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ABSTRACT

This paper presents some numerical methods for computation of Fisher
information matrix about the parameters of a mixture of two negative expo-
nential distributions. It is shown that the computation of the information
matrix leads to the computation of a particular kinds of integrals. An
alternating power series is developed for the computation of these integrals,
and the results are compared with those obtained by the Laguerre-Gauss
quadrature and Romberg's algorithem. Some approximate results are also
given for the case that the mixed distributions are not well separated.

A brief table is provided which may be useful in practice.



1. THTRODUCTION
Consider
£(x) = pf;(x) + qf,(x), (1.1)
where, for j = 1,2,

£.(x) = o x) (1.2)

k|

exp(-a

3 J

for x 2 0 and zero elsewhere, with a, > 0, 0 <p <1, and q = 1l-p.

3
The function £(x) is the probability density function of a mixture of two
negative exponential distributions with mixing proportions p and q. This
distribution is of particular interest in the analysis of experimental data
regarding life testing and electronic equipment failure times, and the point
estimation of its parameters has already received some attention in the
literature [2,3,6,9-12].

The purpose of this paper is to present some numerical methods for
computation of the information matrix about the three parameters Gps Gps P
of the density (1), which can be extended to a finite mixture of more than
two exponential densities. The information matrix that we shall use is that

of Fisher, namely the symmetric positive definite £xf matrix I(g) =

I I(es,et)ll with

9 log £(x,6) 9 log f(x,0) L 8, t=1,2,...,2 (1.3),
9 es 9 et

1(es,et) = E

where £(x,6) 1is the probability density function of an arbitrary random
variable X depending on an {-dimensional parameter 6 = (61,62,...,6£).
The expectation in (1.3) is taken with respect to the density £(x,6), and

it is assumed that all the derivatives and expectations in question exist.



The Fisher information, whose properties are known, is a natural and con-
venient measure of the expected precision in both classical and Bayesian
Statistics [5].

The first work related to this paper is given by Hill [5], who computes
the Fisher information about the proportion p, when ay and a, are known,
by a power series. The whole information matrix for the parameters of (1.1)
is computed by the author [1] using the Laguerre-Gauss quadrature numerical
integration. Here we will show that the computation of the information matrix
leads to the computation of a particular kind of integrals. These integrals
are computed by a power series, and the numerical results are compared with
those obtained by the Laguerre-Gauss quadrature, Romberg's algorithm, and
Taylor series. A brief table is provided which may be useful in practice for

finding the information matrix.

2, CALCULATION OF THE INFORMATION MATRIX

Simple calculation shows that for the density (1.1) the following

relations hold:

9 log £(x)/3 e, = pi(l/ai-x)fi(x)/f(x), i=1,2 .
(2.1)

pdlog f(x)/p=1 -~ fz(x)/f(x),
where P =P and Py = q. For 1, j = 1,2 and m,n = 0,1, let
Mo (£ £5) = JO (l/ai-x)m(llaj-x)n[fi(x)fj(x)/f(x)]dx. (2.2)

It is easy to show that the improper integrals (2.2) exist. Now, using

(1.3),(2.1), and (2.2), we obtain



I(aia aj) = pipj Mll(fi’fj) is<3, 1,j=1,2

(2.3)
Iays P) = My (£),£,)

I(p,p) = [1 - Mbo(fl,fz)]/pq-

Let @) < ay, without loss of generality, and take h = allaz, where

0 <h < 1. Now, consider the simple linear transformation y = a,X. This

transformation sends the density (1.1) to the density
g(y) = p g;(y) + q g,(y) (2.4)
where, for j = 1,2,
= h - .
84(y) = hy exp( hjy) (2.5)

with the conventions hl = h and h2 = 1. Thus the mixture (1.1) with three
parameters @55 Gys P is reduced to the mixture (2.4) with two parameters h
and p which are between zero and one. Using this transformation the formula

(2.2) becomes
m n
an(fi’fj) = Gmn(gi’gj)/ai aj (2.6)

with

o

Con (81089 = [ . (-0, (1-h, )" (g, Ne, (N /eIy (2.7

Now, from (2.3) and (2.6), we obtain the following items, which we call

the scaled elements of the information matrix.



aiaj I(ai,aj) = Pin Gll(gi,gj)! i S j, i’j = 1’2
0‘11(01’?) B - Glo(glsgz)
(2.8)
- a,I(ey,p) = Gy, (8;,8,)
I(psp) = [1 - Goo(818,)1/pq.

