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Abstract. We study the initial boundary value problem of semilinear hyperbolic
equations uy — Au = f(u) and semilinear parabolic equations u; — Au = f(u) with
critical initial data E(0) = d (or J(ug) = d), I(ug) < 0, and prove that there exist
non-global solutions under classical conditions on f.

1. Introduction. It is well known that the semilinear hyperbolic equations and semi-
linear parabolic equations are the most important nonlinear evolution equations in the
area of mathematical physics (see the previous works [1, [2], [1II, [7], [13], [15]). The
following are examples of important problems that are considered in this paper:

uy — Au = f(u), =€, t>0,
u(z,0) = up(x), u(z,0)=ui(z), x€Q, (1.1)
u(z,t) =0, z€9Q, t>0
and
us — Au = f(u), €, t>0,
u(z,0) = up(z), =€, (1.2)
u(z,t) =0, €0, t>0.

A powerful technique for treating the above problems is the so-called “potential well
method”, which was established by Payne and Sattinger [I1]. The technique for proving
the global nonexistence of solutions of abstract problems that include (I1]) and (L2) was
developed first in [2]. In [I] a stronger result for (II]) and ([2]) was established, namely
pointwise blow-up in finite time. In [3] and [I4], the case for which F(0) > 0 was first
considered. A “blow-up” (global nonexistence result) was proved in these two papers
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460 XU RUNZHANG

by relying on the condition that (ug,u1) > 0. The upper bound for E(0) required was
smaller than the depth of the potential well.

The potential well theory has ignited considerable interest among researchers to treat
various parabolic and hyperbolic equations. Because it is not possible to cite all of the
more than one hundred papers on the subject, we refer the reader to [4]-[6], [8]-[10],
[16]-[22] and the references therein. In [II] the authors assumed that f(u) satisfies the
following conditions:

(i)  feChLf(0)=f(0)=0;

(ii)  (a) f(u) is monotone and convex for u > 0, concave for u < 0 or
(b) f(u) is convex for — oo < u < o0;

(#it) There exist p and v satisfying 2 < p+ 1<y < Z—f%
such that(p + 1)F(u) < uf(u) and |uf(u)| < | F(u)]
where F(u) = [} f(s)ds.

And Payne and Sattinger defined

W ={ue Hj(Q)|I(u) >0,J(u) <d}U{0},
V ={ue Hy(QI(u) <0,J(u) <d},

where
1 2
J(u) = S[Vul® = [ F(u)dz,
2 0
1) = [Vl = [ wfa)da,
Q
d= inf J(u). N = {u € HY(@)|I(x) = 0.|Vu] # 0}
1 2 1 2 1 2
E(t) = Slluwll” + S IVull” = [ Fu)dz = Sflul]” + J(u).
2 2 o 2
In the above and the following discussions we denote || - |[Lr() by || - [[p, || - ll2 by || - ||

and (u,v) = / wodz. In [11], by introducing the above sets W and V, as well as other

functionals, Payne and Sattinger gave a series of properties of W and V. Then, by using
V, they proved the global nonexistence of solution for problem (1) and (L2 in the
case E(0) < d (or J(ug) < d for problem ([2)), I(ug) < 0. In early 1977, in [I2], Levine
was informed by the authors of [T1] that both proofs of Theorem 2.3 (about uniqueness)
and Lemma 2.7 (in the case f is convex) in [II] are incorrect. Recently, some other
incorrect proofs regarding both invariance of the set V' and global non-existence (see
Lemma 4.2, Theorem 4.3 and Theorem 6.3 in [I1]) were pointed out and corrected in [21]
by introducing a family of potential wells. In the correction (ii) on page 2667 of [21], the
authors indicate that M’(t) could always be negative. Of course that is correct, but on
page 294 of [11], near the top of the page, Payne and Sattinger rule out this possibility.
The remark in [2I] may leave the impression that they did not consider this possibility.
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SEMILINEAR HYPERBOLIC EQUATIONS AND PARABOLIC EQUATIONS 461

