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Abstract

A large population of long-lived consumers faces stochastic opportunities to adopt an
innovation of uncertain quality. Consumers are social learners: Over time, news about the
product’s quality is generated endogenously, based on the experiences of past adopters. We
analyze how the potential for social learning in an economy affects consumers’ informational
incentives and how these in turn shape the aggregate adoption dynamics of an innovation.
Our main results highlight the importance of two features of the economy: The extent to
which consumers are forward-looking and the nature of news events through which social
learning occurs. When consumers are forward-looking social learners, the trade-off between
the benefit of adopting the innovation at any given time and the option value of waiting
for endogenous news can generate rich aggregate adoption dynamics, even in the absence
of any consumer heterogeneity. The dynamics of this trade-off and the extent to which it
is affected by increased opportunities for social learning interact in interesting ways with
the news process of the economy. For a class of Poisson learning processes, we establish the
existence and uniqueness of equilibria. In line with empirical findings, equilibrium adoption
patterns are either S-shaped or feature successions of concave bursts. In the former case,
our analysis predicts a novel saturation effect: Due to informational free-riding, increased
opportunities for social learning necessarily lead to temporary slow-downs in learning and
do not produce welfare gains.
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1 Introduction

Suppose an innovation of uncertain quality, such as a novel medical treatment or a new piece
of software, is released into the market. In recent years, the rise of internet-based review sites,
retail platforms, search engines, video-sharing websites, and social networking sites (such as
Yelp, Amazon, Google, YouTube, and Facebook) has greatly increased the potential for social
learning about the innovation: An individual’s treatment success story or discovery of a bug
in the software is much more likely to find its way into the public domain; and there are more
people than ever who have access to this common pool of consumer-generated information.

We analyze how the potential for social learning in an economy affects consumers’ informa-
tional incentives and how these in turn shape the aggregate adoption dynamics of an innovation.
Our main results highlight the importance of two features of the economy: The extent to which
consumers are forward-looking and the nature of news events through which social learning
occurs. In choosing whether to adopt an innovation, forward-looking consumers recognize the
option value of waiting for more information. With social learning, information is created en-
dogenously, based on the consumption experiences of past adopters. In equilibrium, adoption
levels must therefore strike a balance: If too many consumers adopt at any given time, then
too much information is available in the future and all consumers would rather wait; conversely,
if too few consumers adopt, it might not be worthwhile for anyone to wait. We show that
the dynamics of this trade-off and the extent to which it is affected by increased opportunities
for social learning depend crucially on the kind of information consumers expect to acquire by
waiting. In line with numerous empirical findings, our analysis predicts adoption patterns that
are either S-shaped or feature successions of concave bursts, suggesting novel micro-foundations
for these observations. We also make new predictions regarding the impact of increased op-
portunities for social learning on consumer welfare, on equilibrium learning dynamics, and on
observed adoption behavior.

In our model, an innovation of fixed, but uncertain quality (better or worse than the status
quo) is introduced to a large population of forward-looking consumers. Consumers are (ex ante)
identical, sharing the same prior about the quality of the innovation, the same discount rate, and
the same tastes for good and bad quality. At each instant in continuous time, consumers receive
stochastic opportunities to adopt the innovation. A consumer who receives an opportunity
must choose whether to irreversibly adopt the innovation or to delay his decision until the
next opportunity. In equilibrium, consumers optimally trade off the opportunity cost of delays
against the benefit to learning more about the quality of the innovation.

Learning about the innovation is summarized by a public signal process, representing news



that is obtained endogenously—based on the experiences of previous adopters; and possibly also
from exogenous sources, such as professional critics or government watchdog agencies. Formally,
we employ a variation of the Poisson learning models pioneered by Keller et al.| (2005), [Keller and
Rady (2010)), and Keller and Rady| (2013)). As in these models, our analysis distinguishes between
bad news markets, in which signal arrivals (breakdowns) indicate bad quality and the absence of
signals makes consumers more optimistic about the innovation; and good news markets, in which
signal arrivals (breakthroughs) suggest good quality and the absence of signals makes consumers
more pessimistic. To capture social learning, we assume that the informativeness of signals is
increasing in the number of previous adopters.

The automobile industry is an example of a market in which learning is predominantly
via bad news events, as evidenced by the wide-spread social media coverage of a battery fire
in a Tesla Model S electric car in October 2013 or of the 2009-2011 Toyota vehicle recalls.
By contrast, in the market for (essentially side-effect free) herbal remedies or other alternative
medical treatments, learning is mostly via good news: Occasional reports of success stories boost
consumers’ confidence in a treatment, while consumers grow more skeptical of its effectiveness
in the absence of any such reportsE

The heart of our paper, Sections [5] and [6] analyzes and contrasts equilibrium adoption
behavior in bad and good news markets. For tractability, we focus on perfect bad (respectively
good) news environments, in which a single signal arrival conclusively indicates bad (respectively
good) quality, so that equilibrium dynamics are non-trivial only in the absence of signals. A
key insight facilitating our analysis is that consumers’ equilibrium incentives across time must
satisfy a quasi-single crossing property (Theorem : Absent signals, there can be at most
one transition from strict preference for adoption to strict preference for waiting, or vice versa,
with a possible period of indifference in between. This enables us to establish the existence of
uniqueﬂ equilibria. Equilibrium adoption dynamics admit simple closed-form descriptions which
are Markovian in current beliefs and in the mass of consumers who have not yet adopted.

Section [o| studies the perfect bad news case. In the absence of breakdowns, consumers
grow increasingly optimistic about the innovation over time. As a result of the single-crossing
property, the unique equilibrium is then characterized by two times 0 < ¢] < ¢35, which depend on
the fundamentals (Theorem [5.1): Until time ¢}, no adoption takes place and consumers acquire
information only from exogenous sources; from time ¢3 on, all consumers adopt immediately

when given a chance, unless a breakdown occurs, in which case adoption comes to a permanent

1Cf. |Board and Meyer—ter—Vehn| (2013) and [MacLeod| (2007) for additional examples of bad news and good
news markets.
2Uniqueness is in terms of aggregate adoption behavior.



standstill. If ¢] < t5, then throughout [t],t3) only some consumers adopt whenever given
a chance, with the flow of new adopters uniquely determined by an ODE that guarantees
consumers’ indifference between adopting and delaying throughout this interval. Given that
consumers are forward-looking, ¢] < t5 occurs in economies with a sufficiently large potential
for social learning and not too optimistic consumers (by contrast, if consumers are myopic or if
there are no possibilities for social learning, then necessarily t7 = ¢3).

We highlight two key implications for aggregate adoption dynamics and consumer welfare:

First, provided ¢ < t3, the innovation’s adoption curve (which plots the percentage of
adopters in the population against time) has the characteristic S-shaped growth pattern that
has been widely observed in empirical studiesﬂ Up to time ¢ adoption is flat, on [¢], ¢5) adoption
levels increase convexly, and from time ¢3 there is a concave increase. Moreover, an increase
in the potential for social learning prolongs the period of convex growth and leads to strictly
lower expected adoption levels across time. The possibility of S-shaped adoption curves in
our model is notable because we assume consumers to be (ex ante) identical, whereas most
alternative explanations in the literature rely on specific distributions of consumer heterogeneity
to generate a region of convex growth. In our model, convex growth is driven by informational
incentives: As consumers grow increasingly optimistic, their opportunity cost to delaying goes
up. To maintain indifference between adopting and delaying throughout [¢],t5), this increase is
offset by an increase in the flow of new adopters, which raises the odds that waiting will produce
information allowing consumers to avoid a bad innovation.

Second, we predict a saturation effect: If the potential for social learning is great enough
that t] < t5, then holding fixed other fundamentals, any additional increase in opportunities
for social learning has no impact at all on (ex ante) equilibrium welfare levels. This is in
stark contrast to the cooperative benchmark in which consumers coordinate on socially optimal
adoption levels: Here increased opportunities for social learning are always strictly beneficial
and can in fact be used to approximate first-best (complete information) payoffs in the limit.
Relative to the cooperative benchmark, equilibrium adoption behavior displays two inefficiencies:
First, adoption generally begins too late; second, once adoption begins it initially occurs at
an inefficiently low rate, because during [tj,¢3) consumers who do not adopt when given a
chance effectively free-ride on the information generated by consumers who do adopt. Increased
opportunities for social learning exacerbate the second inefficiency by prolonging the period of
free-riding. As a result, greater opportunities for social learning do not translate into uniformly

faster learning about the quality of the innovation, but rather lead to strictly slower learning

3See, for example, |Griliches| (1957), Mansfield| (1961)), Mansfield| (1968)), [Davies| (1979), and |Gort and Klepper:
(1982), among many others.



over some periods and faster learning over others. These two effects balance out to produce
the saturation effect. In Section [7, we further build on this non-monotonicity in the speed of
learning to construct an example involving consumers with heterogeneous discount rates, where
increased opportunities for social learning are not only not beneficial, but in fact strictly hurt
aggregate welfare.

In Section [6] we study learning via perfect good news. Here consumers grow increasingly
pessimistic about the innovation in the absence of breakthroughs. Hence, the single-crossing
property for equilibrium incentives implies adoption up to some time ¢t* (which depends on the
fundamentals) and no adoption from ¢* on, unless there is a breakthrough, after which all con-
sumers adopt upon their first opportunity (Theorem . Interestingly, in contrast with the
perfect bad news case, equilibrium adoption behavior is all-or-nothing: Regardless of the poten-
tial for social learning, there are no periods during which only some consumers adopt when given
a chance. This highlights a fundamental way in which the nature of information transmission in
an economy affects consumers’ adoption incentives. During a period of time when, absent sig-
nals, a consumer is prepared to adopt the innovation, he will be willing to delay his decision only
if he expects to acquire decision-relevant information in the meantime: Since originally he is
prepared to adopt the innovation, such information must make him strictly prefer not to adopt.
When learning is via bad news, breakdowns have this effect, since they reveal the innovation to
be bad. By contrast, breakthroughs in the perfect good news environment conclusively reveal
the innovation to be good and hence cannot be decision-relevant to a consumer who is already
willing to adopt.

