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Abstract The standard model of injection-induced seismicity considers changes in Coulomb strength

due solely to changes in pore pressure. We consider two additional effects: full poroelastic coupling of

stress and pore pressure, and time-dependent earthquake nucleation. We model stress and pore pressure

due to specified injection rate in a homogeneous, poroelastic medium. Stress and pore pressure are used

to compute seismicity rate through the Dieterich (1994) model. For constant injection rate, the time to

reach a critical seismicity rate scales with t ∼ r2∕(cfc), where r is distance from the injector, c is hydraulic

diffusivity, and fc is a factor that depends on mechanical properties, and weakly on r. The seismicity rate

decays following a peak, consistent with some observations. During injection poroelastic coupling may

increase or decrease the seismicity rate, depending on the orientation of the faults relative to the injector.

If injection-induced stresses inhibit slip, abrupt shut-in can lead to locally sharp increases in seismicity

rate; tapering the flux mitigates this effect. The maximum magnitude event has been observed to occur

postinjection. We suggest the seismicity rate at a given magnitude depends on the nucleation rate, the

size distribution of fault segments, and if the background shear stress is low, the time-varying volume of

perturbed crust. This leads to a rollover in frequency-magnitude distribution for larger events, with a

“corner” that increases with time. Larger events are absent at short times, but approach the background

frequency with time; larger events occurring post shut-in are thus not unexpected.

1. Introduction

Injection-induced seismicity has been known since the earthquakes triggered at the RockyMountain Arsenal

[Healy et al., 1968] and the subsequent experiment in earthquake control at Rangely [Raleigh et al., 1976].

More recently, the subject hasgainedwidespreadattentiondue toearthquakes apparently triggeredbywaste

water injection [e.g., Horton, 2012; Kim, 2013; Keranen et al., 2014] and geothermal operations [e.g., Baisch

et al., 2010; Deichmann and Giardini, 2009]. Recent reviews of the subject include those by Ellsworth [2013]

and National Research Council [2013].

Since the pioneering study at the Rangely oil field [Raleigh et al., 1976] the mechanism for inducing earth-

quakes has been understood to be increasing pore pressure reducing the effective normal stress acting

across preexisting fault surfaces. This reduces the shear resistance, allowing slip under ambient tectonic shear

stresses. Much of the analysis on induced seismicity has thus focussed on modeling the diffusion of pore

pressure due to injection [e.g., Hsieh and Bredehoeft, 1981; Zhang et al., 2013].

At the same time, there is also convincing evidence that production induced declines in pore pressure can

induce earthquakes near oil and gas fields [Segall, 1989; Suckale, 2009]. The mechanism for this is under-

stood to be that decreased pore pressures cause poroelastic changes in solid stress that under appropriate

conditions can lead to earthquakes [Segall, 1989; Segall et al., 1994]. Nearly all studies of injection-induced

seismicity ignore poroelastic effects; the assumption, either implicit or explicit, being that direct pore pressure

changes are the dominant effect in destabilizing faults. Exceptions to this include Rutqvist et al. [2008] and

Rozhko [2010]. Rozhko [2010] considered one-way coupling of pore pressure and stress, and recognized that

shear stress changes may dominate over changes in pore pressure at points relatively far from the injector.

In the full theory of poroelasticity, changes in pore pressure induce stresses, while changes in mean normal

stress induce changes in pore pressure [Biot, 1941; Rice and Cleary, 1976;Wang, 2000]. One goal of this work

is to explore the effect of full poroelastic coupling on injection-induced seismicity for a simple geometry with

a point injector and homogeneous hydraulic and mechanical properties.
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Figure 1. Time distance plot for seismicity from the 1993 injection at

Soultz-sous-Forêts. Curve shows r =
√
Dt where the value of the

diffusivity D is indicated. From Shapiro et al. [2002].

Another effect that is widely ignored in

the literature on induced seismicity is the

intrinsic time dependence of earthquake

nucleation. Both laboratory data and mod-

els based on rate-state friction show that

time to dynamic instability depends on

both initial conditions and applied stress

[Dieterich and Kilgore, 1996]. Most stud-

ies of induced earthquakes assume the

space-time evolution of seismicity is con-

trolled solely by the diffusion of pore pres-

sure, and that fault slip occurs as soon as

a critical Coulomb stress condition is met.

Thus, researchers fit diffusion profiles of

the form r =
√
ct to the onset of seismicity

(Figure 1), where c is hydraulic diffusivity.

The second goal of this study is to exam-

ine how the intrinsic rate dependence in

earthquake nucleation together with pore

pressure and stress diffusion influences the

spatiotemporal evolution of induced seismicity. In particular, we address the question ofwhether the onset of

seismicity can still be fitwith a diffusion profilewhen both poroelastic and time-dependent nucleation effects

are included.

It is widely observed that earthquakes continue after injection has stopped, and it is not uncommon for the

largest earthquake to occur after injection has ceased. This was observed following waste water injection

in Youngstown, Ohio [Kim, 2013], and due to geothermal operations in Basel, Switzerland [Deichmann and

Giardini, 2009], and Soultz-sous-Forêts, France [Dorbath et al., 2009]. This presents a particularly challeng-

ing problem for operators as terminating injection does not ensure that larger events will not follow. There

has been some research on this problem from both statistical [e.g., Barth et al., 2013; Shapiro et al., 2013]

and mechanical perspectives [e.g., Baisch et al., 2010]. Our analysis sheds light on this problem by revealing

physical effects that control the magnitude of post-injection events.

Here we examine the predicted response to injection into a mechanically and hydraulically homogeneous

medium, but include the effects of poroelastic coupling and time-dependent nucleation. Section 2 reviews

the poroelastic solution; section 3 describes the seismicity ratemodel. We describe the numerical methods in

section 4 and the problem setup in section 5. We then present solutions for constant-rate injection (section 6)

and finite duration injection (section 7) and discuss their implications. A model for the time dependence of

earthquake magnitudes is presented in section 8.

2. Poroelastic Solution

The linear theory of poroelasticity was initially developed byMaurice Biot [Biot, 1941]. Other useful references

include Rice and Cleary [1976], Wang [2000], and Segall [2010]. The constitutive equations for an isotropic,

poroelastic medium relate the strains �ij linearly to the stresses �ij and changes in pore pressure p,

2��ij = �ij −
�

1 + �
�kk�ij +

(1 − 2�)�

1 + �
p�ij, (1)

where � is shear modulus, � is the drained Poisson’s ratio (that is for no change in pore pressure), and � is the

Biot coefficient. A second constitutive equation relates the change in pore fluidmass per unit volume of solid

(measured in the unstrained state) to the volumetric strain and pore pressure

Δm = ��0

[
�kk +

�p

(	u − 	)

]
. (2)

Here �0 is the fluid density (in the reference state), and 	, 	u are the drained and undrained Lamé parameters.

