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Abstract. The infrared-singularity structure of the vertex functions of massless-particle
¢* theory is studied. This allows to construct the asymptotic forms of the vertex functions
of massive-particle ¢* theory in a simpler and more explicit fashion than in a previous
paper. With the help of the parquet approximation introduced by Diatlov, Sudakov, and
Martirosian we show that the infrared-singularity structure in a theory with besides the
massless particles, massive ones is the same as in the theory with massless particles only.
All these results in ¢* theory have analoga in other renormalizable theories.

Introduction

In a series of papers [ 1] a systematic approach to the large-momenta
problem for vertex functions® (VFs) in renormalizable field theories
has been undertaken. A main step hereby was to define the asymptotic
forms (AFs) of those functions. At generic momenta, the AFs are the VFs
of a corresponding zero-mass theory, and their behaviour under overall
scaling of the momenta is described by the renormalization group equa-
tions for such a theory, given simplest in the form of homogeneous partial
differential equations (PDEs) obeyed by these functions.

The momenta sets at which the zero-mass theory VFs are infrared (UR)
singular are called exceptional. The AFs of the massive-theory VFs at
Euclidean such momenta are expressible as certain UR finite parts
extracted from the zero-mass theory VFs at those momenta, and trans-
form in a fashion, different from case to case, given simplest in terms of
certain (in general) inhomogeneous PDEs, the inhomogeneous terms
involving other exceptional AFs.

In the formulae derived in Appendix B of SD 2, for the described
connection between exceptional finite-mass theory AFs and zero-mass
theory VFs, coefficient functions appeared for which definitions only as
limites were given. In this paper, we derive equivalent but simpler
formulae, with explicit expressions for the coefficient functions. These
formulae are developed here for ¢* theory, but have analoga in all
renormalizable theories.

! The amputated one-particle-irreducible parts of connected Green’s functions.
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We also make a detailed study of UR singularities of some zero-mass
theory VFs near Euclidean exceptional momenta. We then show that the
same UR singularity structure holds in theories that have besides the
massless scalar particles also (arbitrary) massive ones. The tool hereto
is the parquet approximation (PA) introduced by Diatlov, Sudakov, and
Ter-Martirosian [2] in a study of the asymptotic behaviour of meson-
meson scattering, That the use of the PA is legitimate for UR behaviour
problems was shown by Larkin and Khmel'nitskii [3], whose considera-
tions we here sharpen, and generalize as described.

In Section I we recapitulate (from SD 1) the technique of mass vertex
insertion, extending it to vertex functions involving also Zimmer-
mann’s [5] composite operator N,(¢>). In Section II we recapitulate
(from SD 11) and similarly extend definition and existence proof of AFs
at nonexceptional momenta, and (from SD 2) the construction of these
forms from directly-defined zero-mass theory VFs. In Section IIL.1 we
recapitulate (from SD 2) definition and PDEs of the AFs to some sets
of exceptional momenta, and give an application to a mass-switch-on
effect. In Section II1.2 we analyze the UR singularities of the corre-
sponding zero-mass theory VFs near those momenta and define, by
simpler formulae than in SD 2, the UR finite parts, from which in
Section 111.3 the AFs of Section III.1 are obtained in explicit fashion.
In Section IV we define and analyze the PA, prove that the UR singulari-
ties derived from it are actually present in a theory with massless neutral
scalar particles even if there are also massive particles, and compute
in ¢* theory a correction to the PA to demonstrate the reliability of the
reasoning used. We also show why the PA gives no nontrivial result for
the g-model in the Goldstone mode. Appendix A gives a formulary of
algebraic deductions from the Bethe-Salpeter (BS) equation, to which
also Appendix B gives some technical hints. Section V contains con-
cluding remarks.

I. Mass Vertex Insertion

We here recapitulate the derivation of PDEs for vertex functions
in ¢* theory, admitting also N,(¢?) operators 2 in the notation of Zimmer-
mann [5]. These vertex functions are defined by?

CrR)*Zp+ZQ TPy ... Paws 41 -+ 413 M% 9)
=275y ... $(2.) Na(h%(q1) ... Na(d*(2)))- >o™°".

2 PDEs for vertex functions involving such operators were already considered by
Callan [4].

3 Momentum conservation is understood and here mostly not expressed in the
notation. For Fourier transforms we use the conventions of the last papers of Ref. [5].
Note that I'(p(—p),) = —G(p) ™~



Infrared Singularities 9

The PDEs are obtained simplest, as in SD 1, from the generating func-
tional. For

Guise{J, K} = (exp {i [ dx[J(x) ¢(x) + 3 K(x) No(¢* )13+ >
we have, by mass vertex insertion
L—>L+AL=L—3m? ¢(g) Ny(¢?)As

with ¢(g) defined below, a result expressible in two ways:

G {J, K} (m?, g) = const Gy {J, K —m” o(g) 4s} (m?, g)

(L1)
=exp[3idv [ dxK(x)*]- Gy {(1+42)J, (1+4u)K}(m*+dm?,g+ 4g)

where the extra exponential is due to the fact that, while N,(¢?) is like ¢
multiplicatively renormalized, {(N,(*(p)) N,(¢2(0))), » requires* beyond
this a subtractive renormalization.

From the equations (cp. SD 1)

—iG {J, K} = oA (x)
J{x)=il, {</,K}
I'{et, K} =G{J, K} —i | dx J(x) .(x)
I+, K} =G {J,K}
AF{&{’ K}d,Kfixed =4 G{J, K}J,Kfixed

follows similarly as in SD 1, by differentiation of (I.1)

{m*[8/om*]+ B(g) [8/0g] — 2ny(g)
+ 12y + @)} Ty . Pam 01 - dism* @) =0y T(..) 12
= —im?> @(g) TPy ... P2 41 - 405 m*, g) — 8,0 6,5 k(g)=AT(...)

whereby the functions B(g), y¥(¢), #(g) and x(g) are obtained from con-
sistency of (I.2) with the renormalization conditions

I{p(=p) sm?,g)l 2z =0, (I3a)
[0/0p* 1 T(p(—p)s s 1%, gl p2 =2 =1, (L3b)
TPy Pas s Pl pome = —19 (L3¢)

I©00,0;m2g)=1, (1.3d)
I'(,00;m?g)=0, (1.3¢)

* A formula for this computation is (A.9). The effect of subtractive renormalization
on PDEs was first observed by Coleman and Jackiw [6].
B P1P2P3Pals.prr0q2 MmeANSs Pin:%az(‘wij' 1).
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and ¢(g) is determined by the normalization convention

Ar(p(_p)s ;mza g)|p2:m2: _imz (I3D
implicit in (1.2).
One finds® (SD 1)

B@)=bog*+big>+-  by=3(32r%"1, (14a)
Wg)=cog®>+c1g>+ - co=02"3nH7, (L4b)
and (SD 2)

ng)=hog+h,g*>+-+ hy=3by, (L4c)
k(@) =ko+kig+- ko=31bg, (L4d)
el@=1+ 97+ . (L4e)

For later comparison, we note that (I1.3) implies
I(p(—p) s m?, g)=i(p*> —~m*) +0(g?), (L5a)
I'(p;papsps, sm?, g)= —ig+0(g°) , (L5b)
I'(pypysq13m? g9)=1+0(g), (L5¢)
I'(,q(—q);m* g)=0(). (L5d)

Concerning extensions of mass vertex insertion we remark: PDEs for
vertex functions involving Nj-operators [5] with 6 >2 were derived by
Christ, Hasslacher, and Mueller [ 7], Mason [8], and more generally by
Mitter [9]. In the case of conserved currents, the corresponding y-term
in PDEs is computable’ from consistency of the PDEs with the Ward
identities, as shown for quantum electrodynamics in SD 1. Insertion
into the Lagrangian density of Ns-operators [5] with § =4 appearing
already in Zimmermann’s effective Lagrangian [5] was studied, and
called generalized vertex operation, by Lowenstein [10].

