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Information thermodynamics relates the rate of change of mutual information between two interacting
subsystems to their thermodynamics when the joined system is described by a bipartite stochastic dynamics
satisfying local detailed balance. Here, we expand the scope of information thermodynamics to deterministic
bipartite chemical reaction networks, namely, composed of two coupled subnetworks sharing species, but not
reactions. We do so by introducing a meaningful notion of mutual information between dierent molecular
features, that we express in terms of deterministic concentrations. is allows us to formulate separate second
laws for each subnetwork, which account for their energy and information exchanges, in complete analogy
with stochastic systems. We then use our framework to investigate the working mechanisms of a model of
chemically-driven self-assembly and an experimental light-driven bimolecular motor. We show that both sys-
tems are constituted by two coupled subnetworks of chemical reactions. One subnetwork is maintained out
of equilibrium by external reservoirs (chemostats or light sources) and powers the other via energy and infor-
mation ows. In doing so, we clarify that the information ow is precisely the thermodynamic counterpart of
an information ratchet mechanism only when no energy ow is involved.

I. INTRODUCTION

Engines commonly operate such that some components
(e.g., pistons) directly interact with the power source to har-
vest energy, whereas some other components (e.g., wheels)
produce the functionality the engine is designed for. Chem-
ical engines [1], such as molecular motors, are no excep-
tion [2–4]. Indeed, they can be rationally described [5–
9] and designed [1, 10–13] as chemical reaction networks
(CRNs) where energy-harvesting chemical [14–20], photo-
chemical [21–27] or electrochemical [27–29] processes are
coupledwith large-amplitude intramolecular motions or self-
assembly reactions. ese CRNs are oen bipartite [30, 31],
as the energy-harvesting processes act on some molecular
properties (e.g., phosphorylation state, photo-isomerization
state, oxidation/reduction state) while the processes realiz-
ing the engine’s functionality act on dierent properties (e.g.,
position in space, assembly state). When this is the case, the
chemical species involved in the functioning of a chemical
engine can be described with a double state (𝑥,𝑦), and the
whole network can be split into two coupled subnetworks
characterizing the interconversion of 𝑥-states by one kind of
processes (e.g., self assembly steps converting free states into
assembled ones) possibly driven out-of-equilibrium by pro-
cesses of another kind interconverting 𝑦-states (e.g., reaction
with a chemical fuel acting as a substrate).

Assessing the thermodynamics of bipartite systems re-
quires quantifying energy and information exchanges be-
tween the subnetworks by applying the tools of informa-
tion thermodynamics [30–33]. Linear stochastic models of
biochemical machines comprising unimolecular or pseudo-
unimolecular reactions have been extensively studied from
this perspective, revealing the fundamental role of informa-
tion ows between dierent degrees of freedom in powering
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such single molecule machines [34–39]. However, chemical
engines may in general comprise nonlinear processes such
as bimolecular reactions and are sometimes (almost always
in case of synthetic ones) beer described by deterministic
dynamics expressed in terms of kinetic equations evolving
experimentally measurable concentrations rather than prob-
abilities. At present, a theoretical framework able to system-
atically address the information thermodynamics of nonlin-
ear deterministic CRNs is missing.
Very recently, we applied information thermodynamics to

an autonomous synthetic molecularmotor working at the de-
terministic level [40]. Such analysis shows that information
thermodynamics is in principle not limited to stochastic se-
tups, but it strongly relies on the fact that the CRN describing
the motor is only composed of unimolecular reactions. In-
deed, when this is the case, kinetic equations can be mapped
into a Markov jump process on a linear network of states by
normalizing the concentrations by the total concentration,
which is a conserved quantity in linear networks. Once this
correspondence is in place, standard tools from information
thermodynamics can be applied [31]. In particular, the mu-
tual information [41], a central quantity in information ther-
modynamics, can be dened at the level of normalized con-
centrations [40].
In this paper, we go further by extending the framework

of information thermodynamics to nonlinear deterministic
CRNs, where multimolecular reactions cause the total con-
centration to vary in time. We start by introducing the setup
of deterministic CRNs in Section II, where the crucial notion
of bipartite networks is formally dened and used to identify
the two subnetworks, which inuence each other despite the
fact that each reaction pertains unambiguously to only one
subnetwork. In Section III, thermodynamic quantities are in-
troduced for both chemically-driven and light-driven CRNs,
and the second law for nonequilibrium regimes is formulated.
e main result of this paper is obtained in Section IV, where
the notion of mutual information for non-normalized con-
centration distributions is dened and used to formulate a
second law for each subnetwork. Crucially, these second laws
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show that the two subnetworks exchange free-energy trough
information and energy ows. Our result is analogous to the
one obtained in the framework of stochastic thermodynam-
ics of bipartite systems [30, 31], but importantly information
ow terms account here for the non-normalized concentra-
tion distributions. Furthermore, the resulting expressions of
the subnetworks’ entropy production also consider the vari-
ation of the subnetworks entropy due to the standard mo-
lar entropy carried by the chemical species and the contri-
bution of non-bipartite species which may be present. To
exemplify the use of our new framework, in Section V we
apply it to two paradigmatic examples of out of equilibrium
chemistry with nonlinear dynamics: a model for chemically-
driven self-assembly [13, 42] and a light-driven bimolecular
motor [24, 27, 43–45]. We briey recap the basis of their
functioning while focusing on the insights brought by the in-
formation thermodynamic analysis. Using numerical simula-
tions, we also comment on their eciency and we quantita-
tively investigate the correspondence between the concept of
Brownian information ratchet [10, 46] and (thermodynamic)
information ows.

Our approach can be applied to any CRN with a bipar-
tite structure and coupled to any kind of reservoir. We re-
stricted the presentation to the case of autonomous and ho-
mogeneous ideal dilute solutions, but extensions to nonau-
tonomous [47], non-homogeneous [48, 49] and nonideal [50]
CRNs are possible, as well as to cases where external species
are continuously injected [51]. Based on the relevance of in-
formation thermodynamics as a tool to elucidate free-energy
processing in the stochastic realm, we envision that our
new framework will bring signicant insights in the under-
standing of deterministic chemical processes, from synthetic
molecular machines to complex biochemical networks.

Finally, we note that many forms of information process-
ing are possible in CRNs [52, 53]: e.g., logic gates [54, 55],
machine learning [56–58], sensing [59], copying and proof-
reading [60–63], memories [64, 65]. At this stage, how the
present framework may be suitable to study all of them is
le for future inquiries.

II. SETUP

CRNs are treated here as ideal dilute solutions composed
of chemical species, identied by the label 𝛼 ∈ 𝑍 , which un-
dergo elementary [66] or coarse-grained [67–69] chemical re-
actions, identied by the index 𝜌 ∈ R:

𝜶 · 𝝂+𝜌 𝜌 𝜶 · 𝝂−𝜌 , (1)

with 𝜶 = (. . . , 𝛼, . . . )ᵀ denoting the vector of chemical
species, while 𝝂+𝜌 and 𝝂−𝜌 denote the vectors of stoichio-
metric coecients of reagents and products of reaction 𝜌 .
roughout this paper, we will use single arrows like in
Eq. (1) to denote reactions that are actually reversible: for
every reaction 𝜌 ∈ R, the forward (resp. backward) reaction
+𝜌 (resp. −𝜌) interconverts 𝜶 ·𝝂+𝜌 (resp. 𝜶 ·𝝂−𝜌 ) into 𝜶 ·𝝂−𝜌
(resp. 𝜶 ·𝝂+𝜌 ). is choice will simplify the hypergraph rep-

resentation of the two CRNs examined in Sec. V (see Figs. 2
and 3).
In deterministic CRNs, the abundance of the chemi-

cal species is specied by the concentration vector 𝒛 =

(. . . , [𝛼], . . . )ᵀ , which follows the rate equation

d𝑡𝒛 = 𝕊𝒋 , (2)

where we introduced the stoichiometric matrix 𝕊 and the
current vector 𝒋. Each 𝜌 column 𝕊𝜌 of the stoichiomet-
ric matrix 𝕊 species the net variation of the number of
molecules for each species undergoing the 𝜌 reaction (1),
𝕊𝜌 = 𝝂−𝜌 − 𝝂+𝜌 . e current vector 𝒋 = (. . . , 𝑗𝜌 , . . . )ᵀ
species the net reaction current for every 𝜌 reaction (1) as
the dierence between the forward and backward ux, i.e.,
𝑗𝜌 = 𝑗+𝜌 − 𝑗−𝜌 . In closed CRNs, where the chemical reac-
tions involve only the chemical species 𝑍 , the uxes 𝑗±𝜌 de-
pend only on the concentrations 𝒛. For elementary reactions
satisfying mass action kinetics [70–72], 𝑗±𝜌 = 𝑘±𝜌𝒛𝝂±𝜌 , with
𝑘±𝜌 the kinetic constants (hereaer, for every vectors 𝒗 and
𝒘 , 𝒗𝒘 =

∏
𝑖 𝑣

𝑤𝑖

𝑖
). In open CRNs, some chemical reactions

exchange for instance maer and/or photons with external
reservoirs. us, the corresponding uxes 𝑗±𝜌 depend on the
concentrations 𝒛 as well as on the coupling mechanisms with
the reservoirs [51]. Note that, throughout the manuscript,
we will omit for compactness of notation the functions’ vari-
ables, e.g., 𝒛 = 𝒛 (𝑡) and 𝑗±𝜌 = 𝑗±𝜌 (𝒛) (if reaction 𝜌 is not
coupled to any reservoir).
We now dene the formal conditions for the chemical

species and reactions under which CRNs have a bipartite
structure. An exemplication of the concept is provided in
Figure 1. First, the chemical species must split as 𝑍 = 𝑎 ∪ 𝑏.
e species 𝑏 – the bipartite species – are univocally identi-
ed with a double state (𝑥,𝑦) = 𝛼 ∈ 𝑏. e species 𝑎 – the an-
cillary species – are all the other species, when present. Sec-
ond, the set of chemical reactions must split as R = 𝐴∪𝑋 ∪𝑌 .
e reactions 𝑋 (resp. 𝑌 ) interconvert the species 𝑏 in such a
way that only their 𝑥 (resp. 𝑦) state changes:

. . . (𝑥,𝑦) . . .
𝜌 ∈ 𝑋

. . . (𝑥 ′, 𝑦) . . . , (3a)

. . . (𝑥,𝑦) . . .
𝜌 ∈ 𝑌

. . . (𝑥,𝑦 ′) . . . . (3b)

In the above chemical reactions, we neglected the stoichio-
metric coecients as well as the other species involved for
illustrative reasons. e reactions 𝐴 are those that do not in-
terconvert the species 𝑏 (𝑆𝛼𝜌 = 0 ∀𝛼 ∈ 𝑏 and ∀𝜌 ∈ 𝐴):

. . . (𝑥,𝑦) . . .
𝜌 ∈ 𝐴

. . . (𝑥,𝑦) . . . . (4)