In [21I] they required the nonlinear term f(u) to satisfy

(i)  feChLf(0)=f1(0)=0;
(#9)  f(u) is monotone and convex for u > 0, concave for u < 0;

(Hy,) { (iii) There exist a p and v satisfying 2 < p+1 < y < 242

n—2

such that (p+ 1)F(u) < uf(u) and |uf(u)| < v|F(u)],
where F(u) = [} f(s)ds,

a hypothesis that will also be in force here. Moreover, in [2I], some new results were
achieved on the invariant sets, specifically global existence of solution for the critical
initial data E(0) = d (or J(up) = d), I(up) > 0 for problems (1) and (L2)). But in
[21] the authors did not consider all the cases related to the critical initial data. Let us
explain this in detail. The main results obtained in [2I] are the following theorems:

THEOREM 1.1. Let f(u) satisfy (H,), uo(z) € HE(Q), ui(z) € L*(Q). Assume that
E(0) < d. Then when I(ug) > 0 or ||[Vug| = 0, problem (1) admits a global weak
solution u(t) € L>(0,00; H}(Q)) with u:(t) € L>(0,00; L*(Q)) and u(t) € W for 0 <
t < oo; and when I(ug) < 0, the problem does not admit any global weak solution.

THEOREM 1.2. Let f(u) satisfy (H,), uo(z) € HZ(2), ui(z) € L?(R). Assume that
E0) = d, I(ug) > 0. Then problem (1) admits a global weak solution u(t) €
L>(0, 00; HE (Q)) with us(t) € L>(0, 00; L%(Q)) and u(t) € W = WUAIW for 0 < t < oo.

THEOREM 1.3. Let f(u) satisfy (H,), uo(z) € H} (). Assume that J(ug) < d. Then
when I(ug) > 0 or ||Vug| = 0, problem ([2)) admits a global weak solution u(t) €
L>(0, 00; HE () with uy(t) € L2(0,00; L?(2)) and u(t) € W for 0 < t < oo; and when
I(ug) < 0, the problem does not admit any global weak solution.

THEOREM 1.4. Let f(u) satisfy (H,), uo(x) € H} (). Assume that J(ug) = d, I(ug) > 0.
Then problem ([2)) admits a global weak solution u(t) € L>(0, 00; HE(Q)) with w(t) €
L2(0,00; L3(2)) and u(t) € W for 0 <t < oco.

However for the global existence of solution for either problem () with E(0) = d,
I(up) < 0 or problem (I2) with J(ug) = d, I(ug) < 0, there are no results in [21], [I1] or
any other literature. In [I9] Enzo Vitillaro considered the more general case ||ugl|, > A1,
E(0) < E; for a class of abstract evolution equations. But the critical case E(0) = F;
depends on the presence of the damping term. Hence these problems are still open. One
of the reasons is that one cannot easily obtain the non-global existence of solution solely
by the method used for E(0) < d or J(up) < d. For instance, in order to prove the
non-global existence of solution to problem ([l) with critical case E(0) = d, I(ug) < 0,
one must ensure the invariance of set V' = {u € HJ(Q)|I(up) < 0} under the flow of
(TI) in the case of E(0) = d. It is natural to think whether we can use the method for
case E(0) < d to solve the problem with critical case E(0) = d. In the process of treating
the case F(0) < d, by a contradiction method, we can suppose the invariance of the set
V' does not hold; then there exists a to € (0,7T) such that I(u(tg)) = 0 and I(u) < 0
for 0 < t < tg, where T is the existence time of u. Hence we have ||Vu(to)| > r(1) and
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J(u(tg)) > d. Unfortunately, this result does not contradict
1
5\|u,§||2 +J(u)=E{t)<E0)=d, 0<t<T.

Therefore this situation yields some difficulties, so we have to work out some new ideas
in order to solve this problem.

The main purpose of this paper is to resolve the open problems mentioned above by
using the potential well method. We prove that if f(u) satisfies (H,), E(0) =d, I(ug) <0
and (ug,u1) > 0 for problem ([I1); or J(ug) = d, I(ug) < 0 for problem (2)), then either
problem (1)) or problem (I2)) does not admit any global weak solution. So, we seek to
give positive answers to the unsolved problems existing in [21I] and [IT].

