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Information-Theoretic Limits on Sparsity Recovery
in the High-Dimensional and Noisy Setting

Martin J. Wainwright, Member, IEEE

Abstract—The problem of sparsity pattern or support set re-
covery refers to estimating the set of nonzero coefficients of an un-
known vector 3* € RP based on a set of n noisy observations.
It arises in a variety of settings, including subset selection in re-
gression, graphical model selection, signal denoising, compressive
sensing, and constructive approximation. The sample complexity
of a given method for subset recovery refers to the scaling of the
required sample size » as a function of the signal dimension p, spar-
sity index % (number of non-zeroes in 3*), as well as the minimum
value (,in of 3* over its support and other parameters of measure-
ment matrix. This paper studies the information-theoretic limits
of sparsity recovery: in particular, for a noisy linear observation
model based on random measurement matrices drawn from gen-
eral Gaussian measurement matrices, we derive both a set of suf-
ficient conditions for exact support recovery using an exhaustive
search decoder, as well as a set of necessary conditions that any de-
coder, regardless of its computational complexity, must satisfy for
exact support recovery. This analysis of fundamental limits com-
plements our previous work on sharp thresholds for support set re-
covery over the same set of random measurement ensembles using
the polynomial-time Lasso method (/| -constrained quadratic pro-
gramming).

Index Terms—Compressed sensing, (-relaxation, Fano’s
method, high-dimensional statistical inference, information-the-
oretic bounds, Lasso, model selection, signal denoising, sparsity
pattern, sparsity recovery, subset selection, support recovery.

I. INTRODUCTION

UPPOSE that we are given a set of n observations of a

fixed but unknown vector 5* € RP. In a variety of settings,
it is known a priori that the vector 3* is sparse, meaning that its
support set S—corresponding to those indices ¢ for which 3%, is
nonzero—is relatively small, say with size |S| =: k < p. Spar-
sity recovery refers to the problem of correctly estimating the
support set S based on a set of noisy observations. This sparsity
recovery problem is of broad interest, arising in various areas,
including subset selection in regression [24], structure estima-
tion in graphical models [22], sparse approximation [10], [25],
signal denoising [7], and compressive sensing [11], [S].
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A great deal of work over the past few years has focused on
the performance of computationally tractable methods, many
based on ¢;-norm or other convex relaxations, both for recov-
ering the exact sparsity pattern as well as related problems in
sparse approximation. We provide a brief overview of those
parts of this extensive literature most relevant to our work in
Section I-A. Of equal interest and complementary in nature,
however, are the information-theoretic limits associated with the
performance of any procedure for sparsity recovery. Such un-
derstanding of fundamental limitations is crucial in assessing
the behavior of computationally tractable methods. In particular,
there is little point in proposing novel methods for sparsity re-
covery, possibly with higher computational complexity, if cur-
rently extant and computationally tractable methods achieve the
information-theoretic limits. On the other hand, an information-
theoretic analysis can reveal where there currently exists a gap
between the performance of computationally tractable methods
and the fundamental limits. Indeed, the information-theoretic
analysis of this paper makes contributions of both types.

With this motivation in mind, the focus of this paper is on
the information-theoretic limitations of sparsity recovery. In
particular, our analysis focuses on the noisy and high-dimen-
sional setting, meaning that the observations are contaminated
by noise, and all three problem parameters—the number of
observationsn, the model dimension p, and the sparsity index k,
defined below—may tend to infinity. Our main results, stated
more precisely in Section II, are necessary and sufficient condi-
tions for subset recovery, stated in terms of the triplet (n, p, k)
as well as signal-to-noise parameters such as the minimum
value fmin of the signal 3* € RP and the noise variance o2.
More specifically, our analysis applies to the class of random
Y-Gaussian measurement ensembles, in which each measure-
ment is based on the inner product between 5* and a random
p-vector X; ~ N(0,%). As a special but important case,
this model includes the standard Gaussian ensemble in which
X;; ~ N(0,1) are independent and identically distributed
(ii.d.), obtained by setting > = I, ,,. In this paper, we derive a
set of sufficient conditions for asymptotically perfect recovery
using an exhaustive search decoder, as well as a set of necessary
conditions that any decoder must satisfy for perfect recovery.
The analysis given here complements our earlier paper [31]
that established precise thresholds on the success/failure of the
Lasso (i.e., £1-constrained quadratic programming) for sparsity
recovery.

The remainder of this paper is organized as follows. In Sec-
tion I-A, we provide a more precise formulation of the problem,
and a brief discussion of past work, whereas Section II pro-
vides a precise statement of our main results, and a discussion of
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their consequences. Section IV provides the proof of the suffi-
cient conditions, based on analyzing the oracle decoder, whereas
Section V provides the proof of the necessary conditions. More
technical aspects of these proofs are provided in the Appendices.
We conclude in Section VI with a discussion of open directions.

A. Problem Formulation

We begin with a more precise formulation of the problem, as
well as a discussion of previous work, with emphasis on that
most closely related to the results in this paper. Let §* € R? be
a fixed but unknown vector; we refer to the ambient dimension
p as the model dimension. Define the support set of 3* as

S:={ie{l,...,p}|8"; # 0} ey

We refer to its size k := |S| as the sparsity index. Consider the
observation model

y=X0"+w 2

where 4y € R"™ is a vector of observations, X € R™*? is the
measurement matrix, and w € R™ is additive observation noise.
We assume throughout the paper that w ~ N (0,021, %y, ).

1) Error Metrics: Consider some method that generates the
vector 3 € RP as an estimate of the truth 3*. There are various
distinct criteria for assessing how close the estimate is to the
truth, including

« various £, norms E||3 — * ||4, especially £ and /1, or

* some measurement of predictive power (e.g., E|ly — 9|3,

where ¢ is the estimate based on 3).
Given the abundance of recent results on sparse approximation
(not all of which are mutually comparable), it is particularly im-
portant to specify up front the choice of error metric. In this
paper, we focus exclusively on the sparsity recovery problem,
for which the appropriate error metric is simply the 0-1 loss as-
sociated with the event of recovering the correct support S—viz.

p(B,B%) =1{Bi #0 VieS}n{B;=0 Vi¢S}. (3)

Of interest are conditions on the triplet (n, p, k) as well as prop-
erties of the signal vector 8* and design matrix X under which
exact support recovery is either possible, or impossible.

2) Past and Ongoing Work: A great deal of recent work has
studied the behavior of /; -relaxations for sparse approximation,
including linear programming techniques [7], [12], [5], [14] and
{1 -constrained quadratic programming [7], [13], [29], known as
the Lasso in the statistics literature [22], [28], [36]. Some pa-
pers in this growing literature have provided conditions under
which estimation of a noise-contaminated vector via the Lasso
[29], [13] or other types of convex relaxation [6] is guaranteed
to be stable in the /5 sense; however, it should be noted that
such /5-stability does not guarantee exact recovery of the un-
derlying support set. Most directly related to this paper are re-
sults, applicable to ¢ -constrained quadratic programming or the
Lasso, that provide sufficient conditions [22], [36], [31] or nec-
essary conditions [31] on the amount of data required for subset
recovery (i.e., with the error metric (3)). These results isolate
a mutual incoherence property [17], [29] of the design matrix
that must be satisfied for the Lasso to succeed in recovering the
support, and the paper [31] provides sharp scalings on (n, p, k)
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that demarcate the boundary between success and failure. As
we discuss in the sequel, our results show that the exhaustive
search decoder can recover the support set for design matrices
for which the /;-based Lasso fails with high probability (see
Section III-B), or for sample sizes in which the Lasso fails with
high probability (see Section III-A.2).