The all-or-nothing nature of the good news equilibrium has the following implications for
adoption dynamics and welfare:

First, adoption occurs in concave “bursts” Up to time t* adoption levels increase con-
cavely, then adoption flattens out, possibly followed by another region of concave growth if
a breakthrough occurs. While less commonly observed than S-shaped growth, this pattern is
reminiscent of the “fast-break” product life cycles studied in the marketing literaturdﬂ with
movies, music, and other “leisure-enhancing” products as canonical examplesﬂ We predict that
increased opportunities for social learning bring forward t*, compressing the initial period of
concave growth, but do not affect the probability of adoption picking up again after coming to
a temporary standstill.

Second, even in economies with rich opportunities for social learning, an increase in the

potential for social learning is (essentially) always strictly beneficial and speeds up learning at

4Cf. [Keillor| (2007)
SFor additional examples in the context of industrial process innovations, see [Davies (1979).



all times. Nevertheless, equilibrium behavior is generally socially inefficient: Relative to the
cooperative benchmark, adoption takes place at an optimal rate until time ¢*, but consumers

stop adopting too soon.

1.1 Related Literature and Outline

Our paper proposes a model of innovation adoption by consumers who learn from each other’s
experiences and are forward-looking. Having a tractable model that can incorporate these two
assumptions, examine the informational externalities they give rise to, and derive predictions
for the effect of increased opportunities for social learning is desirable, as there is considerable
empirical evidence for both assumptions. For example, a growing literature in development
economics documents the effect of learning from others’ experiences on the adoption of new
agricultural technologies, as in [Foster and Rosenzweig ((1995)) or |Conley and Udry| (2010). This
literature also finds evidence for forward-looking behavior: Bandiera and Rasul (2006) analyze
the decision of farmers in Mozambique to adopt a new crop, sunflower. They find that farmers
whose network of friends and family contains many adopters of the new crop are less likely
to initially adopt it themselves. Relatedly, Munshi (2004) compares farmers’ willingness to
experiment with new high-yield varieties (HYV) across rice and wheat growing areas in India.
Farmers in rice growing regions, which compared with wheat growing regions display greater
heterogeneity in growing conditions that make learning from others’ experiences less feasible,
are found to be more likely to experiment with HYV than farmers in wheat growing areas.

At a theoretical level, the key feature of our model is that social learning and forward-
looking incentives jointly give rise to informational externalities that do not arise in the absence
of either assumption. In relation to existing models of innovation adoption, this has at least
two interesting implications.

First, many models of innovation adoption rely on consumer heterogeneity as a key ingredient
in fitting observed adoption data. Our analysis suggests that in existing learning-based modelsﬂ
heterogeneity is only crucial because of the common assumption that either consumers are
forward-looking but news is generated purely exogenously, as in |Jensen (1982), or that learning

is social but consumers are myopic, as in [Young (2009) or [Ellison and Fudenberg (1993)E| In

SFor comprehensive surveys of the literature, including also non-learning based explanations of innovation
adoption, such as the epidemic model and the probit model of firm characteristics, see for example |Geroski
(2000) and Baptistal (1999).

"Two exceptions are |Persons and Warther| (1997) and [Kapur| (1995), who feature a form of forward-looking
social learning, but differ substantially from our paper in terms of both setup and focus. |Persons and Warther
(1997)) focuses on the combination of forward-looking incentives, endogenously generated news, and firm het-
erogeneity to provide rational foundations for seemingly irrational, fad-like patterns in the adoption of financial
innovations. In [Kapur| (1995), a finite number of firms engage in a sequence of waiting contests to adopt a



either case, a population of identical consumers would behave according to a simple cutoff rule,
adopting the innovation at beliefs above a certain threshold and not adopting otherwise, and
this rules out convex growth in adoption levelsﬂ By contrast, in our model consumers are
assumed to be ex ante identical, but the combination of forward-looking behavior and social
learning allows us to provide an alternative micro-foundation for convex growth in terms of
purely informational incentives.

The literature also commonly appeals to variations in consumer heterogeneity in order to
explain qualitative differences in adoption patterns across different products. For example, in
his study of the diffusion of 22 post-war industrial process innovations in the UK, Davies| (1979))
uses symmetrical logistic distributions to fit the S-shaped adoption patterns characteristic of
expensive and complex innovations, but lognormal distributions to fit the rapid, essentially
concave growth in adoption levels he observes for less expensive and simpler innovations. Again,
our analysis shows that when consumers are forward-looking social learners, these contrasting
patterns can instead be explained through differences in the informational environment: S-
shaped curves arise in bad news markets with a relatively large potential for social learning, while
concave adoption patterns are characteristic of good news markets (or of bad news markets with
little potential for social learning or with very optimistic consumers). Our focus on the role of the
market learning process in shaping consumers’ informational incentives and generating varied
aggregate adoption dynamics is similar in spirit to Board and Meyer—ter—Vehn| (2013)), who in
the context of a capital-theoretic model of quality and reputation, highlight the dependence of
firms’ reputational incentives on the news process and contrast reputational dynamics across
different markets.

Second, in addition to providing an alternative explanation for observed data, the infor-
mational externalities that arise from the interaction between forward-looking behavior and
endogenously generated information are important because they suggest caution in evaluating
the effect of increased opportunities for social learning. In contrast to existing models, we pre-

dict that increased opportunities for social learning need not produce welfare gains and may lead

new technology, with each contest ending once a firm adopts. Restricting to MPE, he finds that if more infor-
mation is revealed when more firms adopt during a given waiting contest, then the mean duration of waiting
contests shrinks over time, suggesting a crude approximation of convex diffusion. Since both models are set in
discrete time, they are less tractable and not suited to performing comparative statics analyses with respect to
the potential for social learning in an economy. In addition, discrete time is less suited to highlighting the role
of the market learning process in shaping aggregate adoption dynamics, because when the information process
is sufficiently informative relative to the period length, adoption behavior is qualitatively similar across many
news processes. By contrast, when the period length becomes short as in our continuous time model, differences
become transparent.

8 Adoption patterns can exhibit concave growth simply as a result of gradual depletion of the population of
remaining consumers.



to a temporary slowdown in learning and a strict decline in initial adoption levels. On the other
hand, if learning is modeled as purely exogenous or consumers are assumed to be myopic, then
increased opportunities for social learning necessarily speed up learning and are unambiguously
welfare-improving.

The techniques and framework of this paper are closest to those employed in the strategic
experimentation literature, e.g. Bolton and Harris| (1999), [Keller et al.| (2005), Keller and Rady
(2010), and Keller and Rady| (2013)). However, our paper differs in two key respects: First, in
our model any individual consumer’s influence on the information seen by others is negligible;
second, adoption of the innovation is irreversible. The first assumption is natural in the context
of the large market applications we have in mind, and for many new products (for example
movies or books, for which consumption is usually a one-time event, or technologies that entail
large switching costs) irreversibility is also more reasonable than the possibility of consumers
continuously switching back and forth between the innovation and the status quo as in the strate-
gic experimentation literatureﬂ In the strategic experimentation literature, consumers’ direct
influence on opponents’ information and their ability to adjust their experimentation levels as a
function of beliefs produces the so-called encouragement effect: There is an incentive to increase
current experimentation in order to drive up beliefs and induce more future experimentation
by othersm As a result of the encouragement effect, many comparative statics in those models
differ substantially: For example, an increase in the rate of information transmission may cause
consumers to begin to adopt earlier, whereas in our model, we observe that initially adoption
rates always weakly decrease in response to such a change. Without the encouragement effect,
we are more easily able to study comparative statics on adoption behavior, speed of learning,
and welfare with respect to changes in the social learning environment. Moreover, we obtain
equilibrium uniqueness (at the aggregate level) without any Markovian restriction on strategies.

A number of papers, including Rosenberg et al.| (2007), |Chamley and Gale| (1994), and
Murto and Valimaki| (2011), also study the impact of informational externalities on adoption,
investment, or exit behavior, but rely on the assumption that agents hold private information.
Notably, |Chamley and Gale| (1994)) obtain a result somewhat resembling our saturation effect,
according to which in the limit, an increase in the number of players has no effect on the rate

of investment or flow of information. In the context of a two-armed bandit problem in which

9Moreover, if consumers could continuously switch back and forth between the two options, then under the
large market assumption, consumers’ equilibrium strategies would effectively reduce to myopic best response
with respect to beliefs.

%There is no encouragement effect in the perfect good news environment of [Keller et al.| (2005)), but consumers’
ability to influence each other’s beliefs as well as the reversibility of experimentation are once again crucial in
generating asymmetric switching equilibria, in which consumers take turns in experimenting at different beliefs.



the decision to switch to the safe arm is irreversible, Rosenberg et al. (2007)) obtain a similar
uniqueness result to ours in the limit as the number of players becomes large. However, the
specifics of all these models differ substantially from ours, as agents obtain private information
and make inferences about the quality of the product by observing others’ actions, while in our
model all relevant news is public and actions do not reveal additional information.