2. Definitions and preliminary lemmas. In this section we give some definitions
and recall some preliminary lemmas.

For (L)) and (T2) we define J(u), I(u), E(t), d, W and V as above. In addition, we
define the functional related to the Nehari flow as

Is(a) = 81l = [ ufu)de.s >0,
Q
the depth of the family of potential wells as
= i f
d(0) Jof J(u),
N5 = {u € Hy(Q)|I5(u) = 0, || Vul| # 0}, > 0;
and the family of potential wells as
Ws = {u € Hy(Q) | Is(v) >0, J(u) < d(6)}U{0}, 0<d<b;
Vs ={uec Hy(Q)|Is(u) <0, J(u) <d()}, 0<d<b.
Then some lemmas can be recalled.

LEMmMA 2.1 ([210, [I1]). Let f(u) satisfy (H,). Then
(i) |F(u)] < AJu|? for some A > 0 and Yu € R.
(i) Juf(u)] < 1AJul", Yu € R.

LEMMA 2.2 ([21]). Let f(u) satisfy (H,). Assume that u € H}(Q) and I5(u) < 0. Then
[IVul|| > r(0); in particular, if I(u) < 0, then ||Vu| > r(1), where

T(é):( J )”‘ L () R T (]

aCz uwER,u#0 |u|7 u€HJ(Q),u#0 HVUH

LEMMA 2.3 ([21]). Let f(u) satisty (H,). For d(d) we have
(i) d(8) > a(8)r?(8) for a(6) = § — 07, 0 <6 < L.
(iii) lims_od(d) = 0 and there exists a constant b satisfying % < b < 3 such that
d(b) =0 and d(d) > 0 for 0 < ¢ < b.
(iil) d(9) is increasing on 0 < ¢ < 1, decreasing on 1 < ¢ < b and takes the maximum

d=d(1)at § =1.

Throughout this paper we employ the notion of weak solution defined below.
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DEFINITION 2.4. u = u(z,t) is called a weak solution of problem (LI on 2 x [0,T)
if ue L™ (0,T; H}(Q)) with u, € L™ (0,T; L*(Q)) satisfying
(i) (ug,0) + [3(Vu, Vo)dr = [7(f(u),v)dT + (u1,v), Yo € H3(Q),t € (0,T).
(i) u(z,0) = up(z) in Hg ().
(iii) E(t) < E0), 0<t<T. (2.1)
DEFINITION 2.5. u = u(z,t) is called a weak solution of problem (L2 on 2 x [0,T)
if ue L™ (0,T; H}(Q)) with u, € L* (0, T; L*(Q2)) satisfying
(i) (ue,v) + (Vu, Vo) = (f(u),v), Yo e HE(Q),t e (0,7T).
(i) u(z,0) = up(z) in Hg ().
(i) [ lur)2dr + J(u) < J(ug), 0<t<T. (2.2)
There is a difference between problem (1) and problem (I2)). For problem () we
have the following Lemma to guarantee the invariance of the set Vs. Although this
invariance is not for the critical data J(ug) = d, it will be shown to be sufficient to derive
the nonexistence of global solution of (I2]). But for problem (LII) this method does not
appear to work.

LEMMA 2.6 ([21]). Let f(u) satisfy (H,), uo(x) € HE(2). Assume that 0 < e < d,
(01, 92) is the maximal interval including § = 1 such that d(J) > e for § € (d1,02). Then
all weak solutions of problem (L2)) with 0 < J(up) < e belong to Vs for § € (d1,d2),
provided I(ug) < 0.

As mentioned above, we need to give the invariance of set Vs for problem (L)) as
follows.

LEMMA 2.7. Let f(u) satisfy (H,), uo(z) € H}(2), ui(z) € L*(Q). Assume that F(0) =
d and (ug,u1) > 0. Then the following set

V' = {u e Hy(Q)|I(u) < 0}
is invariant under the flow of (LIJ).

