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Abstract: In this paper, we discuss the solution of the inhomogeneous conformable abstract Cauchy pro-
blem. The homogeneous problem is also studied. The analysis of conformable fractional calculus and
fractional semigroups is also given. Existence, uniqueness and regularity of a mild solution for the con-
formable abstract Cauchy problem are studied. Applications illustrating our main abstract results are also
given.
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1 Introduction

It is well known that fractional differential equations play an important role in describing many phenomena
and processes in various fields of science such as physics, chemistry, control systems, electrodynamics and
aerodynamics. For examples and details, the reader can see [1-6].

In 2014, Khalil et al. introduced, in [7], a new well-behaved simple fractional derivative, namely
“the conformable fractional derivative.” The definition goes as follows:

Given a function f: [0, c0) — R. Then for all t > 0, a € (0, 1], let

e S+ et — F(1)
L(f)(®) = lim - :

—

T, is called the conformable fractional derivative of f of order a. Let f@(t) stands for T,(f )(¢).
If f is a-differentiable in some (0, b), b > 0, and lim;_,of @(¢) exists, then define

F@(0) = lim f@(p).
t—0*

The conformable derivative satisfies the following properties:
1. T,(1) = 0,
2. T(tP) = ptP-2forall p € R,
3. T(sinat) = at'"%cosat, a € R,
4. T(cosat) = —at'"%sinat, a € R,
5. Tu(e?) = atl%%, aq ¢ R.
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Furthermore, many functions behave as in the usual derivative. Here are some formulas:
nte) -1
Ta(e%fa] = eat",
Ta(sinit"‘] = cos(%t“],
Ta(cosit“) = —sin[it“).
For more properties on the conformable derivative see [1,3,7-16]. Furthermore, in [17-21] the authors

proved the existence and uniqueness of solutions of initial value problems and boundary value problems
for conformable fractional differential equations. Analogously, if X is a Banach space, we write:

Definition 1.1. Let u : [0, co) — X be an X valued function. The conformable derivative of u of order
a € (0, 1], at t > 0 is defined by

dou(t) ~ lim u(t + etl-) — u(t)_
dta -0 &
When the limit exists, we say that u is a-differentiable at ¢.
If u is a-differentiable in some (0, a], a > 0 and lim;_,qu‘®(t) exists in X, then we define u®(0) =
lim;_, g:u@(t).
The a-fractional integral of a function u is given by

t

HOOR|

a

1
sl—a

u(s)ds.

Theorem 1.1. If a functionu : [0, co) — X is a-differentiable at t > 0, a € (0, 1], then u is continuous att.

If, in addition, u is differentiable, then % = t““%.

Lemma 1.1. Let u : [0, co) — X be differentiable and a € (0, 1]. Then, for allt > 0, we have

13( ‘;‘;z‘ )(t) - u(t) - u(o).

Therefore, if u is continuous, then

dIY)(t) _

1 u(t).

Based on the conformable fractional derivative, Abdeljawad et al. in [22] introduced the so-called Cy-a-
semigroup (T (t)):0, which is a generalization of the classical strongly continuous semigroup. More precisely:

Definition 1.2. Let a € (0, a] for any a > 0. For a Banach space X, a family {T(¢)}»0 € £L(X, X) is called
a fractional a-semigroup (or a-semigroup) of operators if

@) T0) =1,

(i) T(t + s) = T(t=)T(s%) for all t, s € [0, c0).

Clearly, if « = 1, then 1-semigroups are just the usual semigroups.

Definition 1.3. An a-semigroup T'(¢) is called a Cy-semigroup, if for each x € X, T(t)x — x ast — 0*.
The conformable a-derivative of T(t) at t = O is called the a-infinitesimal generator of the fractional
a-semigroup T(t), with domain equals:

{x € X, lim T@(t)x exists}.
t—0*

We will write A for such a generator.
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Example 1.2. (see [22])

(i) For a bounded linear operator A, define T(t) = e2Vt4, then (T(t))s0 is %-semigroup.

(ii) LetX = C([0, 00) : R) be the Banach space of bounded uniformly continuous functions on [0, co) with
supremum norm. For f € X we define (T(t)f )(s) = f(s + V). Itis easy to check that T(¢) is a Co-é-semi-
group of operators.

In this paper, we will study the following fractional Cauchy problem:

d*u(t)
el Au(t) + f(t), t> 0, 1)

u(0) = x,

d®u(t)

a

where is the conformable fractional derivative of order a € (0, 1], (4, D(A)) is a linear operator which
generates a fractional Co-a-semigroup (T(t))¢=0 on a Banach space (X, ||.||) and x € X, f: [0,S) — X. We
denote by C([0, S]; X), the Banach space of continuous functions from [0, S] into X with the supremum
norm [[ulle = Supsefo,rjllu(t)ll. Moreover, the solution of the homogeneous part was also discussed. In fact,
the homogeneous problem was studied in [22], but in this paper we discuss the solution under weaker
conditions. For this purpose, we use the semigroup technique. We should mention here that the solution of
such a problem was studied using tensor product technique, see [23].