I1. Asymptotic Forms at Nonexceptional Momenta
I1.1. Existence of Asymptotic Forms

To analyze (1.2) we introduce®

g
olg)= [dg Blg) 1= —by g™t ~by?b, Ing+const+ g+ (IL1)

6 In Section I1.3 we shall prove that the coefficients by, by, cq, ko, and k, are independent
of the precise forms of (I.3b—d) as long as (I1.5a—d) hold.

7 An equivalent result was obtained by Coleman and Jackiw [6] using a different
method.

8 Throughout this paper we take 0 < g < g, where g, is the first positive zero of B(g).
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and define
g(A)=¢ '(In2*+0(9) (I1.22)
such that

F(g(1)= i (1)~ (In22) [B(g) 8/09) F(g) (I1.2b)
and, as A— +0 )
gA)=bo'(Ini"%) ' —by b (In1"3) 2 InIni 2+ 0O((In1)~?). (IL.3)

We also introduce

a(g) = exp [2 {dg' pg) y(g')} 42y leog 4, (L4a)
Wg)=exp| [ dg' B@) *nig) =g*1 + g +-).  (114b)

k(g) = fdg’ Bg) L alg)’ gy k(@)= ~g *(1+g+-) (L4c)

where in (IL.4b—c) we have made a convenient choice of the integration
constants.
(I.2) becomes

T(py...P2w s ... q13m%, g)
=a(gy " alg(D) " hig) " h(g(DY T(py ... Paws s - 413 M A%, g(A)

~10,0012 alg)™? hig)™* [k(g) — k(g(A)] (IL5)
—im? [ dA? ag) a(g(X) """ hig) " h(g(D))
a2

Q@ADL (py - Do 41 - 405 m* 22, g().
Now for any momenta
TG py o A o A7 gy A7 g m?, g)
=AT4PRTAL(py Py 4y - 4 M A, g).

Nonexceptional momenta are defined (SD 1 3) by

Iy ... Pawdqy - ,0;m* 2%, g) = O((In AY) IL.7)

for A—0 to hold in all orders of renormalized perturbation theory,
with ¢ depending on the order. Weinberg [11] power counting (see also
Fink [12] and Westwater [13], and SD 2) applied to (IL.6) with A0
yields: Euclidean momenta sets are nonexceptional if no (in the present
model, even?) partial sum of momenta vanishes. Other considerations
(SD 2, and unpublished) yield: Minkowskian momenta sets are non-

(IL6)

¢ Hereby the ¢g-type momenta count as even.
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exceptional if no (in the present model, even) partial sum of momenta is
lightlike and certain other sets of momenta more complicated to
describe, where at least one (in the present model, even) partial sum of
momenta is timelike, are also excluded. For nonexceptional momenta,

as A—0 afortiori
F(py ... Do 4y - qrim* A%, g) = O((In A)°) (IL8)

holds and so, by comparison with (I1.7), also for momenta sets that are
not too exceptional.

For nonexceptional momenta, (I1.7) and (11.2b) show that the integral
in (I1.5) allows A — 0 in all orders of perturbation theory. Thus (SD 1 1),
in this sense, except for n =0, =2

lim [a(g)" ™" a(g(A) """ hig) ™" h{g(D)
'F(P1 < Pansq1 ---fh;mziz»g(l))] (IL.9a)
=0(p1 - Dawr 41 - Qi3 M, g)

exists, while for n=0, [ =2

lim {a(g)~* a(g(2)* hig)™* h(g()* I'(, g(—q); m* 2%, g(2))
—ia(g)™* h(g)™* [k(g) — k(g(} =T,,(, a(—q);m?, g).

These are the AFs of these VFs.

(IL9b)

I1.2. Properties of Asymptotic Forms

The formulae (I11.9) show that the I', are the VFs of a massless (see
below) ¢* theory, which (for 0 <g<g,) we call the prae-asymptotic
theory: performing the limit in the renormalized Euclidean integral
equations (invalving e.g. skeleton expansions in Dyson’s sense) written
with subtractions!® at nonexceptional Euclidean momenta one can
interchange the integrations with the limit A — 0 since the power behaviour
of the integrands does, in any case in renormalized perturbation theory,
not change during the limiting process, the integrals remaining absolutely
convergent (UV, and also UR if the external momenta are nonexcep-
tional). It follows that one could construct the I', directly as those of a
massless theory from renormalization conditions obtained by using (11.9)
merely for the renormalization functions at suitable (nonexceptional)
normalization momenta. This inconvenient method is avoided by the
technique of Section I1.3.

10 The prescription (I1.9b) is due to this VF involving a subtractive renormalization,
and the convention (I.3e) cannot be upheld in a massless theory.
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The limites in (I1.9) were shown to exist in all orders of renormalized
perturbation theory. In view of (I1.3) it is reasonable to assume that the
I, exist also outside of perturbation theory if 0 £ g <g.,. (On the other
hand, for g <0 the behaviour of g(4) as A—0 is unknown and also the
existence of the I" themselves doubtful [14].) In this sense, we make no
distinction in the following between validity in and/or outside perturba-
tion theory unless there is reason to.

Replacing in (I1.9) A by 44" and letting '~ 0 yields, using (I1.2a),
the transformation laws {except n=0,[=2)

ag)* ' alg(D) " h(g) " (@A) Togipy o Pans 41 - dis M2 22, g(A))
:ras(pl e Pans 41 "'ql;mzag)

a(g)~? alg()* h(g) " Mg I(, a(—q); m* A%, g(4)
—ia(g)™? h(g)~*[k(g) — k(g(M)] = T, 9(—q); m*, g)
which are equivalent to
Oy Las(Py - Pans Gy - 41 m>, g) = —1i0d,,0;,%(g) - (IL.11)
(I1.10a) gives, for p> -0

=L, p(=p), sm*, g) " = Goylp)
=a(g)"ti(p* +ie) ' [1 +2b5 2co(ln[m?*(—p? —ie) ']) ! (I1.12)
+0((Inp*) 2 Inlnp?)]
showing that the I',; are VFs of a theory with discrete massless particles
(SD 1 1), a property, like (I1.3) it is derived from, not visible in perturbation
theory.

The justification of the nomenclature “asymptotic form” lies in the
consequence of (I1.5) and (I1.9)

(II.10a)
and

(IL10b)

T(Ap, ... Apsn Aqy ... Aq;; Mm%, )

_Fas(lpl ;{p2na AQI /’{ql;rnz, g)
1
= — imziz‘zn_ZI " di’Z a(g)n*l a(g(i/))~n+l (1113)

0
“h(g) T g T(py .. a4y - @, 0;m> A7 2212, g(4)).