Notice that, when these conditions for the chemical species
and reactions are satised, the species 𝑎 can undergo every
reaction 𝜌 ∈ R = 𝐴∪𝑋 ∪𝑌 and no reactions can change both
the state 𝑥 and the state 𝑦 of a 𝑏 species. When these condi-
tions are not satised, CRNs do not have a bipartite struc-
ture and their spliing into coupled subnetworks (discussed
in the next paragraphs of this section) would not be possi-
ble. Finally, if the chemical reactions are coarse-grained, we
further assume that the sets 𝐴, 𝑋 and 𝑌 are independent sets
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FIG. 1. An example of bipartite network. To illustrate our notion of
bipartite structure in a CRN, we consider a generic molecule (blue
“Pac-Man”) able to bind two substrates. One substrate (orange tri-
angle, denoted a) is generated from a precursor (denoted a2) via re-
action 𝐴: a2 → 2a (notice the use of hypergraph notation where
the production of two molecules of a is represented by a bifurcating
arrow). e substrate a can then bind the molecule via reactions 𝑋1
or 𝑋2, which both change its 𝑥 state from 𝑥1 (free) to 𝑥2 (bound).
e other substrate (red sphere) is exchanged between the molecule
and compounds F and W through reactions 𝑌1 and 𝑌2, which both
change the 𝑦 state of the molecule from 𝑦1 (free) to 𝑦2 (bound).
As a result, the molecule can be found in four double states (𝑥,𝑦):
(𝑥1, 𝑦1), (𝑥2, 𝑦1), (𝑥2, 𝑦2), (𝑥1, 𝑦2), which form the set of bipartite
species (set 𝑏). All other species in the network (a2, a, F and W)
can be treated either as ancillary species (set 𝑎) or, if their concen-
tration is controlled by external reservoirs, as chemostaed species
(i.e., controlled parameters). Crucially, as none of the transitions be-
tween the double states can change both 𝑥 and 𝑦 at the same time,
the resulting CRNhas a bipartite structure. To x ideas, the Pac-Man
shaped molecule can be thought of as an enzyme binding (state 𝑥 )
the monomeric form of a substrate and phosphorylated (state 𝑦) by
adenosine triphosphate (F) to adenosine diphosphate (W) hydroly-
sis. A concrete example with a simpler yet similar bipartite struc-
ture is found in a recently reported single-molecule molecular mo-
tor, where the two states are the axial chirality (which can be in R
state or S state) and the chemical state (which can be in diacid state
or anhydride state) of the motor [73]. e laer results in a linear
bipartite network to which the treatment in Ref. [40] straightfor-
wardly applies. On the contrary, systems like the present network
or the applications analyzed in Section V require a generalization of
the previous framework due to the presence of nonlinear reactions
and ancillary species.

of coarse-grained reactions. e reason for this will become
clear in Subs. III B.

In bipartite CRNs, we can apply the same spliings of the
chemical species and reactions to the stoichiometric matrix

𝕊 =

(
𝑎 𝕊𝑎

𝑏 𝕊𝑏

)
, (5)

with

𝕊𝑎 =
( 𝐴 𝑋 𝑌

𝑎 𝕊𝑎
𝐴

𝕊𝑎
𝑋

𝕊𝑎
𝑌

)
, (6a)

𝕊𝑏 =
( 𝐴 𝑋 𝑌

𝑏 𝟘 𝕊𝑏
𝑋

𝕊𝑏
𝑌

)
, (6b)

to the current vector

𝒋 =
(
𝒋𝐴, 𝒋𝑋 , 𝒋𝑌

)
, (7)

and to the concentration vector

𝒛 = (𝒂, 𝒃) . (8)

e rate equation (2) thus becomes

d𝑡𝒂 = 𝕊𝑎𝒋 = 𝕊𝑎
𝐴𝒋

𝐴 + 𝕊𝑎
𝑋𝒋

𝑋 + 𝕊𝑎
𝑌𝒋

𝑌 , (9a)

d𝑡𝒃 = 𝕊𝑏𝒋 = 𝕊𝑏
𝑋𝒋

𝑋 + 𝕊𝑏
𝑌𝒋

𝑌 . (9b)

To account for the total concentration of the bipartite
species in the same state 𝑥 or 𝑦, we dene the following
marginal concentrations

[𝑥] =
∑︁
𝑦

[(𝑥,𝑦)] , (10a)

[𝑦] =
∑︁
𝑥

[(𝑥,𝑦)] , (10b)

which are collected in the following vectors

𝒙 = (. . . , [𝑥], . . . )ᵀ , (11a)
𝒚 = (. . . , [𝑦], . . . )ᵀ . (11b)

Here, [(𝑥,𝑦)] is the concentration of the specic bipartite
species 𝛼 ∈ 𝑏 characterized by the double state (𝑥,𝑦), i.e.,
[(𝑥,𝑦)] = [𝛼]𝛼=(𝑥,𝑦) .
e bipartite structure of a CRN allows us to decompose it

into two coupled subnetworks X and Y. e subnetwork X
represents the interconversion of the states {𝑥} of the bipar-
tite species driven by the 𝑋 reactions. Analogously, the sub-
network Y represents the interconversion of the states {𝑦}
driven by the 𝑌 reactions. Notice that this does not imply
that the concentrations [𝑥] (resp. [𝑦]) change only because
of the reactions 𝑋 (resp. 𝑌 ) as we will see for the example in
Subs. VA.

III. THERMODYNAMICS

Building on the setup of Sec. II, we introduce the thermo-
dynamic theory of deterministic CRNs [50, 69, 74] and we
specialize it to bipartite CRNs.

A. Chemical Potentials

e free energy contributions carried by the chemical
species 𝑍 in ideal dilute solutions are given by the vector of
chemical potentials [75]:

𝝁𝑍 = 𝝁◦
𝑍 + 𝑅𝑇 ln 𝒛 , (12)
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where ln 𝒛 = (. . . , ln[𝛼], . . . )ᵀ (hereaer, for every vector
𝒗 = (. . . , 𝑣𝑖 , . . . )ᵀ , log 𝒗 = (. . . , log 𝑣𝑖 , . . . )ᵀ), 𝑇 is the tem-
perature of the thermal bath, 𝑅 is the gas constant, and 𝝁◦

𝑍
is

the vector of the standard chemical potentials, which in turn
are given by the sum of a standard enthalpic 𝒉◦𝑍 and entropic
𝒔◦
𝑍
contributions according to

𝝁◦
𝑍 = 𝒉◦𝑍 −𝑇 𝒔◦𝑍 . (13)

From a thermodynamic standpoint, CRNs are said to be
open when they exchange free energy with some external
reservoirs besides the thermal bath at temperature 𝑇 . For
instance, chemicals can be exchanged with chemostats, i.e.,
particle reservoirs, and/or photons can be exchanged with ra-
diation sources. Each reservoir is in turn characterized by a
chemical potential.

For chemostats, their chemical potentials are given by the
vector

𝝁ch = 𝝁◦
ch + 𝑅𝑇 ln 𝒄 , (14)

where 𝝁◦
ch and 𝒄 are the vectors of standard chemical poten-

tials and of the concentrations of the exchanged chemicals,
respectively.

For radiation sources, the chemical potential of photons 𝛾a
at frequency a and concentration distribution 𝑛a reads [69]

`a = 𝑢a − 𝑅𝑇 ln
(
𝑓a + 𝑛a
𝑛a

)
, (15)

where𝑢a = 𝑁A~𝜔a is the energy carried by amole of photons
at frequency a and 𝑓a = 2𝜔2

a/𝑁A𝜋𝑐
3 is the density of photon

states at frequency a (with 𝑁A the Avogadro’s number, ~ the
reduced Planck constant, 𝑐 the speed of light and 𝜔a = 2𝜋a
the angular frequency). When the radiation source is ther-
mal, photons are distributed according to the black body dis-
tribution at a certain temperature 𝑇r:

𝑛𝑇ra =
𝑓a

exp(~𝜔a/𝑘B𝑇r) − 1
, (16)

with 𝑘B the Boltzmann constant. As a consequence, their
chemical potential becomes [76, 77]

`a = 𝑢a − 𝑅𝑇 ln

(
𝑓a + 𝑛𝑇ra
𝑛
𝑇r
a

)
= 𝑢a

(
1 − 𝑇

𝑇r

)
. (17)

Since a radiation source is in equilibrium with a CRN only
when the corresponding chemical potential vanishes [69],
i.e., `a = 0, Eq. (17) implies that this happens for a thermal
radiation source only when its temperature is the same as the
one of the thermal bath, i.e., 𝑇r = 𝑇 .
In this work, we focus for simplicity on autonomous

CRNs, namely, the chemical potentials of the reservoirs (𝝁ch
in Eq. (14) for chemostats and `a in Eq. (15) for radiation
sources), and thus also the quantities 𝒄 and 𝑛a , are constant
in time.

B. ermodynamic Forces

Chemical reactions are driven by thermodynamic forces
named anities [78, 79],

A𝜌 = −
𝝁𝑍 · 𝕊𝜌

𝑇
+ 𝐹𝜌 , (18)

which have two contributions. e rst contribution, i.e.,
−𝝁𝑍 ·𝕊𝜌/𝑇 , accounts for the variation of the free energy due
to the interconversion of the 𝑍 species in solution via reac-
tion 𝜌 . e second, i.e., 𝐹𝜌 , accounts for the external force due
to the coupling with the reservoirs.
For elementary reactions, anities (18) satisfy the local de-

tailed balance condition,

A𝜌 = 𝑅 ln
𝑗+𝜌

𝑗−𝜌
, (19)

which implies that they always have the same sign of the
corresponding reaction currents: A𝜌 𝑗

𝜌 ≥ 0. Coarse-grained
reactions do not in general satisfy Eq. (19), and hence their
anities may not have the same sign as the currents (unless
they are tightly coupled [67]). However, every independent
subset of coarse-grained reactions C ⊆ R, namely, every sub-
set whose underlying elementary reactions involve unique
intermediate (coarse-grained) species which are not shared
with other subsets, satises

∑
𝜌∈C A𝜌 𝑗

𝜌 ≥ 0 [67, 68].
Example 1. Consider the following reaction (assumed as

elementary for illustrative reasons) where the catalyst M in-
terconverts the substrate (fuel) F into the product (waste) W
which are exchanged with chemostats:

M
F W

M . (20)

In this case, the anity coincides with the external force,

A = 𝐹 =
`F − `W

𝑇
, (21)

while the reaction uxes satisfy mass action kinetics,

𝑗+ = 𝑘+ [F] [M] , 𝑗− = 𝑘− [W] [M] , (22)

where [F], [W] and [M] are the concentrations of the fuel,
waste and catalyst, respectively. Since reaction (20) is ele-
mentary, it satises the local detailed balance condition (19),
which in turn implies that the kinetic constants {𝑘+, 𝑘−} and
the standard chemical potentials {`◦F, `◦W} are not indepen-
dent:

`◦F − `◦W
𝑇

= 𝑅 ln
𝑘+
𝑘−

, (23)

where we used Eq. (14) to express the chemical potential of
the chemostats.
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Example 2. Consider the coarse-grained reactions

E

𝛾a

Z ,1 Z

𝛾a′

E ,2

E

𝛾a

E ,3 Z

𝛾a′

Z ,4

E Z ,5

(24)

describing a typical photoisomerization process occurring
via the so-called diabatic mechanism: upon the absorption
of a photon 𝛾a , a species in the E conformation is either con-
verted into the Z conformation (reaction 1) or it decays back
to the same conformation by dissipating all the absorbed en-
ergy (reaction 3); analogously, another photon 𝛾a′ , with pos-
sibly a dierent frequency a ′, can trigger the conversion of Z
into E (reaction 2) or be dissipated (reaction 4); nally, E and
Z can also thermally interconvert (reaction 5). We assume for
simplicity that only photons at the exact frequencies a and a ′
can trigger the corresponding transitions. In such a case, the
anities read

A1 =
`E − `Z

𝑇
+ `a

𝑇
, A2 =

`Z − `E

𝑇
+ `a′

𝑇
,

A3 =
`a

𝑇
, A4 =

`a′

𝑇
, A5 =

`E − `Z

𝑇
, (25)

with 𝐹1 = 𝐹3 = `a/𝑇 , 𝐹2 = 𝐹4 = `a′/𝑇 , and 𝐹5 = 0, while
expressions for the reaction currents { 𝑗1, 𝑗2, 𝑗3, 𝑗4, 𝑗5} can be
found in Ref. [69]. e reactions (24) are not tightly coupled
and, consequently, anities and currents do not have, in gen-
eral, the same sign. However, as they constitute an indepen-
dent subset of coarse-grained reactions, they satisfy

A1 𝑗
1 + A2 𝑗

2 + A3 𝑗
3 + A4 𝑗

4 + A5 𝑗
5 ≥ 0 . (26)

C. Entropy

e thermodynamic entropy per unit volume of open
CRNs,

𝑆 = 𝑆𝑍 + 𝑆ch + 𝑆ph , (27)

is given in general by the contribution of the chemical
species 𝑆𝑍 , the chemostats 𝑆ch, and the photons 𝑆ph. e con-
tribution carried by the chemical species reads [74]

𝑆𝑍 = (𝒔◦𝑍 − 𝑅 ln 𝒛) · 𝒛 + 𝑅‖𝒛‖ = 𝒔◦𝑍 · 𝒛 + 𝑆H𝑍 , (28)

where ‖𝒛‖ =
∑

𝛼 [𝛼] and we introduced a Shannon-like en-
tropy for macroscopic non-normalized concentration distri-
butions, 𝑆H

𝑍
:= −𝑅 ln 𝒛 · 𝒛 +𝑅‖𝒛‖. e laer will play a crucial

role in recovering the information thermodynamic frame-
work for deterministic CRNs in Sec. IV.