This paper is organized as follows. In Section 2, we introduce an important analysis of conformable
fractional calculus and fractional semigroups including their important properties. In Section 3, we study
the homogeneous part of problem (1). In Section 4, we prove the existence, uniqueness and regularity of
a mild solution for the initial value problem (1). In Section 5, we introduce some applications illustrating
our main abstract results.

2 Analysis of the fractional semigroups

In this section, we introduce a new analysis of fractional semigroups, which is very important for solving
abstract fractional Cauchy problems.

Theorem 2.1. Let T(t) be a Cy-a-semigroup where a € (0, 1]. There exist constants w > 0 and M > 1 such that
1T < Me“" for 0 <t < co.

Proof. Clearly, |T(t)| is bounded on [0, n] for some n > 0. If this is false, then there is a sequence (¢,)
satisfying t, > 0, lim,_t, = 0 and || T(t,)|| > n. From the uniform boundedness theorem, it then follows
that for some x € X, || T(¢)x|| is unbounded contrary to the definition of Cy-a-semigroup. Thus, |T(t)| < M
for 0 < t < n. Since |T(0)|| = 1, then M > 1. Given ¢ > 0, we can write t* as t* = nn® + 6% where 0 < § < 1.
By the a-semigroup property, we have

1T = IT(n* + 6%l = IT(n®)aT(8%)sl = |T" (=T (S)l|
<ITMIPIT@S)] < MM™ < MM = Met““logh) — pfewt*,

where w = n7%logM. O
Remark 2.1. If {T(t)}»0 € L(X, X) is a Co-a-semigroup, then h(t) = T(t<) is a Cy-semigroup.

Corollary 2.1. If T(t) is a Co-a-semigroup, then for every x € X, t — T(t)x is a continuous function from R
(the nonnegative real line) into X.
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Proof. Let t, h > 0. Since
T(t + h) = T((t + h)* — t* + t®% = T((t + h)* — t*)aT(¢t).
The right continuity at t follows from

IT(t + h)x — T(E)x] < ||T(t)||H T((t + h)* — t9)ix — xH < Me“t

T((t + h)* — t9)ix — xH
Since lim;_o*T(¢)x = x and limy,_,<((t + h)* — t¥)& = 0, then
lim H T((t + h)* — t9)ix — xH - 0.
h—0*
Similarly, we can prove the left continuity. O

Theorem 2.2. Let T(t) be a Cy-a-semigroup where a € (0, 1] and let A be its a-infinitesimal generator. Then
(a) Forx e X

t+et!=®
liml I %T(s)xds =T(t)x for every t > 0.
£-0 € si~«&
t

(b) Forx e X, f; L T(s)xds € D(A) and

sl*lX
t

A I%T(s)xds - T(O)x - x.
S

1—
0

(c) For x € D(A), T(t)x € D(A) and
%T(t)x = AT(t)x = T(t)Ax. 2
(d) For x € D(A)
t t
T(t)x — T(s)x = I%T (WAxdu = J‘%AT(u)xdu.

S S
Proof. (a): Let x € X. Then we have
t+etl-a
1 I L 1(syxds - T(O)x
& : S
tretl-a t+etl-a t+etl-a
_ % j ﬁT(s)xds - i I sll—_aT(t)xds + % I ﬁT(t)xds T 3)
t t t
t+etl-a t+et-a t+et-
< i j ﬁT(s)xds - i I sli_aT(t)xds + é I ﬁT(t)xds - T()x
t t t

Since

t+eti=«

l I %T(t)xds =
£ s
t

1-aya _ +a
1(t+et " -t T()x,
&

a
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then
tret!=a w/a
lim f ! rxds = d—(t—)T(t)x - T()x.
-0 € sl-a dt\ a
t
Therefore,
t+etl=a
lim || L I L 1(txds - Tt || = o, )
£-0 & si-«a

t

For the first term in the right side of inequality (3) we have
tret!=® t+etl-a tret!=®

1 1 1 1 1 1
- J FT(s)xds -2 I T(t)xds|| < = I IT(s)x - T(t)xllds.