Thus from (I1.6—8) follows that I', . describes all the logarithmic terms of I'
in the leading A order as A — oo, the RHS of (I1.13) being O(4* ™ 2"~ 2{(In A)°),
while (I1.10) with (I1.2b) shows that I, comprises these logarithmic terms
only. In Section II1.3 of SD 2 we showed how to obtain for n=1, [=0
arefined AF by evaluating the RHS of (II.13) to its logarithmic accuracy;
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in Appendix C of Ref. [15] this was generalized to all n. With formula
(II1.10) below the extension to all n, ! is obvious.
Formulae (IL.6, 8, 13) can be complemented (cp. SD 2 (I1.15)) with

L((Apy+70) o (Ap2w+72,), (Aqy +51) ... (Agy+ 593 m, g)

(I1.14)
=T(Apy ... AD3p Ay ... Aqys M2, g) + O(A3 2" 72 (In A)Y)

as A— oo for nonexceptional p, g.

From (I11.2b) and the considerations on (II.13) follows: The evaluation
of the limites (I1.9) in perturbation theory amounts to keep in the expan-
sion, as A—0, of I'(p, ... P2, 4y ... q;; m* 4%, g) as double power series **
in InA? and A? merely the A-independent terms. This procedure we call
“elementary recipe” (SD 2). It yields from (I.5) immediately

I (p(—p);m*, g)=ip* + O(g?), (IL.15a)
L(piP2psPas s Mm% g) = —ig + O(g?), (IL15b)
Lpipsrqi;m*g)=1+0(g), (IL.15¢)
L (. q(=q):m? g)=0(1), (IL.15d)

to be used below. Otherwise, however, this (in renormalization group
applications, traditional) procedure is highly uneconomical, and avoided
by the technique (Appendix B of SD 2, abbreviated SD 2 B) reviewed
in the following section.

11.3. Relation to Zero-Mass Theory

The vertex functions I'y of a zero-mass ¢* theory are defined by
imposing the renormalization conditions

I,(00,;U% V)=0, (I1.16a)
Lo(p(=p). s UL V)l yoe _po = —iU?, (11.16b)
Loy s s UL Vo= =iV, (1116 ¢)
L9354 —4; UL V)lpo —pe=1, (IL16d)
Io(,g(=q); U V)l oo —y2=0. (11.16¢€)

Y Our remarks on (II.13), and extension of the procedure discussed, to also the
corrections to the AF of the I' in the integrand prove that such double power series expan-
sion exists.
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A possible construction of the Iy without g-arguments was described in
SD 2 B and is easily extended to all I, functions '?. We have (cp. (1.9))

Lo(p(=p),; UL V)=ip* +0(V?), (I1.17a)
Iy(py...pa; UL VY= —iV+0(V?), (I1.17b)
Fy(pipasqi; UL V)=14+0(V), (IL17¢c)
To(,q(—q); U V)=0(1). (11.17d)

The normalization momenta square — U? in (I1.16) is not intrinsic, such
that its change can be compensated by V- and normalization change,
plus an additive term if n =0, [ = 2. The functional equations expressing
this fact are the well-known renormalization group equations'® of a
massless theory [ 17]. Their differentiated forms are the PDEs
{UL[0/0U*T+ B(V) [0/0V] - 2n}(V)
+HIPV) + 7V D} Topy - P2w @1 - 43 U V) (IL18)
=Opan, To(-- )= —1i8,00,,K(V)

with coefficient functions obtained from (I1.16) as

BVY=boVE+b, V34 ..., (11.19a)
YVY=Co VE4+E, V34, (I1.19b)
AVY=hoV+h, V24 .-, (1.19¢)
R(V)=ko+h, V+--. (I1.19d)

From the observation at the beginning of Section I1.2 it follows that we
necessarily have

Loopi - P2 Gy - @M, 9)

(11.20)
=Z1(9)"Z2(9) " To(py - Pans 41 -+ Qs >, V() + 18,0612 £(9)
and comparison of (I1.17) with (I1.15) yields
V(g)=g+0(g?), (I1.21a)
Zi(g)=1+0(g%), (I1.21b)
Z(9)=1+0(9), (I1.21 ¢)
g =0(1). (I1.21d)

12 Tfle results of Blanchard and Sénéor [ 16] imply that the I'y functions are tempered
distributions in Minkowski space to all finite orders of perturbation theory.
13 These equations are described before (11.27) below.
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Applying Of,, ; of (L2) on {I1.20) and using (I1.18) yields, due to linear
independence (verified by special choices of n, I, and momenta)

Blg) tdg=pV) tav, (IL.22a)
Blg) [d/dg] InZ(g) =27(V) —2y(9) , (11.22b)
B(g) [d/dgl InZ,(g)= —29(V) —4(V)+ 2y(g) +nlg), (11.22¢)
Blg) [d/dg] f(g) (1.224)
= ~2(29(9)+n(9) f(g) — K(g)+ Z,(g) > &(V).
Integration yields
Vig)=3""(e(9), (I1.23a)
Z(g)=a(V(g)alg)". (IL.23b)
Zy(g)=a(V(g)™" (V(g))_1 alg) hig) , (I1.23¢)
f@=alg)"? h(g) [ -kig)+k(V(g)], (I1.23d)
where we have introduced, analogous to (II.1) and (I1.4)
oV)= fd‘_/ ﬁ(f/’)_ L (1124)
=—b;'V '—bs? b, InV+const+ V4.,
a(V)=exp|2 ? av' fvy=? ?(V/)] =1+2bg e, V4, (I1.25a)
0
h(V) =exp _V[dV/ p)t ﬁ(V')} =V (4 V), (I1.25b)
k(Vy= [dV' BV)~" h(V') a(V')* &(V') (1250)

= —(1=2b5  ho) Ly V12 ({4 )
Consistency of (11.23)** with (I1.21) requires
Z)O:b()’ Blzbl, éOZCO’ ilozho, l}O:kO (11.26)

which relations (except the second, which involves some computation)
are easily verified directly, and yield by ' h, = 1. The integrated form of
(I1.18) is analogous to (I1.10), with functions (I1.25) if we define

V() =6~ (InA% +4(V)). (I1.27)

We now consider the massive-theory vertex functions I” defined by
replacing the renormalization conditions (I.3b—e) by others that also

4 In the calculation of V(g) from (I1.23a) an integration constant needs to be com-
puted (most easily, with the help of the “elementary recipe”) from the second order four-
point graphs.
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lead to relations (L.5) for I” with g replaced by 7, e.g. by merely replacing
the renormalization momenta in (I.3b—e) by others. The relation of
the T to the I is then analogous to the one between I, and I’ in (I1.20),
by familiar renormalization group considerations. Going then in this
relation to the asymptotic forms by, e.g., the “elementary recipe” yields
the same relation between I',, and I, as just described for I" and I.

as

The same steps that led from (I11.20) to (I11.26) now lead to
-Eozbo, Elzbl, EOZCO’ I’—lozho, E():k() (1128)

where b, etc. are the coefficients in the functions §(7) etc. of the I” theory.
Likewise, if we change (I1.16b—e) such that (IL.17) holds for new I, -V,
then b,=b,=b, etc. Thus, the coefficients in (I1.28) are universal,
e.g. independent of the renormalization momenta chosen, and the same
in the massive and massless theory. A consequence of this result, that
the imaginary part of the four-point vertex function should not change
sign in Fuclidean and Minkowskian momentum space, was elaborated
in Ref [14].

