INNER AND OUTER FUNCTIONS ON
RIEMANN SURFACES
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1. Introduction. In this paper we generalize to Riemann surfaces
the factorization theory for functions in the Hardy classes, H?, on
the unit disk.

Let R be a region on a Riemann surface with boundary T' consist-
ing of a finite number of simple closed analytic curves such that
RUT is compact and R lies on one side of I'. For 1<p < H?(R) is
the class of functions F analytic on R such that | F|? has a harmonic
majorant. H*(R) is the class of bounded analytic functions on R. The
above classes are the usual generalizations of the Hardy classes on
the disk (cf. [4], [5], and [6]). However, to obtain a factorization of
these functions which closely parallels the factorization on the disk
we are led to more general classes of functions. To this end, we say
that a (multiple-valued) analytic function F on R is multiplicative if
|F | is single-valued and define MH?(R), 1<p < =, to be the class
of multiplicative analytic functions F on R such that | F|? has a har-
monic majorant. Also, we define MH*(R) to be the class of bounded
multiplicative functions on R.

Let du be the harmonic measure on I' with respect to some fixed
point ¢, ER. If FE MH? then | F| has nontangential boundary values
| F*| a.e. [du] on T. Moreover, | F*| €L»(T, dp) and log| F*|
ELYT, du) if F#0. These facts follow easily from the corresponding
results on the disk. (Cf. [10, p. 496].)

We say FE MH?(R) is an outer function if

log| F(to)| = f log | F*| du.
r
® & MH=(R) is an inner function if |®*| =1 a.e. on I. A nonvanishing

inner function is said to be a simgular function. An inner function, B,
is said to be a Blaschke product if

| B@)| = exp[— ; 76, tk)]

for all tER, where G is the Green’s function for R, {t:} is a sequence
of points on R, and {pk} is a sequence of non-negative integers. When
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R is the unit disk, the definitions above are equivalent to the classical
ones.

THEOREM 1. Let FEMH?(R). Then | F| =|B||S||Fi| where B is
a Blaschke product, S is a singular function, and Fy is an outer function
in MH?(R). These factors are unique up to multiplicative constants of
modulus one. ‘

Since H?(R) C MH?(R), this theorem subsumes a factorization of
functions in H?(R). However, the factors of a single-valued function
in H?(R) need not be single-valued.

Theorem 1 is stated in terms of the moduli of functions since
there is no natural way to define the product of multiplicative func-
tions; that is, the product would depend on the branches chosen.

In our proof we shall make use of the factorization on the disk.
A convenient reference for this is [3].

It should be remarked that results related to ours are in [7] for R
an annulus and in [2] for the general case.

2. Proof of Theorem 1. Let K= {zUzs] <1} and T: K—R be a
universal covering map of R. Let Q= {q} be the group of fractional
linear transformations such that Tog=7. A function f, analytic
on K, is said to be modulus invariant if |f o g| =|f| for all g€Q. It is
easy to see that f is modulus invariant on K if, and only if, fo T s
multiplicative on R. Also, for f modulus invariant, fEH?(K) if, and
only if, fo T-'&€MH?(R). For FEMH?(R) and foT '=F let
f=>bsfi where b is a Blaschke product, s is a singular function, and
f1is an outer function in H?(K). Then f is modulus invariant and by
Lemma 4.6 in [10] bs and f, are also modulus invariant.

LEMMA. b is modulus invariant.

Proor. First observe that if z is a zero of f then ¢(z) is a zero of f
with the same multiplicity for each ¢&€Q. Thus b o ¢/bEH*(K) for
each ¢€Q since b and b o g have the same zeros with the same multi-
plicities. Then for all g&Q b/bog=(bog'oq)/(bo g EH(K). It
follows that |b] =|b o ¢| for all g€Q.

Let A be the fundamental domain of Q and E the union of the free
sides of A; thatis, E=AN{]|z| =1}. Then the harmonic measure dy
corresponds to the measure

1 1— | q(z0) |2
= —| 3 2L,
am(®) 2r[§ Ie-"—q<zo)lz] ?

on E where z,EA and T'(20) =t (Cf. [9, pp. 526, 529].) Moreover,
dm(0) and df are mutually absolutely continuous.
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Let B=boT-', S=soT", and Fy =fioT-. Then |F]
=|B||S|| Fi|. Since b is an inner function and s is a singular func-
tion, it is immediate by virtue of the relation between df and dm(f)
that B is an inner function and S is a singular function. (Cf. [10,
Lemma 4.4].) It remains to show that B is a Blaschke product and Fy
is an outer function.

We shall consider F; first. Since dm(f) corresponds to dp, it follows
that

floglFl*ldu=f log | 7| dm(®).
r E

Now since the set Ugeq g(E) is of full measure on |z| =1 (see [9,
p. 525]) and |ff o g| =|ff| a.e. on |2| =1, a change of variable for
the integral on the right (see [9, pp. 526-528]) yields

[ 10g| Pt au= [ 108] 12| am@
T E

1 o 1— |z
=—| log|ff| ————ab

=) ol | Ty
= log| f1(@0) | = log| F1(ta) | -

Therefore Fi is an outer function.