Finally, Bergemann and Valiméaki| (1997) and [Bergemann and Valimaki (2000) study inno-
vation adoption in the presence of pricing motives by sellers when learning is social. In these
papers, prices that dynamically adjust through time act as an additional instrument through
which the seller can affect the endogenous information generation process. [Bergemann and
Valimaki (1997) study a model in which one established firm (with known technology) and
a new firm with a risky innovation compete through prices. They derive the Markov perfect
equilibrium pricing strategies and adoption behavior and demonstrate that adoption is too fast
(relative to the social optimum) when consumers are pessimistic and too slow when consumers
are optimistic. The main difference with our paper is that consumers in their model best re-
spond myopically at each point in time, so that adoption dynamics are driven purely by sellers’
informational and pricing motives. By contrast, in our model consumers are more sophisticated
and consider the option value to waiting, producing interesting adoption dynamics even in the
absence of pricing motivesE Bergemann and Valiméki| (2000) analyze a similar model in which
consumers display forward-looking behavior. As in Bergemann and Valimaki| (1997), they find
that pricing motives cause experimentation to be excessive, which is in contrast to our finding
that in the absence of pricing motives there is too little (and, under perfect bad news, too
slow) adoption. They find additionally that when the innovation is launched in many markets
simultaneously, adoption rates become socially optimal in the limit as the number of markets
grows large. Much of the focus in our paper is on analyzing the effect of increased opportunities
for social learning on consumers’ informational incentives. In order to isolate the effect on the
consumer side, our baseline model therefore abstracts away from pricing considerations.

The rest of the paper is organized as follows. Section [2]describes the model, defining formally
the perfect bad news and perfect good news signal processes that we use throughout the paper
as well as the equilibrium concept. Section [3| analyzes the cooperative (socially optimal) bench-
mark which selects an aggregate flow of adoption so as to maximize ex ante aggregate welfare.
Section [ establishes a quasi-single crossing property for equilibrium incentives that simplifies

the equilibrium analysis in the following sections. Section [f] establishes existence of a unique

"The key distinction is again due to the assumption that adoption is irreversible in our model, so that
potentially adopting a bad product incurs a cost on consumers. On the other hand, in|Bergemann and Valimaki
(1997)), consumers adopt at every point in time and the adoption decision is freely reversible.



equilibrium under perfect bad news and studies comparative statics with respect to changes in
the potential for social learning. Section [6] performs the analogous exercise under perfect good
news. Section [7] provides an example, involving consumers with heterogeneous discount rates,
where an increase in the potential for social learning strictly hurts ex ante welfare. Section

concludes. Appendix [A] - [[] contains proofs omitted from the main text.

2 Model

2.1 The Game

Time t € [0, +00) is continuous. At time ¢ = 0, an innovation of unknown quality 6 € {G =
1, B = —1} and of unlimited supply is released to a continuum population of potential consumers
of mass Ny € R,. Consumers are ex ante identical: They have a common prior pg € (0,1) that
0 = G; they are forward-looking with common discount rate r > 0; and they have the same
actions and payoffs, as specified below.

At each time ¢, consumers receive stochastic opportunities to adopt the innovation. Adoption
opportunities are generated independently across consumers and across histories according to a
Poisson process with exogenous arrival rate p > OB Upon an adoption opportunity, a consumer
must choose whether to adopt the innovation (a; = 1) or to wait (a; = 0). If a consumer adopts,
he receives an expected lump sum payoff of E.[0], conditioned on information available up to
time ¢, and drops out of the game. If the consumer chooses to wait or does not receive an
adoption opportunity at ¢, he receives a flow payoff of 0 until his next adoption opportunity,

where he faces the same decision again.

2.2 Learning

Over time, consumers observe public signals that convey information about the quality of the
innovation. To capture the idea of social learning, the informativeness of the public signal at
time ¢ is increasing in the flow N, of consumers newly adopting the innovation at ¢, which we
define more precisely in Section [2.3

Formally, we employ a variation of the Poisson learning model pioneered by [Keller et al.
(2005), Keller and Rady (2010), and Keller and Rady (2013)H Conditional on quality 6,

128tochasticity of adoption opportunities can be seen as capturing the natural assumption that consumers face
cognitive and time constraints, making it impossible for them to ponder the decision whether or not to adopt
the innovation at every instant in continuous time.

3Keller et al| (2005) have learning via perfect good news Poisson signals, [Keller and Rady| (2010) study
imperfect good news learning, and [Keller and Rady]| (2013) study perfect and imperfect bad news learning. For

10



public signals arrive according to an inhomogeneous Poisson process with arrival rate (gg +
AgNp)dt, where \g > 0 and g9 > 0 are exogenous parameters that depend on the quality
of the innovation. The signal process summarizes news events that are generated from two
sources. First, the social learning term AIN; represents news generated endogenously, based
on the experiences of other consumers: It captures the idea of a flow N; of new adopters each
generating signals at rate A th Thus, the greater the flow of consumers adopting the innovation
at t, the more likely it is for a signal to arrive at ¢, and hence the absence of a signal at ¢ is more
informative the larger NV;. Second, we also allow for (but do not require) signals to arrive at a
fixed exogenous rate € dt, which represents information generated independently of consumers’
behavior, for example by professional critics or government watchdog agencies.

For tractability, we focus on learning via perfect Poisson processes, where a single signal
provides conclusive evidence of the quality of the innovation. Learning is via perfect bad news if
e =Ag=0andeg =¢ >0, A\p = A > 0, so that the arrival of a signal (called a breakdown) is
conclusive evidence that the innovation is bad. Learning is via perfect good news if egp = Ap =0
andeg = ¢ > 0, \¢ = A > 0, so that a signal arrival (called a breakthrough) is conclusive evidence
for the innovation being good. As motivated in the Introduction, the distinction between bad
news and good news can be seen to reflect the nature of news production in different markets.
In addition, Ag := ANj can be seen as a simple measure of the potential for social learning in an
economy, summarizing both the likelihood A with which individual adopters’ experiences find
their way into the public domain and the size Ny of the population which can contribute to and
access the common pool of information.

We briefly summarize the evolution of consumers’ beliefs under bad and good news:

2.2.1 Learning via Perfect Bad News

Under perfect bad news, consumers’ posterior on § = G permanently jumps to 0 at the first
breakdown. Let p; denote consumers’ no-news posterior, i.e. the belief at ¢ that § = G con-

ditional on no signals having arrived on [0,¢). Given a flow of adopters N, standard Bayesian

other recent work that prominently features learning via Poisson signals, see for example Che and Horner| (2013));
Board and Meyer—ter—Vehn| (2013); |[Halac et al.| (2013).

"*Note that by letting the social learning component of the signal arrival rate at time ¢, AN;, depend only on
the flow of adopters N, at time ¢ itself, we are effectively assuming that each each adopter can generate a signal
only once, namely at the time of adoption. This assumption is natural for “innovations” such as new movies
or medical procedures, for which “consumption” is a one-time event and quality is revealed upon consumption.
For durable goods, such as cars or consumer electronics, it might be more natural to allow adopters to generate
signals repeatedly over time, which can be captured by replacing AN; with A fot N ds. This would yield results
that are qualitatively similar to those presented in the following sections.

11



updating implies that

Po 15
Pt = 1
t Po + (1 _po)e— fot(5+)\Ns)ds I ( )
In particular, if N; is continuous in an open interval (s, s+v) for v > 0, then p; for 7 € (s,s+v)

evolves according to the ODE:

Pr = (e + AN;) pr(1 — pr).

Note that the no-news posterior is continuous and increasing.

2.2.2 Learning via Perfect Good News

Under perfect good news, consumers’ posterior on § = G permanently jumps to 1 at the first
breakthrough. Given a flow of adopters N, Bayes’ rule now implies that consumers’ no-news
posterior satisfies

Poe" JE(e+AN)ds
e+AN)ds 4 (

. 2)

Pt = t
poe ol 1—po)
In particular, if N; is continuous in an open interval (s, s+v) for v > 0, then p; for 7 € (s,s+v)

must satisfy the ODE:
pT = - (5 + A]\77)197'(1 - PT)-

In contrast to the perfect bad news case, the no-news posterior is now continuous and decreasing.

2.3 Equilibrium

Since our main interest is in the aggregate adoption dynamics of the population, we take as the
primitive of our equilibrium concept the aggregate flow (N¢);>0 of consumers newly adopting
the innovation over time and do not explicitly model individual consumers’ behavior. Given
our focus on perfect news processes, consumers’ incentives are non-trivial only in the absence of
signals: Under perfect bad news, no new consumers will adopt after a breakdown, while under
perfect good news all remaining consumers will adopt when given a chance after there has been a
breakthrough. Therefore, we henceforth let NV, denote the flow of new adopters at t conditional
on no signals up to time t and define equilibrium in terms of this quantity. Reflecting the
assumption that aggregate adoption behavior is predictable with respect to the news process
of the economy, we require that Ny be a deterministic function of time. We consider all such

functions which are feasible in the following sense:

15Definition imposes measurability on N, so this expression is well-defined.
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Definition 2.1. A feasible flow of adopters is a right-continuous function N: [0, +00) — R such
that N; := N(t) € [0, pNy] for all t € [0, +00), where N; := Ngy — fg Ngds.

Here N; denotes the mass of consumers remaining in the game at time ¢. We require that
N; < pN; so that N; is consistent with the remaining N; consumers independently receiving
adoption opportunities at Poisson rate p.

Any feasible adoption process N defines an associated no-news posterior p as given by
Equation [l if learning is via perfect bad news and by Equation [2]if learning is via perfect good
news.