HI. Exceptional Momenta and Infrared Singularities

111.1. Asymptotic Forms at Exceptional Momenta

At exceptional momenta, by definition the estimate (I1.7) does not
hold, which requires to remove from the integrand in (IL5) the offending
part with the help of the appropriate Wilson expansion [18]. For the
four-point vertex, the momenta sets p(—p)00 and p(—p)gq(—q) are
exceptional. In Section II1.1 of SD 2 we derived the PDEs

[Ofoa,0 —1(@)] Tus(p(—p) 00, ;m%, g)=0 (11L.1)

Ofeg.0 Ts(p(—p) q(— q), s m%, g)
= i1(g) Ty (P(— ) 00, ;m% g) Iii(q(— ) 00, ; m?, g)

with #(g) and «(g) of (L4c,d), where immediate consequences of the
formula (A.6) had been used. (The underlined subscript indicates that
the asymptotics of that function is exceptional.) The analoga of (I1.9a)
are SD 2 (II1.8) and SD 2 (II1.15), and the analoga of (I11.10) the for-
mulae SD 2 (I11.7) and the analogous one derived from SD 2 (IIL.15).
For the vertex, p(—p),0 are the exceptional momenta sets, and we
obtained, again as a consequence of (A.6), Eq. SD 2 (I11.19)

Oprz 1 T (p(—p), 0;m%, g) = i(g) I, i(p(—p) 00, ;m? g)  (I11.3)

with limit formula SD 2 (II1.21) and corresponding transformation for-
mula [cp. (I11.9) below].

and

(I11.2)
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In all these cases, the correct limit formulae show that the cor-
responding I',; would not exist (or, in the I'(p(—p)00,) case, would
vanish), the reason being an infrared (UR) singularity of the I',; at the
exceptional momenta, to be investigated in Section I11.2. The mentioned
correct limit formulae, however, allow to read off the 4A—0, i.e. small-
mass, behaviour of the vertex function (s) in the limitand, from the
A—0 behaviour of the factors that had to be inserted to render the limit
finite. The reader is referred to SD 2 Section III for details, and also
for the proof that the “elementary recipe” of Section II.3 is applicable
also to the functions considered here.

There are analoga of (I1.14) which show the relation between the
asymptotics near, and the one at, exceptional momenta. They are ob-
tained from (A.6), (A.11), and (A.8), respectively, as

F((Ap+r)(—Ap+ry)rary,)

) (I11.4)
=T(Ap(—4p) 00, Y(rarg, (— 13— ry) +00 ! (Ind)),
D((Qp+r)(=Ap+r)(Ag+r3) (—Ag+74),)
=I(Ap(—Ap) Ag(—1q),) (I1L3)
+T(Ap(—Ap)00,) I(, (ry +7) (r5 + 1)) T(Ag(— 1) 00,) '
+0(A " (nAy),
and
T((Ap + 1) (—Ap +1,), r3) =T (Ap(— Ap), 0) (11L6)

£ T(, (ry +75) 13) T(Ap(~ 4p) 00, ) + O(4 ™ (In AY)

to be contrasted with (I1.14). It is the A— co asymptotics of the functions
on the RHSs that the formulae (I11.4—6) and the cited ones of SD 2

apply to.
There is an analog of (II1.3) for many arguments:

(Qﬁzn,lﬂrﬂ(pl - Paw q1 - 4105 m?, q9)

_ / (111.7)
=iK(g) [p(py ... 2,00, 9, ... q;m% g)

with, analogous to (II1.1),

[Ofizns2a— @] Tay(py - P2,00,4, ... qsm? g)=0  (IIL8)

whereby the set p, ... ps, ¢y ... q; must not be exceptional. In Egs.
(I11.7-10), I',, is the (one-particle-irreducible) VF plus the sum, over all
partitions of arguments, of multilinear combinations of VFs times
connecting propagators as correspond to contributions to the ampu-
tated Green’s function forming a chain, with partition of arguments such

that in each of the end VFs there is one of the two zero-momentum
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arguments. (I11.7, 8) with /=0 were used in Appendic C of Ref. [15] to
evaluate the mass correction term to the Gell-Mann-Low limit

L(Apy ... Apssm? g,) of T'(Apy ... Apy.mPg).

(II1.7, 8) also yield a precise estimate of the A—0 behaviour of the
limitand in (I1.9). Namely, (I1.5) can be rewritten

a(g)* " alg(A) ™" h(g) " h(g(A)Y
Ty . Do 4y - gy m* 2%, g(2))

—i8,00;2a(g) "% hig) ™ [k(g) — k(g(M)]

=L, (py - Powr G - 4 M 9)

= — i [ di?a(g)" " alg(i) """ h(g) ™ hg()

0

“@gNT(py ... Pa y - q,0:m* 22, (1)
~ —im? [ A1 algyalg(2)"* hg) hg(P)) (11L9)

0

g Telps oo Pae iy - 41 05 m* A2, g(4))

~m?alg) " h(g) T Ty(py - p2,00,9, ... qi:m? g)
T4 o) o0

~ =22 (InA72) m*a(g) ™ hig) ™' b§
“T,py ... p2,00,q; ... q;im* g)

where the formula resuiting from (I11.7) and (I11.8)

Fas(pl NN SYIK SNEE %O;mziz,g(m)

=alg)™" " alg() T hig) T R(g(2) T
TPy Paws 41 - 41 05, g) (I11.10)

+ifk(g(A) ~ k(g ag) ™" " algy
“h(g) ™! h(g(R)~H! F_ég(pl . 02,00,q, ... q;sm%, g)

has been used and only the terms most singular as 4—0 have been
kept. (IIL.9) shows that a small-mass correction to a zero-mass theory,
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as the LHS represents according to (I1.9), is nonanalytic'® in the mass,
naively as a consequence of the UR divergence of the small-mass-
correction integral obtained e.g. by the Schwinger action principle [20].
The logarithmic power two-third in (IIL9) can be understood as one,
from the massless-propagator pair, minus one-third from the “mass
analog”, SD 2 (II11.8) and following, to (11L.18) below.

111.2. Infrared Singularities in Zero-Mass Theory

The vertex functions Iy of the zero-mass theory of Section I1.3 are
UR singular at exceptional momenta. In this section we analyze this
singularity structure in the simplest cases and define certain UR finite
parts I'y. The formulae we here obtain for these are simpler than those
of SD 2 B and will allow us in Section I11.3 to calculate the I', therefrom
without need of any asymptotic consideration. -

For Euclidean momenta, UR divergences arise only from two-
particle links through which zero momentum flows, and from three-
particle links differentiated at zero momentum as will not occur in our
cases. Thus, in the formulae of Appendix A, to which we now must refer,

there is UR divergence danger from factors G0 and, related thereto, ? but

0 0
not from B. Thus, W in (A.2b) does not exist. However, a G is admissible
if the factor to its right or left vanishes at zero relative momentum since
(the Euclidean integral)

Jdk[(k-+p)*(k=p)*17" f(p, k)

is UR divergent only if p =0, and thus UR convergent if f(p, k) vanishes
at k=0 of first order. Thus, on the RHS of (A.6) the second term is UR
convergent, and so are, for nonzero total momentum (and momenta so
chosen that there is nonzero momentum in the other channels also, as
we will always assume in the following) all other terms except

Poasw=Rdotr (L1 1)

where (A.7) is used. Since (IIL.11) must therefore also be UR finite, and
we normalize I' to be UR finite at nonexceptional momenta by (I11.16d),

Jo=wfo(foy-1> (IIL.12a)