Some past work on sparse linear regression [1], [27], [16]
shares the information-theoretic motivation of this paper, but fo-
cuses on the rate—distortion perspective (i.e., under the /5-loss),
as opposed to the subset recovery metric (3) of interest here.
Since this paper was first posted [30], a number of papers have
followed up on the information-theoretic limits of the subset re-
covery problem. Akcaya and Tarokh [2] analyzed the perfor-
mance of a certain type of “joint typicality decoder,” obtaining
similar results for the support recovery problem studied here
as well as various results for partial support recovery metrics
(e.g., metrics in which it is sufficient to recover a large frac-
tion of the support, as opposed to any element of the support).
Their analysis is based on the same framework and type of par-
titioning scheme, but uses alternative large deviation bounds
based on concentration of empirical entropies (joint typicality).
Reeves and Gastpar [26] analyzed the partial support recovery
problem in the regime of linear sparsity (i.e., K = ap for some
a € (0,1)), and showed that the signal-to-noise ratio (SNR)
must tend to infinity in order for exhaustive search decoders
to succeed. In subsequent work, Fletcher et al. [15] used direct
methods to show that for any signal 8* with squared minimum

value 32 . ,any decoder applied to measurement matrices drawn
loggp—k) )

min

measurements. Concurrent work by Wang et al. [32] used re-
finements of the Fano approach from the initial posting of this
work [30], to establish the same scaling for general i.i.d. mea-
surement matrices. Although these extensions did not appear in
the original posting of this work [30], following the reviewers’
suggestion, we have also included in this revised version some
consequences of the refined Fano approach [32] for necessary
conditions (Theorem 2) as applied to the non-i.i.d. 3-Gaussian
ensembles considered here.

from the standard Gaussian ensemble requires n =2 (

Notation: We use the following standard notation for asymp-
totics of real sequences {a, } and {b,}: (i) a,, = O(b,,) means
that a,, < Cb,, for some constant C' € (0, 00); (ii) a,, = Q(bs,)
means that a,, > C’b, for some constant C’ € (0, 00); (iii)
an = ©(b,) is shorthand for a,, = O(b,,) and a,, = Q(b,,), and
(iv) a,, = o(b,,) means that a,, /b, — 0.

II. STATEMENT OF MAIN RESULTS

The analysis of this paper applies to the high-dimensional
setting, in that all three elements of the triplet (n, p, k) are per-
mitted to tend to infinity. We provide both positive results—that
is, scalings of the triplet (n,p, k) and associated signal/mea-
surement parameters such that an exhaustive search decoder can
recover the exact support with high probability—and also con-
verse results, meaning scalings for which the probability of suc-
cessful support recovery remains bounded away from zero for
any method. Although we allow for completely general scaling
of this triplet, our results can also be specialized to two partic-
ular cases of sparsity scaling: (a) the linear sparsity regime e.g.,
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[5], [12], in which &k = ap for some a € (0,1); or (b) the
sublinear sparsity regime, e.g., [22], [36], in which k/p tends
to zero. Depending on the underlying motivation for sparse ap-
proximation, both of these sparsity regimes are of independent
interest. In covering the full range of scaling, the results given
here are complementary to those of our previous paper [31] that
provided threshold results, also applicable to general scaling of
(n, p, k), for the success/failure of the Lasso when used for spar-
sity recovery with general Gaussian measurement ensembles.

We focus on the linear observation model (2) in the noisy
setting (02 > 0), with the measurement matrix X € R"*?
drawn from the >-Gaussian ensemble, meaning that each row
X; € RP is drawn i.i.d. as X; ~ N(0,%) for: = 1,2,...,n.
Note that setting > = I}, ,, yields as a special case the standard
Gaussian ensemble, for which X;; ~ N(0,1) is i.i.d.

In addition to the three parameters (n, p, k), our results also
highlight the importance of some other parameters associated
with the signal ensemble. In particular, both the sufficient and
necessary conditions require control of the minimum value of
the unknown vector 3* on its support. Consequently, for a given
minimum value fp,i,, we consider the class of signals

U(Bmin) = {6* € RP||5]| > Bmin forall i € S(5%)} (4)

where S(3*) is the support of 3*. Our results show that the SNR
parameter 32, /o2, as opposed to the more traditional mea-
sure ||3*||3/o? that would arise in assessing /5 error, is the key
quantity that controls subset selection. Indeed, we show that the
quantity ||3*]|3/o? can be arbitrarily large without having any
effect on the difficulty of subset recovery.

A. Decoders and Error Probabilities

A decoder 7 is a mapping from the pair (y, X) € R™ x R"*P
to the family

&= {T|T C{1.2,....p}, |T| =k}

of all k-sized subsets of {1,2, ..., p}. The output S = P(y, X)
corresponds to the decoder’s best estimate of the unknown un-
derlying subset. The underlying true vector §* € RP is fixed but
unknown. We focus on three different types of error, depending
on whether (a) the error probability is taken conditionally on a
fixed support set S, or (b) the error probability is averaged over
a support set .S chosen uniformly at random (u.a.r.) from all (1,:)
possible k-sized subsets, or (c) the error probability is worst case
over a support set S chosen in an adversarial manner. In partic-
ular, in the case that 8* has fixed but unknown support S, we
define the S-based error

qs() == Pl(y, X) # S| 5] ©))

Here the probability Py (y, X) # S|S] is taken over the
random measurement ¥, or equivalently, over the observation
noise w and random design matrix X, with the underlying sup-
port being S, with the probability taken over the measurement
noise w and the choice of random design matrix X. When S
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is viewed as a random variable, chosen u.a.r., we define the
average error probability

Gose1) = [Es[qsw))]:% S as).  ©

k) {se&,}

Finally, when S is chosen in an adversarial manner, we define
the worst case error probability

qmax(z/)) = {;Iéaé)i} (]S(/l/}) (7)

B. Design Covariance Parameters

Our second set of parameters involve the covariance matrix
Y that defines the X-Gaussian ensemble of design matrices, in
which each row of the design matrix X € R"*? is drawn i.i.d.
from the p-dimensional N (0, 3) normal distribution. We begin
with the key quantities that arise in our sufficient conditions,
as stated in Theorem 1. Given a pair (S,7T) € &} x &, with
S # T, we define the |S\T| x |S\T'| matrix

(T, S) = Ss\mys\r — Ss\ryr (Brr) " Srsvry- (8)

Note that I'(T’, S) corresponds to the Schur complement [19] of
the |[SUT| x |SUT| matrix ¥ gur,sur with respect to the sub-
matrix Y. With the support set S viewed as fixed, we define
the quantity

min

Y) =
ps(%) {Te6\S}

)\mm(r(T S)) (9)

As will be clarified in our analysis, this quantity controls the
relative distinguishability of subsets S and 7" under the expo-
nential search decoder. For the case of average and worst case
error probabilities, we define the uniform bound

uni ¥):= i by
Puni(>) {;relglk}ps( )
= min  min Ay (T(T, S)). (10)

{SEG,L}TEBGL\S

Note that all of these quantities are extremely simple in the case
of the standard Gaussian ensemble (X = I p); in particular,
we have I'(T', S) = I5\7|x|s\7| for all pairs of distinct subsets
(S,T) € 6 x G, and hence ps(X) = 1 forall S € &, and
moreover puni(X) = 1.

