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ABSTRACT

This paper presents a numerical method for computation of the Fisher in-
formation matrix about the five parameters Hys My Ps 012, 022 of a mixture
of two normal distributions. It is shown, by using a simple transformation
which reduces the number of parameters from five to three, that the computation
of the whole information matrix leads to the numerical evaluation of a parti-
cular integral. The Hermite-Gauss quadratuse formula, the Romberg's algorithm,
a power series, and Taylor's expansion are applied for the evaluation of this
integral and the results are compared with each other,

A short table has been provided from which the approximate information

matrix can be obtained in practice.

1. INTRODUCTION

Consider
f(x) = pf;(x) + qf,(x) (1.1)
where fj(x) is a normal density with parameters uj and ojz, j=1,2,
with 0 <p <1 and q = 1l-p. The function £f(x) is the probability density
function of a mixture of two normal distributions with mixing proportions p

and q. The point estimation of the parameters of this distribution has re-

cently received some attention in the literature {1, 3, 4, 6]. However, due to
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the complexity of the problem, there is no simple way to measure the precision
of the estimators obtained by different methods or to consider optimal sample
size for specified precision. A convenient statistical measure which can be
used for assessing the sample size before experiment and evaluating the approx-
imate precision after estimation is the Fisher information, whose properties
are well-known.

This paper presents a numerical method for computation of the Fisher in-
formation matrix about the five parameters His Hys P 012, 022 of a mixture
of two normal distributions, which can even be extended to finite mixtures of
more than two normal distributions. The first work related to this paper is
by Hill [8], who gives a general power series for computing the Fisher infor-
mation of the proportion p in a mixture of two densities. In particular, he
considers the case of exponential mixture and normal mixture with equal vari-
ances in more detail. The information matrix is also computed by the author
in [2] for the special case of a normal mixture with equal variances.

Our attempt here is to show that the computation of the whole information
matrix leads to the numerical evaluation of a particular integral, by using a
simple transformation which reduces the number of parameters from five to
three positive ones. The Hermite-Gauss quadrature formula, the Romberg's
algorithm, a power series, and Taylor's expansion are applied for the evalu-
ation of this integral and the results are compared with each other. A short
table has been provided from which the information matrix can be easily com-

puted in practice.



2. InrorMaTION MATRIX

Let X be a random variable with the probability density function £(x,6)
depending on an h-dimensional parameter 6 = (61,82,...,Gh). The information
matrix that we shall use is that of Fisher, namely, the symmetric positive def-

inite hxh matrix I(9) = ||I(es,et)|| with

3 Log £(x,8) . 3 Log f(x,ei}’ st =12 ... h 2.1

1(6g,6,) = E|° 360, 26,

where the expectation is taken with respect to the density £(x,68), and it is
assumed that all the derivatives and expectations in question exist.
Simple calculation shows that for the density (1.1) the following

relations hold for i = 1,2.

o Log £(x) _ Pi |¥Hy| £

aui o | 9 £(x)

£f.(x) '
o_Log £(x) _ 2
P % 1 £ (%) (2.2)

2 Log £(x) _ _P1 [x‘“i}z_l £ ()

aoiz 2012 A % £Gx) 2

where P; =P and P, = 4. For 1i,j = 1,2 and m,n = 0,1,2, Ilet
© x-p.ym (X-p.yn £, (X)f, (%)

M (£ ,£,) = J [ 1] [——i] e S R (2.3)
m 4’7 o L Oy cj f(x)

It is easy to show that the improper integrals (2.3) exist. Now, using (2.1)-
(2.3), we obtain the following items, which we call the scaled elements of the

information matrix.
cich(ui,uj) = pip:j Mll(fi,fj)
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2 2y = 1 -
0,04 T(uy504%) 5 My (£, £, M5 (£5,£.)]
, , P4q
0,°0,1(u,,04%) = =5 [My, (£, £))-My, (£;,5,)]

) (2.4)
I(Pap) = Ea‘[l-Moo(flafz)]
9 71@,0,%) = 5 DMy (Ep,£)) My (£, £))]

1
2
2 2y o 1 -
02 I(p’oz ) 2 [Moz(flafz) Moo(fl’fz)]
Pq

2~ 2 2 2 _ -
0,%0,°1(0,%,0,%) G Moo (EysEy) My (£y,£)) My, (£, £5) 4y, (£,£)) ]

L 2 2 = e -
0y 10047504 i Moo (Ey»£0)-2My 5 (£, €)My, (£, €)1,

Denoting the information matrix, in the order Mys Hys P 012, 022 for
the parameters, by I = ||I(s,t)|| and the scaled information matrix by
J=|lJe,t)]|, s,t =1,...,5, and considering the diagonal matrix
1/o

A = diag. (1/o 1, 1/012, 1/022), we have

1’ 29

I = AJA. (2.5)

Hence to compute I, it is enough to compute J and then apply (2.5).