5 The analytic structure of a Feynman integral as a function of the complex-valued
mass of one propagator near zero of that mass has been determined by Speer and West-
water [19]. (IIL.9) can be looked at as resulting from summing over all insertions in all
diagrams, the broken power of the logarithm being due to summing over two-nearly
massless-particle intermediate states lying behind each other, which essentially leads to a
binomial series. See also the end of Section [V.2.
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is UR finite, where here and in the following quotation marks mean,
optionally, obtaining the expression either by a limit from the nonzero-
mass theory [as in (I1.9) for the nonexceptional case] or by a limit
within the I, theory letting the momentum in the through-channel go
to zero. (A.6) allows, however, to give the definition without any limiting
process y

o_Jo_(B_BOYWO—(B-B)Y1+G P (ITL.12b)

where the U on top means that the through-momentum ® has square
— U? and (I1.16 d) has been used. In Section I11.3 we need a PDE to relate

[0}
{° to I,,. This is simplest obtained by considering instead of (I11.12b)

L=yt [~ (B-BYW° —(B-B)(1 +G 1]

with p arbitrary and unrelated to U. Namely, (II.{8) gives then
immediately A o
[Cfrg,o —H(V)]L=0. (IIL.12¢)

Turning to 2 (A.11) suggests the definition

J=<l—lefro) (IL.13a)

to be understood similarly as before, with the manifestly finite form
(note (I1.16¢)) simplest from (A.10)

0 0 9] 0 o U U
I=B-BY(1+W)+/°T(1—R). (I11.13b)
The PDE is obtained by applying (ﬁﬁét,o on (A.10) written as
0 0, 0 0 0 0 0
1= +B-B)(1+W)+[°T'(1-R)
and using (I1.18), as

~ 0 0] 0
Oprg o =iR(V)L° L. (TI1.13¢)
Finally, in view of (A.8) we set
F=-f—i1o" (IT.14)
with the finite form .
34 U
I'=I'l—R). (I11.14b)

The PDE is obtained applying (%2,1 on (A.8) written as

0 0
I=ra-R-1m°

16 From (A.6) follows that the RHS in (II1.12b) is independent of the direction of that
momentum.



22 K. Symanzik

and using (I1.18), as
Oy L=iR(V) . (ITL14¢)
The formula before (IT11.12¢), and (A.11) and (A.8) can now be written

0 P p

P=ioFos(B-BOYWo+B-Bya+Ehy L)

P 0 P pp

0 o] 0] [¢] p 0 p 4] Q. PP
I=1+1°0 %+ {(B—BYW-W)+B-B)(1+GH+I°TR}, (II1.16)

14 0 p 0 pPp
I'=r+I1°%+{IR}. (ITL.17)

These formulae display the UR singularity structure, as p—0, of the

LHSs, with the curly brackets being O(p) then. As to ° and ﬁ, from
the integrated form of (11.18), analogous to (11.10), follows for p?—0

FO=h(V) " by [~ In(—p? —ig)]~* +O((np?) *Inlnp?) (IIL18)
and
P ~ ~
H=—ia(V) 2 h(V) 2 {bj[— In(—p* —ie)]* + k(V
(V)™= h(V)"= {bg[ — In(—p* —ig)]" + k(V}} (ITL19)
+O0((lnp*~ *Inlnp?).
Here the UR divergence appears in the imaginary, dispersive, part only,
the absorptive part is (we omit the error estimates)
2% M~ 2na(V)" 2 h(V) 2 b30(p?) [ - Inp*] 3
which equals the one obtained using (II1.18) bilinearly, the I, analog of
(I1.12), and inserting the two-massless-particle phase space factor:

22 [T~ a(V) 2 |h(V) ™ by * [In(—p2)] 3P 42 27 1O}

Similarly, the absorptive part of s

a

2m 0% —i2nh(V) " by O@?) [ Inp?] ™+
=a(V)"? [h(V)™ b3 * (= Inp*) ]
[—ia(V)? b (—Inp?) 1] {3271 O (%)}
where the last square bracket is the (nonexceptional) UR form of the
zero-mass four point vertex.
The p— 0 singularities in (I11.15—-17) are quantitatively related to the

ones at exceptional momenta for vanishing mass, as comparison with
the formulae (IIL.5), (ITL.8), and (II1.21) of SD 2 shows: it is merely
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necessary to replace In(—p?) by InA ™% = In(m? 1~ ?/m?), A— 0. Related
to this is the following: Choose for the momenta in (IT1.16—17), and in
the more general equation from (A.6)

I=10T + {(B—B%(1+W)+(B—B)(1+G)

instead of (I11.15), the momenta appearing in (I11.4—6). Inspection of the
correction terms shows that they have for A— oo the same order
O(A~*(InA)) as in (I11.4—6). This means that (II1.4—-6) are also valid in
the I', theory provided one replaces those I, functions not possessing
the restrictions required in (I11.4—6) by I'y functions. The results of the
next section will even allow us to pass from the I, to the I, functions.

Formulae (I11.4—6) relate to the small-distance behaviour of ampu-
tated functions. The Wilson expansion in the narrow sense involves
unamputated functions. Concerning these, we only remark that e.g. (A.3)
is in the massless theory not adequate in coordinate space even after

using (A.7) and (II1.12a): Due to factors CO-} the two terms on the RHS
are then not separately UR finite. The appropriate version” of (A.3) is

L4+ G/ =[A+ GNP T+ (1 +W—=1°< 1 =19 W)
which in coordinate space corresponds to Zimmermann’s '8
No(A(x + ) A(x — &)
=H(E) 5 No(A?(x) + My (A(x + &) A(x — &)

in view of (A.7). Here (suitable matrix elements of) the N, and M,
products are finite also in the massless theory for fixed x and ¢, £2 0,
such that also the square bracket in the penultimate equation is finite.

Finally, we mention that Eqs. (IIL.12¢—14¢) allow to determine the

precise small-momenta behaviour of the underlined functions, written
here under omission of the error estimate:

o0 x —ia(VP h(V) b33 [ = In(=p* —ig)] *,

0 ~ 1 1
IPx2h(V) by [—In(—p?—ig)]~*.

111.3 Asymptotic Forms Obtained from Zero-Mass Theory

Comparison of the limit formulae analogous to (I1.9), cited in Sec-
tion II1.1, for the functions considered there with the formulae (I11.12a,

7 The author thanks H.-J. Thun for a helpful discussion in this connection.
18 See last Ref. of [5], Eq. (6.31).
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13a, 14a), recalling also (I1.20), shows that we have
I(p(=p) 00, ;m? g)= X(g) Ly (p(—p) 00, ;m*, V(g)), (II1.20)

L(p(=p)a(—q), s m%, g)=Z,(9)" > Lo(p(—p) g(— q), ; m%, V(g))

(IT1.21)
+iY(g) Ly(p(—p) 00, s m?, V(g)) Ly (g(—q) 00, ; m? V(g))
and
I(p(=p)0;m?, g)=Z,(9)™" Z,(9) ™" Lo(p(—p). 0; m?, V(g)) (11.22)

+iY(g) X(9) " Lo(p(~p). sm% V().
Inserting (I111.20) into (I111.1) and using (I11.12¢) and (11.23) yields
X(@)=Z(9) "' Z,(9) (111.23)

with the multiplicative integration constant obtained from g—0, using
(I1.22) and the “elementary recipe”. Inserting (II1.21) into (II1.2) and
using (I111.13¢), (11.23), and (II1.12c¢) gives

Y(g)=h(g)"? alg) "> X(9)* [k(g) — k(V (9))1., (I11.24)

and then (IIL.22) is seen to be consistent with (II1.3) and (II1.14c). It is
easily seen, using g—0 limites, that (II1.21—24) is the only acceptable
solution of the relevant PDEs.