Similarly, the contribution of the chemostats is given by

𝑆ch = (𝒔◦ch − 𝑅 ln 𝒄) · 𝒄 + 𝑅‖𝒄 ‖ , (29)

with 𝒔◦ch = −𝜕𝝁◦
ch/𝜕𝑇 the vector of the standard molar en-

tropies of the chemostats. On the other hand, the contribu-
tion due to the photons is expressed as the entropy of an ideal
Bose gas [79]

𝑆ph = 𝑅

∫ [
(𝑓a + 𝑛a ) ln (𝑓a + 𝑛a ) − 𝑛a ln𝑛a − 𝑓a ln 𝑓a

]
da , (30)

where the integral runs in general over the whole spectrum.
e time derivative of the total entropy (27), i.e.,

d𝑡𝑆 = 𝒔𝑍 · 𝕊𝒋 (with 𝒔𝑍 = 𝒔◦
𝑍
− 𝑅 ln 𝒛), is given by the sum

of the entropy production rate ¤Σ ≥ 0, accounting for the dis-
sipation, and of the entropy ow ¤𝑆𝑒 , accounting for the re-
versible exchange of entropy with the reservoirs. It provides
the nonequilibrium formulation of the second law, which can
be wrien as

¤Σ = d𝑡𝑆 − ¤𝑆𝑒 ≥ 0 (31)

where, in autonomous CRNs (i.e., with 𝒄 and 𝑛a being con-
stant in time),

¤Σ = A · 𝒋 ≥ 0 , (32)

¤𝑆𝑒 =
𝒉◦𝑍
𝑇

· 𝕊𝒋 − 𝑭 · 𝒋 , (33)

withA = (. . . ,A𝜌 , . . . )ᵀ and 𝑭 = (. . . , 𝐹𝜌 , . . . )ᵀ .
In bipartite CRNs, we can apply the same spliings of the

chemical species 𝑍 = 𝑎∪𝑏 to the total entropy carried by the
chemical species 𝑆𝑍 (given in Eq. (28)) which leads to

𝑆 = 𝑆𝑎 + 𝑆𝑏 + 𝑆ch + 𝑆ph , (34)

where, given a set of species 𝑣 = {𝑎, 𝑏}, 𝑆𝑣 = (𝒔◦𝑣 − 𝑅 ln 𝒗) ·
𝒗 +𝑅‖𝒗‖ with 𝒗 = (. . . , [𝛼], . . . )𝛼 ∈𝑣 and 𝒔◦𝑣 = (. . . , 𝑠◦𝛼 , . . . )𝛼 ∈𝑣 .
Furthermore, we can apply the spliing of the chemical reac-
tions R = 𝐴 ∪ 𝑋 ∪ 𝑌 to the entropy production rate and the
entropy ow:

¤Σ = ¤Σ𝐴 + ¤Σ𝑋 + ¤Σ𝑌 , (35)
¤𝑆𝑒 = ¤𝑆𝐴𝑒 + ¤𝑆𝑋𝑒 + ¤𝑆𝑌𝑒 , (36)

where
¤Σ𝑖 =

∑︁
𝜌∈𝑖

A𝜌 𝑗
𝜌 ≥ 0 , (37)

¤𝑆𝑖𝑒 =
∑︁
𝜌∈𝑖

(
𝒉◦𝑍
𝑇

· 𝕊𝜌 − 𝐹𝜌

)
𝑗𝜌 , (38)

with 𝑖 = {𝐴,𝑋,𝑌 }. Note that the inequality in Eq. (37) holds
because the reactions in the sets {𝐴,𝑋,𝑌 } either satisfy the
local detailed balance condition (19), or are independent sets
of coarse-grained reactions (see Subs. II and IV B).

IV. INFORMATION THERMODYNAMICS

We now formulate a second law for each subnetwork (de-
ned in Sec. II) which, compared to the second law (31) of
the whole CRN, is (mainly) modied by an information ow
term accounting for the information exchange between the
two subnetworks. is information ow arises due to the
fact that the two subnetworks share some chemical species
which are involved in both 𝑋 and 𝑌 reactions.
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A. Mutual Information

We start by introducing the probability that bipartite
species 𝛼 ∈ 𝑏 are in a specic double state (𝑥,𝑦) as

𝑝𝑥,𝑦 =
[(𝑥,𝑦)]
‖𝒃 ‖ , (39)

with ‖𝒃 ‖ = ∑
𝛼 ∈𝑏 [𝛼] and the marginal probabilities

𝑝𝑥 =
∑︁
𝑦

𝑝𝑥,𝑦 =
[𝑥]
‖𝒃 ‖ , (40a)

𝑝𝑦 =
∑︁
𝑥

𝑝𝑥,𝑦 =
[𝑦]
‖𝒃 ‖ , (40b)

that bipartite species are in state 𝑥 (resp. 𝑦) irrespectively
of their state 𝑦 (resp. 𝑥 ). In analogy to information theory
when dealing with the joint probability of a pair of random
variables [41], this allows us to introduce the following Shan-
non entropies for the bipartite species

𝐻𝑥,𝑦 = −
∑︁
𝑥,𝑦

𝑝𝑥,𝑦 ln𝑝𝑥,𝑦 , (41a)

𝐻𝑥 = −
∑︁
𝑥

𝑝𝑥 ln𝑝𝑥 , (41b)

𝐻𝑦 = −
∑︁
𝑦

𝑝𝑦 ln 𝑝𝑦 , (41c)

and the mutual information

I𝑏 =
∑︁
𝑥,𝑦

𝑝𝑥,𝑦 ln
𝑝𝑥,𝑦

𝑝𝑥𝑝𝑦
, (42)

which by construction satises

𝐻𝑥,𝑦 = 𝐻𝑥 + 𝐻𝑦 − I𝑏 . (43)

Crucially, by applying the denition of probabilities in
Eqs. (39) and (40), the mutual information (42) can be directly
expressed in terms of the macroscopic non-normalized con-
centration distributions

I𝑏 =
∑︁
𝑥,𝑦

[(𝑥,𝑦)]
‖𝒃 ‖ ln

[(𝑥,𝑦)] ‖𝒃 ‖
[𝑥] [𝑦] , (44)

which still measures, as in information theory [33, 41], the
reduction in uncertainty about the states {𝑥} when the states
{𝑦} are known, and vice versa. is physically means that I𝑏
quanties, in the framework of this paper, to which extent
being in a specic state 𝑥 correlates with being in a specic
state 𝑦 for the bipartite species and it can be determined by
measuring the concentrations [(𝑥,𝑦)].
Example. Consider the network in Fig. 1 with ar-

bitrary concentrations [(𝑥,𝑦)]. On the one hand, if
[(𝑥1, 𝑦1)]/[(𝑥2, 𝑦1)] = [(𝑥1, 𝑦2)]/[(𝑥2, 𝑦2)], the 𝑦 state is not
correlated with the 𝑥 state, as the relative concentration be-
tween species in states 𝑥1 and 𝑥2 is independent of state 𝑦.
Analogously, if [(𝑥1, 𝑦1)]/[(𝑥1, 𝑦2)] = [(𝑥2, 𝑦1)]/[(𝑥2, 𝑦2)],

the 𝑥 state is not correlated with the 𝑦 state, as the relative
concentration between species in states 𝑦1 and 𝑦2 is inde-
pendent of state 𝑥 . In such a case, one cannot gain infor-
mation about one state (e.g., the concentration of molecules
binding the triangular substrate) by measuring the other
(e.g., the concentration of molecules binding the small cir-
cular substrate). is reects into a vanishing mutual in-
formation (44). On the other hand, if [(𝑥1, 𝑦1)]/[(𝑥2, 𝑦1)] ≠

[(𝑥1, 𝑦2)]/[(𝑥2, 𝑦2)], the 𝑦 state correlates with the 𝑥 state,
as the relative concentration between species in states 𝑥1
and 𝑥2 now depends state 𝑦. For analogous reasons, if
[(𝑥1, 𝑦1)]/[(𝑥1, 𝑦2)] ≠ [(𝑥2, 𝑦1)]/[(𝑥2, 𝑦2)], the 𝑥 state cor-
relates with the 𝑦 state. In such a case, one can thus gain in-
formation on one state by measuring the other. For instance,
in the presence of positive correlations between 𝑥1 and 𝑦1
and between 𝑥2 and 𝑦2 (namely, [(𝑥1, 𝑦1)] > [(𝑥1, 𝑦2)] and
[(𝑥2, 𝑦2)] > [(𝑥2, 𝑦1)]), knowing that the marginal concen-
tration [𝑦] is shied towards state 𝑦2 (most of the molecules
bind the small circular substrate) informs about the marginal
concentration [𝑥] being shied towards state 𝑥2 (most of the
molecules bind the triangular substrate). is reects into a
non-null mutual information (44).

B. Entropy Decomposition

In standard information thermodynamics, the thermody-
namic entropy of a system coincides with the Shannon en-
tropy. us, Eq. (43) splits the former into contributions
from subsystems and their mutual information. On the other
hand, as shown in Subs. III C, the entropy (28) of determin-
istic CRNs is not given by the Shannon entropy. Never-
theless, the bipartite structure of the network allows us to
split the Shannon-like entropy of the bipartite species 𝑆H

𝑏
=

−𝑅(ln 𝒃) · 𝒃 +𝑅‖𝒃 ‖ by following the same logic employed for
the standard derivation of Eq. (43) [41], but exploiting the ex-
pression in Eq. (44) for the mutual information. In this way,
we get

𝑆H
𝑏
= 𝑆H𝑥 + 𝑆H𝑦 − 𝑅‖𝒃 ‖I𝑏 + 𝑅‖𝒃 ‖(ln‖𝒃 ‖ − 1) , (45)

where

𝑆H𝑥 = −𝑅(ln 𝒙) · 𝒙 + 𝑅‖𝒙 ‖ , (46a)

𝑆H𝑦 = −𝑅(ln𝒚) · 𝒚 + 𝑅‖𝒚‖ , (46b)

are the Shannon-like entropy of states {𝑥} and {𝑦}, respec-
tively, and ‖𝒙 ‖ = ‖𝒚‖ = ‖𝒃 ‖. Note that the last term in
Eq. (45), i.e., ‖𝒃 ‖(ln‖𝒃 ‖ − 1), emerges because of the non-
normalized concentration distributions.

By using Eq. (45) to express the entropy of the bipartite
species 𝑆𝑏 = 𝑆H

𝑏
+ 𝒔◦

𝑏
· 𝒃 , the total entropy (27) becomes

𝑆 = 𝑆H𝑥 + 𝑆H𝑦 − 𝑅‖𝒃 ‖I𝑏 + 𝑅‖𝒃 ‖(ln‖𝒃 ‖ − 1) + 𝒔◦𝒃 · 𝒃
+ 𝑆𝑎 + 𝑆ch + 𝑆ph ,

(47)

where 𝒔◦𝒃 · 𝒃 accounts for the standard molar entropy of the
bipartite species and cannot be split into a contribution due



7

to the species in state 𝑥 and a contribution due to the species
in state 𝑦. is term is absent in the decomposition of the
entropy of bipartite Markov jump processes [31] as long as
the states do not have an internal entropy.