Sl—a Sl—a

t t t

Since s — T(s)x is continuous for s > 0, then s — ﬁll T(s)x — T(t)x| is continuous fort < s < t + et'"%* and
therefore

t+etl=@

1-a
fim L f L i1(s)x - T(Oxlds = Lo T(0)x - T(0)l = 0.
£—0 € sl-a ti-«a
t
Consequently,
t+etl-a t+etl-®
lim| L I L O P I L T(oxds| = o. )
e—0|| € sl-a € sl-a
t t
Finally, from (4) and (5) we prove part (a).
For part (b), let x € X. Then we have
a t t t
I +er™) - T() J-%T(s)xds = 1J-%T(‘r + et NT(s)xds — lJ-%T(T)T(s)xcls. (6)
£ S els els
0 0 0

Now, using the a-semigroup property yields
T(1 + et NT(s) = T((T + et 9T ((s)®)s = T((T + €792 + s%)a,
Similarly,
T(T)T(s) = T(T* + s%)a.

Then equation (6) becomes

t t t

J‘%T(s)xds = lJ‘LT((T + eTI" )% 4 s®)axds — lJ‘LT(T“ + s®)axds. @)
si—& cJ s« ) si-a

0 0 0

T(t + et ™) — T(1)
£

Now, using the change of variables u = ((t + e7}~%)* + s%)a on the first term on the right side of (7), we get

t ((T+srl"")“+t"‘)% t
I%T(s)xds 1 I LT(u)xdu - lJ‘LT(T”‘ + s®)axds.
sl-«a € ul-¢ eJ sl-a

0 T+erl~@ 0

T(t + et - T(7)
£
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Similarly, by change of variables u = (7% + s®« on the second term on the right side of (7) yields

1 1
((T+ert =)y tOa (T% tYa

T(T + 1'% - T(1)

£
T+erl @ T
Since
(r+ert- sty (r+ert- o) (e (T 1y
1 1 1
FT(u)xdu = I FT(u)xdu + I FT(u)xdu,
T+erl @ (Tu+ta)% T+erl @
and
1 1
(T +t%)a (T8+t9)a T+eTl %
1 1 1
J ia T(uxdu — I i T(uxdu = — I i T(u)xdu,
T+erl@ T T
then equation (8) becomes
t ((‘r+s‘rl’“)”‘+t“)% T+er!™®

T(t + "% - T(1)
£

1

0 (T"‘ + ta)g T

Now, if we take g(t) = j;ﬁT(u)xdu, then

. t+etl-« t t+etl~®
—ay
g(t + et ™) g(t) — l I 1 T(u)xdu _ J’LT(u)Xdu = l j LT(l,l))(du.
€ € ul-a ul-« € ut=e
0 0 t

By part (a), g(t) is a-differentiable and

t+eti-a
g9 = ig(t) - lim 1 f L Tuxdu = T(o)x.
dt« £50 & ul-«
t

Similarly,

—aya a%
(T + eT O + £ — g((r@ + )y 4 T
== I ﬂT(u)xdu.
u

£ £ :
(T%+t%)a
Now, since T — g((t* + t*)7) is a-differentiable, then
((r+£rl’“)“+t“)%
. 1 d« 1
lim — —Txdu = —g((t* + t*)a).
£—0 € ul-« dr“

(T%+t%)a

Using the fact that S_f(t) = 'S f(t) = £1-%f'(t), and the chain rule we get

[44
ddT“g((Ta + t“)%) = ‘rl*”‘ar"‘*%(r” + t“)%*lg’((‘r“ + t“)%)

= ((T"‘ + t"‘)é)liag’((‘r"‘ + t“)%)
- g(a)((ra " tﬂ)%)

=T(T% + t%)ax.

t
[ ERTA IR (R R N
L S - € u- £ u-“

J-FT(S)XCIS = z j FT(u)xdu - E j FT(u)xdu.

(8)

)
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This implies that

((T+ST1"1)“+I'1)%
.1 1
N B T (10)
£-0 € ul-®
(T%+t%)a

From (9) and (10) and part (a), we get

T(‘l’ + &7 ) — T(‘l’) 1
8%0 &

—T(s)xds| = T(r* + t%ax - T(T)x = T(@)(T(t)X - X).

t
—L_T(s)xds| = T@(r) J —
0

Finally, letting 7 — 0 yields
t
A J‘%T(s)xds =T(t)x - x.
S -a
0

Part (c) is proved in [22]. Part (d) is obtained by applying I? to (2), where I2(v)(t) = _[ av(u)du and using
the fact that Is(d—v)(t) = v(t) - v(s). O

a\ qe«

Corollary 2.2. Let A be an a-infinitesimal generator of a Co-a-semigroup T(t). Then A is closed and densely
defined linear operator.

a
Proof. Let x, = %J‘:m e aT(s)xds where x € X. By part (a) of Theorem 2.2, x. € D(A) and x. — T(t)x.
Thus, T(t)x € D(A) for every t > 0. Since x is the limit of T(t)x when t — 0%, it follows that x € D(A),
thus D(A) = X

The linearity of A is evident. To prove the closedness of A, let x, € D(A) such that x, —» x and Ax, — y
as n — oo. From part (d) of Theorem 2.2, we have

etl-a

t+
(T(t + et!%) - T(t) )xn _ % '[ %T(S)Axnds.