3. A TransFORMATION FOR CaPuTING THE MATRIX g

To compute the matrix J, we have to find the numerical values of the in-
tegrals (2.3) which depend on five parameters 1y, Mys Py 012, 022. However,
the following simple transformation shows that these integrals, in fact, are
functions of only three positive parameters up to a sign factor.

Let o, <o, without loss of generality. Now consider the linear trans-

formation

y = e(x-u)/o (3.1)



assuming that € =1 for My S, and e = -1 for ¥y > Hys where

b= Gyt /2, g = vYo0,. (3.2)
Take also
D = qu-u1|/20, r = 01/02, (3.3)

where D 20 and 0 < r £ 1, One can easily show that the transformation

(3.1) sends the density function (1.1) to the density function

gly) = pg;(y) +qg,(y), (3.4)
where, for i = 1,2,

g, ) = WYZmE) expl-(y-D,)*/2r,] (3.5)

1= and T, = 1/r. Thus, by using

the transformation (3.1), the normal mixture (1.1) with five parameters is

with the conventions D1 = -D, D2 =D, r

reduced to (3.4), say, the standard normal mixture with three positive param-
eters D, p, r.

It is obvious that under the linear transformation (3.1) the formula (2.3)

becomes
mwn _ -m/2 _ -n/2
an(fi’fj) = € ri rj Gmn(gi’gj) (3'6)
with
G (84084) = J_m (y-D)" (y-Dj)n g8; (v) 8,(y)/g(y)dy. (3.7)

As the formulae (2.4) show, the sign factor g™ only affects the elements
I(u;,p) and I(ui,ojz), for 1,j = 1,2, when u;, > u,. Thus, to make the

tabulation of the results easier, we can assume, as well, that Hy < U, and
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eliminate ¢ ; whenever Wy > Hys we just give a minus sign to the above

mentioned elements which depend on u, and M, through D = luz-u1|/25.

ly, HermiTE-GAUsS QUADRATURE AND RoMBERG'S ALGORITHM
FOR COMPUTATION OF Gy (81 184)

The Hermite-Gauss quadrature formula for a convergent integral of the form

® 2
I(G) = J e 2 G(z)dz (4.1)
is
N
1(6) = ) w G(z) + Ry(6), (4.2)
k=1

where 2 and Wy which are referred to respectively as nodes and weights,
can be determined through some appropriate Hermite polynomials and they are

already known and tabulated [7, 9]. The summation ZE=1 ka(zk) approximates

I(G) with the remainder
R = m /e @2t ant, (4.3)

where z is a real number. In general, the size of RN(G) depends on the be-
havior of the derivatives of G(z) over (-»,»), and it cannot be easily
estimated. To guarantee a sufficiently small error, it is desirable that these
derivatives remain bounded with a small supremum over (-=,®).

Now we show that the integral (3.7), by introducing the suitable factor
exp(—ryzlh), can be put in the form (4.1) with a bounded function G(z) and

bounded derivatives G(N)(z). For this purpose we write

gi(y)gj W/gly) = (4.4)

exp(-ry2 /)] 1og, g, T8, M) + ag, ey gy I erntry /),



and we use the transformation z = y/r/2 to obtain

« 2
-z
Gmn(gi’gj) = cmnij J € Gmnij

-0

(z) dz, (4.5)

where simple calculation shows that for m,n = 0,1,2 and 1i,j = 1,2,

r-(m+n)/2 r -1/2 r.—l/2 V2l

Conij i i
VRON (2z-ni/¥)m(2z-nj/5)n/ [pexpQy 4, (2) + qrexpQ ;) (2)]
Qi@ = A 2% + Byge 2+ Gy 6
Apge = 2Q@rg+ 1ry - Un - x/))/x
Bk = -2(D, [ty + Dj/rj - Dk/rk)//f
Cope = @, %/, + Djz/rj -0 %1e /2.