C. Entropy Production Decomposition

We now decompose the entropy production rate in such a
way as to formulate the second law for each subnetwork X
and Y. We start by rewriting the second law (31) specifying
the entropy ow according to Eq. (36):

¤Σ = d𝑡𝑆 − ¤𝑆𝐴𝑒 − ¤𝑆𝑋𝑒 − ¤𝑆𝑌𝑒 . (48)

From Eq. (47), we further derive

d𝑡𝑆 =d𝑡𝑆H𝑥 + d𝑡𝑆H𝑦 + 𝒔◦𝒃 · d𝑡𝒃 − 𝑅d𝑡
(
‖𝒃 ‖I𝑏

)
+

+ 𝑅 ln‖𝒃 ‖d𝑡 ‖𝒃 ‖ + 𝒔𝑎 · d𝑡𝒂 ,
(49)

where 𝒔𝑎 = 𝒔◦𝑎 − 𝑅 ln 𝒂 and the time derivative of the infor-
mation term (44) can be specied as

d𝑡I𝑏 = ¤I𝑥 + ¤I𝑦 +
(
ln‖𝒃 ‖ − I𝑏

)
d𝑡 ln‖𝒃 ‖ (50)

with

¤I𝑥 :=
1
‖𝒃 ‖

{
(ln 𝒃) · 𝕊𝑏

𝑋𝒋
𝑋 − (ln 𝒙) · d𝑡𝒙

}
, (51a)

¤I𝑦 :=
1
‖𝒃 ‖

{
(ln 𝒃) · 𝕊𝑏

𝑌𝒋
𝑌 − (ln𝒚) · d𝑡𝒚

}
. (51b)

Crucially, the information ows ¤I𝑥 and ¤I𝑦 quantify the
changes in the mutual information (44) per units of concen-
tration, namely, the changes in the relative uncertainty (cor-
relations) between the {𝑥} and the {𝑦} states, due to the dy-
namics of subnetworksX andY, respectively. e third term
in Eq. (50) accounts for the non-normalized nature of the con-
centration distributions, vanishes at steady state, and does
not contribute to the entropy production decomposition. In-
deed, by using Eq. (49) and Eq. (50) into Eq. (48) and by split-
ting d𝑡𝒂 and d𝑡𝒃 into the contributions due to the dierent
reactions R = 𝐴 ∪ 𝑋 ∪ 𝑌 as in Eqs. (9a) and (9b), we obtain

¤Σ(𝑡) =d𝑡𝑆H𝑥 − ¤𝑆𝑋𝑒 − 𝑅‖𝒃 ‖ ¤I𝑥 + 𝒔◦𝒃 · 𝕊𝑏
𝑋𝒋

𝑋 + 𝒔𝑎 · 𝕊𝑎
𝑋𝒋

𝑋+
+ d𝑡𝑆H𝑦 − ¤𝑆𝑌𝑒 − 𝑅‖𝒃 ‖ ¤I𝑦 + 𝒔◦𝒃 · 𝕊𝑏

𝑌𝒋
𝑌 + 𝒔𝑎 · 𝕊𝑎

𝑌𝒋
𝑌+

− ¤𝑆𝐴𝑒 + 𝒔𝑎 · 𝕊𝑎
𝐴𝒋

𝐴

(52)

which, by using Eq. (37), allows us to identify

¤Σ𝑋 = d𝑡𝑆H𝑥 − ¤𝑆𝑋𝑒 − 𝑅‖𝒃 ‖ ¤I𝑥 + 𝒔◦𝒃 · 𝕊𝑏𝑋 𝒋
𝑋 + 𝒔𝑎 · 𝕊𝑎𝑋 𝒋

𝑋 ≥ 0 , (53a)
¤Σ𝑌 = d𝑡𝑆H𝑦 − ¤𝑆𝑌𝑒 − 𝑅‖𝒃 ‖ ¤I𝑦 + 𝒔◦𝒃 · 𝕊𝑏𝑌 𝒋

𝑌 + 𝒔𝑎 · 𝕊𝑎𝑌 𝒋
𝑌 ≥ 0 , (53b)

¤Σ𝐴 = − ¤𝑆𝐴𝑒 + 𝒔𝑎 · 𝕊𝑎𝐴𝒋
𝐴 ≥ 0 . (53c)

Equation (53c) has the same form as the second law (31): it
explicitly expresses the dissipation of the 𝐴 reactions (which
do not involve the bipartite species) in terms of the entropy

ow with the corresponding reservoirs ¤𝑆𝐴𝑒 and the variation
of the total entropy due to the interconversion of the𝑎 species
𝒔𝑎 · 𝕊𝑎

𝐴
𝒋𝐴.

Equations (53a) and (53b) are the key results of our work.
ey provide a formulation of the second law for the subnet-
works X and Y, respectively. Let us focus in the following
on the subnetwork X, but analogous comments also hold for
the subnetwork Y. Equation (53a) shows that the dissipa-
tion ¤Σ𝑋 is balanced by dierent mechanisms: i) the variation
of the subnetwork Shannon-like entropy, d𝑡𝑆H𝑥 ; ii) the en-
tropy owwith the reservoirs coupled to the𝑋 reactions, ¤𝑆𝑋𝑒 ;
iii) the information ow accounting for the information ex-
change with the Y subnetwork, ¤I𝑥 ; iv) the variation to the
subnetwork entropy due to the standard molar entropy car-
ried by the chemical species, 𝒔◦𝒃 · 𝕊𝑏

𝑋
𝒋𝑋 ; v) the variation to

the subnetwork entropy due to the consumption/production
of the 𝑎 species, 𝒔𝑎 · 𝕊𝑎

𝑋
𝒋𝑋 . Note that the rst three mech-

anisms in Eq. (53a) also appear in an analogous decomposi-
tion of entropy production for bipartite Markov jump pro-
cesses [31], while the last two only emerge in bipartite deter-
ministic CRNs.
Each mechanism can act as a source (of entropy), when it

contributes positively to the entropy production, or as an out-
put (of entropy), when it contributes negatively. e sources
must always dominate the outputs to maintain the subnet-
work out of equilibrium because of the unavoidable dissi-
pation. For instance, when ¤I𝑥 < 0, the subnetwork X is
decreasing correlation with the subnetwork Y: the mutual
information (44) decreases (see Eq. (50)). is consumption
of mutual information corresponds to a source of entropy
(−𝑅‖𝒃 ‖ ¤I𝑥 > 0) that can be used to sustain the output mech-
anisms and/or to balance the dissipation. On the other hand,
when ¤I𝑥 > 0 the subnetwork is increasing correlation with
the subnetworkY. is corresponds to an output of entropy
(−𝑅‖𝒃 ‖ ¤I𝑥 < 0) which has to be sustained by an entropy
source to balance the dissipation ( ¤Σ𝑋 ≥ 0).

V. APPLICATIONS

We now apply our framework to two paradigmatic ex-
amples of chemical engines with nonlinear dynamics: a
model for chemically-driven self-assembly [13, 42] and a
light-driven bimolecular motor [24, 27, 43, 44]. We charac-
terize their functioning at steady state for various operating
regimes.

A. Driven self-assembly

As a rst application, we analyze a minimalist model
(see Fig. 2a) epitomizing the basic working principles of
chemically-driven self-assembly [13, 42, 80, 81]: an exter-
nal force is exploited to increase the concentration of a tar-
get species with respect to the equilibrium one. Prominent
examples of this kind of mechanism are the formation of
microtubules out of tubulin dimers fueled by guanosine 5’-
triphosphate (GTP) [82, 83] and theATP-driven self-assembly
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FIG. 2. Chemically-driven self-assembly of monomers into dimers. a) Hypergraph representation of the bipartite chemical reaction
network. Arrows are used to indicate the conventional direction of the reactions, which are all reversible. Reactions are labelled according
to the CRN (54); b-d) Numerical simulations of the model with three dierent sets of parameters. Information ow (𝑅𝑇 ‖𝒃 ‖ ¤I), energy ow
( ¤E), and dissipation of the self-assembly subnetwork (𝑇 ¤Σ𝑋 = ¤E + 𝑅𝑇 ‖𝒃 ‖ ¤I) at steady state are ploed against the net thermodynamic force
acting on the system (𝐹 = (`F − `W)/𝑇 , with 𝑇 = 298K, `◦F = 11 kJ/mol and `◦W = −11 kJ/mol, up to an arbitrary constant) in a range
corresponding to [F] from 1 · 10−4M to 4 · 102M, with [W] = 1M. e eciency of the internal free-energy transduction ([) is computed
according to Eq. (57). e standard chemical potentials ruling the relative thermodynamic stability of the four species are, up to an arbitrary
constant: `◦M1

= −2 kJ/mol, `◦L1 = −3 kJ/mol, `◦L2 = −4 kJ/mol, and `◦M2
= 9 kJ/mol for case b); `◦M1

= 2 kJ/mol, `◦L1 = −3 kJ/mol, `◦L2 = −6
kJ/mol, and `◦M2

= 4 kJ/mol for case c); and `◦M1
= 2 kJ/mol, `◦L1 = −3 kJ/mol, `◦L2 = −2 kJ/mol, and `◦M2

= 4 kJ/mol for case d). e
independent kinetic parameters are the same as in Ref. [80]. Colored spheres indicate which is the most populated species at steady state for
low, intermediate and high forces regimes, while doed vertical lines mark the value of the force maximizing the concentration of the target
species M2. Note that, in panel c), the information ow (𝑅𝑇 ‖𝒃 ‖ ¤I, blue solid line) coincides exactly with the dissipation of the self-assembly
subnetwork (𝑇 ¤Σ𝑋 , green solid line).

of actin laments [84]. Driven self-assembly has also been
exploited in experiments such as the controlled gelation of
dibenzoyl-L-cysteine to form nanobers [15] and the chem-
ically fueled transient self-assembly of brous hydrogel ma-
terials [85].

In the model depicted in Fig. 2a, the direct aggregation of
two monomers M1 to form the dimer M2 is coupled with the
exergonic conversion of a high energetic species F into a low
energetic oneW. In particular, both the monomer M1 and the
dimer M2 can catalyze the F-to-W conversion via their acti-
vated species L1 and L2 (e.g., F + M1 L1 M1 + W).
is leads, by properly xing the concentrations of F and W,
to a nonequilibrium steady state enriched in the dimer M2.
Unlike conventional equilibrium self-assembly, the ecacy

of this synthetic procedure is not determined by the relative
thermodynamic stability of the species, but rather by a ki-
netic asymmetry [86] in how themonomersM1 and the dimer
M2 react with F and W [13, 42]. is built-in kinetic asym-
metry is oen referred to as an information ratchet mecha-
nism because the rate at which F and W react with the sys-
tem is somehow dependent on information about the react-
ing species: that is, a species will react more quickly with fuel
if doing so enables forward cycling or prevents backward cy-
cling [42, 46].
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emodel depicted in Fig. 2a corresponds to the open CRN
2M1 1 M2 2L1 2 L2

M1

F
L13f

M1

W
L13w

M2

2F
L24f

M2

2W
L24w

(54)

where there are four bipartite species 𝑏 = {M1,M2, L1, L2}
(with monomeric/dimeric states 𝑥 ∈ {1, 2} and non-
activated/activated states 𝑦 ∈ {M, L}) and two chemostats
F and W. No 𝑎 species are present. e marginal concentra-
tions read

[M] = [M1] + [M2] , (55a)
[L] = [L1] + [L2] , (55b)
[1] = [M1] + [L1] , (55c)
[2] = [M2] + [L2] , (55d)

Here, all the reactions satisfy mass action kinetics. e
self-assembly reactions {1, 2} are nonlinear with respect to
the chemical species M1 and L1, and only change their 𝑥

state, i.e., 𝑋 = {1, 2}. ey thus dene the self-assembly
subnetwork X. Conversely, the fueling and waste-forming
reactions {3f, 3w, 4f, 4w}, accounting for the coupling with
the chemostats, only change the 𝑦 state of the species, i.e.,
𝑌 = {3f, 3w, 4f, 4w}. ey thus dene the fueling subnetwork
Y. We stress that here, due to the nonlinearity of the 𝑋 reac-
tions, ‖𝒃 ‖ = [M]+[L] = [1]+[2] = [M1]+[M2]+[L1]+[L2] is
not a conserved quantity of the dynamics, which prevents di-
rect application of previous formulations of information ther-
modynamics for bipartite networks [31, 40]. In addition, the
CRN in Eq. 54 provides an example where the marginal con-
centrations of 𝑦 states ([M] and [L]) change due to 𝑋 reac-
tions ({1, 2}).