&

t

Since for every t < s < t + et!=«

1
Sl—a

-l

1
<TG 4% - ¥l
S

1 «
< = Mev="|Ax, — ¥
S -

M .«
< sup {Fe“’s }IIAXn -yl

t<s<t+etl™@

then T(s)Ax,, converges uniformly to e aT(s)y, and

t+etl-a t+etl-a
lim 1 _[ 1 r)ax,ds = 1 J L r(s)yds.
n—0 € sl-a £ sl-a
t t
This implies that
) t+etl-®
—ay
(e n-t0) 1,
€ € s«
t

Letting € —» 0 and t — 0" yield x € D(A) and Ax = y. O
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Theorem 2.3. Let T(t) and U(t) be fractional Cy-a-semigroups of bounded linear operators, where A and B are
their infinitesimal generators, respectively. If A = B, then T(t) = U(t) for t = 0.

Proof. For x € D(A) = D(B), the function s — T(t% — s®)zU(s)x is a-differentiable. Furthermore,

a
d—aT(t"‘ — saU(s)x = —AT(t* — s®)aU(s)x + T(t* — s*)aBU(s)x

ds 11)

=—T(t% - s)AU(s)x + T(t* — s*)«sBU(s)x = 0.

Now, applying I? to both sides of (11) yields

Ig(i T(t* - sa)éU(s)x) =0
ds“
[T - sa)%U(s)x]; -0

U(t)x - T(t)x =0.

Thus, U(t)x = T(t)x for t > 0. Since D(A) is dense in X and T(t), U(t) are bounded, then T(t)x = U(t)x for
every x € X. |

3 Homogeneous initial value problem

Let X be a Banach space, and A be a densely defined linear operator from D(A) c X into X. Given x € X
we consider the homogeneous initial value problem:

du(t)
Frr Au(t), t> 0, (12)

u(0) = x.

Definition 3.1. An X valued function u : R* — X is a solution of (12) if u is continuous for ¢t > 0, a-con-
tinuously differentiable, u(t) € D(A) for t > 0 and (12) is satisfied.

Recently, Abdeljawad et al. in [22] showed that if A is the infinitesimal generator of a Cy-a-semigroup
T(t), then the fractional Abstract Cauchy problem (12) has a unique solution of the form u(t) = T(t)x,
for every x € D(A). Actually, uniqueness of solutions of the initial value problem (12) follows from weaker
assumptions as we will see the next theorem.

Lemma 3.1. [24] Let u(t) be a continuous X valued function on [0, S]. If

S
Ie”su(s)ds <M forn=1,2,...

0

Thenu = 0 on [0, S].

Theorem 3.1. For a densely defined linear operator A, if R(A : A) exists for all real A > Aq and

limsupAlog|R(A : A)| < 0, 13)

A—00

then the initial value problem (12) has at most one solution for every x € X.
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Proof. Note first that u(t) is solution of (12) if and only if ezt: u(t) is a solution of the initial value problem
dvv
des

=(A+zl)y, v(0) =x.

Thus, we may translate A by a constant multiple of the identity and assume that R(A : A) exists for all real A,
A >0 and (13) is satisfied. To prove the uniqueness of the solution of (12), let u(t) be a solution of (12)
satisfying u(0) = 0. We prove thatu = 0. Lett — R(A : A)u(t) for A > 0 be an X valued function, where u(t)
is the solution of (12). Then we have

%R(/\ Au(t) = RA : AAu(t) = ARQ : Au(t) - u(t). (14)

Now, multiplying (14) by e yields

o d MGARA + A)u(t) = —eNeu(t).

Since

ASAR : Au(t),

d o aCpa _ e d
T (e «R(A : Au(t)) = e
then
d—‘;(e*/‘ﬁR(/l : Au(t)) = —e*"%u(t). (15)

Now, by applying I? to equation (15) and using the fact that I, 0( i )(t) = f(t) - f(0), we get

IO( ; - ( "“aR(/l A)u(t) ) I —e"l a u(s)ds
t

eMSR( : Au(t) — e°R(A : Au(0) = - fﬁeﬂ” u(s)ds.
0

Since u(0) = 0, it follows that
t t
RQL: Au(t) = —eMs I L elu(s)ds = - j L etensy(s)ds. (16)
S -a Sl—tx
0 0