In equilibrium, we require that at each time ¢, IV; is consistent with optimal behavior by the
remaining N; forward-looking consumers: If a consumer receives an adoption opportunity at t,
he optimally trades off his expected payoff to adopting against his value to waiting, given that
he assigns probability p,fv to # = GG and that he expects the population’s adoption behavior to
evolve according to the process N. For this we must first define the value to waiting at t.

Let ¥; denote the set of all right-continuous functions o : [t,+00) — {0,1}, each of which
defines a potential set of future times at which, absent signals, a given consumer might adopt if
given an opportunity. Under the Poisson process generating adoption opportunities, any o € 3,
defines a random time 7 at which, absent signals, the consumer will adopt the innovation and
drop out of the gameE

Let W¥(0) denote the expected payoff to waiting at ¢ and following o in the future, given
the aggregate adoption process N. Specifically, if learning is via perfect bad news, o prescribes

o

adoption at the random time 77 if and only if there have been no breakdowns prior to 77,

yielding

W (o) = E |:e—r(7"’—t) <pév —qa _pil\/)e—jfa(s—i-ANs)ds)] ’

where the expectation is with respect to the Poisson process generating adoption opportunities.

If learning is via perfect good news, then following o means that at any adoption opportunity
prior to 77, adoption occurs only if there has been a breakthrough, and at 7 adoption occurs
whether or not there has been a breakthrough. For any time s > ¢, denote by 75 the random

time at which the first adoption opportunity after s arrives. Then W} () is given by

%Formally, we define 7° as follows. Let (Xs)s>¢ denote the stochastic process representing the number of
arrivals generated on [t,s] by a Poisson process with arrival rate p, and let (X,-)s>+ denote the number of
arrivals on [t, s). Then,

77 =inf{s > t:0, x (Xs — X,-) > 0},

where, as per convention, inf @ := +o00. It is well known that the hitting time of a right-continuous process of an
open set is an optional time. Therefore, the expectations in the definition of the value to waiting are well-defined.
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E (pte_ ftTU(a+>\NS)dS + (1 _ pt)) e—r(r"—t) (2]97—0 _ 1 +pt/ e+ )\N e ft (e+ANy) dk —T(Té—t)ds
t

where the expectation is again with respect to the Poisson process generating adoption oppor-
tunities.

The value to waiting at ¢ is the payoff to waiting and behaving optimally in the future:

Definition 2.2. The value to waiting given a feasible adoption process N is the function W}
Ry — Ry defined by W} := sup,c5, W/ (o) for all ¢.

We are now ready to define our equilibrium concept:
Definition 2.3. An equilibrium is a feasible adoption process (N¢):>o such that
(i). W >2pN —1 for all ¢ such that pN; > Ny
(ii). W <2p) —1 for all ¢ such that 0 < N;.

Thus, Definition requires that at any time t, the aggregate flow of new adopters Ny
be consistent with the remaining N; consumers optimally trading off the expected payoff to
immediate adoption, 2pé\7 — 1, against the value to waiting, WtN .

Note that our definition of equilibrium is essentially Nash equilibrium, i.e. we do not require
subgame perfection. The motivation for this is that in a continuum population any individual
consumer’s behavior has a negligible impact on the aggregate adoption levels so that any history
not on the equilibrium path (in which a different number of consumers than expected previously
adopted) is more than a unilateral deviation from the equilibrium path. Thus, off-path histories
do not affect individual consumers’ incentives on the equilibrium path and are unimportant for
equilibrium analysis.

As usual, the equilibrium value to waiting W}¥ admits an alternative characterization as the

solution to a functional equation, which we note here for use in future sections:

Lemma 2.4. Suppose N is an equilibrium. If learning is via perfect bad news, W} satisfies the

functional equation

N
Vi :/ e (rp)(s= t)p max{(st ),VS} ds.
t s
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If learning is via perfect good news, W} satisfies the functional equation

00 . N _— [7(e+ANy) dk
Vv, :/ pe—(r-f-p)(s—t) <pi\f (1 _ e_-[t (€+)\Nk)dk> + p e
t

max{(2pév — 1) ,VS}> ds.

Y

Proof. The proof is standard. |

3 Cooperative Benchmark

To establish a socially optimal benchmark, we first consider the cooperative problem: This
selects an aggregate flow N of adopters that maximizes ex ante aggregate welfare, taking into
account the effect of N on the public information process; we impose feasibility, but do not
impose the incentive compatibility requirements of the equilibrium in Definition

Clearly, under perfect good news it is optimal to require adoption at the maximal possible
rate once there has been a breakthrough. Similarly, under perfect bad news it is optimal
to terminate adoption as soon as there has been a breakdown. Thus, the objective of the

cooperative problem under perfect good news is:

T

oo
suppo/(gG + )\GNT) e Jo (eg+XaNs)ds /e—rstds + e—m—L NO _ /Nsds dr
N

0

p+r
0
00 00
+ poe™ fooo(ag-i—)\gNs)ds/e—rst ds — (1 - po) /e—rst ds)18
0 0

subject to the feasibility constraint that N; € [0, pN;] for all ¢.

Under perfect bad news, the objective is:

oo o0 T
SUPPO/ " Nsds — (1 — po) / (e + ABN;)e —Jo (ep+ABNs)ds /e_rst dsdr
N 0 0 0

oo
B (1 _po)ef fooo(gBJr)\BNs)ds/eT‘SNSdS 19
0

17We are not concerned with implementation here, but because beliefs are publicly observed, as long as we
allow for transfers, the solution that we provide will be implementable while respecting individual rationality.
18We impose the convention that e~> = 0. Thus whenever eg > 0, e~ Jo~ (fFatAaNe)ds —

15



again subject to the feasibility constraint that N; € [0, pINy| for all ¢.

Standard techniques show that the solution to both cooperative problems has an all-or-
nothing formﬂ In each problem, there is a cutoff time t* (depending on the parameters) such
that conditional on no signals, there is no (respectively maximal) adoption until time ¢* under

perfect bad (respectively good) news, and maximal (respectively no) adoption from ¢* on:

Proposition 3.1. In both problems, there exists an adoption flow N that attains the maximum.
Furthermore, there exists an optimal adoption flow with the property that there exists t° such

that
e N, = pN; for all t such that (\g — \g)(t* —t) > 0;
e Ny =0 for all t such that (A\q — Ap)(t* —t) < 0.
Proof. See Appendix Section [[} |

We now solve for the cutoff time, or equivalently the cutoff belief, under both signal struc-

tures.

3.1 Cooperative Benchmark under Perfect Good News

Under perfect good news, letting ¢ := e and Ag := Ag Ny, the cutoff time ¢* solves

sup

ts>0 7+ p

(1= ) oo = 1) e L (e ) )

where 7% and p® denote, respectively, the probability of a breakthrough prior to time ¢° and the

no-news posterior at time t°; that is,

™ = po (1 - efftszo(l—e*Pts))

s pOG_EtS_AO(l_eipts)

T poe—sts_Ao(l—e*Pts) + (1 — po) '

Taking the first order condition of the above, we obtain:

T

)ps B 1) (=) (e Aope ) =0 (4)

- ((2- 5

19 Again we assume that whenever ez > 0, e~ JoT(ep+ABNs) ds —

29This is due to the linearity of the signal arrival rate in N;.
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if an interior solution exists.
If the left-hand side of Equation [ is non-positive at all times, then the cooperative cutoff

satisfies t* = 0, so that there is no adoption until a breakthrough. This happens if and only if

r

0 (@1 =) e+ pho) <0 )

+r

On the other hand, if the left-hand side of Equation [] is strictly positive at all times, then
t* = +o00 and the cooperative solution calls for maximal adoption irrespective of whether or not
there has been a breakthrough. This happens if and only if € = 0 and pg (1 + e_AO) > 1.

We summarize this in the following proposition:
Proposition 3.2. Under perfect good news, the cooperative cutoff time is as follows:
o [If Inequality (@ holds, then t* = 0.
e Ife =0 and pg (1 + e_AO) > 1, then t% = 4o00.
e Otherwise, t° satisfies Equation .

Note that the cutoff posterior p® depends on the prior. This is in contrast to the strategic
experimentation literature because of our assumption that the stock of remaining consumers is
depleted as consumers drop out following adoption. In strategic experimentation, the coopera-
tive solution only depends on the current belief and does not depend on the initial conditions

since experimenters remain in the game to potentially experiment further in the future.

3.2 Cooperative Benchmark under Perfect Bad News

Under perfect bad news, letting € := ep and Ag := ANy, the cutoff time ¢* solves:

sup et No | po

oo
$>0 r ) [ € l1—e P

Taking the first order condition, we obtain:

—ets r p Po
e UK (M) =
(Ao) e+rr+pl—po
where

oo

K(Ag) = / pemT—ho(=e=) ~(rtp)rgy P

eEt+p+r

0
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Then an easy calculation yields the cutoff posterior:

ps_ K(AO) < eE+r
erLrprrerK(AO) e+ 2r

We summarize this in the following proposition:

Proposition 3.3. Under perfect bad news, the cooperative solution is given by:

0 ) < p®
N =10 fpe <p
pNy if py > p°,
where
ps _ K(AO)
o e T K (Ao)

4 Quasi-Single Crossing Property for Equilibrium Incentives

We now proceed to equilibrium analysis. As a preliminary step, we first establish a useful
property of equilibrium incentives under both perfect bad news and perfect good news. Suppose
that Ny>¢ is an arbitrary feasible flow of adopters, with associated no-news posterior pi\go and
value to waiting tho as defined in Definition . In general, the dynamics of the trade-
off between immediate adoption at time ¢ (yielding expected payoff 2p)¥ — 1) and delaying
and behaving optimally in the future (yielding expected payoff W}¥) can be quite difficult to
characterize, with (2p)¥ — 1) — W}V changing sign many times. However, when N;>¢ is an

equilibrium flow, then for any ¢,

2py —1 < W} = N, =0; and
Qpiv—1>WtN:>Nt=PNt;

and this imposes considerable discipline on the dynamics of the trade-off. Indeed, the following

theorem establishes that 2p)¥ — 1 and WY must satisfy a quasi-single crossing property:
Theorem 4.1. Suppose that learning is either via perfect bad news (Ap > 0 = A\g) or via
perfect good news (Ag > 0 = Ap). Let Ny>o be an equilibrium, with corresponding no-news
postertors pi\éo and value to waiting Wgo. Then tho and 2in20 — 1 satisfy single-crossing, in
the following sense:
o Whenever (A — Ag) (W — (2p) — 1)) <0, then (Mg — A\g)(WY — (2pY — 1)) < 0 for all
T > 1.

