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INJECTIVE REPRESENTATIONS OF QUIVERS

SANGWON PARK AND DERA SHIN

ABSTRACT. We prove that M; —i—+ M, is an injective represen-
tation of a quiver @ = ¢ — e if and only if My and M- are injective
left R-modules, M; —L e M, is isomorphic to a direct sum of rep-
resentation of the types 1 — 0 and E; —%» E, where E; and
E; are injective left R-modules. Then, we generalize the result

so that a representation M; —{» My -2+ . .. fn=l M, of a quiver
Q =e — e — ... — e is an injective representation if and only if
each M; is an injective left R-module and the representation is a
direct sum of injective representations.

1. Introduction

A quiver is just a directed graph. We allow multiple edges and edges
going from a vertex back to the same vertex. Originally a representa-
tion of quiver assigned a vector space to each vertex - and a linear map
to each edge (or arrow) - with the linear map going from the vector
space assigned to the initial vertex to the one assigned to the termi-
nal vertex. For example, a representation of the quiver Q = ¢ — o

is M,y . M>. Then we can define a morphism of two representa-
tions of the same quiver. Now, instead of vector spaces we can use left
R-modules and also instead of linear maps we can use R-linear maps.
Representations of quivers were studied in ([1], [2]) and recently in [3]
noetherian quivers were studied and in [4] projective representations of
quivers were studied.

A left R-module E is injective if, for every left R-module B and every
submodule A of B, every R-linear map f : A — E can be extended to
an R-linear map g : B — E. The diagram is
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DEFINITION 1.1. A representation M; J. MeofaquiverQ —e — o
is called an injective representation if for any representation Ny —%~ N,

. . S .
with a subrepresentation S iglflsz and morphisms

Sl Sz‘g‘Sl 52

h k

M —L M,

there exist H € Homp(Ni, M1) and K € Hompg(Na, M) such that the
following diagram

commutes and H|s, = h and K|s, =k .
In other words, every diagram of representations

© . 0) (5, Seldlsy g, (N1 —9 o Ny)

h k

(M —L )

can be completed to a commutative diagram as follows :
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Ml——>M2

LEMMA 1.2. If M, £, M, is an injective representation of a quiver
QQ =e — o  then M; and M> are injective left R-modules.

PrOOF. Let N be a left R-module, S be a submodule of N and

a8 — M; be an R-linear map. Then, since M, g, My is an

injective representation, we can complete the diagram

(0 0) (s —d_, ) - (N %, N)
« foa
(ML )

as a commutative diagram. Thus, M; is an injective left R-module.

Let g : S — My be an R-linear map. Then, since M; —{+ M, is an
injective representation, we can complete the diagram

0 0) © . ) © . N)
]
(Mi—L o ar)

as a commutative diagram. Thus, M, is an injective left R-module. [

LEMMA 1.3. If E is an injective left R-module, then a representation
E — 0 of a quiver () = ¢ — o is an injective representation.

PROOF. The lemma follows by completing the diagram
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(0 0) (Sl SzlflS]. 52) V(M'l f MQ) :
g h //
(E 0)
as a commutative diagram. a

REMARK 1.4. A representation 0 — E of a quiver ) = ¢ — e is not
an injective representation if £ # 0, because we cannot complete the
diagram

0 . 0) 0 E) . (B4, R
J id
(0 E)

as a commutative diagram.

LEMMA 1.5. If E is an injective left R-module, then a representation
E -4, E ofa quiver () = e — e is an injective representation.

PROOF. Let Ml, M2, E, Sl(C Ml) and Sz(C A[Q) be an left R-
modules and let f : My — M, be R-linear map. Let g : S5 — E be
an R-linear map and choose go f : S7 — E as an R-linear map. And
consider the following diagram :

(0 L O) N (Sl S’2'f'§1 Sz) 7(1\4[1 f sz)
gof g
(E 4 . E)

Then, since E is an injective left R-module, there exists a map h :
Ms — E. Now choose ho f: M; — F as an R-linear map. Then h and
ho f complete the above diagram as a commutative diagram. Therefore,

E 4. Eisan injective representation. O
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2. Direct sum of injective representations

THEOREM 2.1. A representation M, L M, is an injective repre-
sentation of a quiver () = e — e if and only if My, M» are injective left

R-modules and M; L+ Mo is isomorphic to a direct sum of represen-

tations of the types E1 — 0 and F» i, E, where E; and E, are
injective left R-modules.

ProoF. Consider the following diagram :

© 0) (0 My) (My—1d M)
(Mi—L M)

Since M; £, M- is an injective representation, we can complete
the above diagram as a commutative diagram as follows:

0 0) 0 M) (My—19 . My

f

11— —My)

Thus, f o g =idy,. Therefore, My = My & ker(f) and
(My —L+ My) = (My 4+ My) @ (ker(f) — 0).
a

Now let Q = — e — e — --- — o — @ be a quiver with n vertices
and n — 1 arrows. Then, we can easily generalize the results of Lemmas
1.3 and 1.5 as follows : the representations

F—-0-0—-:---—>0-—-0
E-4F—-0—--—0—0

E-4,. p M p i, '---—>E—>id E -0
EidEidEid""—)EidEidE
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are all injective representations of a quiver Q = o — ¢ — ¢ — ... —
e — o, if each E; is an injective left R-module. We can also generalize
Lemma 1.2 so that if My M, fa, ... Iy M, of a quiver Q = o —
e —e—---— e — els an injective representation, then each M; is an
injective left R-module.

THEOREM 2.2. A representation Ml—f1—>M2 ﬁ»_Mg is an injective
representation of a quiver ) = e — o — e if and only if My, M3 and
M3 are injective left R-modules,

(M1 L My 220 M)
~ (B -“ B 4 B @ (B9 Fy — 0) @ (E3 — 0 — 0).

ProOF. The diagram

(00— 0 — = 0) — (0 — My M) (M4, 01y 44, 0py)

KK

(ML M2, 03)

can be completed to a commutative diagram by go1 : My — My, id :
My — M> and go3 : My — Mj3. Then we can get f; o g21 = idpy, so that
M; & M & ker(f1). Now the diagram

0—s0—0)—(0 0 —»Ms)— (0 — M-, Af3)
|
(ML a2 05

can be completed to a commutative diagram by ¢ : 0 — My, g32 :
M3 — My, id : M3 — Ms. Then, we can get fa o g32 = idpm, so that
M, = Mz@ker(fs). Therefore, M1 = Msz@®ker(fo)® ker(f1). Hence,

(My L My P20 M)
~ (B, 4B 4 B @ (By—4-FEy — 0) @ (E3 — 0 — 0).
This completes the proof. D

Now, we can easily generalize Theorem 2.2 so that a representation
Ml—f‘}"MQL f"—‘LMn ofaquiver Q= e —0— ... 50—
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is an injective representation if and only if each M; is an injective left R-
module and the representation is the direct sum of the following injective
representations:

E—-0—-0—-.---—>0-0

EE 0—--—>0—0

Eid idEid .. 5 F id E—=0
EidEidEid"'—)Eid idE

REMARK 2.3. The representations of a quiver ) = ¢ — ¢ — ¢ —
o e —e:
0—-0—-.--—20—-F
O—)O——»-u——)O—)ELd»

O—+O——>---—>O—>E—ﬂ> —"-1->E
OHEidEid"'—)EidEidE
are not injective representations if £ # 0.
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