For undrained deformationΔm = 0. The Lamé parameters are related to Poisson’s ratio via, 	 = 2��∕(1− 2�)
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and 	u = 2��u∕(1 − 2�u). In this formulation of the isotropic Biot equations the four independent material

parameters are �, 	, 	u, and �. (	, 	u can be replaced by � and �u).

The stresses must satisfy the quasi-static equilibrium equations, which in the absence of body forces are

�ij,j = 0. Conservation of pore fluid mass, combined with Darcy’s law yields a diffusion equation inΔm

c∇2Δm =

Δm


t
+ Q(x, t), (3)

where Q(x, t) is a fluid mass source and the hydraulic diffusivity c is a function of permeability k and fluid

dynamic viscosity �

c =
k

�

(	u − 	)(	 + 2�)

�2(	u + 2�)
. (4)

Rudnicki [1986] gives the solution for a point source of fluid mass injection at time t = 0 and r = 0, where

r = ||x||2. From this, superposition yields the pore pressure and stress for a specified injection history q(t)

p(x, t) =
1

(4�)
3

2 �0r
3

(	u − 	)(	 + 2�)

�2(	u + 2�) ∫
t

0

q(t′)3e−
1

4
2 dt′ (5)

�ij(x, t) =
1

2��0r
3

�(	u − 	)

�(	u + 2�)∫
t

0

q(t′)

[
�ij(g − g′) +

xixj

r2
(g′ − 3g)

]
dt′, (6)

where the similarity variable  is

(t′) =
r

√
c(t − t′)

. (7)

The functions g and g′ are defined as

g() = erf
(
1

2


)
−


√
�
e−

1

4
2 g′() ≡ d

d
g() =

1

2
√
�
2e−

1

4
2
. (8)

For constant flux, q(t) = q, equations (5) and (6) can be integrated exactly [Rudnicki, 1986] yielding

p(x, t) =
q

4��0cr

(	u − 	)(	 + 2�)

�2(	u + 2�)
erfc

(
1

2


)
=

q

4��0r

�

k
erfc

(
1

2


)
, (9)

�ij(x, t) = −
q(	u − 	)�

4��0cr�(	u + 2�)

{
�ij

[
erfc

(
1

2


)
− 2−2g()

]
+

xixj

r2

[
erfc

(
1

2


)
+ 6−2g()

]}
. (10)

Following integration over t′, the variable  is now  = r∕
√
ct. Note also that q∕�0c has units of length and

the 1∕r decay results from spherical spreading; this does not occur if diffusion is limited to two dimensions.

The change in pore fluid mass is given by

Δm(x, t) =
q

4�cr
erfc

(
1

2


)
, (11)

and is thus proportional to the pore pressure change.

It is worth noting that poroelastic coupling modifies the pore pressure change. From equation (2), pore pres-

sure depends on both the change in fluid content,Δm, and volumetric strain, �kk . Furthermore, the hydraulic

diffusivity differs depending on whether or not volumetric strain of the bulk solid is included in the storage

coefficient (see discussion inWang [2000]). In the computations that followwe refer to the uncoupled solution

as one in which the solid stresses do not change; only the pore pressure changes due to injection. However,

we include the coupling effects in the pore pressure distribution so that p(x, t) is exactly the same in both

the coupled and uncoupled results. In this way any differences in seismicity rate between the coupled and

uncoupled solutions are due solely to poroelastic changes in total stress.
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3. Seismicity Rate

Dieterich [1994] developed a seismicity rate model that relates changes in Coulomb stress to changes in seis-

micity rate. The analysis considers a population of earthquake sources governed by rate and state friction that

are accelerating toward instability, such that in the absence of stress perturbations the rate of earthquakes is

constant in time.

We define the Coulomb stress � = �s + f (� + p), where �s is the shear stress acting on a fault plane, � is the

normal stress (tension positive) acting on that plane, and f is the coefficient of friction. Define R as the rate of

seismicity relative to the background rate, such that R = 103 corresponds to a thousandfold increase in the

rate of earthquakes of a givenmagnitude. Dieterich [1994] derived a relationship for R in terms of a seismicity

state variable; however, it is more convenient to eliminate this variable and write a single equation for R

dR

dt
=

R

ta

(
�̇

�̇0
− R

)
, (12)

where �̇ is the Coulomb stressing rate, �̇0 the background stressing rate, and ta ≡ a�̄∕�̇0 is a characteristic

decay time. In the latter a is a constitutive parameter quantifying the direct effect on slip rate in the rate-state

friction law, and �̄ is the background effective normal stress. Note from equation (12) that there is a steady

state seismicity rate for a given stressing rate, Rss = �̇∕�̇0. Thus, at steady state a tenfold increase in stressing

rate yields a tenfold increase in seismicity rate.

When the stressing rate is far above background and seismicity has yet to increase, �̇∕�̇0 ≫ R, and (12)

integrates directly to

R ≈ exp(Δ�∕a�̄), (13)

whereΔ� is the change in Coulomb stress. This applies early in an injection sequence if the effective stressing

rate is high relative to background stressing rate.

If, following a rapid increase in stress, the stressing rate returns to �̇0, the right-hand side of equation (12) is

proportional to R(1 − R). The resulting equation is separable, leading to

R =
1

(e−Δ�∕a�̄ − 1)e−t∕ta + 1
(14)

[Dieterich, 1994]. At t = 0 equation (14) reduces to (13), while for t ≫ ta the seismicity rate returns to

background, R → 1. At short times t∕ta < 1 a Taylor series expansion of the exponential term gives

R ≈
1

e−Δ�∕a�̄ + t∕ta
, (15)

which has the form of Omori’s law [Dieterich, 1994], showing that we expect seismicity to decay proportional

to t−1 following a rapid increase in stress.

There is no threshold stress in (12); an arbitrarily low stressing rate is hypothesized to cause a (possibly

extremely) low background seismicity rate. It appears that (12) may be the simplest ordinary differential

equation for seismicity rate that both admits a steady state solution and also predicts Omori-like decay fol-

lowing a rapid change in stress. A limitation of the Dieterich [1994] model is that it does not account for

source-to-source stress interactions. Because the theory relates only to earthquake nucleations, it does not

predict magnitude, although we return to this in section 8.

4. Numerical Method

The seismicity rate in equation (12) is driven by the Coulomb stressing rate �̇ = �̇s + f (�̇ + ṗ). In the uncoupled

limit, we set �̇s = �̇ = 0, such that �̇ = f ṗ. For constant injection flux, we analytically differentiate equations (9)

and (10) to obtain the stress and pore pressure rates as shown in Appendix A (equations (A7) and (A8)). In the

more general case for time variable flux the stress and pore pressure rates are given in the form of integrals in

Appendix A. The shear and normal traction rates �̇s, �̇ depend on the fault geometry and are computed from

the unit fault normal and slip vectors.