Now, from Assumption (13) it follows that for every o > 0

lim e A4[RA : A)] = lim eA(-&+A ogIRA:AN) _ o
A—co A—00

Consequently, from (16) it follows that

t
. 1 a a . (2
lim _11—6% “0-59y(s)ds t = lim e A«R(A : A)u(t) = 0. 17)
A—o0 si-«a A—o0
0
Now, since
¢ (o) ¢
. 1 A(tn_ _ a) . 1 A(ta_ _ a) 1 A(tu_ _ a)
lim{ - | —e«&-9=5)y(s)ds; = lim{— e’ =05 y(s)ds - ext’=0=5y(s)ds (18)
Ao0co Sl—tx A—0o Sl—tx X sl—a
0 0 (t%-0)

and for (t® — 0)x < s < t, yields t* - ¢ — s% < 0, then lim,l_mSll,ae%“*"*sa)u(s) = 0. Consequently, it follows
from the dominated convergence theorem that
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t t

. 1 a a . 1 a a
lim eat"=0-sy(s)ds = J. lim — ea(t"-0-sy(s)ds = 0. 19)
A—00 . - 1/14'00 si-«
(-0 (t%-0)a
Now, (17), (18) and (19) imply that
1
(t-0)
lim I ! eat™-0-sy(s)ds = 0. (20)
A—o00 Slia

0
In (20), let T = (t* — 0 — s%) to get

(['Lg)zl t*—o
1 a « 1
I 1—e§(t ~0-Sy(s)ds = — I esTu((t* — o — T)0)dr.
s @ a
0 0

Consequently,
t*~o
lim esTu(t — o — 1)ids = 0. (21)

A—o0
0

Finally, using Lemma (3.1), (21) yields
ut*-o-17)=0 0<T<t*-o0.

Since t and ¢ are arbitrary, we conclude that u(¢) = 0 for ¢t > 0. O

Remark 3.1. If A is the generator of a Cy-a-semigroup (T(t))eo in L(X, X), where | T(t)| < Me“’%, for some
M > 0 and w € R, then the resolvent operator R(A, A) = (AI — A)! is given by

[e¢] 1 .
RO A = [ e T (oxde 22)
0

for x € X and A € p(A), Re A > w. Moreover, R(A, A) satisfies for all x € X

M
IR(A, A)x]| < m"xn-

Theorem 3.2. For a densely defined linear operator A with a nonempty resolvent set p(A), the following state-
ments are equivalent:

(hy) The initial value problem (12) has a unique solution u(t), for every initial value condition u(0) = x € D(A).
(hy) A is the infinitesimal generator of a Cy-a-semigroup T(t).

Proof. The implication (h,) = (h;) was proved in [22].

So we prove only (k) = (hy). Since p(A) # &, then A is closed and ([D(A)], IIx]la = |IxIl + [|Ax]) is
a Banach space. Now we defineV : [D(A)] — C([0, S], [D(A)]), where ((C([0, S], [D(A)]), Il llw) is the Banach
space of continuous functions from[0, S]into[D(A)] with the usual supremum norm [[ufl, = Supeefo,sjllu(t)lla),
by V(x) = uy, where u, is the unique solution of (12) related to the initial condition x. By linearity of (12)
and the uniqueness of the solution, V is a linear operator. The closedness of V follows from the fact that
if x, — x € [D(A)], and uy, — v € C([0, S], [D(A)]), then Au, (t) — Av(t) in X uniformly in ¢. Therefore,
from

1
sl—a

t
ux,,(t) =Xn t+ J‘ Auxn(S)dS
0

we obtain asn — oo
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t

v(t) =x + J.%Av(s)ds.

Since, for every t > 0

>

a4 o _
L feAv(D) = Av(o)

and v(0) = x, then the uniqueness of solution gives that v = u, and so V is closed. By closed graph theorem
V is bounded and

sup [u(t)lla < Clixlla- (23)
0<t<S

Now, we define a linear operator U(t) : [D(A)] — [D(A)] by U(t)x = u,(t). For x € D(A), U(t* + s®ax and
U(t)U(s)x are solutions of (12) with initial condition U(s)x. The uniqueness of the solution gives us the
equality

Vx € D(A), U(t + s)ax = U(t)sU(s)ax, t,s > O.
Then U(t) has the a-semigroup property. From (23) it follows that U(t) is uniformly bounded for ¢ € [0, S].
For nS® < t* < (n + 1)S%, we have U(t)x = U(t* — nS®)«U(S)"x. Then U(t) can be extended to an a-semi-

group on [D(A)] satisfying |U(t)x|la < Me“t|Ix] .
Now, we will show that

UAy = AU(t)y for y e D(4%). (24)

Consider v(t) =y + I —=Uay(s)ds, where uy, is a solution of (12) satisfying us,(0) = Ay. Now using the fact
that dt“(I OF (1)) = f(t), we get

da
dta

t
1 d#
v = Sl [ Sun@ds | = S un(©) = uy (o).