We now characterize the energetics of the nonequilibrium
steady state which will eventually be reached by the dynam-
ics in the long time limit. We do so by computing the various
contributions to the total dissipation (52), thus specializing
Eqs. (53a) and (53b) for the case at study (notice that Eq. (53c)
as well as all the terms involving 𝑎 species do not play any
role here). At steady state, the time derivatives of Shannon-
like entropies of states {𝑥} and {𝑦} vanish (d𝑡𝑆H𝑥 = d𝑡𝑆H𝑦 = 0)
and the dynamics is fully characterized by the net current
𝑗 = − 𝑗1 = 𝑗2 = ( 𝑗3f + 𝑗3w)/2 = −( 𝑗4f + 𝑗4w) , which is
positive when owing anticlockwise across the hyper-graph
in Fig. 2a according to the sign convention in Eq. (54). Fur-
thermore, the rate at which the fuel species F is injected into
the system at steady state to keep its concentration constant
(𝐼F = 𝑗3f + 2 𝑗4f ) corresponds to the rate at which the waste
species W is extracted (𝐼F = −𝐼W = − 𝑗3w − 2 𝑗4w). As a conse-
quence, Eqs. (53a) and (53b) boil down to:

𝑇 ¤Σ𝑋 = 𝑗 (`◦M2
− `◦L2 + 2`◦L1 − 2`◦M1

)︸                              ︷︷                              ︸
=: ¤E

+𝑅𝑇 𝑗 ln
[L1]2 [M2]
[M1]2 [L2]︸                 ︷︷                 ︸

=:𝑅𝑇 ‖𝒃 ‖ ¤I

, (56a)

𝑇 ¤Σ𝑌 = 𝐼F (`F − `W) − ¤E − 𝑅𝑇 ‖𝒃 ‖ ¤I , (56b)

where ¤I = − ¤I𝑥 = ¤I𝑦 follows directly from Eqs. (51a),
(51b) and (55), and we introduced the energy ow ¤E/𝑇 =

− ¤𝑆𝑋𝑒 + 𝒔◦𝒃 · 𝕊𝑏
𝑋
𝒋𝑋 accounting for the standard contribution

to the variation of the CRN free energy due to 𝑋 reactions,
with 𝐼F (`F − `W) − ¤E = − ¤𝑆𝑌𝑒 + 𝒔◦𝒃 · 𝕊𝑏

𝑌
𝒋𝑌 following directly

from Eq. (38) (aer identifying 𝐹3f = `F/𝑇 , 𝐹3w = `W/𝑇 ,
𝐹4f = 2`F/𝑇 , and 𝐹4w = 2`W/𝑇 ).
Equations (56a) and (56b) fully characterize the free-

energy exchanges between the CRN and the chemostats, on
the one hand, and between the subnetworks X and Y, on
the other hand. e former is accounted for by 𝐼F (`F − `W),
quantifying the fueling work performed by the external force
𝐹 = (`F − `W)/𝑇 [80]. is work is entirely delivered to the
subnetwork Y since 𝐼F (`F − `W) appears only in Eq. (56b).
e free-energy exchange between Y and X is accounted
for by the energy and information ows, which together
( ¤E + 𝑅𝑇 ‖𝒃 ‖ ¤I) constitute the only possible source of free en-
ergy for the subnetwork X (see Eq. (56a)). is implies that
the subnetwork X can be kept out of equilibrium only when
part of the work 𝐼F (`F − `W) is not dissipated by the sub-
network Y, but output to the subnetwork X via ¤E and ¤I.
We view this process as an internal free-energy transduction.
Based on this understanding, one can dene the eciency of
the internal free-energy transduction as the ratio between the
free energy transferred to the subnetwork X and the work
performed on the subnetwork Y

0 ≤ [ =
𝑅𝑇 ‖𝒃 ‖ ¤I + ¤E
𝐼𝐹 (`F − `W) = 1 − 𝑇 ¤Σ𝑌

𝐼𝐹 (`F − `W) ≤ 1 , (57)

which is bounded by zero and one due to the non-negativity
of ¤Σ𝑌 . Physically, [ measures the fraction of the fueling work
devoted to keep the subnetwork X out of equilibrium, which
is exactly the goal of driven self-assembly.
Such a level of resolution on how free energy is dissi-

pated leads to a renement of a previous analysis of this
model [80]. First, Eq. (57) characterizes the steady state per-
formance of the self-assembly (what is called “maintenance
phase” in Ref. [80]). Second, if the subnetwork X performed
work W𝑒𝑥𝑡 < 0 against the environment (as in the driven
synthesis setup of Ref. [80]), Eq. (57) would allow us to split
the overall eciency [ds = − ¤W𝑒𝑥𝑡/IF (`F − `W) into two con-
tributions:

[ds =
𝑅𝑇 ‖𝒃 ‖ ¤I + ¤E
𝐼𝐹 (`F − `W) · − ¤W𝑒𝑥𝑡

¤E + 𝑅𝑇 ‖𝒃 ‖ ¤I
= [ · [𝑒𝑥𝑡 ≤ 1 , (58)

where [𝑒𝑥𝑡 measures the fraction of the free-energy trans-
duced towards the subnetwork X ( ¤E + 𝑅𝑇 ‖𝒃 ‖ ¤I) which is
fruitfully converted into useful power delivered to the envi-
ronment (− ¤W𝑒𝑥𝑡 ).
As a further comment, we note that[ can vanish because of

two reasons: a thermodynamic and a kinetic one. e former
occurs when the external force is null (𝐹 = (`F − `W)/𝑇 = 0),
which directly implies that both subnetworks reach equi-
librium ( ¤Σ𝑌 = ¤Σ𝑋 = 0). e laer occurs when the ex-
ternal force is not null (𝐹 = (`F − `W)/𝑇 ≠ 0), but the
sum of ¤E and 𝑅𝑇 ‖𝒃 ‖ ¤I vanishes, thus implying ¤Σ𝑋 = 0, but
¤Σ𝑌 > 0. From a kinetic standpoint, this second case is of-
ten referred as a scenario where the system does not display
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kinetic asymmetry [13, 42, 46]. From an information thermo-
dynamic standpoint, this happens when there is no internal
free-energy transduction between the two subnetworks and,
consequently, the subnetworkX remains at equilibrium even
though Y is maintained in a nonequilibrium steady state by
the chemostats. is also implies that all the dissipation hap-
pens at the level of the subnetwork Y ( ¤Σ = ¤Σ𝑌 ).
To beer illustrate our results, we examine three dierent

scenarios. e rst one (Fig. 2b) is the same as in Refs. [80]
and [81], where the dimeric state is energetically highly unfa-
vored in the non-activated state (`◦M2

−2`◦M1
� 0), but favored

in the activated state (`◦L2 − 2`◦L1 < 0). Under these condi-
tions, the energy ow is positive for any value of the external
force and has a maximum at 𝐹 = 63 J K−1mol−1 (which also
corresponds to the value of the force maximizing the con-
centration of M2). is happens because ¤E given in Eq. (56)
is proportional to i) the steady state current 𝑗 > 0 and ii)
(`◦M2

− `◦L2 + 2`◦L1 − 2`◦M1
) > 0. us, the energy ow always

contributes positively to the internal free-energy transduc-
tion from the subnetwork Y to the subnetwork X. In con-
trast, the information ow ¤I is negative for small values of
the external force (𝐹 . 35 J K−1mol−1), thus representing a
cost for the free-energy transduction. Physically, this means
that the subnetwork X is spending a fraction of the free en-
ergy provided by the energy ow to create correlations with
the subnetwork Y. For intermediate values of the external
force (35 J K−1mol−1 . 𝐹 . 100 J K−1mol−1), the information
ow has a nite positive value meaning that correlations are
generated by the subnetwork Y and used as a source by the
subnetwork X to stay out of equilibrium.

In the second scenario (Fig. 2c), there is no energetic pref-
erence between monomeric and dimeric states: `◦M2

− 2`◦M1
=

0 and 2`◦L2 − `◦L1 = 0. As a consequence, the energy ow
vanishes at any value of the force, and the only source of
free energy for the subnetwork X is the (always positive) in-
formation ow. In such a case, the subnetwork Y acts as a
Maxwell Demon powered by the chemostats and transduc-
ing free-energy towards the subnetwork X purely in form of
information. e value of the force 𝐹 maximizing the concen-
tration of the target species M2 turns out to be 67 J K−1mol−1.
In the third scenario (Fig. 2d), there still is no energetic

preference between the non-activated monomer and non-
activated dimer (`◦M2

− 2`◦M1
= 0), but the activated dimer

is unfavored with respect to the activated monomer (`◦L2 −
2`◦L1 > 0). As a consequence, the energy ow is always nega-
tive, and the term𝑅𝑇 ‖𝒃 ‖ ¤Imust always be positive and larger
than | ¤E | in order to keep the subnetwork X out of equilib-
rium. e value of the force 𝐹 maximizing the concentration
of the target species M2 turns out to be 68 J K−1mol−1.

In all the three scenarios, the internal free-energy trans-
duction mechanism gets stalled for large values of the exter-
nal force (𝐹 & 100 J K−1mol−1): ¤E and 𝑅𝑇 ‖𝒃 ‖ ¤I go to zero.
us, the subnetwork X approaches equilibrium ( ¤Σ𝑋 ≈ 0),
despite the subnetwork Y being far from equilibrium. is
can also be understood in terms of the so-called negative dif-
ferential response of the steady state current [81]: 𝑗 decreases
when increasing 𝐹 .

In all the three scenarios, the eciency [ is nite for small
values of the external force, presents amaximum for interme-
diate values and then vanishes at large values. As shown in
Appendix B, [ is constant in the linear regime for very small
forces. e fact that the eciency is maximized for nite
values of the force is therefore a truly far-from-equilibrium
feature, which in this specic case can be ascribed to the neg-
ative dierential response of the current 𝑗 with respect to the
force. Interestingly, in the third scenario (Fig. 2d), the value
of the force maximizing the eciency gets close to the one
maximizing the concentration of the target species M2, in-
dicating the possibility to ne-tune the parameters in order
to optimize both the kinetic and the thermodynamic perfor-
mance.
As a nal comment, we notice that in the second and

third scenarios the information ow constitutes the only free-
energy source keeping the subnetwork X out of equilibrium.
is is in line with the fact that the functioning of this model
is oen described in terms of an information ratchet mech-
anism, hinting that the generation of information is the key
working principle. However, the rst scenario shows that
there may be regimes where the information ow is negative
or null, meaning that the information ow does not power
the assembling reactions, but rather represents a cost. We
therefore conclude that the thermodynamic concept of infor-
mation ow is not synonymous with the kinetic concept of
information ratcheting, but they are related. In particular,
the connection appears to be vague only in those conditions
where a positive energy ow (i.e., an energy ratchet like con-
tribution) is present.