We use ode45 in MATLAB to integrate the ordinary differential equation (12). The relative tolerance is 1e-6

and the absolute tolerance is set to a very small value so that error control is essentially only relative. For

variable injection flux we compute the stress rate and pore pressure rate, in equations (A5) and (A6) using

numerical quadrature.

SEGALL AND LU INJECTION INDUCED SEISMICITY 4
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Figure 2. Map view of fault geometry relative to the injector. Normal faults dip to the west (left). Corresponding

horizontal stress state is shown, with least principal horizontal compressive stress normal to the strike of the faults.

5. Problem Setup

We consider a specified injection rate at a point (r = 0) in a homogeneous full space. To compute shear and

normal tractions, one must specify the orientation of the faults and the slip direction on those faults. In the

examples herewe choose the faults to beN-S striking normal faults, dipping 60∘ to thewest as in Figure 2. The

unit normal to the faults is n̂ = [−0.866, 0, 0.5]T , while the unit slip vector is ŝ = [−0.5, 0,−0.866]T . The faults

are uniformly distributed throughout the medium; the elastic and hydraulic properties of the faults are the

same as the background medium. Implicit in this picture is a stress state in which the least horizontal normal

stress strikes E-W, although only stress rates enter equation (12).

The nominal material parameters used in the calculations are given in Table 1. For Berea sandstone Hart and

Wang [1995] report an average for five samples of the Skempton’s coefficient, B = 0.75. The Biot coefficient �

is then computed via

� =
3(�u − �)

B(1 + �u)(1 − 2�)
, (16)

Table 1. Nominal Parameters Used in This Work

Parameter Variable Value and Unit

Poroelastic Properties

Shear modulus � 20 GPa

Drained Poisson’s ratio � 0.25

Undrained Poisson’s ratio �u 0.3

Skempton’s coefficient B 0.75

Biot coefficient � 0.31

Transport Properties

Permeability k 3 × 10−16 m2

Fluid Viscosity � 0.4 × 10−3 Pa s

Hydraulic diffusivity c 6.8 × 10−2 m2/s

Reference fluid Density �0 103 kg/m3

Volume injection rate q∕�0 0.01m3/s

Friction Properties and Stress State

Direct velocity strengthening magnitude a 0.003

Nominal friction f 0.6

Effective normal stress �̄ 16.67 MPa

Background stressing rate �̇0 0.001 MPa/yr
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Figure 3. Results for constant injection rate. (a) pore pressure p(x1, t) as a function of space and time. Contours at 0.125, 0.25, 0.5, 0.75, 1.25, 2.5, and 5.0 MPa.

(b) Corresponding seismicity rate, log10 R(x1, t). x1 is the E-W direction perpendicular to fault strike. Contours in Figure 3b show constant p as in part (Figure 3a).

[Segall, 2010, equation (10.15)]. Volume injection rates range from roughly 350 m3/d in Youngstown [Kim,

2013], to about 1000 m3/d in the Paradox Basin [Ake et al., 2005]. For calculations here we use an injection

rate of 900 m3/d. The fluid viscosity is estimated as that for pure water at 350∘K. We take a permeability of

3 × 10−16 m2 which leads to a hydraulic diffusivity of c ∼ 0.07 m2/s, from equation (4). This combination of

parameters yields a length scale of q∕�0c = 0.15m.

For friction parameters we assume a nominal friction coefficient of 0.6, and the direct effect parameter a =

0.003 [Marone, 1998]. The background effective normal stress �̄ is taken to be appropriate for lithostaticminus

hydrostatic pore pressure at a depth of 1 km for a rock density of 2700 kg/m3. The background stressing rate

is assumed to be appropriate for a stress drop of 1 MPa every 1000 years. This leads to a characteristic time

ta = a�̄∕�̇0 of roughly 50 years. We vary this parameter to test its significance on the predicted seismicity rate.

6. Constant Injection Rate

Figure 3a shows thepore pressure distribution in space and timep(x1, t) for the base case parameters and con-

stant injection rate (x1 is along the east direction in Figure 2). As expected, the 1∕r behavior causes p to decay

rapidly with distance from the injector. Figure 3b shows the corresponding seismicity rate on a logarithmic

scale, log10 R. The contours in Figure 3b denote equal pore pressure change, as in Figure 3a. This highlights

that the onset of seismicity nearly follows a space-time trajectory of the perturbation in pore pressure, as

assumed in work of, for example, Shapiro et al. [1997, 2002], shown in Figure 1 here.

The seismicity rate eventually peaks and then slowly declines, as is apparent closer to the injector in Figure 3b.

This occurs, according to equation (12), as the seismicity rate approaches steady state, and R tracks the

decreasing Coulomb stressing rate. A decrease in seismicity rate near the injection point has been observed

in some field cases, for example the 1993 Soultz-sous-Forêts injection experiment (Figure 1).

Figure 4 shows the seismicity rate for the same parameters, but ignoring poroelastic coupling. As discussed

in section 2, the pore pressure fields are specified to be the same in both coupled and uncoupled solutions,

so that the difference is solely due to coupling-induced changes in stress. Comparing Figures 4a and 3b, it is

apparent that at a given time elevated seismicity extends a greater distance from the injector in the uncou-

pled case. Figure 4b shows the normalized difference log10[(Ru−R)∕R], where Ru is the relative seismicity rate

ignoring coupling-induced stress changes. The uncoupled solution overestimates the seismicity rate, partic-

ularly at distances (times) just beyond (before) substantial increases in pore pressure, where the difference

can be a factor of 100 or more. Whether coupling-induced stresses increase or decrease seismicity depends

on the geometry of the faults relative to the injector, as discussed below.

The effect of poroelastic couplingon the seismicity rate is understood, as follows: Increasedporepressurenear

the injector causes the rock to expand volumetrically. This expansion leads to radially outward displacements

which decreasewith distance from the injector. Thus, the radial strain, and thus stress, are compressive. Along

the x1 direction horizontal compression increases fault normal compression for NS striking normal faults. The
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Figure 4. Effect of poroelastic coupling for steady injection. (a) log10 R for base case parameters, as in Figure 3b but

ignoring coupling-induced stress changes. Contours show the seismicity rate change including coupling, to facilitate the

comparison. (b) Relative difference between uncoupled and coupled solutions log10[(Ru − R)∕R].

shear traction on the faults also decreases, both effects decrease the Coulomb stress. The uncoupled solution

ignores this effect and thus overpredicts the seismicity rate ahead of the large pore pressure changes. Closer

to the injector the effect of coupling is rather small, and the coupled and uncoupled solutions predict similar

seismicity rates.