A closely related set of quantities arise in the statement of our
necessary conditions on any algorithm, as stated in Theorem
2. In particular, letting S denote a subset chosen uniformly at
random from &, we define

Wave(X) := Eg | min min
tes {z,,,,uE{t}USCJz,,,\2%

2

(1)

>

u,we{t}USe

(Euuzz + EUUZS - zzuuzuzv)
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As our analysis will demonstrate, this quantity measures the dif-
ficulty of distinguishing a subset .S from the collection of subsets
T that differ from it in only one position. The second quantity
that we define plays a role in specifying the bulk effect of all
subsets in &,

whu(X) == Eg 2EYsszs| - (12)

min

{zs€R¥ | |2;[>1 Vj}

As with the quantities (pg, puni) involved that arise in the
statement of Theorem 1, these quantities are especially simple
for the case of the standard Gaussian ensemble (X = I,y ,); in
particular, we have waye(Iyxp) = 1 and wiy(Ipxp) = k. More
generally, the quantity way.(X) is closely related to the quantity
puni(S); in particular, letting 3, ,, denote the 2 x 2 submatrix
of ¥ indexed by (u, v), we have the inequality

(a) ®)

wa\'e(z) Z min )\min(zu,w) Z p11ni(2)~

13
uF#v ( )

Inequality (a) follows from the definition (11), whereas in-
equality (b) follows because by choosing subsets .S and T" such
that S\T = {u,v}, we have

/\min(zu,v) > )\min(zu,v - E(um),T(leT)_IZT,(U,U)>
Z puni(2)~

As mentioned above, these inequalities are met with equality
for the standard Gaussian ensemble (¥ = I,y,); in Sec-
tion III-B, we provide a more general family of matrices for
which Waye(X) = puni(X) (in particular, see Example 2).

C. Statement of Sufficient Conditions

We now have the necessary ingredients to state conditions on
the triplet (n, p, k), minimum value Byin, and design condition
parameters pgs(X) or pun;i(X) that are sufficient to ensure exact
support recovery using an optimal decoder 1* (to be specified
later). So as to simplify the statements of our results, we define
the function

g(cl,p, k7 /Bmim g, p(z))

= (c1 + 2048) max {log (p ; k) ,w} . (14
p(3) =

Here, the quantity p(X) will be set to either ps or puni, de-
pending on the error probability under discussion.

Theorem 1 (Sufficient Conditions): Given a problem instance
(8*,y, X) from the ¥-Gaussian linear observation model (2),
there exists a decoder ¢* with the following characteristics.

(a) For any fixed vector 3* € U(fmin) with fixed support
S € By, if the sample size satisfies

n>ns:= 9(017P:k7ﬂmin70705(2>) (15)
for some ¢; > 0, then ¢gs(9*) < exp(—ci(n — k)).

(b) For the support set S chosen uniformly at random from

&, if the sample size satisfies

> Naye := g(cl7p7 k?ﬂmin707 puni(z)) (16)

for some ¢1 > 0, then gayve(¥V*) < exp(—ci(n — k)).
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(¢) For the support set S chosen adversarially from Gy, if the
sample size satisfies

N > Nyunj = IOg <Z> + 9(617])7 k;ﬂmin; a, puni(z)) (17)

for some ¢; > 0, then gmax(¢*) < exp(—ci(n — k)).

Remarks: Note that there are only minor differences on
the conditions required for the three different types of error
probability. The mildest conditions are required for gg cor-
responding to the error probability associated with a fixed
subset. It requires only bounds on pg(X) from (9)—that is,
only a uniform lower bound on the eigenvalues of the matrices
{I(T,S), T € G,\S}, as defined previously (8). The error
probabilities g,yve and gmax involve any possible subset, and
so require lower bounds on the quantity p,n;(X), which mea-
sures eigenvalues uniformly over T'(T', S) for all distinct pairs
(S,T) € 6 x 6. In addition, the worst case error proba-
bility gmax requires an additional term log (i) in the definition
of 7iyp;, corresponding to the (logarithm of the) number of
possible subsets of cardinality k.

D. Statement of Necessary Conditions

Thus far, we have provided sufficient conditions for an ex-
haustive search decoder to succeed with high probability in re-
covering the support set. Of equal interest and complementary
in nature are necessary conditions that must be satisfied by any
method for reliable recovery to be possible. We state a result of
this nature in this subsection.

Before proceeding, note that for any fixed subset S, it is not
possible to provide any type of lower bound on the probability
infy, P[4 (y, X) # S| 5], since the trivial decoder ¢(y, X) = S
for all (y, X) always achieves perfect recovery in this setting.
Accordingly, it is necessary to lower-bound either the average
probability of error (with S drawn uniformly at random from
G&y) or the worst case probability of error. The following result
provides lower bounds on the sample size for the average error
probability. Since the adversarial setting is not any easier, the
following theorem also provides lower bounds for the worst case
error.

Theorem 2 (Necessary Conditions): Consider the family of
problem instances (/3*,y, X) defined by random Y-Gaussian
designs and the linear observation model (2), with .S chosen uni-
formly at random from &y, If the sample size is upper-bounded

as
p
bg<k> log(p — k)

2 2
8wbu(2) % 4wave(2) lem

o2 o

n < n := max

(18)

then for any decoding algorithm v : (y, X) — G, there exists
a vector * € U(fBmin) such that

Qmax(w) > qavo(dj) = PW(:UX) 7é S] 2

DN | =

The proof of this claim, given in Section V, is somewhat more
indirect in nature, based on the Fano method [8], [18], [20],
[35], [34] in order to lower-bound the probability of error for
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a restricted ensemble, which can be viewed as a certain type of
hypothesis testing or channel decoding problem.

III. SOME CONSEQUENCES OF OUR RESULTS

In this section, we explore some consequences of our re-
sults. We begin by discussing two regimes in which Theorems
1 and 2 provide a sharp characterization of the sample com-
plexity of the subset recovery problem. By comparison to known
threshold results on the Lasso (£1-constrained quadratic pro-
gramming), these results reveal that the Lasso is information-
theoretically optimal in some regimes, while dramatically sub-
optimal in others. We then discuss conditions on the design co-
variance matrix X, and show with an explicit construction that
the exhaustive search decoder can succeed for designs ¥ for
which the Lasso fails with high probability.

A. Consequences for Different SNR and Sparsity Regimes

We begin by discussing some regimes of SNR and sparsity in
which the results of Theorems 1 and 2 provide a sharp char-
acterization of the sample complexity of the subset recovery
problem. In order to make explicit comparisons to the Lasso
(¢1-constrained quadratic programming), we begin by stating its
sample complexity. For random design matrices X drawn from
any X-Gaussian ensemble satisfying a certain mutual incoher-
ence condition (see (25) to follow), Wainwright [31] establishes
a sharp phase transition for the success/failure of the Lasso. If
we assume that Apin(Xss) and the incoherence parameter re-
main bounded away from (p, k), the Lasso threshold [31] is of
the form

NLAS = |:Cll€ + :| log(p k) (19)

ﬁiim/
for constants ¢y, ¢y’ > 0.

1) Regime of Bounded Norm Vectors: We begin by consid-
ering the regime of bounded norm vectors (i.e., ||3*|]2 = O(1)),
which implies (due to k-sparsity of #*) that 32, < < for some
constant co > 0. In this regime, we have the following corollary
of Theorems 1 and 2.

Corollary 1: Consider a signal 8* € RP with 2, = O(3).
Then the information-theoretic sample complexity of subset se-
lection is given by

More precisely, there exist constants (¢, ¢, ¢y, ¢,,”) as follows.
(a) For sequences (n,p, k) such that

) log(p — k)

/

/[31?1111'1/

the exhaustive search decoder has error probability
qmax[w*] S 4eXp(—c(n — k))
(b) For sequences (n, p, k) such that

) log(p — k)

n > <cq,k + (20)

n < <c£k + 21

[3121111'1/

any algorithm fails often—that is, gaye[t)] > 1/2.
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Remarks: By comparison to the Lasso threshold (19), Corol-
lary 1 implies that for signals with 32, = O(1/k), the sample
complexity of the Lasso is equal, up to constants independent
of p, k, and 32 , to the information-theoretic capacity.

Although Theorems 1 and 2 provide matching scalings for
B2, = O(1/k), it should be noted that the conditions do
not match for all scalings of the squared minimum value (3%, .
For instance, if the squared minimum value is constant (i.e.,
(2., = ca for some constant cy), then Theorem 2 implies that
n = clog(p — k) samples are needed, whereas Theorem 1 dic-
tates that n = ¢’log (?) samples are sufficient. It remains an
open question to determine the sharp order of scaling for such
regimes.