Formulae (111.20—22) can be written more symmetrically as (V = V(g)

understood) o s
alg) h(g_) AFﬂ(f)(-—p)OO,;m,g) (I11.25)
=a(V)"2h(V)"' Ly(p(—=p) 00, ;m* V)
a(g) ™2 Ty (p(—p) q(— q), s m*, g)
—ialg)"* hig) ™ k(g) I, (p(—p) 00, ;m?, g) I, (a(— q) 00, ; m?, g)
=a(V) > L(p(—p) q(—q), ;m*, V) (I11.26)
—id(V)™* h(V) "2 k(V) Lo (p(—p) 00, s m%, V) Lo (q(— 9) 00, ;m% V)

Mg) Ty(p(—p), 0; m?, g)
—ia(g) ? h(g)™" k(g) [ (p(—p)00, ;m? g)
=h(V) Lo(p(—p), 0;m% V)
—ia(V) 2 h(V)"t k(V) Ly(p(—p) 00, ;m2 V)

(I11.27)

where both sides are solutions of the homogeneous PDEs to
Ofio,0 =000 (U*=m?, V=V(g)

that is, in conventional terminology [21], the expressions (II1.25-27) are
renormalization group invariant.
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The formulae (111.20-24) solve the problem of computing the I,
from the I, and thus, by (II1.12b, 13b, 14b), from the [, in the most
economical way. These formulae are simpler than those of SD 2 B and
free of any limiting processes.

Inserting (I11.20—24) into the large-2 versions of (I1.15—17) described
at the end of the last section and using (I1.20) and (11.23) we find that
(111.4—6) hold also for the functions I, provided one writes [, where
in (II1.15-17) there appears a I, instead of a I’y function. It follows that
in (I11.4—-6) for large 4 the LHSs do not approach the corresponding
I, functions, the difference residing, however, only in the A-free factors
on the RHSs.

IV. Infrared Singularities in Non-massless Theories
IV.1 Definition of Parquet Approximation

The PA'® VF T,(p; ... py, ; UL V)=1, is defined by the crossing
symmetric BS equation Fig. 1 (letters and the dotted lines disregarded)
with propagators i(k*+ie)”!. The notation is self-explanatory, the
function marked i being two-particle irreducible in all three channels.
In Fig. 1c, the PA in the narrow sense uses on the RHS only the first
term (a constant in momentum space); we shall see that the UR
behaviour is unaffected by the higher terms.

All the integrals in Fig. 1 are (at least in the iterative solution, see
Appendix B) logarithmically divergent. As is well known, the BS- and
the i-kernel each must contain an undetermined (logarithmically di-
vergent) constant to allow a finite vertex function. These constants are
fixed implicitly by prescribing the value of the vertex I, at some sub-
traction point, e.g.

Lypy o Pay s UL Vlsptiomv2 = — iV (IvV.1)

Then all functions in Fig. { can be constructed, modulo the mentioned
constants, as power series in V (see Appendix B for a computational
scheme). Under change of subtraction point we obviously have

L(py - Pas s ULV =T, (py o pas s UG T, (05 - Pas 5 US V) o u) -

v.2
Differentiating with respect to UZ at U = U? yields ava)

{(U?[8/0U1+ B, (VYLO/OVTI} T, (py ... par s U V)= Opp () =0
(1V.3)

19 This approximation was introduced by Diatlov, Sudakov, and Ter-Martirosian [2]
to study meson-meson scattering at large energy in pseudoscalar meson theory. While the
PA is not suitable for that purpose (unless ¥ <0 in (IV.1), cp. Ref. [14]), its use for UR
behaviour studies is legitimate [3]. We here always suppose 0 < V <V, where V,, is the
first positive zero of §,(V).
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where (cp. (I.4a))

3
B,(V)=1%i Y. p;[8/0p] T,(p1p2p3(—pP1 —P2=P3) s UL Vs prro—v2
j=1

(Iv.4)
=boVi4by, Vi .
(IV.3) allows to write (IV.2) in the form
Ly(py - pa s ULV)=T,(p; ... py, ; U 2%, V, (1) (IV.5)

defining V,(4) analogously to (I1.27). From (IV.5) the small-momenta
behaviour of I', follows by setting p;— Ap; and using the analog of (II.3)

V(A =by (In4"%) "' —by3b, (Ini > > InlnA 2 +0(lni)2)  (IV.6)

as A—0.
By the formulae of Appendix A we may now define PA functions
L]
and L,(pip2q; UL V=T, (I)=1) (IV.7a)
U
LGa(—q; UL V)=1I, (II,=0) (IV.7b)

and then by skeleton expansions also all functions

Ly(py o Pam s - 423 U V).

The point of interest presently is that the considerations of Section I11.2
can be taken over in toto merely all functions to be read as the PA ones.
Since (U, annihilates I, as well as the propagator, from (A.1) follows
that Oy, also annihilates B,— B, i.e. B, subtracted arbitrarily (but
U-independently). Since U enters the definitions of I', and I1, in (IV.7),
however, we finally obtain the PDEs

LOfp+ In, (V)] T,(Py - P2ns G1 - Qi3 UL V)= —i0,001,%,(V) (IvV.8)
with n,(V)=4bo V4 - Vig -, (IV.9a)
K, (Vy=3%bo+ - V+ - (IV.9Db)

analogous to (I1.18). Thus, the UR singularity structure of the functions
hy(VY Tp(py ... D2ms Gy - s U2 V) with h,(V) defined in analogy to
(I1.25b), is the same as the one of the functions

a(V) " VY To(py o Paw Gy - 413 UL V)

for any Vresp. V' in the allowed ranges. The higher terms on the RHS
of Fig. 1 ¢ hereby have no effect (except on the functions with g-arguments
in view of the factor ,(V)') since they change §,(V) in (IV.4) only by
terms O(V#) that are, in view of (IL.3), without interest for UR behaviour.
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1V.2. Application of Parquet Approximation

Consider a theory that describes besides self-coupled (pseudo) scalar
neutral massless particles also (arbitrary) massive particles. We will
prove that under a certain assumption the UR singularities of the VFs
of this theory are the same as the ones of the PA functions, up to overall
normalizations.

Let M? and G stand for the “large” masses and for the couplings
constants related to vertex functions with fields to those particles. Then
the four-point vertex of the zero-mass-particle field still obeys the
equations Fig. 1, provided

1) if the pole of the propagator of the zero-mass-particle comes out
as i(k? +ig)~* f(M 2 U?%V,G) we consider the function

I'=f(M2U%LV,G?*T. (IV.10)

2) All corrections relative to the parquet approximation functions
are lumped into the i-kernel, which are the corrections to the free zero-
mass propagator from self-energy effects by the massive as well as the
massless particles, and the contributions from all intermediate states
other than the two-massless-particle ones, giving terms to be added to
the RHS of Fig. tc. This has the effect that, keeping?°® (IV.1) for I,
(IV.3) is replaced by

{(U[0/0U]+ BV, M2 U GV [2/oV]} T'(py ... pas s UV, M% G) =0

where (Iv.i1)
BV,M™*U? G)
S (IV.12)
=3y pi[0/opd L (pypaps(—py—P2—p3) s ULV, M2 G prio-v2 -
i=1

The mentioned assumption now is

Lim B(V, M™2U? G) = B (V) (IV.13)

which holds certainly in all orders of G, and which means that the
momenta dependence near the normalization point is independent of
the large masses and related coupling constants if the normalization
point is chosen at sufficiently small momenta. Note that the assumption
is formally analogous, with small and large momenta interchanged, to
the one usually made [21] to extract nontrivial consequences from the