The spatial dependence of the poroelastic stresses relative to the direct pore pressure effect is illustrated in

Figure 5. Near the injector, the pore pressure change is dominant, whereas at greater distance the poroelastic

stresses dominate. This can be understood by considering the stresses induced if there were a permeability

barrier at some distance from the injector. Pore pressure increases would be limited to the volume inside the

barrier; however, the volumetric expansion inside that regionwould generate elastic stresses that extendwell

outside that region. This is consistent with the conclusion of Rozhko [2010] that solid stresses extend beyond

the larger pore pressure changes.

Becauseporoelastic expansion induces a radially compressive stress the induced seismicity rate changediffers

along the x1 and x2 axes. Along the x2 direction the radial stress does not induce tractions acting onNS striking

fault planes (in the x3 = 0plane). (However, the hoop stress��� , is extensional anddoes induce tractions along

the x2 direction). The orientation of the faults breaks the symmetry of the problem, such that even though

0 200 400 600 800 1000 1200
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Figure 5. Poroelastic stress compared to direct pore pressure effect as a function of distance (x1 axis) at t = 5 days. Sum

of absolute values of shear (�s) and normal stress contributions (f�) to Coulomb stress are shown for 60∘ dipping

normal faults.
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Figure 6. Log seismicity rate at x2 = 0, x1 = 300m for different ta , where ta is in days.

the material properties are spatially uniform and isotropic, the seismicity response is not radially symmetric.

We illustrate this in more detail below for finite duration injection.

The predicted seismicity rate depends both on the perturbing pore pressure and stresses, as well as the char-

acteristic decay time ta. Figure 6 shows log10 R at x2 = x3 = 0, x1 = 300m for the standard parameters as well

as for a factor of 2 increase anddecrease in ta (tawas alteredby changinga�̄). Smaller ta leads to faster changes

in seismicity rate as well as a larger peak earthquake rate. The early decrease in seismicity rate results from

poroelastic stresses, which act to decrease the Coulomb stress on NS striking normal faults at this location, as

discussed above. At x1 = 300 m the characteristic diffusion time is x2
1
∕4c ∼ 3.8 days. Prior to this the com-

pressive stressing ahead of the diffusion front dominates the Coulomb stress change leading to a decrease in

seismicity rate. If the background rate of earthquakes is already low, this decrease is unlikely to be observed.

For times greater than x2
1
∕4c the Coulomb stress change is dominated by the increase in pore pressure. At

some time, depending on ta the seismicity rate reaches steady state and gradually declines as the Coulomb

stressing rate declines.

6.1. Short-Time Approximation

At short times following the onset of injection, the seismicity rate, from equation (13) is R ≈ exp(Δ�∕a�̄).

Ignoring poroelastic stressing and assuming that the Coulomb stress change is driven solely by changes in

pore pressure,

R(x, t) ≈ exp[fp(x, t)∕a�̄]. (17)

As detailed in Appendix B, this allows us to approximate the space-time relationship for the point at which

the seismicity rate reaches some critical rate Rc (for example, the rate at which seismicity would clearly be

detectable over the background rate),

r ≈

√
fc(r, Rc)ct,

where

fc(r, Rc) ≡
{
2erfc

−1

[
a�̄

fΛ

4�r

rq
log(Rc)

]}2

Λ ≡ (	u − 	)(	 + 2�)

�2(	u + 2�)

rq ≡ q∕�0c (18)

anderfc
−1

is the inverse of the complementary error function,Λ is a combinationofmoduliwithunits of stress,

and rq is a characteristic length scale. The time to reach a critical seismicity rate scales with r2∕c, where c is

modified by the parameter fc that depends on both distance as well as poroelastic and frictional parameters.
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Figure 7. Accuracy in the short-time approximation to seismicity rate, given by equation (17). (a) Uncoupled and

(b) coupled. Color scale and dark blue contours illustrate log10 R. The seismicity rate is only colored in the range

t < ts(r), where the approximation is valid according to equation (19). The cyan contours log10 R = 1, 2, 3, 4 show

the approximate seismicity rate, given by equation (18).

Equation (17) is a “short-time” approximation, since it applies only at timeswhenR ≪ �̇∕�̇0. The approximation

is expected to break down when �̇∕�̇0 ∼ R. The domain t < ts where the short-time approximation should be

valid is found in Appendix B to be

ts ≈
r2

cfs(r)

fs(r) ≡
{

2erfc
−1

[
a�̄

fΛ

4�r

rq
log

(
Λ

�̇0

q∕�0

8�
3

2 r3

)]}2

. (19)

Figure 7 compares the short-time approximation, equation (17) with the full numerical solution. The color

scale for log10 R is shown only for t < ts(r). Figure 7a shows the response ignoring poroelastic coupling,

whereas Figure 7b includes coupling-induced stress changes. Considering Figure 7a, we see that for the

parameters chosen, the short-time approximation is quite accurate in predicting seismicity rate changes for

t < ts(r). For t> ts(r) the approximation begins to break down, as suspected. For example, the contour for

R = 104 is valid only for times less than ∼ 10 days.

The approximation in (17) assumes that the seismicity is driven solely by changes in pore pressure. Figure 7b

compares the approximation with the numerical results including poroelastic stressing. In this case the

approximation over predicts the seismicity rate by a factor of 10 or more, even for t < ts. This is due to the

neglect of coupling-induced stress changes, as is made clear by the difference in seismicity rate between

the coupled and uncoupled numerical solutions (Figure 4b). Interestingly, the shape of the approximate and

numerical contours for the onset of seismicity is roughly the same, reflecting the dominant effect of diffusion

on the seismicity rate.

It has been common to fit curves of the form t = r2∕c to the onset of seismicity [e.g., Shapiro et al., 1997,

2002], and Figure 1 here. In some cases this has been used to infer the average hydraulic diffusivity of the

seismically active volume. Equation (18) shows that t = r2∕c does approximate the onset of seismicity at

a given level as long as coupling-induced stresses are negligible. However, even in this limit the apparent

diffusivity is modified by a factor of fc(r, Rc), that also depends on frictional and poroelastic properties. fc(r, Rc)

is illustrated in Figure 8 for Rc = 103 and 104 and nominal properties and ranges from near 1 to more than 10.

For moderate distance fc(r, Rc) is greater than one, suggesting that fitting t = r2∕c curves to seismicity onset

may bias the inferred diffusivity to higher values.