Denoting the information matrix, in the order ®ys Gy P for the

parameters, by I = [|(s,t)|| and the scaled information matrix, which depends
onlyon h and p, by J = ||J(s,t)|]|, s,t = 1,2,3, and considering the

diagonal matrix A = diag.(l/al, llaz, 1), we have

I=AJA (2.9).

Hence to compute I, it is enough to compute J and then apply (2.9). But
to compute J, we have to compute (2.7).

Letting
"
Bk " I o y [gi(y)gj(y)/g(y)]dy, (2.10)
for 1,y =1,2 and k= 0,1,2, from (2.7) we obtain

G11(84589) = myy = (hyFh)my g + hihom, '

G10(81287) = mypp = hmyyy .
(2.11)
Go1(8128) = mypp = Mgy
Goo(B128p) = mypp -
Thus, the computation of Gmn(gi’gj) leads to the computation of the

moment-type integrals (2.10).



3, COMPUTATION OF =,

In this section we give a power series expansion for the computation of
mijk’ and we also suggest the application of the Laguerre-Gauss quadrature
and Romberg's algorithm.

We observe, from (2.4) and (2.5), that pg,(y)/q 8,(y) <1 1if y is
in the interval (0, a) and q gz(y)/p gl(y) <1 41f y 4is in the interval

(a,»), where
a = (log q/ph)/(1~h) (3.1)

is the positive root of p ql(y) = q gz(y) if it exists. When a < 0, {.e.,
when p 2 1/(1+h), we have q gz(y)/p gl(y) <1 for all y in the interval
(0, ). Now, breaking the interval (0, =) into intervals (0, a) and

(a, »), dividing the numerator and denominator of gi(y)gj(y)/g(y) by

q gz(y) or p gl(y) depending on whether y 1s in (0, a) or in (a, =),

and using geometric expansions, we obtain

o«

B3kt

jayﬂ <w®+fmy% iy (3.2)
N=0 0 ijN a 1N A

where

N N -N-1 -N-1

Ay = GV g ()8, (5) [y (N1 [8,(5)]

(3.3)

N_-N-1 ~N-1

By = DY gy 0)e () gy (DT ey

From (2.4) - (2.5) and (3.2) - (3.3), after some calculation we obtain

N
Bk = NZO(--l) (aichijkN + biJNDijkN)’ (3.4
where
o N -N-1. N
e i v (3.5)

=N-1 N, =N~
bijN = p qh lhihj



and
a
c = k (~c )d
13kN 0 ¥ SPLmC N7y
k
DijkN = I a y exP("dijNY)dY
with
cijN = hi + hj -« 1~-N+Nh
(3.7)

dijN = hi + hJ -h+N-Nh,

For fixed 1, j, N, let us denote cijN’ dijN’ cijkN’ DijkN respectively by

c, d, Ck, D,. Now from (3.6) we obtain

Cp = [1 - exp(-ac)]/c

C1 © (C0 + acCo - a)le

@]
L]

ZCl/c + azco - azlc
(3.8)

o
]

exp(-ad)/d

o
B

Do(a + 1/d)

o
L]

Do(a2 + 2a/d + 2/d2)

Thus, we can compute mijk by using the alternating series (3.4) and the

relations (3.5), (3.7), and (3.8).

Next, we look at the Laguerre-Gauss quadrature formula. For a convergent

integral of the form
1(G) = [ e 26(z)dz (3.9)
0
this formula is

N
I1(G) = le w G(z,) + R (G), (3.10)



-7

where 2y and Wy which are referred to respectively as nodes and weights
can be determined through appropriate Laguerre polynomials, and they are
already known and tabulated [4,7]. The summation xgo ka(zK) approximates
I(G), and the error RN(G) depends on N and the behavior of G and its
derivatives on (0, ©). To have small error it is desirable that G and
its derivatives remain bounded on (0, «).