2) Consequences for Linear Sparsity: We have seen that the
Lasso is information-theoretically optimal for certain regimes of
the SNR parameter 32 . In contrast, for other regimes of SNR
and sparsity, Theorem 1 reveals a dramatic difference between
the /1 -based Lasso, and the performance of the optimal decoder.
This difference appears in the regime of linear sparsity, in which
k = ap for some « € (0, 1). This linear sparsity regime is par-
ticularly relevant for compressed sensing [5], [11], where the
parameter o corresponds to the fraction of nonzero entries in
a signal to be reconstructed. First, note that if & = ap, then
according to the previously stated Lasso threshold (19), there
is a constant ¢4 such that (for any scaling of the squared min-
imum value 32 ) the Lasso fails unless the sample size satis-
fies n > c4plogp. Hence, the number of samples required by
the Lasso grows faster than linearly (i.e., plog p > p). In sharp
contrast, as long as the squared minimum value 32, does not
decrease too quickly (as made precise below), Theorems 1 and 2
imply that the information-theoretic threshold is n = ©(p) ob-
servations.

The following corollary makes these observations precise. To
simplify the statement, for a € (0,1/2), define the function

tu(av C1, 2_227 CB)
« 2
a+ (2048 4+ ¢4) max{(l —a)h <1 — oz) , 0302/02} (22)
(23)

as well as the function

" ( Co ) (07
ela, =, c3) i = ——.
" o2 4egea fo?

Here h : [0,1] — [0,1] is the binary entropy function h(s) =
—slogs — (1 — s)log(1 — s). With this notation, we havethe
following.

Corollary 2: Consider a signal 8* € RP with linear sparsity
(i.e., k = apforsome « € (0,1/2)). Suppose that the minimum
value 32, = cp-28~ log for some co > 0. Then the information-
theoretic threshold for subset recovery is n < p. More precisely:

(a) Given size n > t,(a,c1,%,ps(X))p, the exhaus-

tive search decoder has error probability gs(¢*) <
4exp(—cin).

(b) Conversely, if n < ty(a, 55, wave(%))p, then the proba-

bility of error of any algorithm is at least 1/2.

Remark: Note that we have

. C2
hm+ ty (a, C1, 2 /’S(E)) = 0.

a—0
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Consequently, for any fixed SNR constant ¢, and design param-
eter pg(X), for sufficiently small fractions « € (0, 1), the op-
timal decoder can recover with n/p < 1. We note that the con-
stant 2048 in the definition (22) of the threshold function ¢,, is
far from optimal,! but it certainly could be improved by more
careful control of constants in the large deviations analysis.
Proof: Recall the required sample size from (15) of The-
orem 1. Under the stated conditions of the corollary, the ratio
fig /p is given by
log (")
p logap

log((1 - a)p) «

C2€3

a+ (¢1 + 2048) max

For @ € [0,1/2] and p > 2, we have logl(()éi;a)p < 2. Moreover,
from standard bounds on binomial coefficients (see bound (54)

in Appendix C), for @ € [0, 1/2], we have
07
j— a ’

log (U ;pa)p> <p(1-a)h (1

Combining the pieces yields the stated claim in part (a).
Turning to the claim in part (b), from Theorem 2, we know

that at least % samples are required. Substituting
in32. = % and k = ap, we obtain
log(p—k) _ log((1—a)p)
4wave(2) ]gﬂin/o_2 4wave(2) (‘QIOng
o?ap
_ o log((1 — a)p)
dwave(¥) 2% log ap
ap

> Tr
T Awave(X)F

where the final inequality uses the fact that « € (0,1/2).
In summary, for a squared minimum value scaling as

2. > % for some constant cp, Corollary 2 demon-
strates that the Lasso is highly suboptimal in the linear sparsity
regime k = ap. Regardless of the linear fraction « and the
squared minimum /32, . success of the Lasso for support

recovery [31] requires the number n of samples to scale so
quickly such that n/p — +oc.

As pointed out by one of the reviewers, results by Candes
and Tao [6] on the Dantzig selector (an ¢;-based relaxation)
apply to the linear—linear regime of Corollary 2. In particular, for
measurement matrices X drawn from the standard Gaussian en-
semble, they establish bounds on the mean-square error (MSE)
prediction as well as on the /5 error ||3 — 3||3 of the Dantzig
selector. These results show that for the case of design ma-
trices X drawn from the standard Gaussian ensemble (with i.i.d.
N(0,1)) entries, a sample size of

n < klog(p/k) (24)

is sufficient to achieve a squared /- reconstruction error that
is bounded. Related results by Meinshausen and Yu [23] and
Bickel et al. [3] have similar consequences for the Lasso.

IAs pointed out by a reviewer, it requires that @ & 10~* for a meaningful
result.

5733

In the context of this paper (which focuses exclusively on
support recovery), we note that the criteria of support recovery
is related to but distinct from the criteria of prediction error
E|ly — X 3|2, or on the /5 reconstruction error ||3 — 3*||2. On
one hand, given a procedure that correctly recovers the support
S of the unknown vector (3*, then of course we can simply re-
strict our problem to the subset S, and use standard methods
(e.g., ordinary linear regression) to obtain estimates with good
MSE prediction or ¢ error. In the opposite direction, however,
an estimate 3 can be close to 3* but still have a different sup-
port than the true vector §*. Indeed, as discussed above, for stan-
dard Gaussian matrices, the sample size (24) guarantees that the
Dantzig selector and Lasso achieve /5 errors that are bounded.
As pointed out by one of the reviewers, if the minimum value
OBmin Were also strictly bounded away from zero and if ﬁ also
had entries bounded above by [, then an estimate 3 such
that |3 — 8*]3 = O(X%L) — O(1) would be sufficient to
guarantee support recovery. However, in the regimes of prac-
tical interest, the minimum value (3,,;,, decreases to zero at some
rate (€.g., Amin = O(1/Vk) when 3* has constant £, norm), so
that /5 recovery with constant error bounds is not sufficient. In-
deed, a consequence of the results of Wainwright [31] is that the
Lasso requires n < klog(p — k) samples to perform support
recovery, which scales much more rapidly than klog(p/k) in
the case of linear sparsity. Theorem 2 demonstrates that when
Bain = O(1/VE), this klog(p — k) scaling—as opposed to
klog(p/k)—is unavoidable for subset selection.

Moving onto consideration of arbitrary methods, a conse-
quence of Corollary 2 is that no method can recover the support
exactly with n = O(p) observations unless the squared min-
imum value is lower-bounded as 32, > %. Nonetheless,
it is an interesting question to consider the subset selection per-
formance of other computationally efficient methods.

B. Conditions on the Design Covariance

It is worthwhile comparing the conditions on the design ma-
trix Y imposed by Theorems 1 and 2 to those conditions im-
posed in past work on /1 -based methods. One set of conditions,
sufficient for guarantees in terms of /5 or prediction error, are
based on restricted isometry properties (RIP) [5], [12], requiring
that the condition numbers of various submatrices of the matrix
XT X /n are uniformly very close to one. (For instance, among
other conditions, RIP requires the bound % < 146, for
a suitably small ¢.) By known concentration results in random
matrix theory [9], such RIP conditions hold with high proba-
bility for design matrices X whose columns are close to orthog-
onal (e.g., for X drawn from the standard Gaussian ensemble
with ¥ = I,x, and n < klog(p/k)). It should be noted that
these RIP conditions, while sufficient, are far from necessary to
obtain bounds on /5 or prediction error; we refer the reader to
Bickel et al. [3] for a much weaker set of conditions for ¢5 and
prediction error consistency.