7. Finite Duration Injection

We next consider constant-rate injection q over the finite time interval 0 < t < T . Given that the poroelastic

equations are linear, this is simply achieved by superimposing the solution for flux q starting at t = 0 with

the solution for flux −q beginning at t = T . The stress and pore pressure rates are then used to compute the

SEGALL AND LU INJECTION INDUCED SEISMICITY 9
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Figure 8. Factors that modify the inferred diffusivity. fc(r, Rc) from equation (18) is shown for Rc = 103 and 104 as solid

curves. fs(r) from equation (19) is shown with dashed curve.

seismicity rate according to (12). Figure 9 shows the seismicity rate along both the x1 and x2 axes for injection

at constant rate for T = 15 days. As discussed previously, seismicity along the x1 direction is suppressed by

poroelastic stressing, both in an absolute sense and relative to seismicity along the x2 direction.

Following shut-in the seismicity rate near the injector plummets as the pore pressure drops. In the far field the

seismicity rate continues to increase due to diffusion in both x1 and x2 directions. Surprisingly, at intermediate

distances along the x1 axis the seismicity rate rapidly increases following shut-in. This is due to the release of

poroelastic stress and is not observed along the x2 axis. Themechanism can be understood by examining the

poroelastic stress changes as in Figure 10. During injection both the shear and normal stress decrease (neg-

ative normal stress is compression), causing the Coulomb stress change to be less than fp. Following shut-in

the fault normal compression rapidly decreases, and the shear stress increases; both effects contribute to an

increase in Coulomb stress. Thus, at the same time the fault is positively stressed the pore pressure contin-

ues to increase, leading to a rapid increase in Coulomb stress. This causes the post shut-in spike in seismicity

rate. Note from Figure 10 the rapid stress change while pore pressure is still increasing is independent of the

Dieterich [1994] model for seismicity rate.

Figure 11 shows the evolution of seismicity in the x1, x2 plane following shut-in, with seismicity rate on a linear

scale. At shut-in (Figure 11a) seismicity is slightly elongate in the along-strike, x2, direction due to poroelastic
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Figure 9. Space-time plot of seismicity rate for constant flux injection for 15 days. (a) Distance along x2 axis; (b) distance

along x1 axis. Color scale and contours represent log10 of seismicity rate.
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stressing. Shortly after shut-in (Figures 11b–11d) the seismicity rate peaks at azimuths in the x1 direction and

diffuses away from the injector with decreasing amplitude.

Figure 12 illustrates how ta influences the amplitude and duration of the post shut-in peak in seismicity rate

for factor of 2 changes in ta. For the nominal ta the local seismicity rate jumps by a factor of more than three

at this particular location following shut-in. For the smaller ta the increase is closer to a factor of 6. Note that

for both ta = 9.1 × 103 days and ta = 1.8 × 104 days the seismicity is declining and reaches steady state (i.e.,

is independent of ta) prior to shut-in. For the longest ta the seismicity steadily increases prior to shut-in. In

all three cases the highest rate occurs in the postinjection period. Recall that the rate increase occurs only in

some locations (Figure 11) depending on the geometry of the faults relative to the injector.

The post shut-in spike in seismicity results from the rapid change in stress, before the pore pressure has had

a chance to decline. This suggests that slowly tapering the injection would slowly restress the faults, allowing

time for the pore pressure to decrease by diffusion. We explore this by applying a Gaussian taper to the injec-

tion rate after 15 days of constant-rate injection. In this numerical test (Figure 13), we apply tapers of duration

2 and5days. For theseparameters, a taper of 5 days nearly completely eliminates the localized increase in seis-

micity (Figure 13). These calculations are for the nominal characteristic decay time ta; the particular response

will of course depend on both ta and the duration of the taper, as well as location.

8. Magnitude Dependence

TheDieterich [1994]model approximates the rateof earthquakenucleationsbut saysnothingabout the result-

ing magnitudes. A rigorous analysis of triggered earthquake magnitudes would need to specify the spatial

distribution of frictional properties, fault geometry, and background stress state, in order to predict how far

a dynamic rupture would propagate before arresting. This is clearly beyond the scope of the simplified anal-

ysis developed here. However, we propose that useful progress can be made by considering that the rate of

occurrence of magnitude M earthquakes depends on (1) the rate of nucleations, (2) the size distribution of

fault segments or patches that can rupture during a single event, and (3) the stress distribution necessary to

sustain rupture once initiated.

For induced seismicity the third term warrants particular consideration. A number of numerical studies of

dynamic ruptures on flat faults with strong frictional weakening at high slip speeds, due either to thermal

pressurization and/or flash heating [e.g., Rice, 2006], show that self-sustaining ruptures are possible at quite

low background ratios of shear to normal stress, on the order of ∼ 0.15 to 0.2 [Noda et al., 2009; S. V. Schmitt

et al., Nucleation and dynamic rupture on weakly stressed faults sustained by thermal pressurization, sub-

mitted to Journal of Geophysical Research, 2015]. However, if the background shear to normal stress ratio is

SEGALL AND LU INJECTION INDUCED SEISMICITY 11
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Figure 11. Space-time evolution of seismicity rate following shut-in (linear scale). Each panel shows R(x1, x2) at

(a) shut-in, t = 15 days, (b) t = 15.1 days, (c) t = 15.5 days, and (d) t = 16 days.

less than this threshold, ruptures that initiate at stress (or strength) heterogeneities arrest after propagating

a relatively short distance (S. V. Schmitt et al., submitted manuscript, 2015).

Based on these considerations, we propose that the rate of magnitude M events can be computed as the

product of three factors. The first is the rate of nucleations, R. The second is the probability that the nucleation

occurs on a fault segment with size sufficient to yield a magnitudeM event given a typical static stress drop.

Denote this probability P
(
rs(M)

)
, where rs(M) is the source radius of a magnitudeM event. These two factors

alone would be sufficient for a relatively high shear stress environment in which a rupture, once nucleated,

can propagate over the full fault segment. If on the other hand the background shear stress is too low, an

SEGALL AND LU INJECTION INDUCED SEISMICITY 12
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Figure 12. Effect of ta on post shut-in peak in seismicity rate, at x1 = 250m, x2 = 0 for three different values of ta
(in days).

artificially nucleated earthquakewill arrest before rupturing the full segment. It is likely that the ambient shear

stress inmany fluid injection environments is too low to sustain rupture over parts of a fault segment onwhich

the Coulomb stress is not perturbed by injection. This is clearly an end-member case, the other (high-stress)

end-member being one inwhich a rupture once nucleated can propagate over the full segment. We need not

distinguishwhether the segmentboundaries are definedby fault geometry or spatial distributionof prestress,

including the stress from previous earthquakes. Our approach for the low ambient shear stress limit follows

that of Shapiro et al. [2013], who suggested that source segments must lie fully within the region perturbed

by injection.