20 Due to (IV.10) we may have to introduce a new V only implicitly defined in terms
of the old one, but this does not alter the conclusions. Note also that the present BS equations
may not be UV finite upon subtraction, due to two-massive-bosons intermediate states in B
and the i-kernel. This can be remedied, e.g. by restricting the integrations to small momenta,
and does not affect the UR singularity structure.
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exact renormalization group equations of a massive theory. That
assumption is proven to hold to all orders of renormalized perturbation
theory by e.g. the mass-vertex-insertion technique (SD 13). It is likely
that also for (IV.13) one can give a formal proof in a large class of
renormalizable theories. The main difference between the two situations
compared here is that in the UR case, the true behaviour is ultimately
calculable, while in the UV case it is not (except in separate orders of
perturbation theory, or upon solution of the Gell-Mann-Low limit
problem [17]). — There is a subtle point, however, with the U-dependence
from self-energy corrections to the zero-mass propagator, which will be
discussed in detail in Section IV.3: to have (IV.13) hold one must cal-
culate correctly rather than in unsuitable expansions in V. This pre-
caution is unnecessary if (IV.13) is replaced by the weaker

: ; -2 -2772

3119% Il/lir(l)V BV,M~*U? G)=b, (IV.14)
which actually suffices as far as the strongest UR singularity is concerned.

To solve (IV.11) one must consider

U 2dU?=B(V,M~ 2, G) 1 dV =(b,V? +correction) * dV (IV.15)
yielding
InU?= —by ' V™! + const + correction (IV.16)

from which follows that as A —0
T(Apy ... Aps.; ULV, M?, G)= —i[by In2™? + correction] ™! (IV.17)

where the correction vanishes relative to the first term as 1 —0. A sample
calculation hereto is given in Section IV.3.

The other VFs with zero-mass-particle arguments alone are treated
analogously; in particular, the UR singularities at exceptional momenta
for the I are the ones of the PA (upon appropriate overall normalization,
see the discussion after (IV.9)). It is straightforward to analyze the UR
singularities of VFs with (also) massive particles arguments, on the basis
of their many-particle structure [22]. It follows that if in the present
class of theories a mass term for the zero-mass particles is switched on,
one obtains the same type of nonregular behaviour in the mass as in (I11.9),
the result for ¢* theory.

Models to which these considerations apply are those where a
(pseudo) scalar neutral > particle is forced to have zero mass by ad hoc
renormalization condition: From renormalization theory we know that
such particles are necessarily self-coupled as in ¢* theory.

21 The modifications for massless-particle multiplets are obvious. For electrically

charged massless “particles” additional UR-effects set in making these “particles”
presumably nondiscrete (cp. SD 13).
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Attention is required, though, since (IV.11), (IV.1) also have the
isolated solution I" =0 corresponding to ¥ =0. This solution is realized
in the g-model in the Goldstone mode [23]. There the irreducible vertex
is a contact term plus a bare g-propagator (plus other terms) and as
known from the axial vector Ward identity the four-point vertex (IV.17)
vanishes as A —0 of orderN/l2 rather than as slowly as the RHS. Then the
small-momenta form of I' involves the mass parameter [ already [24].
Also the UR behaviour of other VFs will now differ from the one found

in Sections I11.2 and 1V.1, in particular, o and, related to it by (I11.12a),

0
/° no longer vanish. Likewise, the effect of switching-on a mass term 2
will not be of the type (I11.9), we have not worked it out, however.

1V.3. Corrections to Parquet Approximation

The reader’s appreciation of the reasoning in the previous section
may be helped by presenting here a comparison of the UR singularities
in full ¢* theory with the PA ones, and proving how a systematic correc-
tion of the latter brings refined agreement with the former.

In the I, theory of Section I1.3 the propagator pole is
a(V)~ti(k* +ie)~! and thus the nonexceptional small-momenta-behav-
iour of the adjusted four point vertex (cp. (IV.10))} is

To(Apy ... Apas ;m2, V)= —ibg Y(Ini~2)~!

V.18
—iby3p (A2 2Inlni 2 +0((Ink) 2 (IV-18)

as A—0. Deviation from the PA result, ¢p. (IV.6), occurs first in the

term with
by=b,,+4c,*by, (Iv.19)

as one easily sees from the defining formula of b(v) (Section 11.3).

We now note that the equations Fig. 1 differ from the corresponding
ones of ¢* theory only by having a free rather than a self-energy-corrected
propagator. Thus, according to the discussion in Section IV.2, the largest
correction of the i-kernel to be considered is the one in Fig.2. The
correction to the propagator is, from (I1.12),

AG(p)=2i(p* +ie) ' by ? co(ln[m*(—p* —ie) ) 1 +---. (IV.20)

22 Note that the mass-switch-on considered in Section 1111 differs from the usual
one induced by a term in the Lagrangian linear in the o-field {237]. However, in the Gold-
stone mode, both are equivalent with respect to the singularity in question. A discussion
in the one-loop approximation was recently given by Guralnik, Tsao, and Wong [25].
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Fig. 1. Crossing symmetric Bethe- Salpeter equation
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Fig. 2. Propagator correction to the irreducible kernel

In the spirit of the PA this is simplest obtained from its absorptive part
2ReAG(p) »4mby ? o 0(p*) (p*) ' (In[m*(p*)~1]) 2
~[i(p?) '[P [=ibg ' In[m*(—p*)"H1? (§27% 72 0(0%) p?)

the last braquet being the three-particle phase space factor. Inserting
(IV.20) into the equation Fig.2 and computing??® the contribution to
(IV.12) gives

BV, m™ 2 U =by V2 +b, V> +4bg Leo[In(U™2m>)] V2 4. (1IV.21)

which satisfies (IV.13) and (IV.14). Inserting (IV.21) into (IV.15) it
suffices to treat the last term in (IV.21) as a perturbation, which is equiv-
alent to inserting into the square bracket by ' V=1 due to (IV.16). This
reduces (IV.21), in view of (I1.26) and (IV.19), to (I1.19a).

That (IV.21) satisfies (IV.13) is due to our using the estimate (IV.20)
rather than an expansion of 4 G(p) in powers of V, which would in (IV.21)
yield terms like V* In(U ~?m?) violating (IV.13) and (unless one performs
an infinite summation) not leading to the correction sought, while (IV.14),
which is satisfied, guarantees only the correctness of the strongest UR
singularity.

In all of this Section IV we needed not specify whether or not the
nontrivial skeleton terms on the RHS of Fig. 1¢ were considered also.

23 The calculation to lowest order in inversc logarithm, the accuracy sufficient here,
is trivial and therefore omitted.
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What was said at the end of Section IV.1 holds also for the more general
theories: the nonconstant terms are O(V*) and thus also add to (V,...)
only terms of this order, and therefore modify only singularities weaker
than considered above. In a word, those terms on the RHS of Fig. ic are
UR-soft due to being “massless-particle dressed”; their only effect is
via overall normalization factors such as in (IV.10) and those displayed
after (IV.9).

V. Conclusions

The new results of this paper are: 1) The technique to obtain the AFs
at Euclidean exceptional momenta from the directly-constructed zero-
mass theory without any limiting processes needed (Section II1.3),
completing thereby the consistency argument for certain assumptions
concerning asymptotic limits in Section IV.3 of SD 2. 2) A detailed study
[26] of the UR singularity structure of zero-mass-theory VFs near
exceptional momenta (Section I11.2). 3) The proof that these UR singu-
larities are present also in theories with massive particles besides the
massless ones (Section IV.2). 4) Determination of the mass singularity
of finite-mass theory VFs near vanishing mass (Section III.1). 5) Uni-
versality [14] of the coefficients by, by, ¢y, kg, and k, (Section 11.3).