By contrast, the focus of this paper is on the problem of exact
support recovery, for which a related but distinct set of condi-
tions on the design covariance Y are known to be necessary
and sufficient. First, successful Lasso-based support recovery
requires that the minimal eigenvalue A, (Xss) stay bounded
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away from zero, and secondly (and more significantly), that
a certain mutual incoherence parameter stays bounded strictly
away from zero—namely

() =1~ rﬁza§<||zjs(zss)fl||1 > 0. (25)
Whereas the lower bound on A,in(Xss) is a mild condition,
the mutual incoherence condition (25) is more restrictive. It was
first defined in the context of sample design matrices indepen-
dently by Fuchs [17] and Tropp [29], and also imposed in other
high-dimensional analysis of the Lasso [22], [36], [31]. Note
that the eigenvalue lower bound and mutual incoherence condi-
tion (25) are trivially satisfied for random design matrices drawn
from the standard Gaussian ensemble (X = I, x,).

It is known [36], [31] that if the Lasso is applied to any en-
semble of X-Gaussian measurement matrices for which the in-
coherence assumption (25) is violated and the noise w has a
symmetric distribution, it will fail with probability at least 1/2,
regardless of the sample size (see Wainwright [31] for a precise
statement). Exploiting this fact, the following examples show
that there exist covariance matrix families for which the optimal
decoder can succeed while the Lasso fails.

Example 1: Consider the ¥-Gaussian family with covariance
matrices of the form

1w w 7’
w1 0 0
No=|pr 01 0 (26)
w00 0 ... 1
for some 1 € R. In particular, for 4 = (2,/p)™", it can be

verified that we have A\pin(X) > 1/2 uniformly for all p =
2,3....

Consider some k-sized subset S € &, that does not include
the index {1}, and let T be another k-sized subset. Using the
notation £ = |S\T'|, we have

(T, S) = Inxe — Ss\ryr (Srr) ™ Sres\r)-

If T' also does not include the index {1}, then X1 (s\7y = 0, so
that I'(T', S) = Iyx . Inthe more interesting case that T includes
the index {1}, a little calculation shows that

1

(T, S) = Ipye — —
( 75) xe 1-#2(]{5—1)

1,17

where 1, € R’ is a vector of all ones. Consequently, for this
family

2
. ul
¥) = L —
ps (%) m{ 1_“2@_1)}
1k
4p
21_1_1£1
4 p
1
>1-3=2/3
1

where the first inequality uses the definition u? = ﬁ, and the
second inequality uses the fact that £ < p. Consequently, the
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optimal decoder succeeds in recovering the support set S with
n > ng < max{log (1), 103[;1(213 k)1 observations.

On the other hand, suppose that the given subset S has car-
dinality k > 2,/p. By definition of the covariance matrix (26)

and the mutual incoherence parameter v(X) in (25), we have

’7(2) <1- 215(255)_1 =1—-ku<o0

showing that with ;» = (2,/p) ", the mutual incoherence condi-
tion (25) is violated. Consequently, for this ensemble and for any
subset with & > 2,/p elements that excludes the index {1}, the
probability of incorrect support recovery using ¢ -constrained
quadratic programming is at least one half [31], regardless of
the sample size, whereas the optimal decoder will succeed with
high probability for sample sizes n > 7ig. &

It is also interesting to consider the quantities pun;(2) and
Wave(X) that arise in the necessary and sufficient condition
of Theorems 1 and 2. As previously shown (13), the quantity
puni(X) always lower-bounds the quantity waye(X). The fol-
lowing example provides a family of matrices for which this
lower bound is met with equality, so that the dependence on the
design covariance Y. identified by Theorems 1 and 2 is tight.

Example 2: Letting T € RP denote the all-ones vector, con-
sider the family of covariance matrices

Yi=1—-p)lx,+ /prfg. 27

In this example, we show that for a squared minimum value of

the order 2, = % and any p € [0,+1), Theorems 1 and 2

min

predict that the critical sample size scales as n < % To
establish this fact, we begin by calculating the matrices F(T S)
that define the quantity p,n;(2). For any p, any u € [0, +1), and
any pair (S, T) of k-sized subsets with £ = |S\T'| > 1, a little

calculation (using the matrix inversion formula [19]) shows that

p(1 — p)

(T, 9)=(1- T+ uh=1)

i lexe + L1, (28)
so that for any subset ps(¥) = 1 — pu, and hence pun;(X) =
1 — p. Consequently, the exhaustive search decoder succeeds

with high probability (w.h.p.) as long as the sample size satisfies
cklog(p — k
,, cklog(p — k)
(1—n)
for some constant ¢ > 0.
Let us compare this sufficient condition to the necessary con-

ditions from Theorem 2. For this particular covariance matrix
Y, a little calculation shows that

1 21
avoE = -
waelX) = Zﬂu 1”—22}
=1—pu

and moreover that wbu(E) =k(1-
semble with 2. =

min

). Therefore, for this en-
<> Theorem 2 implies that if

dklog(p — k)
(1= n)
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for some constant ¢’ < ¢, then the error probability of any algo-
rithm is at least 1/2. Consequently, for this ensemble of matrices
Y parameterized by p € [0, 1), Theorems 1 and 2 provide a set
of necessary and sufficient conditions that are matching up to
constant factors independent of (p, k, 11).

On the other hand, for any k-sized subset S, the condition
number of the submatrix Y gg is given by

)\max(ESS) — 1+ (k - 1)/1'
Amin(Xss) 1—p

which tends to infinity for any fixed p # 0. &

Finally, we provide an example to illustrate that an upper
bound on the maximum eigenvalue Ap,ax(Xss) is not required
for /1-based support recovery.

Example 3: For a given k-sized subset S, consider the co-
variance matrix ¥ € RP*P given by

1, ifi=j
Zz’j:{U7 ifi#j,i,j€S8 (29)

0, otherwise.

For this matrix, a simple calculation shows that the maximum
eigenvalue Ay (Xss) = 1+ (k — 1)u, which tends to infinity
for any fixed p > 0 as k¥ — +o00. On the other hand, since
Yi; = 0 for all 4 # j outside of the subset .S, the mutual inco-
herence condition (25) is satisfied with v = 1. Moreover, a little
calculation shows that A\p;in(Xss) = 1 — u > 0. Therefore, the
Lasso will succeed using n =< %’L_k) samples. &

IV. PROOF OF THEOREM 1

This section is devoted to the proof of Theorem 1. We begin
by setting up some useful notation to be used throughout the
remainder of the analysis. Given any subset V' C {1,...,p},
we use the notation 3, to denote the |V'|-dimensional subvector
{B},i € V}, and similarly for other vectors (e.g., 5, y, etc.). In
an analogous manner, we use Xy to denote the n x |V| matrix
with columns {X;,7 € V'}. We use X' to denote the transpose
of a matrix X.

A. Exhaustive Search Decoder

Our route to establishing the sufficient conditions in The-
orem 1 is by direct analysis of the decoder * that searches ex-
haustively over all (i’) possible subsets of size k. More specifi-
cally, the search decoder obtains its estimate S by the following
two-step procedure.

(a) For each of the (1,:) subsets subset 7' C {1,...,p} of size
k, solve the quadratic program
Z(T) := min |y — Xpfrl5. (30)
Br ERF

(b) Return the subset § = arg min| g Z(T).

Of interest to us are various error probabilities associated with
this procedure. We begin by bounding the S-based error

qs(¢) :==Py(y, X) # 5| 5]
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with the probability taken over X and the noise vector w, when
the underlying support is fixed to S. Using this result, we then
bound the average error probabilities gave (1)) and the worst case
error probabilities ¢max (1), as defined in (6) and (7), respec-
tively.