In Appendix C we derive the probability that a circular crack of radius rs with some point within a unit sphere

lies completely within that sphere, we denote this Pin. The dependence of Pin on rs is shown in Figure 14.
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Figure 13. Effect of Gaussian taper on seismicity rate. (a) Injection rate q(t), either instantaneous, or with Gaussian taper

with taper width of 2, 5 days. (b) Corresponding seismicity rate. Nominal ta.
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sphere. Solid line from equation (C2), circles are random simulations.

Given that the radius of the perturbed zone grows with
√
4ct, the total rate of magnitude M events in a low

shear stress environment is,

R(M, t) = ∫ R(x, t) P
(
rs(M)

)
Pin

(
rs(M)
√
4ct

)
dV. (20)

The first term is the rate of nucleations, the second the probability that the nucleation occurs on a “mag-

nitude M segment,” while the third is the probability the segment lies entirely within the perturbed zone.

For simplicity we assume Pin does not depend on position x, that is the probability is the same regardless of

where the nucleation occurs. If we further assume that the sources are randomly distributed in space, with

size distribution appropriate to generate background seismicity (in the absence of injection-induced pertur-

bation) with Gutenberg-Richter distribution then P
(
rs(M)

)
follows a Gutenberg-Richter distribution. In this

case equation (20) becomes

R(M, t) = k10−bM Pin

(
rs(M)
√
4ct

)

∫ R(x, t)dV (21)

where the constant k accounts for the background rate ofM = 0 events (at background stressing R = 1 and

Pin = 1 such that R0 = k ∫ dV). Note that the time dependence of magnitude M events comes from both

the time-dependent nucleation rate and the time-dependent radius of the perturbed volume, whichwe have

assumed scales with the diffusion distance
√
4ct.

Equation (21) is used to simulate R(M, t) for a range ofmagnitudes in Figure 15. The source radii are computed

using standard earthquake scaling relations assuming a stress drop of 3MPa. Only the relative seismicity rates

are meaningful since R is scaled by the background seismicity rate. The maximum magnitude is controlled

by the radius of the perturbed zone
√
4ctmax where tmax is 30 days. Figure 15 shows that, given some detec-

tion threshold, we predict a finite period with no observable seismicity. The duration of the quiescent period

increases with magnitude. For this particular fault geometry there is a barely noticeable increase in seismic-

ity rate following shut-in, even though the rates in Figure 15 integrate over the full model domain (Figure 12

shows seismicity at a particular location). Following the peak in seismicity the rate declines with time in a way

that dependsbothonporepressure diffusion and ta.Bachmannetal. [2011] show that postinjection seismicity

at Basel decays following Omori’s law.

Figure 16 illustrates the frequency-magnitude relationship at different times as injection proceeds, assuming

that the intrinsic b value is 1.0. At early times the distribution is depleted in larger events, but as time increases

this “roll over” occurs at progressively larger magnitudes. At intermediatemagnitudes the apparent b value is

greater than 1.0 consistent with numerous observations of induced earthquakes. For example, Dorbath et al.

[2009] show a roll off for Soultz-sous-Forêts injections in 2000 and 2003 at about the magnitude 2.0 to 2.3

range. Eaton et al. [2014] suggests that b values greater than 1 reflect inherent length scales introduced by
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Figure 15. Seismicity rate R(M) averaged over the full computational domain, on log scale, as a function of time for

different magnitudes. Only the relative rates are significant. Magnitudes are computed based on standard scaling laws

and a 3 MPa stress drop. Vertical line indicates cessation of injection.

stratigraphic layering, although the departure from the Gutenberg-Richter distribution at high magnitude is

observed in granites at Soultz [Dorbath et al., 2009], demonstrating that layering is not required.

Figure 17 shows a simulation of event magnitudes as a function of time, based on the seismicity rates shown

in Figure 15. Random event times are chosen with the number of earthquakes at each magnitude level pro-

portional to R(M, t). We first compute the total number of earthquakes in each time interval of length Δt as

N(t) = Δt ∫ Mmax

Mmin
R(M, t)dM, whereMmin andMmax are theminimumandmaximummagnitude, andwe approx-

imate the integral over time simply as RΔt. In the low shear stress environment Mmax is constrained by the

volumeof theperturbed zoneat thefinal time.Next, define the cumulativedistribution functionofmagnitude

(at fixed time) as

F(M; t) ≡ 1 −
∫ Mmax

M
R(M, t)dM

∫ Mmax

Mmin
R(M, t)dM

. (22)

Themagnitudes of theN(t) events at time t are determined from the inverse distribution functionM = F−1(�),

where � is a random vector of length N(t)with elements in the interval [0, 1].
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Figure 16. Frequency-magnitude relations at different times (in days). Dashed line indicates slope of −1.
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based on the seismicity rates shown in Figure 15. Vertical line indicates

cessation of injection.

In Figure 17 the maximum magnitudes

increase with time as the perturbed

volume increases. If the overall seismic-

ity rate is sufficiently high, it is not atyp-

ical for the largest events to occur post

shut-in, as in Figure 17. (Baisch et al.

[2010] also show an increase in simu-

lated event magnitude with time due

to pore pressure diffusion in a model

fault consisting of coupled spring slider

blocks.) At later times the maximum

magnitudes decrease, as the seismicity

rate decreases at all magnitudes, consis-

tent with the seismicity rate curves in

Figure 15.

Additional work will be required to

understand how the behavior changes

fordifferent injection scenarios,material

properties and stressing rates. We have

emphasized the low shear stress limit

where the maximum magnitude of an event is, in part, controlled by the volume of the zone perturbed by

injection. If the background shear to normal stress ratio is sufficiently high, it is possible an event once nucle-

ated will extend well beyond the perturbed region. In this case the maximummagnitude is constrained only

by the size of the faults present and the distribution of tectonic stress on those faults.

9. Discussion

We have explored a rather idealized case with a uniform distribution of faults, such that the probability of

nucleating an event at a particular point in space depends only on the pore pressure and stress, rather than

the distribution of preexisting faults. In the likely event that faults are nonuniformly distributed the details of

the predicted behavior could be quite different. For example, if faults are concentrated in a direction where

shut-in-induced stresses are stabilizing, then we would not anticipate an increase in seismicity rate following

shut-in. If on the other hand, faults are concentrated in locations where shut-in is destabilizing, then a more

pronounced increase in seismicity following shut-inwould be expected.We also only considered a single fault

orientation. One could extend the analysis to includemultiple fault orientations allowing nucleation on faults

that are critically stressed by the sum of the background tectonic stress and the perturbing injection-related

stresses.

Faults are also possibly highly conductive pathways that could strongly influence the pore pressure distribu-

tion. In addition, many waste water injection wells are drilled into layered sedimentary sequences in which

permeability varies strongly between layers. These effects have been the subject of previous studies [e.g.,

Zhanget al., 2013]; we have chosen here to focus on the simple, homogeneous case to highlight the first-order

effects of poroelastic coupling and rate-dependent earthquake nucleation. Additional studies will be needed

to explore the consequences of poroelastic coupling with heterogeneous hydraulic properties.

