r  t h e  g r a p h i t e  beam a t  f a i l u r e  state dec reases  w i th  

z z  
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t h e  measured va lues  of Cm dec rease  w i t h  t h e  i n c r e a s e  of t h e  beam c r o s s  

s e c t i o n  and ag rees  w i th  t h e  c h a r a c t e r i s t i c s  of Cm descr ibed i n  conclus ion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 of  Sec t ion  6. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

A u s e f u l  r e l a t i o n  can be  der ived  from E q s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5-7 and 7-2 and conc lus ion  

5 of Sec t i on  6 :  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
z z  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT (a) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA> T 

z z  
( 7 - 3 )  

This  r e l a t i o n  shows t h a t  t h e  apparent  f l e x u r a l  stress i s  always g r e a t e r  

than t h e  a c t u a l  a x i a l  stress f o r  a material w i t h  coup le-s t resses .  I f  t h e  

f a i l u r e  of t h e  g r a p h i t e  beam is  determined by t h e  maximum t e n s i l e  stress, 

then T~~ a t  f a i l u r e  s ta te equa ls  t h e  u n i a x i a l  t e n s i l e  s t r e n g t h ,  and E q .  7-3  

y i e l d s  t h a t  t h e  apparent  f l e x u r a l  stress of a g r a p h i t e  beam a t  f a i l u r e  

s ta te  i s  h igher  than i ts  u n i a x i a l  t e n s i l e  s t r e n g t h .  Th is  i s  c l e a r l y  

measured exper imenta l l y  and s ta ted  i n  Refs.  3 ,  4 ,  and 7 .  

Next, use  is  made of t h e  observa t ion  t h a t  t h e  maximum f a i l u r e  s t r a i n  

of t h e  pure-bending test exceeds t h e  u n i a x i a l  t e n s i l e  f a i l u r e  s t r a i n  (Ref. 

3)  w i t h  t h e  presumption t h a t  t h e  e las t i c  response of t h e  nuc lea r  grade 

g r a p h i t e  can be p red ic ted  by t h e  coup le-s t ress  theory  of l i n e a r  e l a s t i c i t y .  

Since the measured maximum t e n s i l e  s t r a i n  i n  t h e  pure-bending test  i s  a l p ,  

the maximum tens i le  stress f a i l u r e  cr i te r ia  and Eq. 5-7 y i e l d  t h a t  C t a / p  

a t  t h e  bending f a i l u r e  equa ls  t h e  u n i a x i a l  tens i le  f a i l u r e  s t r a i n ,  Thus, 

i t  is reasonab le  t o  e x t r a c t  from t h e  measurements on s t r a i n s  i n  Ref. 3 t h a t  

c t < l  . ( 7 - 4 )  

Employing Eq. 6-1 r e s u l t s  i n  

f o r  nuc lea r  g r a p h i t e .  
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The p r a c t i c a l  a p p l i c a t i o n  of t h e  coup le-s t ress  theory  needs t h e  

material cons tan ts  

of t he  s o l u t i o n  i n  t h i s  a r t i c l e ,  i t  i s  necessary  t o  measure t h e  c r o s s  

s e c t i o n ,  t h e  app l i ed  moment, and t h e  bending cu rva tu re  f o r  a bending test ,  

i n  a d d i t i o n  t o  t h e  Young’s modulus and Po isson ‘s  r a t i o  determined by 

homogeneous deformat ions.  Also, more than one c r o s s  s e c t i o n  i s  needed t o  

f u l l y  c h a r a c t e r i z e  bo th  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 and d2 .  
1 

by t h e  coup le-s t ress  theory  i n  c u r r e n t  l i t e r a t u r e .  

of dl and d2 serves only  as a f u r t h e r  ev idence t h a t  t h e  e x i s t i n g  g r a p h i t e  

d a t a  i s  compat ib le  w i th  t h e  genera l  aspec t  of t h e  coup le -s t ress  theory .  

and d2 t o  be determined exper imenta l l y .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA s  a r e s u l t  1 

- 
There are no exper imenta l  d a t a  d i c t a t e d  

The fo l lowing es t ima t ion  

I n  a n a l y s i s  of t h e  H-451 g r a p h i t e  d a t a  i n  Ref. 7 ,  t h e  r a t i o  of t h e  

u n i a x i a l  t e n s i l e  s t r e n g t h  t o  t h e  apparent  f l e x u r a l  stress a t  t h e  f a i l u r e  

s ta te  is needed, s ince these two q u a n t i t i e s  are measured, and t h e i r  r a t i o  

i s  used as a parameter i n  Ref. 7 .  With t h e  maximum t e n s i l e  stress f a i l u r e  

c r i t e r i a ,  t h i s  r a t i o  equa ls  Ct/Cm. 

c r i t e r i a  i s  adopted, and t h e  q u o t i e n t  C / C  i s  used f o r  t h e  r a t i o  of t h e  

u n i a x i a l  t e n s i l e  s t r e n g t h  t o  t h e  apparent  f l e x u r a l  stress a t  f a i l u r e .  

I n  t h e  d i s c u s s i o n  below, t h i s  f a i l u r e  

t m  

For H-451 g r a p h i t e ,  i t  i s  repo r ted  i n  Ref. 7 t h a t  t h e  Ct/Cm r a t i o  

ranges from 0.5 t o  0.8 f o r  t h e  6.4-mm-diameter c i r c u l a r  cy l i nde r .  Theo- 

re t i ca l  va lues  of C / C  

7-1, can be  used t o  c a l c u l a t e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR which ranges from 0.53 t o  1 . 1 2  mm. I f  

d2/d l  = -0.8 i s  chosen s o  t h a t  Eq. 7-5 i s  s a t i s f i e d ,  R2 f a l l s  i n  t h e  range 

0.62 t o  1.54 mm from F ig .  7-1. It i s  obvious t h a t  t h e s e  va lues  of R are 2 
a t  t h e  same o r d e r  of t h e  g r a i n  s i z e  of t h e  H-451 g r a p h i t e  (maximum a t  

1.57 mm). This  ag rees  w i th  t h e  genera l  a s p e c t  of t h e  coup le-s t ress  theory  

t h a t  Mindl in has  descr ibed (Ref. 2 ) .  

a g a i n s t  a/R2 f o r  j 2 /a l  = 0,  as dep ic ted  i n  F ig .  
t m  

2 ’  

The d iscuss ions  i n  th is  s e c t i o n  have shown t h a t  t h e  g r a p h i t e  u n i a x i a l  

and pure-bending test r e s u l t s  which are incompat ib le  i n  t h e  c lass ica l  beam 

theory  can be  accommodated i n  the coup le-s t ress  theory .  The conclus ion i s  

t h e r e f o r e  that t h e  nuc lea r  grade g r a p h i t e  is i n f luenced by coup le-s t ress  

and that the coup le-s t ress  theory  may answer why many g r a p h i t e  phenomena 

are no t i ced  as be ing  d i sco rdan t  w i t h  c lass ica l  e l a s t i c i t y ,  

7- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 



1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA.o 
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0.6 

0.4 

0.2 

0 
0 2 4 6 a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Fig.  7-1. T h e o r e t i c a l  r a t i o  of t h e  u n i a x i a l  t e n s i l e  s t r e n g t h  t o  t h e  
apparent  f l e x u r a l  stress a t  f a i l u r e ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACt/%, f o r  a c i r c u l a r  
c y l i n d e r  sub jec ted  t o  pure bending i n  t h e  coup le-s t ress  
. t heo ry  f o r  Po isson 's  r a t i o  V = 1 
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