18



o Whenever (A — Ag) (W — (2p) — 1)) <0, then (Mg — Ag)(WY — (2pY — 1)) <0 for all
T>1t.

Proof. See Appendix Section |

The basic intuition is as follows. Consider first the case of learning via perfect bad news and
suppose that immediate adoption is strictly better than waiting today (and hence also in the near
future provided there are no breakdowns)@ Then all consumers adopt upon an opportunity
in the near future, so the no-news posterior strictly increases, while the number of remaining
consumers strictly decreases. Because information is generated endogenously, this means that
the flow of information must be decreasing over time. As a result, immediate adoption becomes
even more attractive relative to waiting, and consequently immediate adoption continues to be
strictly preferable in the future.

Similarly, suppose that learning is via perfect good news and that waiting is strictly more
attractive than immediate adoption today (and hence also in the near future). Then in the near
future, no consumers adopt and information is generated purely via the exogenous news source
(or not at all if e = 0). As a result, the no-news posterior decreases (weakly) while the number
of remaining consumers does not change. This makes waiting even more attractive relative to

adopting immediately, so that waiting continues to be strictly preferable in the future.

Wait Indifference Adopt

Figure 1: Perfect Bad News

Adopt Wait

. I
0 T=1

Figure 2: Perfect Good News

Theorem implies that any equilibrium features two threshold times 0 < t} < t5 < 400

21The latter implication follows from the continuity of the equilibrium value to waiting, which is established
in the Appendix.
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given by

t1:=1inf{t: (\g — Ag) 2p) — 1 - W) >0},
ty =1inf{t : (\g — Ag) 2p) — 1 - W) > 0},

such that if there are no signal arrivals, then under perfect bad (respectively good) news, waiting
(respectively adoption) is strictly preferable before ¢}, and adoption (respectively waiting) is
strictly preferable after ¢35, with indifference in between, as illustrated in Figures 1 and 2. In
Sections [5] and [6] we will build on this observation to establish the existence of unique equilibria
under both perfect bad news and good news. The threshold times, as well as the flow of adopters
between t] and t5, are fully pinned down by the parameters.

Looking ahead to Section [6] we will see that under perfect good news, any equilibrium must
in fact satisfy ¢ = t;@ Depending on parameters, the equilibrium takes three possible forms:
(1) 0=1t] =13; (i) 0 <t =t5 < o0 or (iii) 0 < ] =t4 = —I—OOE By contrast, under perfect
bad news in Section |5, the equilibrium takes one of six forms depending on parameters: (i)
0=t =th < 4oo; (il) 0 =t < t5 < 4o0; (iil) 0 < t] =15 < +o0; (iv) 0 < ] <t < 4005 (v)
0<t]=t5= +ooﬁ or (vi)0 =t] <t5 = +ooﬁ The possibility of a non-empty interval (¢}, ¢3)
of indifference will emerge as a key feature distinguishing bad news markets from good news
markets. Maintaining indifference at times (¢],¢3) requires a form of informational free-riding,
which we term partial adoption, whereby only some consumers adopt when given the chance (i.e.
N; € (0, pNy) at each t € (¢],5)). We will see that partial adoption has important implications
not just from an efficiency standpoint, but also for the shape of equilibrium adoption curves and
for the impact of increased opportunities for social learning on welfare, learning, and adoption

dynamics.

5 Perfect Bad News

5.1 Equilibrium Characterization

We now build on the analysis of the previous section to establish the existence of a unique
equilibrium when learning is via perfect bad news. Fix parameters r, p, Ng > 0, ¢ = e,

A= Ap > 0, and pg € (0,1). Suppose Ny>o is an equilibrium flow of adopters. Let pi>o

22With the usual convention that inf & = +oc.

23With the sole exception of ¢ = 0 and pp = %, in which case it is easy to see that N =0 and t] =0 < t5 = oco.
24This possibility will arise iff € = 0 and po (1 + e_ANO) > 1.

25This possibility will arise iff e = 0 and py <
26This possibility will arise iff e = 0 and po =

[SIEE IR
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and Wi>( be the corresponding no-news posterior and value to waiting, and let Ay>q := /\NQO
describe the evolution of the economy’s potential for social learningﬂ From Theorem we
know that there are times 0 < ¢] < t5 < +o0 given by

tT = 1nf{t . th -1 > Wt},
t; = mf{t 2pp — 1> Wt},

such that (appealing also to right-continuity) N must satisfy

Ny=0 it t <7,
2pe — 1 =W, ift e [t],t5)

In the following we will show that ¢], ¢35, and the evolution of N; between t] and t5 are
uniquely pinned down by the parameters. We first introduce some notation. For any p € (0,1)
and A > 0, let

Gp, A) = 7ope—(r+P)T (p —(1- p)ef(aTJrA(lfe*P"))) dr.
0

G(p, A) represents the payoff to adopting at the next opportunity if there have been no break-
downs by then, given that the current belief is p, that the remaining potential for social learning
is A, and that absent breakdowns the remaining % consumers adopt at their first opportunity
in the future.

Define the posteriors p, p, and pt as follows. Let p be the posterior given by 2p—1 = G(p, 0);

that is,
__ (e+n)(r+p)

B+ nirp) —ep

Thus, p is the lowest belief at which a consumer is willing to adopt given that he could also delay,

obtain more information at rate € and reevaluate his decision at his next adoption opportunity
which is generated at rate p.

Define p := lim,_, p, that is,

_ e+
P oo

P is the lowest belief at which a consumer would be willing to adopt given that he could also delay

and obtain more information at rate € and given that adoption opportunities arrive continuously

2"Recall that N, := Ng — fot Ns ds denotes the remaining population at time t.
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in the future.
Define p? := lim,_,o0 p, that is,
g PET
P p+2r

p! is the lowest belief at which a consumer would be willing to adopt given that he could also
delay until his next opportunity, which is generated at rate p, and given that all uncertainty is
completely resolved by then@

Finally, define the function A*: (0,1) — Ry U {+oo} as follows. Let A*(p) =0 for all p < p,
A*(p) = 400 for all p > pf, and for all p € (ps pb), let A*(p) € Ry be the unique value such that

2p —1=G(p,A*(p)

Thus, if the current posterior is p € [p, pﬁ) and the current potential for social learning in
the economy is A*(p), then consumers are indifferent between adopting now or at their next
opportunity absent breakdowns, provided that all remaining %(m consumers also adopt at their
first opportunity in the future.

We are now ready to state the equilibrium characterization theorem:

Theorem 5.1. Fizr,p >0, e >0, and py € (0,1). Let p* := min{p, p*}. For every A, Ny > 0,
there is a unique equilibrium. Furthermore, in the unique equilibrium, Ny is Markovian in (pg, Ay)
for all t and satisfies

0 if pe < p* and Ay > A (py),
Ny = B2l = £ € (0,pNy) if pu> p and A > A (p) (6)
pN; if Ay < A*(py).

A detailed proof of Theorem is provided in Appendix Section Here we sketch the
basic idea. Before we proceed, however, note the following two special cases of the theorem:
First, if p < ¢, so that p* := min{p, p} = p’, then by Equation @ and because A*(p) = +o00
for all p > pf, Theorem asserts that regardless of the other parameters, IV; takes an all-or-
nothing form with cutoff belief pf: N; = 0 whenever p; < pf and N, = pN; whenever p; > pt.
Second, if e = 0 and py < %, then it is easy to see that Theorem asserts that regardless of

the other parameters, the unique equilibrium is given by Ny = 0 for all ¢.

ZNote that for all p > p*, lima 00 G(p, A) < 2p — 1 and for all p < p*, lima_,eo G(p, A) > 2p — 1.
2%Note that such a value must exist given that p € (ps p*) and is unique because A*(p) is strictly increasing in
p on this domain.
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Throughout Section [5] we will be particularly interested in the implications of N featuring a
partial adoption region, in which Ny € (0, pINy) is as described by the second line of Equation @
Since the two special cases above preclude the existence of such a region regardless of other
parameters, we rule out these cases for the remainder of Section [5| by imposing the following

two conditions£0]

Condition 5.2. The rate at which exogenous information arrives is small relative to the rate

at which consumers obtain adoption opportunities: € < p. Thus, p* =7 < p.
Condition 5.3. Either ¢ > 0 or py € (3,1).