We now show that (2.10) can be put in the form (3.9). To guarantee

the boundedness of G(z) and its derivatives, by introducing an extra factor

exp(-hy/2) and using the transformation y = 2z/h, we obtain

By ™ (2/11)1""111111j J exp(-z)dz (3.11),
0 ph exp(-Hijz)+q exv(-Lijz)

where

= (3h-2hi—2hj)/h

= (Z-Zhi—Zhj+h)/h.

Hij
(3.12).

Lij

Now, we can apply the quadrature formula to (3.11) with
G(z) = 1/{ph exp(-Hijz) + q exp(-Lijz)].

It is also possible to apply the Romberg's algorithm which is known [8],
for the numerical evaluation of (3.11). This can be done by breaking the
range of integration and using some appropriate transformations to change the
integral (4.5) into sum of two integrals on the interval (0, 1).

Computation shows that the numerical results obtained by the above
methods agree at least up to four decimal figures. However, the series (3.4)
is more convenient for numerical work and we can also estimate the error

easily.



4, CALCULATION OF m,,, WHE! » IS CLOSE TO OFE

When the densities are not well separated, 1.e., oy and a, are

2

clost to each other or h 1s close to one, calculation shows that the Taylor
approximation of gi(y)gj(y)/g(J), as a function of h 1in the neighborhood
of h=1 is of the form Pij(y)exp(-y), where Pij(y) is a polynomial
whose coefficients depend on h and p. Using the first four terms of the
Taylor series when 1 - h=t 1is close to zero, we obtain by simple calcula~
tion

2.2

2
me = 1+ a2 - 28 () + 0(ed)

- 1- (gt + Boqgr)t? + (p-11pg2-12¢3)¢3 + o(e?)
2

111 .
AN

= 2-4(1+q) t+(6q+L4q2+6) t24+(L4bp-68p2~64pq2-100) t3+0(t>)

12
By = 1 - pat? + 2pg>t + 0(t3) (4.1)

121

= 1 - qt + (3¢2-2q) 2+ (1lpq-pg-9)t> + 0(t3)
= 2-4qt + (7q°-Tpq=q)t> + (64pq>~4pa-8g)t> + O(L>).

1+ p2t2 - 2p2q t3 + 0(t3)

1+ pt + (3p2-p)t? + (2pp>-11p2Q)t> + 0(t>)
2 + l4pt + (p+7p2-Tpq)t2 ~ (Bp+3p2-6hp Q) t> + 0(tY)

22

20
M21
22

Using (2.8), (2.11), and the above relations, we can easily find a good

approximate value for the information matrix when oy and a, are close
to each other.

We observe, from the relations (2.3), that when al/a2 goes to one,
that is when the mixed densities become closer and closer to each other, the
information matrix I approaches to a singular matrix continuously, with
some diagonal elements equal to zero. The same assertion is true when p
goes to zero or ome.

It is known that for a sample of size, say N, I-llN is the asymptotic
covariance matrix of the maximum likelihood estimates of the parameters, and
the diagonal elements of I-llN are the variances of the asymptotic distri-

butions of these estimates. Combining this fact with the above assertion, we



conclude that for estimating the parameters of a mixture of two exponential
distributions, which are not well separated or with a mixing proportion close
to zero, a huge sample is required and the estimation may be impractical,

We now look at a numerical example. Consider a mixture of two
exponential distributions with @, = .18, a, = .20, p= .7. Here we have
h = .9. We have computed the information matrix by different methods. They
all agree at least up to four decimal figures and the result is the symmetric

positive definite matrix

T16.0462  5.5111  ~0.4105
I= 1.9725 -0.1440
0.0106
Finally, we have provided a short table for the standard elements
of the information matrix, which may be useful in practice for finding the

information about all or some of the parameters.

ACKG{OWLEDGVEINT, The author is indebted to Mr. J. O. Kitchen for his
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the table.
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