The Dieterich [1994] model relating stress to seismicity rate changes is certainly oversimplified. One assump-

tion is that the background stress is sufficiently high relative to the shear resistance that the background

stressing rate leads to a nonzero (although potentially exceedingly small) background seismicity rate. The

model would require modification to include a (pressure-dependent) threshold stress below which the seis-

micity rate vanishes.Given somedistributionofpreexisting faults, itwouldbe reasonable to anticipate that the

threshold strengthvaries spatially. Themodel alsodoesnot explicitly account for source to source interactions,

such as aftershocks.Dieterich [1994] demonstrated that themodel does predict Omori decay in seismicity fol-

lowing a rapid change in stress (see equation (15)); however, because a nucleation-only theory cannot predict

magnitudes, the current model cannot explicitly account for daughter events. A fully rigorous model, includ-

ing dynamic rupture propagation would need to include the (potentially highly heterogeneous) initial stress

and detailed fault geometry into account. This is beyond the domain of all but a few specialized calculations.
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Figure 18. Frequency-magnitude distribution for simulated events shown in Figure 17. Events from the interval

0 < t < 10 days, prior to shut-in shown in blue, post shut-in ( 15 < t < 25) are in green. Dashed lines show fits at

intermediate magnitude.

Our model, while simplified, makes testable predictions. To the degree that assumption of homogeneously

distributed sources and low background shear stress are met, we would anticipate a time-varying change

in the frequency-magnitude distribution, as in Figure 16. Bachmann et al. [2011, Figure 4] show an apparent

rollover in the frequency-magnitudedistribution aboveM ∼ 2 for coinjection seismicity at Basel; the rollover is

at least shifted to largermagnitude in the postinjection period. Not surprisingly, the rate of small earthquakes

is greater during injection. The slope of the frequency-magnitude relationship is also steeper during injection;

b = 1.6 during injection versus 1.1 postinjection. We compare that with the simulation shown in Figure 17.

Figure 18 compares the frequency-magnitude statistics for the first 10 days of injection to the first 10 days

postinjection. The simulation exhibits all the features of the Basel data, although the details of course do not

match: (1) the coinjection distribution rolls over at a lower magnitude than the postinjection data, (2) the

rate of small earthquakes is higher during injection, and (3) the apparent b value is lower during injection

(b = 1.4) compared to postinjection (b = 1.1). This suggests that themodel is at least capturing some aspects

of induced seismicity.

As noted above,Bachmannetal. [2011] find that postinjection seismicity at Basel decays followingOmori’s law.

We illustrate the corresponding behavior for the simulation in Figure 19. The decay is roughly linear in log-log

space at early times, with the curve flattening at later time as the seismicity decays to the background rate.

A surprising prediction of the model is that, under appropriate circumstances, the local seismicity rate can

actually increase following shut-in. This is clearly something to look for in injection-induced seismicity. To be

consistent with the poroelastic triggeringmechanism, the geometry of the faults (orientation and slip vector)

should be of the sense that injection-induced stresses inhibit slip. This is true for NS oriented normal faults

(in the x1 direction). For NS oriented reverse faults poroelastic stresses promote slip during injection (in the

x1 direction) but would inhibit slip in the postinjection period. Appropriately oriented strike-slip faults could

also exhibit enhanced stressing postinjection. For example, strike-slip faults with fault normal radial to the

injector would experience compression during injection. Post shut-in relaxation of that compressive stress

could promote seismicity. The conclusion that poroelastic stresses can destabilize faults in the postinjection

period is independent of assumptions in the Dieterich [1994] model.

We have shown (Figure 13) that tapering the injection limits the postinjection increase in seismicity rate. How-

ever, extending the duration of injection increases the probability of triggering a larger event. More work will

be required to determine the optimal strategy for tapering injection, should the post shut-in rate increase be

verified by field observations.
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10. Conclusions

1. For a homogeneous distribution of material properties and faults, poroelastic stresses are smaller than the

direct pore pressure effect on fault strength. Nevertheless, because these stresses dominate over the pore

pressure at large distances, they can have important dynamical consequences. Also, because seismicity rate

depends exponentially on stress, coupling-induced stresses can change the predicted seismicity rate by

orders of magnitude.

2. During injection poroelastic coupling may increase or decrease the seismicity rate, depending on the ori-

entation of the faults relative to the injector. Coupling-induced stresses break the radial symmetry of the

diffusion problem, leading to different seismicity rates in different azimuths, even for a uniformdistributions

of faults.

3. For constant injection flux, the time to reach a critical seismicity rate scales roughly with t ∼ r2∕(cfc), where

fc is a factor that depends on frictional and poroelastic properties and r.

4. The model predicts that during injection seismicity rate decays with time following a peak, consistent with

someobservations. Thedecaydependsbothonhydraulic properties and the characteristic aftershockdecay

time ta.

5. For finite duration injection at constant rate, shut-in leads to an outward propagating decrease in seismicity.

However, if injection-induced stresses inhibit slip, abrupt shut-in can lead to locally sharp increase in the

seismicity rate. Tapering the flux mitigates against the post shut-in spike in seismicity.

6. If the background ratio of shear to normal stress is sufficiently low, triggered ruptures may be confined to

the volume perturbed by injection. This causes the seismicity rate of a givenmagnitude to depend both on

the nucleation rate and the radius of the perturbed zone, which growswith
√
t. This leads to a rollover in the

frequency-magnitude distribution for larger events, with a “corner magnitude” that increases with time.

7. Larger events are absent at short injection times but approach the background frequency with time. Larger

events occurring post shut-in are thus not unexpected.

8. Our simulations exhibit frequency-magnitude statistics, comparing coinjection and postinjection periods

qualitatively consistent with observations.

9. The simulated postinjection seismicity rate decays like Omori’s law (1∕t) at short time, consistent with some

observations, eventually merging into the background rate.