Given these two conditions, we now sketch the derivation of Theorem In order to obtain
the Markovian description of IV; in Equation @, we note the following lemma, which we prove
in the Appendix. This provides an alternative characterization of the threshold times ¢} and ¢3,

relating these times to the evolution of (p;, Ay):

Lemma 5.4. Fizr,p >0, e >0 and py € (0,1) satisfying Conditions[5.4 and [5.3 Let Nyo
be an equilibrium with corresponding no-news posterior p;>o and threshold times t] and t5, and

let Ay>o := ANy>q describe the evolution of the economy’s potential for social learning. Then
(). t5 =inf{t: Ay < A*(pt)}; and

(ii). t7 = min{¢3, sup{t : p; < T)}}lﬂ
Proof. See Appendix Section |

By Lemma the first line of Equation @ corresponds to times ¢ < ¢}, the second line to
t € (t1,t3), and the third line to ¢t > t3. Thus, the first and third lines are immediate from the
definition of these threshold times. We now give a heuristic argument outlining the derivation
of the second line, i.e. the equilibrium flow of adoption at times ¢ € (¢],t5), where adoption is
partial. At all these times, consumers must be exactly indifferent between adopting today and
waiting for more information. Maintaining consumer indifference at these times requires that

the cost and benefit of delaying be equal:

Benefit of Delay Cost of Delay
(8 + )‘Nt) (1 — pt)dt (0 — (—1)) = (1 - (8 + )\Nt) (1 —pt)dt) (2pt+dt — 1)7"dt . (7)
Proba?)?lity of Benefit: Probability of Cost:
breakdown Avoid Bad Product no breakdown Discounting

30In Section |§| in the Appendix, we discuss in more detail the case where p < €.
31With the convention that if {t > 0: p; < §} = @, then sup{t: p; < p} = 0.
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Delaying one’s decision by an instant is beneficial if a breakdown occurs at that instant,
allowing a consumer to permanently avoid the bad product. The gain in this case is (0 — (—1)),
and this possibility arises with an instantaneous probability of (¢ + AN) (1 —p¢)dt. On the other
hand, if no breakdown occurs, which happens with instantaneous probability 1 — (¢ + AN;) (1 —

pt)dt, then consumers incur an opportunity cost of (2py1q: — 1)rdt, reflecting the time cost of

r(2pt—1) €

delayed adoption Ignoring terms of order dt? and rearranging yields Ny =
Equation @@

Finally, Figure [J] illustrates how from Equation [0 we obtain a unique equilibrium as a
function of the parameters. Regions (2) and (3) represent values of (p¢, A¢) corresponding to
the first line of Equation @, so that no adoption takes place in these regions. Region (4)
corresponds to partial adoption as given by the second line of Equation @ Finally, region (1)
corresponds to the third line of Equation @ and thus to immediate adoption.

If (po, Ag) is in region (2), then initially no adoption takes place and the no-news posterior
drifts upward according to the law of motion p; = p;(1 — p;)e, while Ay remains unchanged
at Ag. This yields a unique time 0 < ¢] = t} at which (ps, A¢) hits the boundary separating
regions (2) and (1); from then on consumers adopt immediately upon an opportunity so that
N; = pe*p(t*tE)Nt; uniquely pins down the evolution of (p;, A¢). If (po, Ag) is in region (3), then
again no initial adoption occurs and the no-news posterior drifts upward according to the law of
motion p; = pi(1 — p;)e, while Ay remains unchanged at Ag. However, now this yields a unique
time 0 < ¢} at which (p¢, A¢) hits the boundary separating regions (3) and (4), and at this time
Ay; = Ao > A(pr) = A(P), so that we must have ¢] < ¢5. From ¢} on the evolution of (pi, A¢) is
uniquely pinned down by the second line of Equation @lﬂ Thus, t5 is uniquely given by the
first time ¢ at which Ay = A*(p;), at which point (p;, A¢) enters region (1). Similar arguments
show that when (pg, Ag) starts in region (4), we have t] = 0 and t5 > ¢} is the first time at

32Note that p does not enter into this expression, because in the indifference region consumers obtain the
same continuation payoff regardless of whether or not they obtain an adoption opportunity in the time interval
(t,t + dt) and hence are indifferent between receiving an opportunity to adopt or not.

33A bit more precisely, ignoring terms of order dt?>, the right hand side of Equation E is given by
(1= (e 4+ ANy) (1 —py)dt)(2(pe + pedt) — 1)rdt = r(2p; — 1)dt. Further rearrangement yields the desired expression.

34gpecifically, combining the second line of Equation @ with Equation yields the ODE:

pe =rpe(2pe — 1),
which pins down p; uniquely given the initial value p;y = p:

— b
2pt’{ _ ev.(tﬂ:’{)(thT — 1).

Pt

_r(2pe=1) e

Plugging this back into N, = i—p)
is strictly increasing and reaches p* in finite time. Thus t3 = inf{t : Ay < A*(p¢)} < +o0.

uniquely pins down A; = AN;. Note that since per > %, p: given above
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Figure 3: Partition of (p;, A¢) when ¢ < p

which (p, A¢), evolving according to the second line of Equation (6]), enters region (1). Finally,
if (po, Ag) is in region (1), then 0 = t7 = ¢} and absent breakdowns all consumers adopt upon
their first opportunity from the beginning. This completes the description of the equilibrium.
As seen above, whether or not the equilibrium features a period of partial adoption depends
on the fundamentals. More specifically, we can show that if consumers are forward-looking and
not too optimistic, then ¢] < t5 arises whenever the potential for social learning in the economy
is sufficiently large. To state this precisely, first note that from the Markovian description of
equilibrium dynamics, it is easy to see that Ag = ANy is a sufficient statistic for equilibrium

when other fundamentals are fixed:

Lemma 5.5. Fizr,p > 0, pp € (0,1), and ¢ > 0. Suppose that 5\]@0 = AoNy. Let N; and N;
denote the unique equilibrium adoption flows under (5\, No) and (X, No), respectively, and let py,

fT: f; and pq, t], t5 denote the corresponding equilibrium beliefs and cutoff times. Then
(). & =t fori=1,2;

(ii). pr = p¢ for all t
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(ii). and AN; = AN for all t.
Proof. Immediate from the proof of Theorem [5.1] [ ]
With this, the condition for partial adoption to arise in equilibrium can be stated as follows:

Lemma 5.6. Fiz p, € and py satisfying C’onditions and . Assume py < p*. Then for all
r > 0, there exists Ag(r) > 0 such that t;(Ag) < t35(Ao) if and only if Ag > Ao(r).

Proof. Set Ag(r) := max{A*(po), A*(p)} and see Section in the Appendix. [ |

On the other hand, if learning is purely exogenous (A = 0 and € > 0) or if consumers are
myopic (“r = +00”), then there is never any partial adoption, regardless of other parameters.
In the former case, 0 = Ay < A*(p) for all p > p, so by Theorem no consumers adopt until
the no-news posterior hits p (at ¢ = t3) and from then on all consumers adopt immediately
when given a chance. The latter case corresponds to p =p = % and A*(p) = 4oo for all p > %,
so t7 = t5 = inf{t : p, > %} Thus, the possibility of partial adoption in equilibrium hinges
crucially both on consumers being forward-looking and on there being opportunities for social

learning.

Television

Fraction of population ewning
o
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i 3 & 709 11 13 15 17 19 21 213 25 27 19 31 33 3% 37 39 41 43 45 47 49
Time in years

Figure 4: Examples of S-shaped adoption curves (Source: Narayanan and O’Connor| (2010),
Figure 2.1.)
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5.2 Shape of Adoption Curve

With the equilibrium characterization in place, we can explore implications for the shape of an
innovation’s adoption curve, which plots the percentage of adopters in the population against

time. Conditional on no breakdowns up to time ¢, this is given by

t
N
A ::/ds.
No
0

Conditional on the innovation being good, observed adoption levels at t will be exactly A;.
If the innovation is bad, then observed adoption levels follow A; until the first breakdown (which
occurs at a stochastic time), and remain constant from then on. As a result of the equilibrium
characterization in Theorem we obtain the following prediction for the shape of the adoption

curve:

Corollary 5.7. In the unique equilibrium of Theorem [5.1], the adoption curve Ay conditional

on no breakdowns up to time t has the following shape:
o for0<t<t], A4 =0
o fort] <t <5, Ay is strictly increasing and convex in t
o fort >1t5, A is strictly increasing and concave in t.

In particular, if ¢t7 < t3, then Corollary predicts that, possibly after an initial period
of no adoption, the adoption curve conditional on no breakdowns exhibits an S-shaped (i.e.
convex-concave) growth pattern. In the empirical literature on innovation adoptionﬁ S-shaped
adoption patterns have been widely documented for many different innovations over the past
century, including new agricultural seed varieties, such as hybrid corn; household electronics,
such as refrigerators and color television; and industrial and medical innovations, such as the
diesel locomotive and electrocardiographs. Figure [4 illustrates this for a selection of household
technologies. Figure [5| represents a typical adoption curve generated in our model when € = 0.

The intuition for S-shaped adoption curves in our model is as follows: There is no adoption
before time ¢, because initially consumers are pessimistic about the quality of the innovation and
strictly prefer to wait for information from the exogenous news source rather than risk adopting

a bad product. The adoption curve is concave from time ¢5 on, because now consumers are

35See, for example, |Griliches| (1957)), [Mansfield| (1961), Mansfield| (1968)), [Davies| (1979)), and |Gort and Klepper
(1982), among many others.
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Figure 5: Adoption curve conditional on no breakdowns (¢ = 0)

sufficiently optimistic to strictly prefer adopting the innovation when given the chance, so that
the flow of new adopters is depleted at the rate p at which adoption opportunities are generated.