With n > k and random matrices X drawn from a Gaussian
ensemble with nondegenerate covariance 32, each of the n X k
submatrices X7 has rank & with probability one.2 Accordingly,
we may define the n X n matrices

7 = Xp[Xp X771 X and (31a)
0t = Lyyn — Xo[ X0 Xp] 71X (31b)

Note that II and H% are both orthogonal projection matrices,
associated with the k-dimensional range space Ra(Xr) and
(n — k)-dimensional nullspace Ker(Xr), respectively. For any
pair of subsets 7" and S, each with k elements, define the random
variable

A(T;S) == [[IMzyl3 — Isyl3. (32)

With these definitions, we state the following result.

Lemma 1: For any given vector 3* with support S, the ex-
haustive search decoder prefers 7" to the true underlying S if
and only if A(T;S) < 0.

Proof: We begin by showing that for any subset T' for
which X7 is full rank, the quantity Z(7") defined in (30) is
equal to Z(T) = ||II#y|/?. Under the given rank condition,
the linear least squares estimator of 3*, is given by HAT =
[ X} X7]~' XTy. Noting that by the definition (31a) of Ilr, we
have X BT = Iy we substitute into the quadratic norm and
expand, thereby obtaining

Z(T) = |ly = Xrfrll3 = |1 = 1r)yll3 = [7yl3.

Failure occurs if and only if A(T; S) = Z(T) — Z(S) < 0, as
claimed.

Overall, the search decoder fails if and only if at least one T’
(with cardinality |T'| = k) is preferable to .S; consequently, the
overall probability of error can be written as

PS#£SIs1=P| |

TeS\{S)

{A(T;5) <0} (33)

Consequently, assuming that 5* has support S, the technical re-
sult central to analyzing the error probability (33) is tight control
on the probabilities of the events {A(T’; S) < 0}, for all k-sized
subsets T € G\S.

B. Large Deviations Bound

Before stating a large deviations bound, we require some
notation. Recalling the definition (8) of T'(7,S), we use
I''/2(T, S) to denote its symmetric matrix square root. For
each T € B, \{S}, define the quantity

f(ﬂ*S\T) = ||F1/2(T» S'W*S\TH%/‘T2

2That is, the probability that & random Gaussian random vectors in R™ are
linearly independent is equal to zero, which follows since the Gaussian has den-
sity with respect to Lebesgue measure.

(34)
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representing a type of SNR, reflecting how distinguishable
subset 7" is from S. With this notation, we have the following.

Lemma 2: Aslongasn —k > 64 75T for any pair of

Lo ps(2)Bia
distinct subsets S and 7', we have

f(B*s\r)

T ) + 8)) |
(35)

P[A(T;S) < 0] < 4exp (—(n - k)64

The proof of Lemma 2 is somewhat technical in nature. How-
ever, the high-level strategy is straightforward: given some § >
0, we define the events

o) = { ||H§<y(>j||2%(n— _||rkl)%<w>||% Sy
. {HH%(y()jnf(n— _Illg)%(w)ll% cu) o

We now observe that for any § >0, the event {A(T'; S) < 0} im-
plies that at least one of the events E(6) or £ (6) holds. Indeed,
supposing that neither £2(4) nor £1(8) is true, then the quantity

A(T:S) _ {nn%(y)n%— ||H%<w>||%}
o2(n — k) o2(n — k)
ML ()13 — [T ()11
+{ o2 (n— k) }

is lower-bounded by 26 — 6 > 0.

Consequently, by union bound, it suffices to control the two
probabilities P[€1(6)] and P[€2(6)]. This argument applies for
any choice of § > 0; a convenient choice turns out to be §* =
F(B" s\7)

V\?ith this setup, the proof of Lemma 2 is a consequence of the
following two results, proved in Appendices A and B, respec-
tively.

Lemma 3: For all § > 16

PI£1(5)] < 2exp (— 37

Moreover, the choice §* = M is valid as long as n — k >
64
ps(Z)BLin /02"
. B* o
Lemma 4: With §* = w, we have

f(B*s\r)
G svr) + s)) e

for any pair of distinct subsets S and 7.

PIE(67)] < 2exp (—m B

Combining these two results yields the claim of Lemma 2.

C. Analysis of Error Probability

Using Lemma 2, we are now equipped to complete the proof
of Theorem 1. Denote by N(¢) the number of subsets 1" with
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cardinality k, such that |S\T'| = £. (Moreover, note that since
both S and T have cardinality k, we have |[T'\S| = £ as well.) A
counting argument yields that, for each £ with 1 < ¢ < k, there

are
k —k
vo=(5)("7")
such subsets.

In order to simplify the statement of the result, we begin by
deriving a weaker form of the large deviations bounds from
Lemma 2, albeit one that leads to simpler expressions. Observe
that the function f(¢) = t/(¢ + 8) is increasing on the interval
[0, 00). Consider a pair of subsets S and T" with overlap of size
£ = |S\T|. Using the definition (9) of pg, we have

(39)

F(B* s\r) > Lps(X)Bain/ 0>

Consequently, for any pair (S, T) with |S\T| = ¢, the bound
(35) implies that
P[A(T; S) < 0]
lps(X)32, /o >
<dexp|—(n—k L . (40
< dosp (-0 W ) 0
Combining this upper bound with the union bound applied to the

expression (33) yields that P[¢)*(y) # S| S] is upper-bounded
by

k
fp (Z) rznin
4> N(f)exp <—(” ~ P61 (ﬁpsS(E)ﬁﬁnn + 8)) 7

(=1

which is further upper bounded by

e () (77F)

4k max
b)) 2' 2

64(Lps(X)Bhn/ 0% + 8) ) } '
Consequently, in order for the error probability to vanish asymp-

totically, it suffices to take (n — k) — +oo such that (n — k) is
greater than

64 + b12
A S P

e (£) (7).

Let us upper-bound this quantity (denote it 77 ). By our assump-
tion that k < p/2, we have (’Z) <( Zk) Moreover, we have

log4k < mlgxlog4 <£> < 21n?xlog <£> .
Overall, we conclude that

- N 256 + 2048 lo p—
- K=1ir,123?-ak glaS'(X))/Bl%lin/o—2 & ¢

)

(41)
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Given that the conditions of Theorem 1 certainly imply that n >
k + 2561log (p ;k), it suffices to restrict attention to the term
involving (ps(X), 32, )—namely, to upper-bound the quantity

2048 log (*7%)
ps(D)B2. 0% i=ioe k4

Using standard bounds on binomial coefficients (see Ap-

pendix C), we have

o 2048 .
s <
L= ps(B)32,, /02 =12,k

4096 log(p — k)

— ps(E)B/o?
Returning to the upper bound (Section IV-C), we conclude
that for a sample size n satisfying
—k
k ?

log(p — k)
75 (2)Fomn] 2 } )

for some c; > 0, the error probability associated with detecting
support set S decays exponentially as

gs(¥") =P (y) # S15] < exp(—ca(n — k)

thereby establishing the claim of Theorem 1(a).

Turning to Theorem 1(b), if we replace the quantity ps(3) in
the lower bound (43) by puni(X) := max|g/= ps(2), then we
can conclude that the average probability of error

T] .= 42)

e(p—k)

1
og 7

n >k + (¢1 + 2048) max {log (

Gove(9") = % S Pl (y) £ 58]
k) 1s|=k

also vanishes exponentially fast.

Finally, turning to Theorem 1(c), let us consider the case of
the worst case error probability taken over all subsets S. In this
case, in addition to using the worst case measure py,i(X), we
also need the probability of error for any given subset S to con-
verge to zero sufficiently fast. In particular, by union bound, we

have
Gmax (") = P[Usj=1{?" (v) # S| S}]
< (1)) # 515
Consequently, if for some ¢; > 0, we choose a sample size n

such that
—k log(p — k)
n>k+ (cp + 2048 max{IO‘(p ),7
(614 2048 mac log PESIE

k
+ log (Z)

then we have ¢max(¥*) < exp(—ci(n — k)).