Appendix A: Stress Rates

The seismicity rate equations (12) require the stressing rates, which involve the time rate of change of both

pore pressure and various stress components. We compute these as





t
(p(x, t)) =





t

(

∫
t

0

fp(x, t
′)dt′

)
= lim

t′→t−
fp(x, t

′) + ∫
t

0





t

(
fp(x, t

′)
)
dt′ (A1)
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t

(
�ij(x, t)

)
=





t

(

∫
t

0

f�ij(x, t
′)dt′

)
= lim

t′→t−
f�ij(x, t

′) + ∫
t

0





t

(
f�ij(x, t

′)
)
dt′, (A2)

where fp(x, t
′) and f�ij(x, t) are the integrands in equations (5) and (6). Consider first the limits. When t′ → t−,

(t′) → +∞, using L’Hôpital’s rule: g() → 1, g′ =→ 0, g′ → 0, such that

lim
t′→t−

fp(x, t
′) = 0 (A3)

lim
t′→t−

f�ij(x, t
′) =

q(t′)�(	u − 	)

2��0r
3�(	u + 2�)

(
�ij − 3

xixj

r2

)
. (A4)

The time derivates of the integrands are





t

(
fp(x, t

′)
)
=

q(t′)(	u − 	)(	 + 2�)

(4�)
3

2 �0r
3�2(	u + 2�)

[
2e−

1

4
2
(
3 −

1

2
2
)]





t
(A5)





t

(
f�ij(x, t

′)
)
=

q(t′)�(	u − 	)

2��0r
3�(	u + 2�)

[
−�ij

d2

d2
g() +

xixj

r2

(

d2

d2
g() − 2

d

d
g()

)]




t
, (A6)

where  is given by (7). For the case of constant injection rate, the time derivatives of equations (9) and (10)

are given by




t
(p(x, t)) =

q(	u − 	)(	 + 2�)

8�
3

2 �0r
3�2(	u + 2�)

3e−
1

4
2 (A7)





t

(
�ij(x, t)

)
=

q(	u − 	)�

8��0r
3�(	u + 2�)

{
�ij

[
−

2
√
�
3e−

1

4
2 + 4g()

]
+

xixj

r2

[
2

√
�
3e−

1

4
2 − 12g()

]}
, (A8)

where after integration over t′,  = r∕
√
ct.

Appendix B: Analytical Approximations

Making use of the definitions for Λ and the characteristic length scale rq, in equation (18) we write the pore

pressure change as

p(x, t) =
rq

4�r
Λerfc

(
1

2


)
. (B1)

Note that Λ has units of stress. Assuming that the Coulomb stress change is dominated by the pore

pressure-induced change in effective stress fp, as in equation (17), at a critical level of seismicity Rc

a�̄

fΛ

4�r

rq
log(Rc) ≈ erfc

(
1

2

r
√
ctc

)
. (B2)

Making use of the inverse of the erfc,

2erfc
−1

[
a�̄

fΛ

4�r

rq
log(Rc)

]
≈

r
√
ctc

, (B3)

and rearranging

tc ≈
r2

c

{
2erfc

−1

[
a�̄

fΛ

4�r

rq
log(Rc)

]}−2

≡ r2

cfc(r, Rc)
. (B4)

The term in braces depends on r as well as injection rate and diffusivity.

SEGALL AND LU INJECTION INDUCED SEISMICITY 19



Journal of Geophysical Research: Solid Earth 10.1002/2015JB012060

To determine the range of validity of the approximation, note from (12) that the approximation breaks down

when �̇∕�̇0 ∼ R. We approximate �̇ ≈ f ṗ. Thus, from (A7)

�̇

�̇0
≈

fΛ

�̇0

q∕�0

8�
3

2 r3
3e−

1

4
2
. (B5)

The normalized stressing rate (B5) equals R at a critical time that we label ts, corresponding to s = r∕
√
cts.

Thus,
fΛ

�̇0

q∕�0

8�
3

2 r3
3
s
e−

1

4
2s ≈ exp

[
fΛ

a�̄

rq

4�r
erfc

(
1

2
s

)]
. (B6)

Taking logs of both sides,

log

[
fΛ

�̇0

q∕�0

8�
3

2 r3

]
+ 3 log s −

1

4
2
s
≈

fΛ

a�̄

rq

4�r
erfc

(
1

2
s

)
. (B7)

The critical time when the approximation breaks down is found from the roots s of (B7). The right-hand side

is large only for small ; for small  the second and third terms on the left side are negligible. Thus, we neglect

these terms and seek solutions of

log

[
fΛ

�̇0

q∕�0

8�
3

2 r3

]
≈

fΛ

a�̄

rq

4�r
erfc

(
1

2
s

)
(B8)

such that

a�̄

fΛ

4�r

rq
log

(
fΛ

�̇0

q∕�0

8�
3

2 r3

)
≈ erfc

(
1

2
s

)
(B9)

r
√
cts

≈ 2erfc
−1

[
a�̄

fΛ

4�r

rq
log

(
fΛ

�̇0

q∕�0

8�
3

2 r3

)]
. (B10)

And finally,

ts ≈
r2

c

{
2erfc

−1

[
a�̄

fΛ

4�r

rq
log

(
fΛ

�̇0

q∕�0

8�
3

2 r3

)]}−2

≡ r2

cfs(r)
. (B11)

Appendix C: Probability of Rupture Inside Perturbed Zone

In this section we compute the probability that an earthquake source, modeled as a circular crack of radius rs,

that has at least one point within a unit sphere lies entirely within that sphere. That probability is computed

as the relative volume of all potential cracks that lie completely within the sphere to the volume of cracks that

are at least tangent to the sphere.

Without loss of generality, take the z axis perpendicular to the crack planes and center the sphere at the coor-

dinate origin. The crack center in the x, y plane is a distance rc from the origin. At a given z (−1 ≤ z ≤ 1), a

crack that has at least one point within the sphere must have its center, rc ≤ r(z) + rs, where r(z) =
√
1 − z2.

The condition that the crack lie entirely within the sphere is rc ≤ r(z) − rs, (Figure C1).

The probability that a crack that at least partly lies within the unit sphere is entirely within that sphere is the

ratio of volumes occupied by cracks that lie completely within the sphere to the volume occupied by cracks

that are at least partly within the sphere,

Pin =
� ∫ zc

−zc

(√
1 − z2 − rs

)2

dz

� ∫ 1

−1

(√
1 − z2 + rs

)2

dz

, (C1)

where zc =
√

1 − r2
s
. The integral in the numerator is over the domain−zc ≤ z ≤ zc, since disks of radius rs do

not fit within the sphere for |z|> zc. The definite integrals in (C1) lead to

Pin =
2
[
zc − rs sin

−1(zc) −
z3c

3

]

2r2
s
+ �rs +

4

3

. (C2)

Pin as a function of rs∕r is shown in Figure 14.We also tested (C2) against simulationswhere crack centers were

randomly generated and the probability of those cracks lying completely within the unit sphere is shown in

the figure.
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r
s

r
s

r

r
c

Figure C1. Diagram for determining the probability that a source disk with radius rs lies completely within the

perturbed volume. Radius of the perturbed zone at depth z is r, where r(z) =
√
1 − z2. Let rc designate the distance of

the source center form the z-axis (origin in the figure). The condition that the crack lies entirely within the circle is

rc ≤ r − rs. The condition that at least one point lies within the circle is rc ≤ r + rs.
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