Proof. Let u(t) be any weak solution of problem (L)) with F(0) = d, I(up) < 0 and
(ug,u1) > 0, T being the existence time of u(t). Let us prove I(u) < 0for 0 < ¢ < T. Ifit
is false, then there exists a ¢t € (0,7") such that I(u(to)) = 0 and I(u) < 0 for 0 < ¢ < to.
Hence we have |Vu|| > (1) for 0 < t <t and ||Vu(to)|| > (1) > 0. By the definition
of d we get J(u(tg)) > d. From this and

%H’U,t(tO)HQ + J(u(to)) < B(0) =d,
we get J(u(to)) = d and |lui(tg)||> = 0. Let M(t) = ||ul|?>. Then we have
M = 2(u, uy)
with

M(O) = 2(U0,U1) > 0,
M(t) = 2|Jug||* = 21 (u) > 0,0 < t < to.
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Hence M (t) is strictly increasing with respect to t € [0,%o]. This together with M (0) =
2(ug,u1) > 0 gives M (tg) = 2(u(to), ut(to)) > 0. This contradicts ||us(to)|| = 0. So this
completes this proof. O

3. Main results and proof. In this section we state the main results and prove
them.

THEOREM 3.1. Let f(u) satisfy (H,), uo(z) € H}(Q), ui(z) € L*(Q). Assume that
E0) =d, I(up) < 0 and (ug,u1) > 0. Then the existence time of a weak solution for
problem () is finite.

Proof. Let u(t) be any weak solution of problem (I[Il) with F(0) = d, I(ug) < 0 and
(up,u1) > 0, T being the existence time of u(t). Let us prove T < oo. Arguing by
contradiction, let us assume 7' = +o0. Again, let

M(t) = [lull”.
Then we have _
M =2(u,w)
with
M(0) = 2(ug,uy) >0,
M(t) = 2||ug]|* — 21 (u),0 < t < 0. (3.1)
From (24) and (p + 1)F( ) < uf(u) we arrive at

1 9 p— 9 1 1 9
2||Ut|| + 2+ )HC ull” + +1I( u) < 2Hut” +J(u) = E(t) < E(0) =d

Hence we have
M(t) > (p+3) [l + (p — )| Vul|* = 2(p+ 1)d
> (p+3)|lul® + (p = DA M(t) = 2(p+ 1)d, 0 <t < o0,
| Vul?
weH(Q)u0 ||ull?

Eq. @I) and Lemma 27 yield M(t) > 0 for 0 < t < co and M(t) is strictly increasing
for 0 <t < co. Hence for any ¢y > 0 we have M (t) > M(tp) > 0 for t > ¢, and

M(t) > M(to)(t — to) + M(to) > M(to)(t — to), t > to.
Therefore for sufficiently large ¢, we have (p — 1)A\1 M (t) > 2(p + 1)d and
M(t) > (p+3)||udl>.

AL =

Hence

MM—9}§0022@+@@WNWW—wmf)za

_ N2
(M=)" = Ma+2 <MM (@+1) (M) ) <0, a=t—. (3.3)
From (B.3) it follows that there exists a 77 > 0 such that

lim M~%(t) =0,

t—)Tl
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and
lim M(t) = +oo0,
t—T
which contradict T = 4+00. The proof is completed. O

From Theorem and Theorem B.I] we can get a sharp condition for global existence
of solution for problem (L] with E(0) = d as follows:

THEOREM 3.2. Let f(u) satisfy (H,), uo(z) € H}(Q), ui(z) € L3(Q). Assume that
E0) = d, (ug,u1) > 0. Then when I(up) > 0, problem (LI) admits a global weak
solution u(t) € L>(0, 00; H}(Q)) with u,(t) € L>(0,00; L2(2)) and u(t) € W = WUOW
for 0 < t < oo; and when I(ug) < 0, the problem does not admit any global weak solution.

THEOREM 3.3. Let f(u) satisfy (H,), uo(z) € H}(Q). Assume that J(ug) = d, I(ug) < 0.
Then the existence time of weak solution for problem (L2 is finite.