The relations (4.6) show that the function Gmnij(z) and its derivatives
are bounded on (-*,® ). So, the remainder (4.3) for this function goes to
zero as N becomes large, and the numerical value of Gmn(gi’gj) can be
approximated by Xg=l Wp Gmnij(zﬂ)‘ However, it is noticed that when r is
very small the contribution of Gmnij(zﬂ) to the summation, for large values

of may be very trivial due to the largeness of the exponential terms

Zps
exp Qijk(z£)° This causes a slow convergence and sometimes it leads to poor
approximations. To obtain more accurate results, we apply the Romberg's
algorithm, which is known [10], for the numerical evaluation of (4.5) when r
is small. This can be done by breaking the range of integration and using some
appropriate transformations to change the integral (4.5) into sum of three
integrals on the interval (0,1).

The function Gmni (z) 1is so complicated that we cannot find an estimate

3

for the remainder term though the computation shows that our results are

accurate at least up to four decimal points. To have a better check on the



results, in the next section we introduce some power series for the numerical

evaluation of Gmn(gi’gj)'

5. SoME Power SERIES ExPANSIONS FOR THE COMPUTATION OF

Gm(gi’gj)

In this section, we mention briefly some power series expansions for the
evaluation of the integral (3.7), and we compare some of the results with the
above approximations.

First we use a serles expansion similar to the one employed by H111>[8]
for the computation of I(p,p), in the special case that 012 = 022. We ob-

serve, from (3.4)-(3.5), that

gi(y)gi(y) ) 1 hi(y)hj(y) 5.1
g(y) m-;i-—rj-/—r h(y) i
where
h(y) = phl(y)+qrh2(y) (5.2)
with
h (y) = expl-G-dp%/2r;1, 1=1,2. (5.3)

Now, it is easy to show that phl(y)/qrhz(y) <1 if y 4is in the interval

(-» a;) or (o,,®), with o) < a,, and qrhz(y)/ph(y) <1 1f y 4is in the

interval (“1’“2)’ where o, and a, are the real roots of the equation
(1-r2)y? + 0 (+2)y + D2 (1-r?) - 2r Log (v/ar) = O, (5.4)

if such real roots exist. When the roots are imaginary or equal,

phl(y)/qrhz(y) <1 for all y. If r =1, then phl(y)/qrhz(y) <1 for vy
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in the interval (o,») and qrhz(y)/ph(y) <1 for y in the interval (-=,a),
where o = £Log (p/q)/2D. Dividing the numerator and denominator of (5.1) by
qrhz(y) or phl(y), breaking the real line into appropriate intervals, using

geometric expansions, we obtain

1 P ! @ _ ®
G ( '8 ) = - J ( )d + J ( )dy + J (Y)dy s (5~5)
m gi j ‘/zﬂ-rirj /r NZO [—co HN yjday . H'N y o HN ]

1 2
where
) = -DH™ -d )" ¢ (¥)
Hy 1 30 Oy (5.6)
By = =D D) Fy(y)
with
by = = (-l]N h, (Dh, b, L) [h, )/, 1Y
N qr | qr i 3 2 1 2 (5.7)
N -1 N
By = .;_[:gz] by (b, (b T G by (3D /8y (T

It follows from (5.2)-(5.3) and (5.7) that ¢,(y) and $N(y) are constant
multiples of normal demsities. Thus, the computation of the integrals in
(5.5) leads to computation of truncated moments of a normal distribution, which
is already known [5]. The advantage of the method is the fact that we can
approximate Gmn(gi’gj) by an alternating series and estimate the error,
although the computation is rather heavy.

When r < 1, the equation (5.4) has imaginary or equal roots if and only

if

p? < (1-r?) Log(qr/p)/2r. (5.8)

]

In this particular case, we have only the integrals J HN(y)dy in (5.5) to
-c0

evaluate. As an example, after doing the necessary calculation, we obtain the

following expression for GOO(gl’gZ) when (5.8) holds:



10

Goo(8108,) = é%— zo Y raN’llz exp[ 20 EN (W) /3, - oN/2r], (5.9)
N=
where
ay = N(1-r?) + 1, N=0,1,... . (5.10)

Now, the information about p Dbecomes

I(P,P) = [l = Goo(glsgz)]/PQo (5.11)

Another power series, which leads to calculation of the first few moments
of normal densities, may be obtained by using the fact that 0 < h(y) <1 for
all y in (-»,») and expanding 1/h(y) = 1/[1-h(y))]. For this series, the
calculation is simpler, but the convergence is slow.