0

Since uy, is a solution of (12), it follows that

Ugy(t) — ugy(0) = IO( (faa uAy(t))
(25)
sy (6) — Ay = I . & (s)ds.

From (25) and the closedness of A, we get
t d t
1 1
V@O(t) = ugy(t) = Ay + jl—ad —Ugy(s)ds = A|y + J‘FuAy(s)ds = Av(t).
0 0
But v(0) = y. So the uniqueness of the solution of (12) gives v(t) = u,(t). Consequently, Auy(t) = v(t) =
uay(t), which is the same as in (24).

From the fact that D(A) = X and p(A) # @ we get D(4%?) = X. Let Ay € p(A), Ag # 0, and let y € D(4?).
Let x = (Aol — A)y. Then, by (24), U(t)x = (Aol — A)U(t)y and

IU@®xll = (Aol = AUt < KIU®)Yla < Ke“ [ylla-
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But
I¥lla = Iyl + 1Ayl < Kalix]l.
So
U@l < Koe“lyll.

Therefore, U(t) can be extended by continuity to all of X. Thus, U(t) becomes a Cyo-a-semigroup of X.
Now it suffices to show that A is the a-infinitesimal generator of U(t). Denoted by 4, the a-infinitesimal
generator of U(t). Since

d(l
—U(t)x = AU(t)x, for t>0.
a2 ®) ®)
Then, %U(t)x lt=o = Ax. Hence, 4, 2 A.
For Re A > w, and y € D(4%), we have
1 % 1 t® 1 %
tl_ae*AWAU(t)y = i e MU(t)Ay = i e eU(t)Ay. (26)

Using (22) and integrating (26) from O to co we get AR(A, A1)y = R(A, A)Ary. But R(A, A)Ay = AR(A, A))y.
Thus, AR(A, Ay = AR(A, Ay)y for every y € D(A?). From the fact that A R(A, 4,) is bounded, A is closed and
D(A?) = X, it follows that AR(A, A))y = AiR(A, Ay for every y € X, which means D(4) > RangeR(A : 4;) =
D(A)) and A 2 A;. Thus, A = A;. O

4 Inhomogeneous initial value problem

Let X be a Banach space and A be a densely defined linear operator from D(A) ¢ X into X. Given x € X,
we consider the inhomogeneous initial value problem:

d*u(t)
TR Au(t) + f(t), t> 0, @n

u(0) = x,
where f:[0,S) — X.
Let

S
LP(0,S; X) =4f:10,S] —» X is measurable X valued function such that : J-%I[f(s)llpds < 00f.
S

0

It is a classical procedure to prove that LP(0, S; X) is a Banach space under the norm

Iy = (js L Ilf(s)llpds); .

o s

Definition 4.1. A function u : [0, S) — X is a solution of (27) on [0, S] if u is continuous on [0, S),
a-continuously differentiable on (0, S), u(t) € D(A) for 0 < t < S and (27) is satisfied on [0, S).

Let T(t) be the Cy-a-semigroup generated by A and let u be a solution of 27. Then the X valued function
g(s) =T(t* - s“)%u(s) is a-differentiable for 0 < s < t and

%(s) = —T(t% - s*)2Au(s) + T(t* - s*)su(s)

— CT(t% - sAU(S) + T(tY — s Au(s) + Tt — s (s) (28)

=T(t* — s®)af(s).



702 —— Lahcene Rabhi et al. DE GRUYTER

Now applying I to (28), for f € L1(0, S : X) we get T(t% — s¥)a——f(s) is integrable and

S

t

BENO = Tt~ 950 - T = [ e - soifspds.
0
So
t
u(®) = TOx + [ ST - sif)ds. (29)
S

0

From the previous results we have:

Corollary 4.1. If f € LX(0, S : X), then for every x € X the initial value problem (27) has at most one solution.
If it has a solution, this solution is given by (29).

Definition 4.2. Let A be the generator of a Co-a-semigroup T(t). For x € X and f € LX(0, S : X), the function
u € C([0, S] : X) given by
t
u(t) = T(E)x + jﬁma _s®f(s)ds, 0<t<S
0
is called the mild solution of (27).

Theorem 4.1. Let T(t) be a Cy-a-semigroup with generator A, f € LX(0, S : X) be continuous on (0, S] and let
t
We) = jﬁma _s®f(s)ds, O<t<S. (30)
0
The initial value problem (27) has a solution u on [0, S) for every x € D(A) if one of the following conditions is
satisfied:
(i) v(t) is continuously a-differentiable on (0, S).
(ii) v(t) € D(A) for 0 < t < S and Av(t) is continuous on (0, S).

If (27) has a solution u on [0, S) for some x € D(A), then v satisfies both conditions.