B. Light driven directional bimolecular motor

As a second application, we consider a class of synthetic
bimolecular motors powered by light [24, 27, 45]. eir func-
tioning consists in the autonomous directional threading and
dethreating of a crown-ether macrocycle through an asym-
metric molecular axle existing in two dierent conforma-
tions [43, 44].
is class of systems can be represented by the CRN in

Fig. 3a. e threading of the macrocycle (or ring) M through
the free axle, either in the conformation Ef or Zf , can be de-
scribed by four dierent self-assembly reactions forming the
ring-axle complex, either in the conformation Ec or Zc:

M + Ef 1𝑙
Ec , M + Ef 1𝑟

Ec

M + Zf 2𝑙
Zc , M + Zf 2𝑟

Zc ,
(59)

where labels 𝑙 and 𝑟 discriminate over which side of the axle
the threading/de-threading of the ring occurs (see Fig. 3a).
e reactions (59) follow mass action kinetics. e switching
of the axle between its conformations in the free state as well
as in the complex state can happen via four (in practice ir-
reversible) coarse-grained photochemical reactions (see Ap-
pendix A 1 for the expression of their currents), all triggered
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FIG. 3. Light-driven bimolecular motor. a) Hypergraph representation of the bipartite chemical reaction network and chemical structures
of the involved species. Arrows are used to indicate the conventional direction of the reactions, which are all reversible (photochemical
reactions are theoretically reversible [69], but practically irreversible as explained in A 1). Reactions are labelled according to equations (59),
(60), and (61); b,c) Numerical simulations of the motor operated at 365 nm (b) and 436 nm (c). Information ow (𝑅𝑇 ‖𝒃 ‖ ¤I), energy ow
( ¤E), and dissipation of the self-assembly reactions (𝑇 ¤Σ𝑋 = ¤E + 𝑅𝑇 ‖𝒃 ‖ ¤I) at steady state are ploed against the net thermodynamic force
acting on the system (𝐹 = `a/𝑇 , with 𝑇 = 298K) in a range corresponding to a photon ow from 10−15 to 10−7 moles of photons per
second. Experimentally probed conditions are marked by the vertical doed lines. e eciency of the internal free-energy transduction ([)
is computed according to Eq. (64). Experimental parameters in both the regimes are taken from the original experimental data in Ref. [24]
and Refs. [43, 44]. At steady state, on-average directed motion of the macrocycles M with respect to the axles is achieved, as a clockwise
current arises with respect to the hypergraph and reactions 1𝑟 and 2𝑙 are kinetically unfavorable compared to reactions 1𝑙 and 2𝑟 .

by photons 𝛾a at frequency a :

Ef

𝛾a

Zf ,3a
Zf

𝛾a

Ef ,4a

Ec

𝛾a

Zc ,5a
Zc

𝛾a

Ec .6a

(60)

Changes of the axle’s conformation are also possible via ther-
mal reactions following mass-action kinetics:

Ec 8
Zc , Ef 7

Zf . (61)

Finally, four “futile” photochemical reactions are also possi-
ble, where photons are absorbed without leading to a confor-

mation change of the axle:

Ef

𝛾a

Ef9a
Zf

𝛾a

Zf10a

Ec

𝛾a

Ec11a
Zc

𝛾a

Zc12a
.

(62)

For this CRN, we dene the set of bipartite species as
𝑏 = {Ef ,Zf , Ec,Zc} and the set of ancillary species as 𝑎 = {M}.
Accordingly, reactions can be split into three sets. e futile
photochemical reactions 𝐴 = {9a, 10a, 11a, 12a} do not lead
to any change in the concentrations, but they contribute to
the dissipation of the CRN, as shown in the following. e
reactions 𝑋 = {1𝑙, 1𝑟, 2𝑙, 2𝑟 } interconvert the assembled state
of the bipartite species 𝑥 ∈ {f, c} between the free and the
complex state. ey thus dene the self-assembly subnet-
work X. e reactions 𝑌 = {3a, 4a, 5a, 6a, 7, 8} interconvert
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the isomerization state of the bipartite species 𝑦 ∈ {E,Z}.
ey thus dene the isomerization subnetwork Y.
As done for the previous example, we study the network’s

energetics at steady state by specializing Eqs. (53a), (53b)
and (53c)

𝑇 ¤Σ𝑋 = 𝑗 (`◦Zc
− `◦Ec + `◦Ef − `◦Zf

)︸                         ︷︷                         ︸
=: ¤E

+𝑅𝑇 𝑗 ln
[Ef ] [Zc]
[Zf ] [Ec]︸              ︷︷              ︸

=:𝑅𝑇 ‖𝒃 ‖ ¤I

, (63a)

𝑇 ¤Σ𝑌 = ¤𝑊𝑌
a − ¤E − 𝑅𝑇 ‖𝒃 ‖ ¤I , (63b)

𝑇 ¤Σ𝐴 = ¤𝑊𝐴
a , (63c)

with 𝑗 = 𝑗1𝑙 + 𝑗1𝑟 = −( 𝑗2𝑙 + 𝑗2𝑟 ) = − 𝑗3a − 𝑗7 + 𝑗4a =

𝑗5a+ 𝑗7− 𝑗4a the steady state net current (considered as positive
when owing clockwise across the hyper-graph in Fig. 3a),
¤I = − ¤I𝑥 = ¤I𝑦 , and ¤E the energy ow. Furthermore, we
introduced the two work sources ¤𝑊 𝐴

a and ¤𝑊 𝑌
a quantifying

the rates at which free-energy is provided by the radiation
to futile and photoisomerization reactions, respectively (see
Eq. (A11) and (A10) for their expressions). e former is fully
dissipated by the futile reactions (see Eq. (63c)) and, conse-
quently, it is useless to the motor’s functioning. e laer
accounts for the fraction of the free-energy absorbed from the
radiation which can actually be used to sustain the motor’s
functioning [45]. Similarly to the previous example, the Y
subnetwork (involving the photoisomerization reactions) is
the only one coupled to the external force 𝐹 = `a/𝑇 , but part
of the free-energy exchanged with the radiation can be trans-
duced towards subnetwork X (involving self-assembly reac-
tions) through the energy ¤E and information ¤I ows. ese
two mechanisms are the only possible free-energy sources
for subnetwork X which can be used at steady state to sus-
tain the self-assembly reactions, i.e., the motor’s functioning.

Based on the above understanding, the eciency at which
the free-energy harvested by subnetwork Y from the radia-
tion is transduced into free-energy available to subnetwork
X can be dened as:

0 ≤ [ =
𝑅𝑇 ‖𝒃 ‖ ¤I + ¤E

¤𝑊 𝑌
a

= 1 − 𝑇 ¤Σ𝑌
¤𝑊 𝑌
a

≤ 1 . (64)

which is analogous to Eq. (57) except that the source work
¤𝑊 𝑌
a is performed by the radiation instead of the chemostats.

Similar comments on the properties of the eciency [ as
those for the case of driven self-assembly apply here as well.

To illustrate our results, we simulated the CRN in
Fig. 3a under two previously characterized experimental
regimes which just dier by the wavelength (_, assumed as
monochromatic) of the radiation [24]. Based on experimen-
tal measures, the threading of the ring through the axles is
always energetically favored independently of the isomer-
ization state, but it is more favored in the E state, namely
`◦Ec − `◦Ef − `◦M<`

◦
Zc

− `◦Zf
− `◦M<0. Furthermore, because of

steric hindrance, threading in the E state happens preferen-
tially via reaction 1𝑙 in Eq. (59), and de-threadering in the
Z state happens preferentially via reaction 2𝑟 . Such a ki-
netic preference favors the net directed motion of the ring
with respect to the axles when the CRN is brought out of

equilibrium. is is oen recognized as an energy ratchet
mechanism in the literature of light-drivenmolecularmotors,
and provides the kinetic asymmetry allowing the the motor’s
functioning [10, 24, 27, 87, 88]. From a thermodynamic stand-
point, this corresponds to a positive energy ow ¤E for any
value of the external force since i) (`◦Zc

− `◦Ec + `◦Ef − `◦Zf
) > 0

and ii) 𝑗 > 0 (see Eq. (63)).
In the rst regime (_ = 365nm, Fig. 3b), the complexes Ec

and Zc are more eective than their free counterparts Ef and
Zf in absorbing light, thus causing photochemical reactions
5a and 6a in Eq. (60) to occur faster than the photochemical
reactions 3a and 4a in Eq. (60). is is oen recognized as an
information ratchet mechanism providing an additional ki-
netic bias to the energy ratchet mechanism [10, 24, 27, 87, 88].
In the second regime (_ = 436nm, Fig. 3c), the photochemi-
cal properties of the axles are independent of the assembled
state and, therefore, the motor’s functioning is achieved by
virtue of the energy ratchet mechanism alone [24]. In both
cases, we nd that relatively high values of the force are
needed to take the self-assembly subnetwork out of equilib-
rium (𝑇 ¤Σ𝑋 > 0) and, in contrast to the previous example, the
dissipation increases monotonically up to a plateau, as well
as the energy ow. On the other hand, the information ow is
initially negative and reaches a plateau only aer displaying
a minimum. e plateau value is positive when the irradia-
tion wavelength is 365 nm, while the information ow is al-
ways negativewhen the irradiationwavelength is 436 nm. As
in the previous example, connections can be drawn between
information/energy ow and information/energy ratcheting,
but clearly the two concepts do not coincide. In particular,
when the mechanism is a pure energy ratchet (_ = 436 nm,
Fig. 3c), the only positive contribution to 𝑇 ¤Σ𝑋 comes from
the energy ow. When information ratcheting is added (_ =
365 nm, Fig. 3b) regimes with positive information ow arise.
However, when both energy and information ratchet mecha-
nisms are active, regimes where the information ow is null
or negative are observed, and when there is no information
ratchet mechanism, the information ow is always not null
and negative.
Finally, in both cases the eciency stays nite in the linear

regime (see Appendix B) and drops to zero at high forces as
𝑇 ¤Σ𝑋 saturates, with values of 3 × 10−2% for _ = 365 nm and
3 × 10−4% for _ = 436 nm at the experimentally probed con-
ditions [24] (marked by the vertical doed lines in Fig. 3b,c).
Interestingly, while at _ = 436 nm the eciency drops to zero
monotonically, it presents a maximum at intermediate forces
for _ = 365 nm.

VI. CONCLUSION

In this work, we formulated information thermodynamics
for deterministic bipartite CRNs with nonlinear dynamics.
e resulting picture is that these networks can be divided
into two subnetworks made of dierent sets of reactions,
which interact (due to the presence of shared species) by ex-
changing free-energy in the form of information and/or en-
ergy ows. To get there, we dened the mutual information
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in terms of the concentrations of bipartite species (Eq. (44)),
showing that it can be expressed in terms of Shannon-like
contributions to the total entropy (Eq. (45)). Furthermore, we
specialized the second law for each subnetwork (Eq. (53)),
in analogy with information thermodynamics of Markov
jump processes. Crucially, informational terms appear and
may play the role of free-energy sources sustaining reac-
tions which would not occur spontaneously. At odds with
information thermodynamics of stochastic processes, infor-
mation ow terms in deterministic CRNs must account for
non-normalized concentration distributions. Also, variation
of the subnetworks entropy due to the standard molar en-
tropy carried by the chemical species and the contribution of
non-bipartite species which may be present have to be taken
into account.