More interestingly, the period of convex growth coincides precisely with the period of infor-
mational free-riding (in the form of partial adoption). The reason for this is the fundamental
trade-off between adopting now and waiting for more information that arises when consumers
are forward-looking social learners. During the period (tj,¢3) of partial adoption, consumers
are indifferent between adopting immediately and delaying. Conditional on no breakdowns dur-
ing this period, consumers grow increasingly optimistic about the quality of the innovation,
which increases their opportunity cost of delaying adoption. In order to maintain indifference
as captured by equation , the benefit to delaying adoption must also increase over time:
Since consumers are forward-looking, this can be achieved by increasing the arrival rate of fu-
ture breakdowns, which improves the odds that waiting will allow consumers to avoid the bad
product. Since consumers are social learners, the arrival rate of information is increasing in
the flow N, of new adopters. Thus, whenever there is informational free-riding, N, is strictly
increasing over time. Since N represents the rate of change of the proportion A; of adopters in
the population, this is equivalent to A; being convex.

Once again, this result relies crucially on our two modeling assumptions that learning is social
and that consumers are forward-looking. As we pointed out following Lemma [5.6] if learning
is purely exogenous or if consumers are myopic, then ¢tJ = ¢35, in which case the adoption
curve does not feature a region of convex growth. In order to generate S-shaped adoption

patterns in the absence of either of our assumptions, alternative models appeal to specific
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distributions of consumer heterogeneity, for example |Jensen| (1982) (in a model of exogenous
learning with forward looking consumers) or Young| (2009) (in a model of myopic social learning).
The interplay of social learning and forward-looking consumers allows us to explain convex
growth in terms of purely informational incentives, thus suggesting a novel micro-foundation

for S-shaped curves that remains valid even when consumers are fully homogeneous.

5.3 Welfare

We now examine ex ante consumer welfare, as captured by the time 0 equilibrium value to
waiting, Wy. Fix r,p > 0, ¢ > 0, and pg € (0,1) satisfying Conditions and Then
Lemma and Lemma imply that Wy = Wy(Ap) depends only on the potential for social
learning in the economy. The key finding is the possibility of a saturation effect: For sufficiently

large Ag, additional increases in opportunities for social learning are welfare-neutral.

5.3.1 Nature of Inefficiency

We first note that, as is to be expected, the equilibrium is in general inefficient relative to the

socially optimal cooperative benchmark:

Proposition 5.8. Fiz r,p > 0, € > 0, and py € (0,1) satisfying Condz'tions and . The
unique equilibrium in Theorem is socially optimal if and only if Ao < A*(po).

Proof. See Appendix Section [

Note that if Ag < A*(pp), then in equilibrium all consumers adopt immediately upon first
opportunity, which is exactly as prescribed by the cooperative benchmark in Proposition |3.3
Whenever Ag > A*(po), then the proof of Proposition demonstrates two sources of inef-
ficiency relative to the cooperative benchmark. First, provided we also have py < p (so that
t7 > 0), then adoption begins too late in equilibrium. Second, provided we also have Ay > A*(p)
(so that ¢ < t3), then even once consumers begin to adopt, the initial rate of adoption is too
slow due to partial adoption on (¢7,t5). Note that both types of inefficiency rely on a sufficiently
large potential for social learning. Moreover, for any py > 1/2, the first type arises only if ¢ is
sufficiently large or r is sufficiently small (in particular, if learning is purely social or if consumers
are myopic, then ¢ = 0). On the other hand, the second inefficiency relies on consumers being

forward-looking, but can arise even if € = 0.
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5.3.2 Saturation Effect

The fact that the equilibrium can feature inefficiencies relative to the cooperative benchmark
is to be expected. However, the second type of inefficiency discussed above, which arises when

there is free-riding in the form of partial adoption, has the following more surprising implication:

Proposition 5.9. Fix r,p > 0, £ > 0, and pg € (0,1) satisfying Conditions and . Let
Ao = max{A*(po), A*(D)}. Then in the unique equilibrium of Theorem Wo(Ao) satisfies
the following:

(i). Wo(Ag) is strictly increasing in Ag whenever Ag < Ag;
(ii). Wo(Ao) = Wo(Aop) is constant in Ag for all Ag > Ap.
Proof. See Appendix Section [F-1] [ |

When pg < pf so that Ay is finite, Proposition states that an economy’s ability to harness
its potential for social learning is subject to a saturation effect: If Ag is small, increases in Ag are
strictly beneficial; however, once Ag is sufficiently large, any additional increase in Ay is com-
pletely welfare-neutral. This is in stark contrast to the cooperative benchmark: There increases
in Ag are always strictly beneficial and for any pg > % the first-best (complete information)
payoff of %po can be approximated in the limit as Ag — co. We illustrate this in Figure
which for varying levels of Ay plots the ratio of equilibrium and socially optimal welfare levels.

To see the intuition for Proposition suppose that pg > P, so that ¢] = 0. Then as long as
Ao < Ay, all consumers adopt immediately upon their first opportunity until there is a break-
down. In this case, a slight increase in Ay does not change consumers’ behavior in the absence of
a breakdown; however, conditional on the innovation being bad, it does increase the probability
of a breakdown occurring prior to any given time—this is clearly welfare-improving, as more con-
sumers are able to avoid the bad product. On the other hand, whenever Ag > A, then ¢} < t3,
so that consumers must initially be indifferent between adopting and delaying. Then irrespec-
tive of the value of Ag > Ay, equilibrium incentives immediately imply that Wy(Ag) = 2po — 1.
In the next section, we provide some more intuition for the source of the saturation effect by

studying the impact of increases in Ag on equilibrium learning and adoption dynamics.

5.4 The Effect of Increased Opportunities for Social Learning

To further elucidate the saturation effect, this section examines the impact of an increase in

Ay on equilibrium learning dynamics and adoption levels. We find that the saturation effect

36Parameters used to generate the figure are: e =0, r =1, po = 0.6, and p = 1.
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Figure 6: Ratio of equilibrium welfare to socially optimal welfare

corresponds to the following two surprising implications of partial adoption: Increased opportu-
nities for social learning lead to strictly less learning over some periods of time and to a strict
reduction in adoption of both good and bad innovations at all times.

Throughout this section we fix r,p > 0, € > 0 and pg satisfying Conditions and
To isolate the role of partial adoption, which is the inefficiency driving the saturation effect,
we assume that pf > pg > P, so that t¥ = 0 and A*(py) < +o00. With these parameters fixed,
Lemma [5.5] implies that Ag is a sufficient statistic for all quantities we consider in this section.

The following preliminary observation is central to the main results of this section:

Lemma 5.10. Suppose that Ao = 5\]% > Ao = ANy > A*(po), with corresponding equilibrium
flows of adoption N and N. Then

(). 0< t3(Ao) < £3(Ro).
(ii). For all t < t3(Ao), AN; = AN;.
Proof. See Appendix Section |

Point (ii) states that at all times during which there is partial adoption under both Ao
and Ag, the rate of social learning is the same. Intuitively, this is because in order to maintain
indifference between immediate adoption and an instantaneous delay, Equation uniquely pins
down the instantaneous arrival rate of breakdowns in the partial adoption region. The first bullet

point states that increased opportunities for social learning prolong the initial period of partial
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adoption. To see the intuition, consider Figure |3} For any posterior p, A*(p), which represents
the amount of future social information required to make consumers indifferent between adopting
immediately at p and delaying, is the same under both Ag and Ao. However, since Ag > Ag and
since by (i) the evolution of beliefs in region (4) is the same under Ag and Ay, it takes longer

to reach the A*-curve from the initial point (po, Ao).

5.4.1 Non-Monotonicity of Learning

In this section, we consider the effect of increased opportunities for social learning on the evolu-
tion of equilibrium beliefs. The following proposition states a non-monotonicity result: Increases
in Ag do not necessarily translate into increases in p; at all times . Specifically, if Ag > A*(py),
corresponding to the cutoff for the saturation effect, then upon an increase in Ag there is a

period of times at which p; is strictly lower:

Proposition 5.11. Fiz r, p, €, and po satisfying Conditions and [5.3 and such that py €
(P, p*). Consider Ao = ANy and Ag = ANy such that Ag > Ay > A*(po). Then there exists some
t € (t5(Ao), +00) such that

o o =pM for all t < t5(Ao),
o p > pMo for all t € (t5(Ao), D),
o pio <p,{XO for all t > t.
However, when Ay < A*(po), then pi\o is strictly increasing in Ay for all t.
Proof. See Appendix Section [F-2.2] [ |

Note that by Equation , the probability of a breakdown occurring prior to time ¢ condi-

tional on the innovation being bad is given by

1 _ o= Jie+AN)ds _ 1 _ Po (1—py) (8)
pe (1 —po)’
which is increasing in p;. Thus, Proposition [5.11] has the surprising implication that whenever
Ag is large enough, any additional increase in opportunities for social learning will result in
consumers being strictly less likely to find out about a bad product over a period of times.
The intuition for Proposition[5.11]is closely related to whether or not there is free-riding in the
form of partial adoption (and hence relies on consumers being forward-looking social learners).

Whenever Ag < A*(pg), then 0 = t] = t3, so that absent breakdowns all consumers adopt
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immediately upon their first opportunity. In this case, it is easy to see from Theorem [5.1] that
the rate AN; at which social learning occurs is strictly increasing in Ag: We have AN; = pe Pt A
for all £. Thus, by Equation increasing A necessarily speeds up learning at all times.