For the details of the application of results on AFs to the large-
momenta-behaviour problem in perturbation theory (e.g., summing
leading logarithms, next-to-leading ones etc.) and beyond perturbation
theory (introducing certain apparently consistent assumptions as men-
tioned before) we refer the reader to SD 2 Section 1V. Here we only
remark that the possible occurrence of logarithms besides power laws,
as exemplified in SD 2 Section IV.4, is a manifestation of not-fully-
reducible representations of the dilatation group emphasized by Otterson
and Zimmermann [27], and Dell’Antonio [28]. The degeneracy of
dimension leading hereto occurs in the cited example if the operator
N,(¢?) has canonical asymptotic dimension. (The consistency test of
SD 2 Section IV.3 requires its dimension to lie between zero, or one for
positivity reasons, and four.)

The extension of the considerations and results of Section III to other
functions and larger sets of Euclidean exceptional momenta leads only to
more complexity but not to essentially new problems. Thus we consider
the problem of the large-Euclidean-momenta behaviour of VFs solved
in principle as far as it can be solved on a formal level, i.e. without also
solving the problem?# of existence of Gell-Mann-Low eigenvalues and
of computation of anomalous dimensions. We hope to discuss the
problem of exceptional Minkowskian momenta in later papers.

24 See Ref. [297 and references given therein.



32 K. Symanzik

Acknowledgment. The author is indebted to K. G. Wilson for suggesting to him that
the infrared singularities in massless-particle theories be present also in theories with
additional massive particles, and for pointing out to him the work of Larkin and
Khmel'nitskii.

Appendix A. Algebraic Deductions from the Bethe-Salpeter Equation

We here derive some formulae, using the formalism of SD 2 A, which
are simpler than those used in SD 2 B for similar purposes. The matrix
notation employed is

/I=B+BG/=B+I/GB (A1)

for the BS equation. Here I is the four point vertex (¢ arguments only),
B the BS kernel (which in the ¢* model involves a logarithmically
divergent constant so that for finiteness one should first consider a
regularized theory and go to the limit only in the subtracted equations),
and G stands for the pair of propagators. Momenta are indicated as

[(~4q-p(~2q+pEq+p)Eqa—p))=Hr
Qr)* [0(p—p) +8(p + P)] G(— 4 q—p) G(—+ q+p) <G
2m)* [6(p—p) +d(p+p)]=1

etc., and are suppressed if internal (and then integrated over with a
factor 4 (2m)~* supplied), or if external (left relative, right relative, and
throughgoing or total) and kept general. In (A.1) it is understood that
internal relative momenta fit unless a momentum associated with the
factor to the left or right is indicated to be fixed (usually at zero) such that
that factor, if the relative momentum is fixed, is constant in the internal
momentum integration, amounting to let the arguments of the G-link
coalesce in coordinate space, indicated by a bracket > or {.
From (A.1) we derived (SD 2 (A.9a))

1+G/=1+6P) 1 +w) (A2a)
with
0

[0} 0 0 0 Q
=—1+[1-GB-BY"1+GB-BY1+GH+(G—-G)], (A2b)
inverses defined by expansion. As shown in SD 2 A,
GI=GP{1+W)+W (A3)

from (A.2a) is the simplest Wilson expansion [17, 5] formula.
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SD 2 (A.5) can be written
0 Q 0 0 Q
[=/[1+GB-B)YQ1+GH+(G-G)/+B-BYA+G/). (A4

Inserting here SD 2 (A.7)

0

/= (/O + B BO) [1- (B °)] -1 (A.5)
yields

I=P AW+ B-BYU+W)+B-B)1+Gl) (A6

which is the Wilson expansion formula analogous to (A.3) for the
amputated function. Multiplying (A.2) from the left with the bare vertex y
and writing

rGa+pEqg—p.(—g)=Ir
yields

O
= (@+Ww) (A7)
showing the structure of I, given I° = { in the massive theory.
From the subtracted BS equation for I

0090 Q

- I'=rGB-1G8=r-MHG8+rG-G6)B+IrGB -~
follows, using (A.1)
Q Q0 Q0 00
I'-I'=rG-G)/+réB-B)1+4G/)
and herefrom, using (A.6) at zero total momentum
Q 0 0 0 0 0 [0} 0
I'=r{1-GB-B)—[G—-G+G(B-B)G]A+W"(B-"B)}
0 Q 0 0 0
~-TIG-G+GB-B)G]1A+WT) >
which we abbreviate as

P=r(—R - -1 of (A.8)

in view of (A.7), the notation
q

r(.q(~q)=1

and

MO—H=rGy—6IT=rG9 —GIT
0 0 0 0 (A9)
~T[G-G+G(B-B)GIT.
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Inserting (A.8) with (A.7) into (A.6) taken at zero total momentum yields
J= ooyt (ar — iy (o)1 o

) o 9 o (A.10)

+(B-=BYA+W)+/°I°) 'T1—R).

Subtracting from (A.6) the same equation with zero throughgoing
momentum and using (A.7) and (A.8) yields

/:})—IOO(IQO)”I%(IQO)_I 0?4—?0(10’0)*111(10’0)_1 of
o o o o 0 o0 (A.11)
+(B—BYW—-W)+(B—-B)1+GH+/°T°) 'TR.

Appendix B. Computational Scheme for BS Equation

We here briefly describe the algorithm by which one could verify the
well-known result, used in Section IV.1, that the solution of the BS
equation (A.1) is fixed knowing G and the subtracted B, and prescribing I

2,
at one point in momentum space, as '/° say.
From (A.5) follows

V=P 18- 181 -GB -8, (B.1)
Using this in the transposed form of (A.6) gives
2 2 2 2 2 2 2
I=[1-(6-'B)G]1 ' ({+B-'B) (B.2)
and finally from (A.4)
22 2 2 2 2 22 2
I=[1—(+/G)B-B)G—-IG-G)] '[/+(1+/G)(B—B)]. (B3)
The / so constructed solves (A.1) if we set
1B (1 4+ Ué>) [P~ 1IG(B® — 1B (B.4)

where numerator and denominator both diverge in perturbation theory,

g8 being there divergent in second and higher order. (B.3) is the unique
solution of the initial problem if the inverses used in its construction
are unique.

The expansion in powers of B of the / in (B.3) is the same as one
obtains applying Bogoliubov-Parasiuk-Hepp (BPH) subtraction pre-
scriptions [30] to the iteration solution /=B+BGB +--- of (A.1),
1/23

whereby B is (final-) subtracted to have the value *'/° at the corresponding
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-

0

Fig. 3. Starting approximation for calculation Fig. 1

momenta, and reducible (sub)diagrams are subtracted to have the value
zero at those momenta.

The computation of /,, referred to in Section IV.1, could be organized
as shown in Figs. 1 and 3, letters denoting the order of approximation,
whereby the dotted line indicates orientation since the approximate /,
are not crossing symmetric. Each time the equation Fig. 1a is solved, the
procedure described before could be applied. To generate the power
series solution in V, of course only quadratures need be performed, with
crossing symmetric result in each order. Again there is a correspondence,
similar to the one described before, to BPH-subtracted vertex parts.
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