Our framework generalizes a previous formulation devel-
oped for linear dynamics [40]. It directly applies to most of
the articial molecular machines and motors reported until
now, and to many relevant models in systems chemistry and
biochemistry too (e.g., biomolecular motors, signal transduc-
tion). Here, we analyzed two epitomes of nonequilibrium
supramolecular chemistry where the nonlinear self-assembly
steps explicitly require leveraging our new results, as stan-
dard methods of information thermodynamics fail to treat
non-normalized concentration distributions. Unprecedented
insights were provided on i) how free-energy is used to
power the chemically-driven self-assembly of monomers and
an experimental light-driven bimolecular motor, and ii) on
the corresponding performance evaluated according to their
thermodynamic eciencies that we introduced (Eqs. (57)
and (64)). Furthermore, the role of information as a phys-
ical quantity is claried and compared with the concept of
information ratcheting. Albeit related, we found counterex-
amples to a general one-to-one correspondence between the
two, thus establishing that the two concepts leverage two dif-
ferent notions of information, thus pertaining to distinct lev-
els of descriptions (a thermodynamic level and a kinetic one).

Our results can be straightforwardly extended to cases
where the external parameters 𝒄 and 𝑛a change in time ac-
cording to a time dependent protocol [47], as well as when
uxes between the system and the reservoirs are controlled
instead of the concentrations [51]. Also, if nonideal solu-
tions were considered [50], additional terms would appear in
the expression of the subnetworks entropy production with-
out qualitatively altering the results. Furthermore, our ap-
proach should apply to multipartite CRNs too, namely when
species and reactions can be split into more than two sub-
networks exchanging information (e.g., a bipartite network
where the species can also diuse between two compart-
ments dening an additional label for both species and reac-
tions) [89, 90]. However, additional work is required tomean-
ingfully explore this direction, especially concerning the no-
tions of thermodynamic eciency.

It is now clear that information processing is a key fea-
ture of living systems which is prone to quantitative analy-
ses [91, 92]. With our work, we developed some of the the-
oretical tools needed to extend the approach of information
thermodynamics towards the deterministic domain. As con-

centration distributions are oen easier to characterize than
probability distributions, we foresee that the current under-
standing of the role of information in chemical systems can
benet to some extent from the results that we derived.
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Appendix A: Photoemistry

In this appendix we derive the main quantities needed to
reproduce the results in Section VB, namely, the expressions
of photochemical reaction currents and the photochemical
work.

1. Photoemical currents

In a typical photochemical experiment of the kind consid-
ered in Section VB, the solution is contained in a square cu-
vee and irradiated from one side with a xed photon ow
𝐼0 quantifying the amount of moles of photons impinging
on the system’s surface Ω per unit time [93]. e radia-
tion frequency is selected through interference lters with
a bandwidth Δa of approximately 10 nm in unit of wave-
length [93], and all the frequency-dependent properties of the
system are considered as constants over this interval. is
approximation is equivalent to assuming the radiation to be
monochromatic at the chosen frequency. According to the
Beer-Lambert law, the intensity of the photon ow decreases
along the direction of propagation 𝑟 (with 𝑟 = 0 being the
point where the radiation starts interacting with the solution
and 𝑟 = 𝑟 𝑓 being the optical path) as:

𝐼 (𝑟 ) = 𝐼0 · 10−𝑟𝝐 ·𝒃 , (A1)

where 𝝐 is the vector collecting the molar extinction coef-
cients of each species. Note that the concentrations 𝒃 are
considered uniform in the sample (i.e., we consider a well-
mixed solution). To express the current of the photoisomer-

ization reaction E
light
−−−→ Z, we compute the number of pho-

tons absorbed per unit of time and volume by the species E,
and we multiply it by the quantum yield 𝜙E→Z of the pro-
cess, accounting for the probability that the photoisomeriza-
tion happens once E absorbed a photon [94]:

𝑗E→Z =
𝐼0

𝑉
(1 − 10−𝑟 𝑓 𝝐 ·𝒃 ) 𝜖E [E]

𝝐 · 𝒃 𝜙E→Z . (A2)

e above expression simplies under the theworking condi-
tions of interest [24], i.e., the total absorbance of the solution
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at steady state is small (𝑟 𝑓 𝝐 · 𝒃 � 1), to

𝑗E→Z =
ln(10)𝑟 𝑓 𝜖E𝜙E→Z

𝑉
𝐼0 [E] = 𝑘E→Z𝐼0 [E] , (A3)

which is the expression we used in our simulations in
Sec. V B. e currents of other photoisomerization reactions
are derived in the same way, as well as the currents of futile

photochemical reactions, like for E
light
−−−→ E

𝑗E→E =
ln(10)𝑟 𝑓 𝜖E𝜙E→E

𝑉
𝐼0 [E] = 𝑘E→E𝐼0 [E] , (A4)

with 𝜙E→E = 1 − 𝜙E→Z. Equations (A3) and (A4) show
that photochemical reactions in low-absorbance regimes
under controlled constant monochromatic irradiation can
be treated as irreversible unimolecular mass action reac-
tions [93, 94] by introducing eective kinetic constants, e.g.,
𝑘E→Z and 𝑘E→E. We note that a more detailed analysis taking
into account the underlying excited state dynamics (photoi-
somerization reactions usually follow the so-called diabatic
mechanism [95]) would show that this kind of reactions are in
principle reversible, but the backward pathways (e.g., Z gets
thermally excited and decays towards E by emiing a pho-
ton) are so unlikely that they can be safely neglected for any
practical purpose, thus further justifying the above deriva-
tion [69].

2. Photoemical work

e concentration distribution of photons in the system
can be expressed as 𝑛a (𝑟 ) = 𝑛𝑇a + 𝑛010−𝑟𝝐 ·𝒃 , where the black
body distribution 𝑛𝑇a at the temperature 𝑇 and 𝑛0 account
for the contribution due to the thermal bath and the exter-
nal radiation, respectively. Within the experimental approx-
imations, the laer can still be expressed in terms of a black
body distribution (𝑛0 = 𝑛

𝑇r
a ) by assigning to the external ra-

diation the temperature𝑇r at which a black body would emit
the same number of photons in the interval selected by the
interference lter. To nd 𝑇r, we therefore impose

𝐼0 = Ω𝑐

∫ a+Δa/2

a−Δa/2
𝑛
𝑇r
a′da

′ ≈ Ω𝑐𝑛𝑇ra Δa , (A5)

with Ω the irradiated area and 𝑐 the speed of light. e ap-
proximation of treating the the black body distribution as al-
most constant over the integration interval Δa is not neces-
sary, but we mention it because it simplies the identica-
tion of 𝑇r without qualitatively changing the results. For the
plots shown in Fig. 3, Eq. (A5) has been solved numerically
without employing the mentioned approximation. In the low
absorbance regime of interest in Ref. [24], we have that:

𝑛a (𝑟 ) =𝑛𝑇a + 𝑛𝑇ra 10−𝑟𝝐 ·𝒃

≈𝑛𝑇a + 𝑛𝑇ra (1 − ln(10)𝑟𝝐 · 𝒃) . (A6)

As a consequence, the chemical potential of the radiation (15)
will be a function of 𝑟 too. By considering `a (𝑟 ) to be con-
stant in the region of space from 𝑟 to 𝑟 + d𝑟 , the free energy

absorbed per unit of time from the radiation in the same re-
gion and in the low absorbance regime can be expressed as

`a (𝑟 ) (𝐼0 (10−𝑟𝝐 ·𝒃 − 10−(𝑟+d𝑟 )𝝐 ·𝒃 ))
≈ `a (𝑟 )𝐼0 ln(10)𝝐 · 𝒃 d𝑟 . (A7)

e free energy harvested from the radiation by the whole
system per unit time and volume is thus given by

¤𝑊a =
1
𝑉

∫ 𝑟 𝑓

0
`a (𝑟 )𝐼0 ln(10)𝝐 · 𝒃 d𝑟 , (A8)

and it can be split into the contributions of 𝑌 and𝐴 reactions
as

¤𝑊a = ¤𝑊 𝑌
a + ¤𝑊 𝐴

a , (A9)

with

¤𝑊 𝑌
a =

∑︁
𝜌∈𝑌ph

𝑗𝜌

𝑟 𝑓

∫ 𝑟 𝑓

0
`a (𝑟 )d𝑟 =

∑︁
𝜌∈𝑌ph

𝑗𝜌 〈`a (𝑟 )〉 , (A10)

and

¤𝑊 𝐴
a =

∑︁
𝜌∈𝐴

𝑗𝜌

𝑟 𝑓

∫ 𝑟 𝑓

0
`a (𝑟 )d𝑟 =

∑︁
𝜌∈𝐴

𝑗𝜌 〈`a (𝑟 )〉 , (A11)

with 𝑌ph = {3a, 4a, 5a, 6a} ⊂ 𝑌 the set of photoisomerization
reactions in Eq. (60). Equations (A10) and (A11) allow us to
identify the average chemical potential 〈`a (𝑟 )〉 as the photo-
chemical force associated to the radiation, i.e., 𝐹 = 〈`a (𝑟 )〉/𝑇 ,
which is the expression used for the results reported in Fig. 3.
We stress that this is a consequence of the low absorbance
approximation, which makes the photochemical currents 𝑗𝜌
independent of 𝑟 . If this approximation did not hold, the cur-
rents 𝑗𝜌 would enter the integrals in Eqs. (A10) and (A11) and
the average chemical potential would not play the role of the
net thermodynamic force [45].

Appendix B: Linear regime

In this appendix, we compute the eciencies (57) and (64)
in the linear regime, i.e., when the external force acting on
the CRN is small enough (𝐹 � 𝑅) that the concentrations
at steady state are well approximated by linear shis from
the equilibrium ones proportional to the external force ac-
cording to [𝛼]ss = [𝛼]eq (1 +𝑚𝛼𝐹/𝑅) with𝑚𝛼 the coecient
of proportionality. In these conditions, the chemical poten-
tials (12) read 𝝁𝑍 = 𝝁eq

𝑍
+ 𝒎𝑇𝐹 with 𝒎 = (. . . ,𝑚𝛼 , . . . )ᵀ ,

while the current of a generic chemical reaction 𝜌 following
mass action kinetics can be expressed at the rst order in 𝐹

as 𝑗𝜌 = − 𝑗+𝜌eq (𝕊𝜌 ·𝒎)𝐹/𝑅 (where we used 𝑗
+𝜌
eq = 𝑗

−𝜌
eq ).

1. Driven self-assembly

Without loss of generality, we consider [F] = [F]eq (1 +
𝐹/𝑅) and [W] = [W]eq, which is consistent with (`F −
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`W)/𝑇 = 𝐹 in the rst order in 𝐹 . Under these conditions,
[ as computed with Eq. (57) is constant up to the second or-
der in 𝐹 . Indeed, for 𝑇 ¤Σ𝑋 we have

𝑇 ¤Σ𝑋 = 𝑗 (`M2 − `L2 + 2`L1 − 2`M1 ) =

=
𝑇𝐹 2

𝑅
𝑗+2eq (2𝑚L1 −𝑚L2 ) (𝑚M2 −𝑚L2 + 2𝑚L1 − 2𝑚M1 ) , (B1)

where the steady state current has been computed from re-
action 2. For 𝐼F (`F − `W), we have

𝐼F (`F − `W) =𝑇𝐹 ( 𝑗3F + 2 𝑗4F) =

=
𝑇𝐹 2

𝑅
( 𝑗+3Feq (𝑚M1 + 1 −𝑚L1 ) + 2 𝑗+4Feq (𝑚M2 + 2 −𝑚L2 )) .

(B2)

erefore:

[ =
𝑗+2eq (2𝑚L1 −𝑚L2 ) (𝑚M2 −𝑚L2 + 2𝑚L1 − 2𝑚M1 )
𝑗+3Feq (𝑚M1 + 1 −𝑚L1 ) + 2 𝑗+4Feq (𝑚M2 + 2 −𝑚L2 )

. (B3)

Aer analytically computing the coecients 𝒎 by solving
the steady state of the linearized dynamics, Eq. (B3) yields
eciencies of 7.5%, 3.7%, and 3.2% for the linear regimes of
scenarios b, c and d, respectively.