Proof. If (27) has a solution u for some x € D(A), then this solution is given by (29). Furthermore, since
v(t) = u(t) — T(t)x is the difference of two a-differentiable functions, then v is a-differentiable and v@(¢t) =
u@(t) — T(t)Ax is obviously continuous on (0, S). Thus, (i) is satisfied. Also, if x € D(A), then T(t)x € D(A)
for t > 0 and therefore v(t) = u(t) — T(t)x € D(A) for t > 0 and Av(t) = Au(t) — AT(t)x = uO(t) - f(t) — T(t)Ax
is continuous on (0, S). Thus, (ii) is satisfied.

Now, it is easy for € > —7% to verify the identity:

V(T + eT79% — % + t%)a — v(¢)
€

T(T + et'™%) - T(1) B
- v(t) =T(1)

€Y

1
((T+ert M4 tNa

- = I %T((T +eTl O _ 78 4 % _ s¥)af(s)ds ;.
S a

The continuity of f yields

1
((T+ert a7y tNa

im? [ LT e - - sOif()ds = O
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If v(t) is continuously a-differentiable on (0, S), then by letting € — 0 in (31) we get
T@(T)v(t) = T(D@() - f(1)}. (32)

It follows from (32) that if T — 0, then v(t) € D(A) for 0 < t < S and Av(t) = vO(¢t) — f(¢t). Since v(0) = 0
it follows that u(t) = T(t)x + v(t) is solution of (27) for x € D(A).

Ifv(t) € D(A), then by (32), v(t) is continuously a-differentiable and v(®(t) = Av(t) + f(t). Since v(0) = 0,
then u(t) = T(t)x + v(t) is the solution of (27) for x € D(A). O

Corollary 4.2. Let T(t) be a Cyp-a-semigroup with generator A. If f is continuously a-differentiable on [0, S],
then the initial value problem (27) has a solution on [0, S) for every x € D(A).

Proof. We have by change of variables

t t
VO = [T - sifeds = |
0 0

1
Sl—a

T(S)f ((t* - s%)<)ds.

Then it is clear that v(t) is a-differentiable for t > 0 and

t t

vt = T(OF(0) + j L rs)f@((ex - smbyds = T(OF(0) + j

Sl—a
0 0

1
Sl—a

T(t* — s%)af@(s)ds.

Then v@(t) is continuous on (0, S) and therefore the result follows from condition (i) in Theorem 4.1. O

Corollary 4.3. Let T(t) be a Co-a-semigroup with generator A, and let f € LX(0, S; X) be continuous on (0, S).
Iff(s) € D(A) for0 < s < S and Af(s) € LX(0, S; X), then for every x € D(A) the initial value problem (27) has
a solution on [0, S).

Proof. From the assumptions, it follows that for s > 0, T(t% — s®)«f(s) € D(A) and AT(t* — s%)af(s) =
T(t* - s“)terf(s) € L;(O, S; X). Therefore, v(t) defined by (30) satisfies v(t) € D(A) for t > 0 and
t t
AV(E) = Afﬁma ~ s®)if(s)ds = j ﬁma ~ s®Af(s)ds
0 0

is continuous. Now, the result follows from condition (ii) in Theorem 4.1. O

5 Examples

Example 5.1. Consider the homogeneous initial value problem

Q:
O (L, x) = av(t,x)’ t>0, —00 < X< +00,
ot® ox (33)
v(0, x) = g(x).
Let X = BU(-00, +00) be the Banach space of bounded uniformly continuous functions with usual
supremum norm ||fflee = SUP_co<x<+oollf (X)[. Define the operator A by

A= ai(.), DA ={PpeX:yP eXh
X

The operator A generates a Cy-a-semigroup (T(t)):0 on X (see [22]), defined by (T(t)f )(x) = f (x + %)
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Let u(t)(x) = v(t, x) and u(0)(x) = g(x). Then the initial value problem (33) takes the form :
o%u(t)

ot“
u(0) =g.

= Au(t), t> 0,

If g € D(A), then by Theorem 3.2 the above initial value problem has a unique solution given by v(¢, x) =
(TR = g(x + &)-

Example 5.2. Consider the inhomogeneous conformable system with initial value condition

d*u, .
e (t) = Au(t) + f(t), t> 0, (34)

u(0) = x,

where A € M,(R) is a square matrix on R", x ¢ R" and f: [0, co) — R" is a continuously a-differentiable
function.

The matrix A is a linear operator on D(A) = R", which is a generator of a Cy-a-semigroup (T(t))¢0
defined by

« oo na
Tty = ety = Y Ly,
aontat

One can easily see that all assumptions of Corollary 4.2 are satisfied and so (34) has a unique solution

¢
u(t) = ey + J‘lLeA([“ ~ )f(s)ds.
S -
0

Conflict of interest: Authors state no conflict of interest.

