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INITIAL COEFFICIENTS FOR A SUBCLASS OF BI-UNIVALENT
FUNCTIONS DEFINED BY SALAGEAN DIFFERENTIAL
OPERATOR

MURAT CAGLAR AND ERHAN DENIZ

ABSTRACT. In this paper, we investigate a new subclass X" (7,7,p) of ana-
lytic and bi-univalent functions in the open unit disk U defined by Salagean
differential operator. For functions belonging to this class, we obtain estimates
on the first two Taylor-Maclaurin coefficient |a2| and |a3|.

1. INTRODUCTION
Let A denote the class of functions f of the form

fE) =2+ a2t (1.1)
k=2

which are analytic in the open unit disk & = {z: |z| < 1}. We also denote by S
the class of all functions in A which are univalent in U.

Salagean [18] introduced the following differential operator for f(z) € A which
is called the Salagean differential operator:

Df(z) = f(z)

D'f(z) = Df(z)==f"(2)
D"f(z) = D(D"'f(z)) (neN=123,..).
We note that,
D" f(z) =z+Zk"akzk (neNyg=NuU{0}). (1.2)
k=2

It is well known that every f € S has an inverse function f~! satisfying

@) =2 (z€U)
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and

NG

F () = w <|w| < rolf); rolf) >

)

FHw) = w — agw? + (2a3 — az)w® — (5a3 — Hasas + as)w* + ...

where

A function f € A is said to be bi-univalent in U if both f(z) and f~1(2) are
univalent in . Let ¥ denote the class of bi-univalent functions in U given by (1.1).
Lewin [13] introduced the bi-univalent function class and showed that |as| < 1.51.
Subsequently, Brannan and Clunie [2] conjectured that |az| < v/2. Netanyahu [15],
otherwise, showed that I}Ig§(|a2| = %. The coefficient estimate problem for each of

the following Taylor Maclaurin coefficients: |a,| (n € N\ {1,2}; N={1,2,3,...}) is
still an open problem. Recently, several researchers such as ([1]-[7], [9]-[16], [17],
[19]-[24]) obtained the coeflicients |az|, |ag| of bi-univalent functions for the various
subclasses of the function class ¥ . Motivating with their work, we introduce a new
subclass of the function class ¥ and find estimates on the coefficients |az| and |as|
for functions in these new subclass of the function class 3 employing the techniques
used earlier by Srivastava et al. [19] and Frasin and Aouf [9].

Let ¢ be an analytic and univalent function with positive real part in U, ¢(0) = 1,
¢©'(0) > 0 and ¢ maps the unit disk I/ onto a region starlike with respect to 1 and
symmetric with respect to the real axis. The Taylor’s series expansion of such
function is

@(2) =1+ Biz+ Bez® + By2® + .., (1.3)

where all coefficients are real and B; > 0. Throughout this paper we assume that
the function ¢ satisfies the above conditions unless otherwise stated.

Definition 1.1. A function f € % given by (1.1) is said to be in the class
S (1,7y,) if the following conditions are satisfied:

1+ % [(D”f (2)) +~yz(D"f (2))" - 1] < ¢ (2)
0<vy<1,7€C/{0},neN, zel) and
1 L (D7 ) + w0 (D9 ()" 1] < ()

(0<y<1,7€C/{0}, neN, weld), where the function g is given by g(w) =
fHw) = w — agw? + (243 — az)w® — (5a3 — basas + ag)w* + ... and D™ is the
Salagean differential operator.

In this paper, we obtain the estimates on the coefficients |as| and |ag| for
Y™ (7,7,p) as well as its special classes.
Firstly, in order to derive our main results, we need the following lemma.
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Lemma 1.1. [8] Let p(z) = 1 + c12 + c22? + ... € P, where P is the family of all
functions p, analytic in U, for which Rep(z) >0 (z €U). Then

len| <25 n=1,2,3,....

2. INITTIAL COEFFICIENTS FOR THE CLASS X"(7,7, )
Theorem 2.1. Let f(z) € X" (1,7,p) be of the form (1.1). Then

/B3
|az| < 7l VB (2.1)
\/‘3%173% (1429) + 4741 (1+9)° (By — By)|
and
Bl |T| 1
<B . 2.2
sl = Bilr <4n+1 TERSERETEG +27)> 22

Proof. Since f € X" (1,7,p), there exist two analytic functions u,v : U — U, with
u(0) = v(0) = 0, such that