Finally, when the mixed densities are not well separated, i.e., D 1is
close to zero and r close to 1, calculation shows that the Taylor approxi-
mation of gi(y)gj(y)/g(y), as a function of D and r, in the neighborhood

of the point (0,1) is of the form Pij(y)¢(y), where P, (y) is a polynomial

ij
whose coefficients depend on D, p, r and ¢(y) 41is the standard normal den-
sity. Now it is easy to find an approximate value for Gmn(gi’gj)' As an ex-
ample, we have found the following expression for I(p,p) by using the first

six terms of the Taylor series when D is close to zero and r close to one:

I(p,p) = 4D% + 2(1-r)% + 12(2p-1) (1-1)D% + 2(1-1) 3(4p-1). (5.12)

To compare the above numerical methods, we have computed I(p,p) for some
values of D, p, ¥ by the Hermite-Gauss quadrature with 14 terms, by the
Romberg's algorithm with 8 iterations, by the power series with 25 terms, and
by the Taylor series with 6 terms. The results are given for comparison as

follows:
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- Parameters The Values of I(p,p)

D p r |Hermite-Gauss Romberg, Power Series Taylor
.05 .3 .95} .01438 0.01431 .01438 .01445
.06 .3 .947 .02051 0.02044 .02051 .02065
.07 .3 .93] .02765 0.02757 .02764 .02789
.08 .3 .92{ .03576 0.03568 .03575 .03614

We observe that all these methods agree with each other up to three or
four decimal figures,

We have provided a brief table of the elements of the standard information
matrix for some values of D, p, r, which may be useful in practice for finding
the information matrix about all or some of the parameters.

There are two special cases which should be considered separately:

¢h) A mixture of two normal densities with equal variances 02 and

different means u and My i.e., when r=1 and D#0

1
(2) A mixture of two normal densities with equal means u and different
variances 012 and 022, i.e., when D=0 and r # 1.
In these two cases the information matrices are 4x4 and it is easy to verify,
by using the relations (2.1) and (2.2), that these matrices can be obtained
from the 5x5 information matrix I according to the following rules:
In the first case, we add termwise first the last two rows and then the
last two columns of I to obtain the information matrix about Hys Hys P 02,
In the second case, we add termwise first the first two rows and then the
first two columns of I to obtain the information matrix about u, p, 012, 022.
We observe from the relations (2.4), that when D goes to zero and r
goes to one, that is when the mixed densities become closer and closer to each
other, the information matrix I approaches to a singular matrix continuocusly,

with some diagonal elements equal to zero. The same assertion is true when p

goes to one or zero.
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It is known that for a sample of size, say N, I-l/N is the asymptotic

. covariance matrix of the maximum likelihood estimates of the parameters, and
the diagonal elements of I—I/N are the variances of the asymptotic distri-
bution of these estimates. Combining this fact with the above assertion, we
conclude that for estimating the parameters of a mixture of two normal distri-
butions with mixed densities, which are not well-separated, or with a mixing
proportion close to zero we need a huge sample, and the estimation may be im-
possible.

We now look at a numerical example. Consider a mixture of two normal dis-
tributions with u = 6v5, u, = 2/5, p=.5, o, =4, o,=5. Since D=1,
p=.5 r=.8 and My > Hyo from the table we obtain the symmetric positive
definite matrix

0.3252 -0.0402 0.4026 0.0957 0.0461
0.3.46 0.4864 ~0.0212 -0.1016

’ J = 2.1923 -0.1237 0.1448) .
0.1511 -0.0297
0.1517

Using I = AJA with A = diag(1/4, 1/5, 1, 1/16, 1/25), we have the infor-

mation matrix

0.0233 -0.0018 0.1007 0.0015 0.90005
0.0126 0.0973 ~-0.0003 ~-0.0008

I = 2.1923 -0.0077 0.0058| .
0.0006 0.0000
0.0002

ACKNOWLEDGMENT: The author is indebted to Mr. J. O. Kitchen of the
Department of Statistics, University of North Carolina, for his cooperation with

programming and useful comments in the preparation of the table.
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