V. PROOF OF THEOREM 2

In this section, we prove the necessary conditions stated in
Theorem 2. Our method involves two restricted versions of the
subset recovery problem, for which the analysis can be reduced
to a type of channel decoding problem. We then apply a variant
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of Fano’s bound [8] to analyze the error probability over these
restricted ensembles. We note the Fano method is a standard
approach for obtaining minimax lower bounds in nonparametric
statistical problems [18], [20], [35], [34].

A. Basic Setup

We begin by describing the basic setup for the proof of The-
orem 2. Let £ C &y, denote a particular subset of the set Gy,
of all k-sized subsets, and let = be a set-valued random vari-
able, uniformly distributed over E—that is, P[2 = §] = L
for all S € £. Suppose that the decoder is told that the selected
subset S is a member of £, and moreover it is provided with
the form of the vectors §*g for all S € £. Its goal is to use the
pair (y, X) to recover the unknown subset S. Note that the two
forms of side information—namely, that S € &£, and the form
of 0* 5 for any fixed S € £—cannot harm the decoder’s perfor-
mance, since the decoder can always choose to ignore this in-
formation. Consequently, the error probability of the decoder for
the original problem is lower-bounded by the error probability
Pl (y, X) # E], where E is uniform over £. This is a multi-way
hypothesis testing problem, and we may lower-bound the prob-
ability of error of any decoder using Fano’s inequality [8].

We lower-bound this error probability as follows: first, for any
fixed X € R™*P and for any decoder 1

I(Z;y| X) +log2
log [€]

Plo(y, X) #E[X] 21— (44)
where I(Z;y|X) is the mutual information between = and
y conditioned on X; explicitly, it is given by I(Z;y | X) =
Ez y(log %} . Taking expectations of both sides (44),
we conclude that

Ex[/(E5y|X)] +log2

Plo(y. X) £Z] 2 1 - L

(45)

Consequently, in order to make effective use of the Fano lower
bound (44) or its averaged form (45), we need to construct en-
sembles & for which log |£] is relatively large while the mutual
information I(=;y | X) is relatively small. In our analysis, we
make use of the upper bound on the mutual information

>

(5,T)eEXE

_ 1
IZy|X) < P DP,sx|Pyir,x) (46)

which follows from the convexity of mutual information [8].
Here, the quantity

Py|5,X(y | S7X)
Pysx(y|T,X)

is the Kullback-Leibler divergence between the distributions
Py|S,X and Py|T,X-

DPy s x|Pymx) =E, {log (47)

B. Bound for Bulk Ensemble

The bulk ensemble is defined by the choice £ = &y, and then
setting

B*s = B |arg min u"Sssu (48)
{ueR* [Jus]>1  Vj)
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for each S € £. A straightforward computation yields that

DPysx|Py7x)

n[))?nin 1 * *

= 52 <;||Xs/?’ s — Xrf TH%)
nﬂ?nin

~ 202

2 . 2 .
(Zixssrsig + 21xrsoi)

so that we have

= n 3r2nin 1
1@y X) < " ;Y AsD| @
DY (s1m)es %6,
k
where
1 * 2 2 * 2
Z2(8,T) = —|I X sl3 + = 1 Xr6" 7 I,
and

2

(S,T)Gek XSy,

Z(S,T).

=(1)

Note that each Z(S,T) is a random variable (as a function of
the random design matrix X); a little calculation shows that

E[Z(S,T)] = (8*s) SssB*s + (B°7) SrrBr

and, moreover, that

EZ1 < e S (5 6) Ssshs = 20n(%)
BE

where the final inequality follows by our choice (48) of 3* 5, and
the definition (12) of wy,,. Consequently, ysing the bound (49),
we have Ex[I(Z;y| X)] < Zwbu(E)nﬂ;‘g“ , and hence, using
the bound (45)

Zwbu(E)n% + log 2

PlU(y. X) £Z] 2 1 -

log (7)
2why (2 n Omgn
=1— L)pgz —o(1).
log (})
Consequently, if the sample size is upper bounded as
log (?

n < AV (k?BQ
8(4)1')11 (E) %

then P[¢)(y, X) # E] > 1/2 as claimed.

C. Bound for Nearby Subsets

‘We now describe bounds based on a second ensemble, intro-
duced by Wang et al. [32]. For any subset S, let ¢(.S) be an index
that achieves the minimum in the definition (11) of the function
Wave. We then let the ensemble & consist of all (p — k + 1) sub-
sets that contain all (k— 1) indices in the set S\ {¢(.5)}, and then
one more index chosen from the set S¢ U {¢(.5)}. Observe that
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the resulting family of subsets has cardinality |£| =p — k + 1,
with the property that for each distinct pair (U, V) € £ x € of
subsets, the Hamming distance is equal to two.

For each subset U € &, we define its signal vector 3*;; € R*
as follows:

,6* _ {/Bmin7 ifu € S\{t(s>}
U™ | Bunin(v224),  ifu € 57U {t(S)}

where z, achieves the minimum in (11). Note that we have
ming ey |8 U’u| = [min by construction.

Now consider a pair of distinct subsets U # V, say with
U\V = {u} and V\U = {v}. With the choices given above, a
little calculation shows that

2
n/Brnin

D(PyHS,X | |F’yIT,X) = T(Xuzu - X'UZ'U)2

so that we have

2
nlein

E; < tmin___

(Xuzu — XUZU)2.

>

u,v€SU{t(S)

Taking expectations and using the definition (11) of the function
Wave, We obtain that Ex[I(Z;y | X)] is equal to

nﬁfnin Z

———min__ E[(Xuzu — Xo20)?-
20, _ 2
7 (p k+ 1) w,vESU{t(S)
Expanding the expectation yields that E x [I(Z;y | X )] is equal
to

nﬂrznin
o*(p—k+1)?

>

u,v€SU{t(S)

(Zuuzz — 22X ZuZy + szg)

2 i ave (%)

which is upper-bounded by “2 = , using the definition

(11). Consequently, by the Fano bound, we obtain

B2
n=ER e, o () 4 log 2
Pl(y, X) #E] >1— —2
[(y, X) # E] Tog(p — 1)
(2) e
=1 el o),
log(p — k)

% , then the probability of error
4Wave(2) ) inn

remains bounded above by 1/ 2”, as claimed.

Consequently, if n <

VI. CONCLUSION

In this paper, we have analyzed the information-theoretic
limits of the sparsity recovery problem for the linear observa-
tion model (2) with measurement vectors X; ~ N (0, %) drawn
from ¥-Gaussian ensembles, including the standard Gaussian
one (X = I,x,) as a special case. We have established both
lower and upper bounds on the number of observations n as a
function of the model dimension p, signal sparsity k, squared
minimum value (32, , and noise variance o* as well as other
parameters of the design covariance X that are required for
asymptotically reliable recovery. In conjunction with previous
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work [31] on the limits of the Lasso (¢1-constrained quadratic
programming), this analysis has some consequences.

(a) For signals 8* of bounded norm, the Lasso achieves the
information-theoretically optimal order of scaling as a
function of (n, p, k) and 32, (see Corollary 1), whereas

(b) for signals 8* with linear sparsity (k = ap) and squared
minimum value (32, = ©( 10% %), the Lasso is suboptimal
(see Corollary 2).