2. Light driven bimolecular motor

In the case of the light driven bimolecular motor, we take
𝑛a (𝑟 ) = 𝑛𝑇a (1 + 𝐹10−𝑟𝝐 ·𝒃eq/𝑅). By doing so, the chemical po-
tential (15) at rst order in 𝐹 reads `a (𝑟 ) = 𝑇𝐹10−𝑟𝝐 ·𝒃eq pro-
vided that 𝑓a � 𝑛Ta , as it is the case at both the frequencies
considered in Ref. [24]. For the equilibrium concentrations
𝒃eq, the low absorbance approximation does not hold, and
therefore the free energy absorbed per unit of time from the
radiation in the region of space between 𝑟 and 𝑟 + d𝑟 reads

`a (𝑟 )
(
𝐼T0
𝐹

𝑅
10−𝑟𝝐 ·𝒃eq − 𝐼T0

𝐹

𝑅
10−(𝑟+d𝑟 )𝝐 ·𝒃eq

)
=𝐼T0

𝑇𝐹 2

𝑅
10−2𝑟𝝐 ·𝒃eq ln(10)𝝐 · 𝒃eq d𝑟 , (B4)

with 𝐼𝑇0 = Ω𝑐
∫ a+Δa/2
a−Δa/2 𝑛𝑇

a′da
′. e free energy harvested from

the radiation by the whole system per unit time and volume
is obtained by integrating Eq. (B4) over 𝑟 𝑓 ,

¤𝑊a =
𝐼T0𝑇𝐹

2𝝐 · 𝒃eq ln(10)
𝑉𝑅

∫ 𝑟 𝑓

0
10−2𝑟𝝐 ·𝒃eq d𝑟

=
𝐼T0𝑇𝐹

2

2𝑉𝑅
(1 − 10−2𝑟 𝑓 𝝐 ·𝒃eq ) , (B5)

and it can be decomposed in the contributions of 𝑌 and 𝐴

reactions as

¤𝑊a = ¤𝑊 𝑌
a + ¤𝑊 𝐴

a , (B6)

with

¤𝑊 𝑌
a = ¤𝑊aΓ

𝑌
eq =

= ¤𝑊a

(
𝜖Ef [Ef ]eq𝜙Ef→Zf + 𝜖Zf [Zf ]eq𝜙Zf→Ef+

+ 𝜖Ec [Ec]eq𝜙Ec→Zc + 𝜖Zc [Zc]eq𝜙Zc→Ec

)
/𝝐 · 𝒃eq

(B7)

and

¤𝑊 𝐴
a = ¤𝑊aΓ

𝐴
eq =

= ¤𝑊a

(
𝜖Ef [Ef ]eq𝜙Ef→Ef + 𝜖Zf [Zf ]eq𝜙Zf→Zf+

+ 𝜖Ec [Ec]eq𝜙Ec→Ec + 𝜖Zc [Zc]eq𝜙Zc→Zc

)
/𝝐 · 𝒃eq ,

(B8)

where Γ𝑌eq and Γ𝐴eq quantify the fractions of the power which
are provided by the radiation to photoisomerizations and fu-
tile reactions, respectively (with Γ𝑌eq + Γ𝐴eq = 1). Finally, for
the sum of the energy and information ows we have:

𝑇 ¤Σ𝑋 = 𝑗 (`Zc − `Ec + `Ef − `Zf ) =

=
𝑇𝐹 2

𝑅
( 𝑗+2𝑙eq + 𝑗+2𝑟eq ) (𝑚Zc −𝑚Zf −𝑚M) (𝑚Zc −𝑚Ec +𝑚Ef −𝑚Zf ) .

(B9)

erefore, Eq. (64) in the linear regime boils down to

[ =
2𝑉 ( 𝑗+2𝑙eq + 𝑗+2𝑟eq ) (𝑚Zc −𝑚Zf −𝑚M) (𝑚Zc −𝑚Ec +𝑚Ef −𝑚Zf )

𝐼𝑇0 (1 − 10−2𝑟 𝑓 𝝐 ·𝒃eq )Γ𝑌eq
,

(B10)

which veries that the eciency is constant up to the second
order in 𝐹 . Here, solving the steady state of the linearized dy-
namics to compute the coecients𝒎 and then nd the actual
values of [ in the two experimental regimes would require
to know the rates of the backward photochemical reactions,
which cease to be negligible at very small forces.
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types of molecular motors based on star-shaped organometal-
lic ruthenium complexes,” Chem. Soc. Rev. 38, 1551–1561
(2009).

[29] Cristian Pezzato, Minh T. Nguyen, Dong Jun Kim, Ommid
Anamimoghadam, Lorenzo Mosca, and J. Fraser Stoddart,
“Controlling dual molecular pumps electrochemically,” Angew.
Chem. Int. Ed. 57, 9325–9329 (2018).

[30] D Hartich, A C Barato, and U Seifert, “Stochastic thermody-
namics of bipartite systems: transfer entropy inequalities and
a maxwell’s demon interpretation,” J. Stat. Mech.: eory Exp.
2014, P02016 (2014).

[31] Jordan M. Horowitz and Massimiliano Esposito, “ermody-
namics with continuous information ow,” Phys. Rev. X 4,
031015 (2014).

[32] Takahiro Sagawa and Masahito Ueda, “Generalized jarzynski
equality under nonequilibrium feedback control,” Phys. Rev.
Le. 104, 090602 (2010).

[33] Juan M. R. Parrondo, Jordan M. Horowitz, and Takahiro
Sagawa, “ermodynamics of information,” Nat. Phys. 11, 131
(2015).

[34] Jordan M. Horowitz, Takahiro Sagawa, and Juan M. R. Par-
rondo, “Imitating chemical motors with optimal information
motors,” Phys. Rev. Le. 111, 010602 (2013).

[35] Andre C. Barato and Udo Seifert, “Stochastic thermodynamics
with information reservoirs,” Phys. Rev. E 90, 042150 (2014).

[36] Dimitri Loutchko, Maximilian Eisbach, and Alexander S.
Mikhailov, “Stochastic thermodynamics of a chemical nanoma-
chine: e channeling enzyme tryptophan synthase,” J. Chem.
Phys. 146, 025101 (2017).

[37] Ryota Takaki, Mauro L. Mugnai, and D. irumalai, “Informa-
tion ow, gating, and energetics in dimeric molecular motors,”
BioRxiv:2021.12.30.474541 (2021).

[38] omas McGrath, Nick S. Jones, Pieter Rein ten Wolde, and
omas E. Ouldridge, “Biochemical machines for the intercon-
version of mutual information and work,” Phys. Rev. Le. 118,
028101 (2017).

[39] Emma Lathouwers and David A. Sivak, “Internal energy and
information ows mediate input and output power in bipartite
molecular machines,” Phys. Rev. E 105, 024136 (2022).

[40] Shuntaro Amano, Massimiliano Esposito, Elisabeth Kreidt,
David A. Leigh, Emanuele Penocchio, and Benjamin M. W.
Roberts, “Insights from an information thermodynamics anal-
ysis of a synthetic molecular motor,” Nat. Chem. (2022),
10.1038/s41557-022-00899-z.

http://dx.doi.org/ 10.1103/PhysRevLett.72.2656
http://dx.doi.org/ 10.1103/PhysRevLett.72.2656
http://dx.doi.org/ https://doi.org/10.1016/S0006-3495(00)76615-X
http://dx.doi.org/10.1021/ar0001719
http://dx.doi.org/10.1021/ar0001719
http://dx.doi.org/10.1146/annurev.physchem.58.032806.104532
http://dx.doi.org/10.1146/annurev.physchem.58.032806.104532
http://dx.doi.org/ 10.1007/s10955-007-9425-7
http://dx.doi.org/ 10.1007/s10955-007-9425-7
http://dx.doi.org/ 10.1103/RevModPhys.92.025001
http://dx.doi.org/10.1021/acs.chemrev.9b00254
http://dx.doi.org/10.1021/acs.chemrev.9b00254
http://dx.doi.org/10.1002/anie.200504313
http://dx.doi.org/10.1002/anie.200504313
http://dx.doi.org/10.1039/B708995C
http://dx.doi.org/10.1038/nnano.2014.337
http://dx.doi.org/https://doi.org/10.1002/anie.202100274
http://dx.doi.org/https://doi.org/10.1002/anie.202100274
http://dx.doi.org/10.1038/nature01601
http://dx.doi.org/ https://doi.org/10.1002/anie.201001511
http://dx.doi.org/10.1038/nnano.2015.96
http://dx.doi.org/10.1038/nnano.2015.96
http://dx.doi.org/10.1038/nature18013
http://dx.doi.org/10.1038/nature18013
http://dx.doi.org/10.1126/science.aao1377
http://dx.doi.org/ 10.1021/acs.chemrev.9b00264
http://dx.doi.org/ 10.1038/s41586-021-03575-3
http://dx.doi.org/ 10.1038/s41586-021-03575-3
http://dx.doi.org/ 10.1038/43646
http://dx.doi.org/10.1038/nature05452
http://dx.doi.org/10.1021/ja506034n
http://dx.doi.org/10.1021/ja506034n
http://dx.doi.org/10.1038/nnano.2014.260
http://dx.doi.org/ 10.1038/nnano.2014.315
http://dx.doi.org/ 10.1038/nnano.2014.315
http://dx.doi.org/ 10.1038/nnano.2017.28
http://dx.doi.org/10.1021/jacs.1c06027
http://dx.doi.org/10.1021/jacs.1c06027
http://dx.doi.org/10.1039/B804684K
http://dx.doi.org/10.1039/B804684K
http://dx.doi.org/ https://doi.org/10.1002/anie.201803848
http://dx.doi.org/ https://doi.org/10.1002/anie.201803848
http://dx.doi.org/10.1088/1742-5468/2014/02/p02016
http://dx.doi.org/10.1088/1742-5468/2014/02/p02016
http://dx.doi.org/10.1103/PhysRevX.4.031015
http://dx.doi.org/10.1103/PhysRevX.4.031015
http://dx.doi.org/10.1103/PhysRevLett.104.090602
http://dx.doi.org/10.1103/PhysRevLett.104.090602
https://doi.org/10.1038/nphys3230
https://doi.org/10.1038/nphys3230
http://dx.doi.org/10.1103/PhysRevLett.111.010602
http://dx.doi.org/ 10.1103/PhysRevE.90.042150
http://dx.doi.org/10.1063/1.4973544
http://dx.doi.org/10.1063/1.4973544
https://www.biorxiv.org/content/early/2021/12/30/2021.12.30.474541
http://dx.doi.org/10.1103/PhysRevLett.118.028101
http://dx.doi.org/10.1103/PhysRevLett.118.028101
http://dx.doi.org/10.1103/PhysRevE.105.024136
http://dx.doi.org/10.1038/s41557-022-00899-z
http://dx.doi.org/10.1038/s41557-022-00899-z


17

[41] omas M. Cover and Joy A. omas, Elements of Information
eory (John Wiley & Sons, Inc., Hoboken, 2012).

[42] G. Ragazzon and L. J. Prins, “Energy consumption in chemi-
cal fuel-driven self-assembly,” Nat. Nanotechnol. 13, 882–889
(2018).

[43] Andrea Sabatino, Emanuele Penocchio, Giulio Ragazzon, Al-
berto Credi, and Diego Frezzato, “Individual-molecule per-
spective analysis of chemical reaction networks: e case of
a light-driven supramolecular pump,” Angew. Chem. Int. Ed.
58, 14341–14348 (2019).

[44] Daniele Asnicar, Emanuele Penocchio, and Diego Frezzato,
“Sample size dependence of tagged molecule dynamics in
steady-state networks with bimolecular reactions: Cycle times
of a light-driven pump,” e Journal of Chemical Physics 156,
184116 (2022).
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