References

[1] A. Atangana, D. Baleanu, and A. Alsaedi, New properties of conformable derivative, Open Math. 13 (2015), 889-898,

[2] M. Benchohra, A. Cabada, and D. Seba, An existence result for nonlinear fractional differential equations on Banach
spaces, Bound. Value Probl. 2009 (2009), 628916.

[3] W.S. Chung, Fractional Newton mechanics with conformable fractional derivative, ). Comput. Appl. Math. 290 (2015),
150-158.

[4] A. Kilbas, M. H. Srivastava, and J. . Trujillo, Theory and application of fractional differential equations, North-Holland
Mathematics Studies, Elsevier Science Inc., New York, NY, USA, 2006.

[5] S.G. Samko, A. A. Kilbas, and O. I. Marichev, Fractional Integrals and Derivatives. Theory and Applications, Gordon and
Breach Science Publishers, Yverdon, Switzerland, 1993.

[6] R.L.Magin, Fractional Calculus in Bioengineering, Part 1, Crit. Rev. Biomed. Eng. 32 (2004), no. 1, 1-104.

[7] R.Khalil, M. AlHorani, A. Yousef, and M. Sababheh, A new definition of fractional derivatives, ). Comput. Appl. Math. 264
(2014), 65-70.

[8] T. Abdeljawad, On conformable fractional calculus, ). Comput. Appl. Math. 279 (2015), 57-66,

[9] M. AlHorani, M. AbuHammad, and R. Khalil, Variation of parameters for local fractional nonhomogenous linear differential
equations, J. Math. Computer Sci. 16 (2016), no. 2, 147-153,

[10] M. AlHorani and R. Khalil, Total fractional differentials with applications to exact fractional differential equations, Int. ).
Comput. Math. 95 (2018), no. 6-7, 1444-1452,

[11] R. Khalil, M. AlHorani, and M. A. Hammad, Geometric meaning of conformable derivative via fractional cords, ). Math.
Computer Sci. 19 (2019), no. 4, 241-245.

[12] F.Feng and F. Meng, Oscillation results for a fractional order dynamic equation on time scales with conformable fractional
derivative, Adv. Differ. Equ. 2018 (2018), 193, DOI: https://doi.org/10.1186/s13662-018-1643-6.



DE GRUYTER Inhomogeneous conformable abstract Cauchy problem =— 705

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]

(22]

R. Khalil, M. AlHorani, and A. Douglas, Undetermined coefficients for local fractional differential equations, ). Math.
Comput. Sci. 16 (2016), 140-146.

M. ). Lazo and D. F. Torres, Variational calculus with conformable fractional derivatives, IEEE/CAA . Automat. Sinica 4
(2017), no. 2, 340-352.

M. Z. Sarikaya and F. Usta, On comparison theorems for conformable fractional differential equations, Int. ). Anal. Appl. 12
(2016), no. 2, 207-214.

Y. Wang, ). Zhou, and Y. Li, Fractional Sobolev’s spaces on time scales via conformable fractional calculus and their
application to a fractional differential equation on time scales, Adv. Math. Phys. 2016 (2016), 9636491.

D. R. Anderson and R. I. Avery, Fractional-order boundary value problem with Sturm-Liouville boundary conditions, Electr.
J. Differ. Equ. 2015 (2015), no. 29, 1-10.

H. Batarfi, ). Losada, ). J. Nieto, and W. Shammakh, Three-point boundary value problems for conformable fractional
differential equations, ). Funct. Spaces 2015 (2015), 706383.

B. Bayour and D. F. M. Torres, Existence of solution to a local fractional nonlinear differential equation, ). Comput. Appl.
Math. 312 (2016), 127-133.

M. Bouaouid, K. Hilal, and S. Melliani, Nonlocal conformable fractional Cauchy problem with sectorial operator, Indian ).
Pure Appl. Math. 50 (2019), 999-1010.

A. Gokdogan, E. Unal, and E. Celik, Existence and uniqueness theorems for sequential linear conformable fractional
differential equations, Miskolc Math. Notes 17 (2016), no. 1, 267-279.

T. Abdeljawad, M. AlHorani, and R. Khalil, Conformable fractional semigroups of operators, ). Semigroup Theory Appl. 2015
(2015), 7.

S. Khamis, M. AlHorani, and R. Khalil, Rank two solutions of the abstract Cauchy problem, |. Semigroup Theory Appl. 2018
(2018), 3.

A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-Verlag, New York,
1983.



	1 Introduction
	2 Analysis of the fractional semigroups
	3 Homogeneous initial value problem
	4 Inhomogeneous initial value problem
	5 Examples
	References