Proof. Let u(t) be any weak solution of problem ([2)) with J(ug) = d, I(ug) <0, T
being the existence time of u(t). Let us prove T' < oo. Arguing by contradiction, we

suppose T' = +o00. Let
t
— [ ulPar
0

Then
Mi(t) = 2(ug,u) = =2I(u), 0<t < c0. (3.4)
From (Z3) and
uf(u)dz > (p+ 1)/ F(u)dz
o gt Q Q

/t|“ 12dr + p—l ||Vu||2+LI(U)
o T o pr1

. (3.5)
S/o | |2d7r + J(uw) < J(u) = d.
From 34 and (B) we have
§(0) 2 29+ 1) [ [lurlPdr + (o= DIValP - 200+ 1)
0 (3.6)

2p+ 1)/0 lus|2dr + (p— DA () — 2(p + 1)d.

([ ) g luliar)

1
2
= (||UH4—2HU0H Jlull* + fluol*)

Note that
2

= 2lfuo |2V (1) + fluo *)
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Hence we have

ML _Iil(Ml >2(p+1) U ] dT/ lur||2dr — </ (u,uT)dT>2]

+ (p— DAM ()M (t) — (p+ 1) |Juo||* M (2)
—2(p+ 1)dM (t) + T\|uo||4-

From this and the Schwartz inequality we get

+1
My N — p—(Ml)

>(p — DA M ()M () — (p + 1) uo|*Mi(t) — 2(p + 1)dM (¢)

- (%(P —DMMi(t) — (p+ 1)||U0||2> M, (t) (3.7)

+ (5= 123000 - 260+ 1) 350

On the other hand, from J(ug) = d > 0, I(up) < 0 and the continuity of J(u) and
I(u) with respect to t, it follows that there exists a sufficiently small ¢; > 0 such that
J(u(t1)) > 0 and I(u) < 0 for 0 < ¢t < ¢;. Hence (ut,u) = —I(u) > 0 and |Jut]| > O for
0 <t <t;. From this and the continuity of fot lu,||2dT it follows that we can choose a
t1 such that

t1
0<d1:d—/ [|ug]|2dt < d.
0

And by 23] we have
t1
0< J(u(t)) <d —/ ||| ?dt = dy < d.
0

Thus if in Lemma we take t = t; as the initial time, then we have u(t) € V; for
§ € (81,02), t1 <t < oo, where (d1,02) is the maximal interval including § = 1 such that
d(8) > dy for § € (41,02). Hence we have Is(u) < 0 and ||Vu| > r(d) for § € (1,02),
t1 <t < oo, and I, (u) <0, [|[Vul|| > r(d2) for t; <t < oo. Thus from B4) we get

NEL(t) = —21(u) = 2(5; — 1)[| V]2 = 215, (u)

(3.8)
22(52 — 1)||VU||2 > 2(52 — 1)7“2(5Q) = C((sg), t1 <t < oo,
My(t) > C(82)(t — t1) + My(t1) > C(52)(t — 1), t1 <t < o, (3.9)
My (t) > %0(52)@ — )%+ My (ty) > %0(52)@ — )% t <t<oo. (3.10)

From 39) and BI0) it follows that for sufficiently large ¢ we have

%(p — DA My () > (p+ 1)|uol|®

and
1 .
5P = DAML(E) > 2(p + 1)d.
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Thus B7) yields

+1 /. 2
ML) - Po= (M) >0,
which gives
—anN" —Q - .\ 2 p—1

From this it follows that there exists a 77 > 0 such that

A, M =0
and

tgn'}'l Ml(t) = +o00,
which contradicts T' = +oo. O

From Theorem [[L4] and Theorem [3.3] we can obtain a sharp condition for global exis-
tence of solution for problem (L2) with J(ug) = d as follows.

THEOREM 3.4. Let f(u) satisfy (H,), uo(z) € H3(Q). Assume that J(ug) = d. Then
when I(ug) > 0, problem ([2) admits a global weak solution u(t) € L>(0,00; Hi(Q))
with wus(t) € L?(0,00; L%(Q)) and u(t) € W = W UOW for 0 < t < oo; and when
I(up) < 0, the problem does not admit any global weak solution.
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