There are a variety of open directions suggested by our anal-
ysis. First, while our upper and lower bounds are essentially
matching for certain regimes of scaling, it is likely that the anal-
ysis can be tightened in other regimes. In particular, the nec-
essary conditions stated in Theorem 2 certainly involve some
slack, since they are obtained by analyzing restricted ensem-
bles in which the value of 3* on the subset is known a priori
to the decoder. It would be interesting to see if sharper results
could be obtained via analysis of a less restrictive ensembles.
Second, our work has revealed the suboptimality of current prac-
tical methods in the linear sparsity regime (k = ap for some
a € (0,1)) for sufficiently high SNR (in particular, 32, =
Q %)). It is possible that multistage methods (e.g., [33], [23])
could be helpful in closing these gaps. Third, our results high-
light various differences between the conditions on the design
covariance matrix . (from which the random measurement ma-
trices are generated) required by /;-based methods such as the
Lasso, as contrasted with exponential-complexity methods. It
would be interesting to see to what extent the mutual incoher-
ence conditions that affect standard ¢; methods can be relaxed;
see Meinshausen and Yu [23] for some progress in this direc-
tion.

APPENDIX

A. Proof of Lemma 3

Using the linear observation model (2), we note that 114 () =
14 (w), so that for any 6 > 0, we can write

£1(6) = {|||H§(w)||§ — )] " } .

o2

where we have adopted the shorthand notation d = n — k. The
following lemma characterizes the distribution of the random
variable to be bounded.

Lemma 5: For any two k-sized subsets 1" and S with overlap
L= |S\T| = |T\S|, we have

Il -~ WE@IB _ 5,

a

where Z and Z are chi-squared variables with ¢ degrees of
freedom.

Proof: Note that by the Pythagorean Theorem for projec-
tions, we have

11 (w) 13— 1115 (w)lI3 = (115 (w)][3 — |z (w)[3.
Again using the Pythagorean Theorem, we can write

s (w)ll3 = |Msnrllsw|? + (I = Lsar)Tsw]|?

5739

= |Msnrwl|* + || (s — Msar)w|?,

where we have used the facts that Ilrllgnr = gnr =
IsnrIly. Since there is an analogous decomposition for
Iz (w)||3, we can write

s (w)[|3 = [T (w)l3 = [|(Ts = Msar)w]|?
- || (HT - HSmT)w||2~

Now the matrix IIg — IIgn7 is a projection matrix with rank
equal to {|S| = |SNT|} = |[S\T| = ¢, and similarly for the
matrix ITs — IIsn7. Consequently, ||(IIs — Hgn7)w||? is dis-
tributed as X%, and similarly for the second term.

Using this lemma and the decomposition (50), we may write

P[EL(6)] =P [|Z -Z|> %‘5] .

By triangle inequality, we have |Z — Z| < |Z — £| + |Z — 4],
so that by union bound

Pliz-22 G| <pliz-azF|+p)2-02 7
2 4 4
Z— 4| _ ds
= > —
2P{ Y
db

where 7 ~ x7. Aslong as t = 16z = 1, we may apply the

chi-squared tail bound (56) to conclude that

P[£1(8)] < 2exp <_gﬁ> — 2exp <_@>

164 16
as claimed. .
To establish the validity of the choice 6* = w , We note
that
F(B s\r) = ITVA(T, )8 s\ 113 /07
2
Z pS(E)fﬂmin )
o
Consequently, we have
F(B"s\1)
o (n— k)%w
164
> (’I’L B k)p5(2> zlin
- 6402
so that it suffices to have n — k& > 64 as claimed.

ps(B)Brin/o?’
B. Proof of Lemma 4

We begin by conditioning on w and Xp, and showing that
the random variable ||I15:(y)||3 follows a noncentral chi-squared
distribution. By conditioning on Xy, we can decompose X s\7
into a linear prediction based on Xy and a zero-mean error term.
In particular, we have

Xo\r = Xr(Sr7) ' Srs\ry + Esyr

where Eg\r € R™* IS\T {5 a Gaussian random matrix indepen-
dent of X1, with 1.1i.d. rows drawn from the zero-mean Gaussian
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distribution with covariance matrix I'(T’, S') from (8). Using this
decomposition, we have
7 (y) = O3 (XsB*s + w) = H%(ES\T/B*S\T +w)

since the orthogonal projection Hfﬁ annihilates any terms in the
column space X7

Let us diagonalize the orthogonal projection matrix IT%,
writing it as II: = MT DM where D is diagonal with (n — k)
ones, and k zeros, and M is a unitary matrix. With this trans-
formation, we have

7 (y) = |M* DM (Es\0f* s\r +w)|3
= |D(MEs\r5* s\r + Mw)|[3

since M is unitary. The random vector Eg\ 73" s\r has iid.
Gaussian entries with variance 72 = ||[[Y/2(T, §) 8% ¢\ r[3, so
that multiplication by M leaves its distribution unchanged. We
conclude that conditioned on X7 and w, the rescaled variable

Iz (y)5 a EsrB v Muw\|*
=D + .
~ ~ v s

Z(T) =

Since the rescaled vector M has i.i.d. N(0, 1) entries,
7 has a noncentral chi-squared distribution with n — k degrees
of freedom, and noncentrality parameter

_ DMl [wl?

v? o2 f(B*s\1)

Now the event () can be expressed in terms of Z and v as

E(8) = {£2 < ﬂﬂZiZ\T)}’ where we have introduc;cd the
convenient shorthand d = n — k. For the choice §* = M,
we have &(6*) = {Z£3~ setting x =
T6(dT2) in (58b), we obtain P[€2(8)] < exp(—x), with

1 d

161+ 2v/d

1 n—k 3*
T 16 ( )f([nrf}?xz)uz ‘ ©b
fB*s\r) + 2705y
Finally, let us define the event A(w) = {”ETS”),U | < 2}

For each fixed X, the variable ||l (w)]||?/o? is (central) chi-
squared variate with (n — k) degrees of freedom, so that by
the tail bound (57), we have P[A°(w)] < exp(—(n — k)/16).
Putting together the pieces, we have

PE2(8)] < P[E2(6) [ A(w)] + PLA%(w)].

Since the event A(w) is a function only of X7 and w, our ear-
lier tail bound (51) may be apé)hed Moreover, conditioned on
./4( ) (n—k)F(B" s\1)

k
we have z > L (n” so that we obtain

16 F(B s\ r)+4 °
s (_(" s 4))

+exp{—(n — k)/16}
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so that we conclude that

f(B* s\7)
T svr) + 4)) ©»

Pl&(t")] < 2exp (—<n T

as claimed.

C. Bounds on Binomial Coefficients

We make use of the following crude bounds on the binomial

coefficients:
p\* p pek
) <« < (£
B =< (1) <) 3)
In addition, the following bound is also standard [8]:
k
log <p> < ph <—> (54)
k P

where h(t) := —tlogt— (1 —t)log(1 —t) is the binary entropy
function.

D. Tail Bounds for x2-Variates

The following large deviations bounds for centralized x>
are taken from Laurent and Massart [21]. Given a centralized
x2-variate Z with m degrees of freedom, then for all z > 0

P[Z —m > 2y/mx + 2z] < exp(—z) and (55a)
P[Z — m < —=2y/muz] < exp(—x). (55b)

The following consequences of these bounds are useful in our
analysis. First, for ¢ > 1, we have

P[22

m

> 44 < exp(—mit). (56)

Starting with the bound (55a), setting = tm yields [P’[Z m >
2v/t + 2t] < exp(—tm), Since 4t > 2/t + 2t for t > 1, we
have P[Z=" > 4] < exp(—tm) for all ¢ > 1. On the other
hand, for all £ > 1, we have P[Z’Tm < —4t] = 0, so that the
claim (56) follows. Secondly, we have

P[Z/m > 2] < exp(—m/16) (57)
which follows by setting z = m/16 in (55a).

More generally, the analogous tail bounds for noncentral x?,
taken from Birgé [4], can be established via the Chernoff tech-
nique, and careful bounding of the moment generating function.
Let X be a noncentral x? variable with d degrees of freedom and
noncentrality parameter v > 0. Then for all z > 0

PIX > (d+v)+2y/(d+2v)x —|—2x]<exp x) (58a)
PIX < (d+v)—2y(d+2v)x] <exp(— (58b)
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