L [0 @) D @)~ =) Gan  (@3)
" 1+ % [(D"g (w)) + 7w (D"g (w)" 1] = ¢ (v(w) (weld).  (24)
Define the function p and ¢ as following:
p(z) = m =1+cz+cez?+e32® 4.
and
q(w) = m =1+ biw + byw? + byw® + ...

or equivalently,

R YA T2 NPT
u(z)—p(z)+1—22+2 Y +2 03—1—2 5 ~C2 5 )2

(2.5)

and
_gw) =1 b1 R} 51 bu (BN bibe s
v(w)—q(w)Jrl—2w+2 by— 5 Jwit g (bt 5 (5 — b 5w’
(2.6)

If we use (2.5) and (2.6) in (2.3) and (2.4) along with (1.3), we have

14 (D" ) 472 (D" () 1]

1 1 A\ 1,
=14+ §B1012 + §B1 Cy — 5 + ZBQCl 25+ ... (27)
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and
1
1 (D )+ (D% ()"~ 1]
1 1 b? 1
=14+ 5Blblw + {231 <b2 — 21> + 41321)%} w? + ... (2.8)
It follows from (2.7) and (2.8) that

(1+~)2nHay 1

- = 53161 (29)
3L (1+2y)az 1 c 1
 _-B _ 1 ZBsc? 2.10
T 2 1<c2 2>+4201 (2.10)
and
1 2n+1 1
@492 ey 1, 2.11)
T 2
3 (14 2) (203 —a3) 1 b? 1
=_B;(by— 2 — Byb2. 2.12
T 27! ( 2 2) R (2.12)
From (2.9) and (2.11) we obtain
C1 = —b1 (213)

By adding (2.10) to (2.12) and combining this with (2.9) and (2.11), we get
T2B% (bg + Cg)

a? = 5 . (2.14)
48717 B} (14 29) + 4741 (149)° (By - By)]
Subtracting (2.10) from (2.12), if we use (2.9) and applying (2.13), we have
TQB%b% TBl (62 - b2) (2-15)

W (144 43I (14 2y)

Finally, in view of Lemma 1.1, we get results (2.1) to (2.2) asserted by the Theorem
2.1. ]

3. COROLLARIES AND CONSEQUENCES

i) If we set
— ¢iB _r ™
T=c¢€"cosf ( 2<ﬂ<2>
and
1 1—-2
@(Z)ZM=1+2(1—H)z+2(1—f$)22+... (0<k<1)

1—2z

which gives By = By = 2(1—k), in Theorem 2.1, we can have the following corollary.
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Corollary 3.1. Let f(z) € X" (ew cos 3 ,7,@) be of the form (1.1). Then

z

|m<¢;ﬁ;2wmﬁ (3.1)

and

(1 -kK)cosp 1
|a3| < 2(1 - H) (22n+1 (1 +’Y)2 + 3n+1 (1 + 27)) cos 3. (32)

Remark 3.2. For v =0, Corollary 3.1 simplifies to the following form.
Corollary 3.3. Let f(z) € ¥" (ew cos 3 ,0,%) be of the form (1.1). Then

2(1 -
lag| < %Cosﬁ (3.3)
and
(1—k)cosp 1
las] <2 (1 — k) 2T + ¥ ) 08 B. (3.4)

ii) If we set 7 =1 and

1 [e3%
o(z) = (1+Z) — 1420242022 +... (0<a<l)
—Z

which gives By = 2o, B, = 2a?, in Theorem 2.1, we can obtain the following
corollary.

Corollary 3.4. Let f(z) € " (177, (H'Z) ) be of the form (1.1). Then

11—z

2
laz| < 5 (3.5)
31 4+ 2y) a2t (1 +9)° (1 — )
and
o < [ —2 b2 (36)
a . .
=\ (1) 3 (A4 2y)

Remark 3.5. In its special case when v = 0 in Corollary 3.4, we can get the
following corollary.

1—=

2
jaa] = 0‘\/ a3n 122+l (1 — a) 3.7

a? 2c
ol < (5 + ot ). (3.5)

Corollary 3.6. Let f(z) € X" (1,0, (Hz)a) be of the form (1.1). Then

and
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Remark 3.7. iz Putting n = 0 in Theorem 2.1, we obtain the corresponding

(1]
2]

(3]

result given earlier by Deniz [7] (also Srivastava and Bansal [21]).

ii: Putting T =1, v =0, n = 0 in Theorem 2.1, we obtain the corresponding
result given earlier by Ali et al [1].

iii: Putting 8 =0, n =0 in Corollary 3.3 and v =0, n = 0 in Corollary 3.4,
we obtain the corresponding result given earlier by Srivastava et al [19].
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