Next we show that B is a Blaschke product. Let {#} be the set of
zeros of F and p; be the multiplicity of the zero at f. For each 2
let z; be a point in K such that T(z) =f. Then for ¢&€Q, b has a zero
at q(zx) of multiplicity pi. All the zeros of b occur in this way. Thus,

lo@z)| = IT 11

k q€Q

Pk

q(z) — 3
1 — g(z)2

Now for 2z, s €K
1—3(z")z
z— ¢(2)

G(T(2), T(Z)) = X_log

q9€Q

(See [9, p. 529].) Hence for t=T(2)
1201 = 160 = T expl-pce 0] = exp| = T pi6e, ]

Thus B is a Blaschke product and F=|B|S||F| is the desired
factorization. Since b, s, and f; are unique up to multiplicative con-
stants of modulus one, the same is true for B, S, and F;. This com-
pletes the proof of Theorem 1.
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3. Closed invariant subspaces of H?(R). Let A(R) be the class of
(single-valued) functions continuous on R and analytic on R. A
closed subspace V of H%(R) is said to be invariant if FVCV for all
FEA(R). For ® an inner function on R let V(®)= {FEH’(R)|
| F|2/|®|?has a harmonic majoranton R}. In [10, Theorem 8.11] it is
shown that V(®) is a closed invariant subspace of H?(R). The follow-
ing theorem, which reduces to a well-known result of Beurling’s [1,
Theorem IV, p. 253] for the case R=K, is proved in [10, Theorem 2].

THEOREM 2. If V 1s a closed invariant subspace of H2(R) then there
s an inner function ® such that V= V(P).

By Theorem 1 we have for FEH?(R), | F| =|®| |Fi| where & is
an inner function. We call ® an inner facior of F.

THEOREM 3. Let FEH?*(R) and V[F] be the smallest closed invariant
subspace of HX(R) which contains F. Then V[F]= V(®) where ® is an
inner factor of F.

Proor. Clearly V(®)DV[F]. By Theorem 2, V[F]=V(®,) for
some inner function ®,. Let HE V(®). We must show HE V(&®,). For
f=FoTand h=Ho T let f=¢f, and h=yh, be the inner-outer fac-
torizations of f and k respectively such that ®=¢ o I"-. Then
¥=y o T!is an inner factor of H. Let ¢ be a modulus invariant
inner function such that ®,=¢, 0 7. Since FE V(®,), [F I 2/ ]<I>o| 2
has a harmonic majorant; and it follows that f/¢,E H2(K). This im-
plies ¢/¢y is an inner function. By a similar argument /¢ is an inner
function. Thus ¥/¢po=Y/¢d)(¢/Ps) is an inner function. Hence
| | /|®o]| is bounded. This implies HE V().

COROLLARY 1. Let FEH?(R). Then V[F]=H?*(R) if, and only if, F
is an outer function. (Cf. [7, Theorem 1, p. 128].)

The following result was proved by D. Sarason ([7, pp. 112, 128]
and [8, Theorem 4, p. 596]). We offer a different proof.

COROLLARY 2. Let R={z|r <|z| <1} and suppose FEH*(R). Then
V[F]=H?*(R) if, and only if, for 0<8=<1

2r
* f log | F(r%) | dt = (1 — 3) f log | F*(et) | dt
0 [}
27
+ Bf log I F*(re®) | dt.
0
Proor. By virtue of Corollary 1 it is sufficient to show that F

satisfies (*) if, and only if, F is an outer function. Suppose F is an
outer function, then
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2 . aG(w,re’
l F Sott p— %
j; og] (re)ldt—f f log | F*(w) | —————= | dw [dt

i 9G X 8ot
=f log | F*(w) | -—f Mdtldzd
[wl=1 2rJ o on

2 3G (w, r'e’?)

dt| dw|
on

1
+f eglrr@l [
2y

lwl=r
= 11(5) + I2(6).
Now 3G (e®, reit) /on =3G(e~*, r’e~i?) /dn. Thus for |w| =1
1 2r 3G ’Git 1 2r 9G(ett, réw
1 (wre)dt=_f (e,rw)dt
27 J on 2r on
= harmonic measure of { | z| = 1} at r*w

=1— (logri/logr) =1 — 4.

Thus I;(8) = (1—38) [~ log | F*(e') | dt. A similar argument shows I,(8)
=8/%" log | F*(re*)|dt. Hence F satisfies (¥).

To complete the proof we show that if F is not an outer function
then (*) is not satisfied. Let Fi be an outer factor of F. Then | F|
<|F| on R and |F| =|F| ae. on dR. We have shown that Fy
satisfies (*). Thus (*) does not hold for F.
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