On the other hand, if Ag > A*(po), then 0 = ¢7 < t5(Ag) and the equilibrium features an
initial region of partial adoption. In this case, an increase to Ag > Ag has the following effect.
By Lemma free-riding occurs over a longer period of time: 5(Ag) > t5(Ag); moreover, at all
times ¢ < t5(Ag) where there is free-riding under both Ag and AO, the rate of social learning is the
same: AN; = AN;. This explains the first bullet point in Proposition The strict slowdown
in learning at times just after ¢5(Ag) is due to the following: The proof of Theorem shows
that whenever t] < ¢35, then the flow of adopters N is continuous at all times ezcept at exactly
t5, where there is a discontinuous increase. This is evident from the adoption curve in Figure
where a visible non-differentiability exists at the point of transition from partial adoption to
immediate adoption. Since t5(Ag) < t5(Ag), this means that at t5(Ao) the difference between
AN; and AN, jumps from 0 to a strictly negative value, resulting in the temporary slowdown in
learning stated in the second bullet point.

Finally, learning under Ao must eventually overtake learning under Ag, because at time 0 the
payoff to immediate adoption is the same under both Ag and Ag and in both cases consumers
are indifferent between adopting immediately and delaying. This relates back to the saturation
effect for welfare observed in Proposition as follows. By Lemma ex-ante welfare W)
under Ag > A*(pg) can be written as

Wollo) = /pe o (21??0 —1)dr = pO/Pe(r”’)T (2= () ") ar.
0 0

and similarly for Ao > Ag. The non-monotonicity result for beliefs then has the following
implication. If a consumer obtains his first adoption opportunity prior to t5(Ag), his expected
payoff is the same under Ag and Ag; if his first adoption opportunity is during (t5(Ao), 1), he is
strictly worse off under Ao, because in case the innovation is bad he is less likely to have found
out by then; finally, if his first opportunity is after ¢, he is strictly better off under Ao. Depending
on Ao, t adjusts endogenously to balance out the benefits, which arrive at times after ¢, with
the costs incurred at times (t5(Ao), ). This produces the saturation effect in Proposition
Even more strongly, in Section [7], we exploit the non-monotonicity result for beliefs to con-
struct an example involving consumers with heterogeneous discount rates in which an increase

in Ag is not only not beneficial, but in fact strictly hurts aggregate welfare.
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5.4.2 Slowdown in Adoption

We now consider the effect of increased opportunities for social learning on observed adoption

levels, analyzing separately the case of a good innovation and of a bad innovation.

Adoption Conditional on a Good Product: Recall that A; denotes the percentage of
consumers in the population who adopt the innovation by time ¢ conditional on no breakdowns
before t, which is the same as the percentage of adopters at ¢ conditional on the innovation

being good:

t

N,
A(G) = Ay = | Zds.
+(G) t No 8
0
Note also that by Lemma[5.5] Ag is a sufficient statistic for the equilibrium levels of A; holding

& = AN
N() AO

For a good innovation, we show that when the potential for social learning Ag is small,

fixed r, p, po and €, because and Ay is a sufficient statistic for ANV.
additional small increases in opportunities for social learning have no effect on adoption levels,
but when Ag is sufficiently large, increases strictly drive down adoption levels at all times. Once

again, the cutoff is given by the level A*(pg) above which partial adoption occurs.

Proposition 5.12. Fiz r, p, €, and py satisfying Conditions[5.9 and[5.3 and such that py > D.
Then for all t, A(No, G) is constant in Ao for all Ag < A*(po) and strictly decreasing in Ao for
all Ag > A*(po).

Proof. See Appendix Section [F-3] [ |

The reason why A;(Ag,G) is constant for all Ag < A*(pg) is familiar: For all such A,
consumers adopt upon their first opportunity and A; = 1 — e Pt If Ag > A*(pg), then the
strict slowdown in adoption is due to increased free-riding in the form of partial adoption. More
precisely, an increase from Ag > A*(pg) to Ag has two effects, as summarized in Lemma
First, on the extensive margin, increased opportunities for social learning push out ¢5 and lead
to a longer period of free-riding under Ao. Second, on the intensive margin, the increase strictly

drives down the growth rate of A; at all times prior to t5(Ao):

N, AN, AN, AN, N,
t t t>At:£:At.

A = — = =
T No Ao Ao Ao N,

Figure [7] illustrates these two effects and their implications for a strict slowdown in adoption.

Finally, from ¢5(Ag) adoption occurs at a maximal rate under Ag, so that from then on A, must
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remain below A; by feasibility.

Adoption (%) | ANG)

Figure 7: Changes in adoption levels of a good product under perfect bad news (5\ > )\)

Two remarks are in order. First, our prediction of a strict slowdown of adoption of the
good product in response to increased opportunities for social learning once again relies cru-
cially on consumers being forward-looking. If consumers are myopic, then by the first part of
Proposition [5.12] adoption levels at all times remain unchanged following the increase. More
interestingly, if consumers are myopic, it is not possible to generate this prediction under per-
fect bad news even if we allow for an arbitrary distribution of heterogeneity in tastes. Thus,
while models of innovation adoption by myopic social learners, such as|Young (2009), can gener-
ate S-shaped adoption curves by imposing suitable distributions of consumer heterogeneity, the
prediction in our model of a strict reduction in initial adoption of a good innovation is novel.

Second, Proposition [5.12]implies that conditional on a good product, increased opportunities
for social learning are welfare-neutral at best (if Ag < A*(pp)) and potentially strictly harmful
(if Ag > A*(po)), since adoption levels are unchanged in the former case and in the latter case
adoption is strictly delayed. Therefore any potential welfare gains due to increased opportunities
for social learning must result from more consumers being able to avoid the bad product. We
now study this point by analyzing the effect of increases in Ay on adoption levels of a bad

product.

Adoption Conditional on a Bad Product: Conditional on a bad innovation, adoption is
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stochastic, following A; until the first breakdown, which occurs at a random time, and remaining
constant from then on. We therefore study the effect of increased opportunities for social learning
on the expected percentage of adopters at time ¢ conditional on a bad product, which is given
by:

t T t
A (B) 5:/(€+)\Nr) e~ Jo (e+AN:)ds /]sts dT—l—efg(”/\Ns)ds/]YSds
0 0 Mo 0 Mo

t
:/Nefg(s+)\Ns)dsdT7
No
0

where the second line is obtained by integrating the first expression by parts. Again, Ag is
a sufficient statistic for A;(B) when r, p, po, and ¢ are fixed. For bad innovations, increased
opportunities for social learning always produce strict decreases in the expected level of adoption

at all times, irrespective of the original level of Ag:

Proposition 5.13. Fiz r, p, €, and py satisfying Conditions[5.9 and[5.5 and such that py > D.
Then Ay(Ao, B) is strictly decreasing in Ao for all t > 0.

Proof. See Appendix Section [F.3] [

If Ag < A*(po), this is immediate since by Proposition and Proposition adoption
levels conditional on no breakdowns are the same, but breakdowns prior to any time are more
likely for higher values of Ag < A*(pg). If Ag > A*(po), then there is a tension: On the one hand,
Proposition [5.12]implies that an increase in Ag leads at all times to strictly lower adoption levels
conditional on no breakdowns, but on the other hand, the non-monotonicity result for learning
implies that there are times before which a breakdown is strictly more likely under lower Ag.
We show that the former effect always strictly dominates.

Proposition [5.12] and Proposition relate to the saturation effect observed in Proposi-
tion as follows: If Ag < A*(po), then small increases in opportunities for social learning
do not affect adoption conditional on the good product, but strictly decrease the number of
consumers adopting the bad product by any time, leading to an overall welfare gain. On the
other hand, if Ag > A*(po), then increased opportunities for social learning strictly decrease
adoption both for good products (which is harmful) and for bad products (which is beneficial),
making welfare predictions a priori ambiguous. However, the saturation effect illustrates that

in welfare terms these two implications balance out exactly.
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6 Perfect Good News

6.1 Equilibrium Characterization

We now turn to study equilibrium behavior when learning is via perfect good news. Asunder per-
fect bad news, the unique equilibrium is Markovian in the state variables (p¢, A¢). Surprisingly,
however, regardless of the potential for social learning in the economy, the unique equilibrium
under perfect good news does not exhibit any region of partial adoption and adoption at each

time is all-or-nothing:

Theorem 6.1. Let r,p,Ng > 0, po € (0,1), and \,e > 0. There exists a unique equilibrium.
In the unique equilibrium, Ny is Markovian in (py, A¢) (or equivalently (py, Ni)) for all t and

satisfies:
pN: if pr > p*
Ny = , (9)
0 if pr < p*.
where
)= (e+r)(p+r)

2(e+p)(etr)—ep

To prove Theorem [6.1] we again invoke the quasi-single crossing property for equilibrium
incentives established in Theorem Suppose Ny> is an equilibrium flow of adopters. Let p;>
and Wi>¢ be the corresponding no-news posterior and value to waiting, and let Ay;>q := /\NQO

describe the evolution of the economy’s potential for social learning. By Theorem there are

timesl?’zl

tT = 1nf{t . 2pt -1 < Wt},
t; = 1nf{t 2p — 1< Wt},

such that (appealing also to right-continuity) N must satisfy

Nt:pNt 1ft<t1,
2pe — 1 =W, ift € [t],t5)
Ny =0 it t > t5.
In the following, we build on this fact to establish the existence of a unique equilibrium as a

function of the parameter values. The following lemma establishes the all-or-nothing nature of

the perfect good news equilibrium:

3"With the usual convention that inf @ = 4o0.
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Lemma 6.2. Suppose either € > 0 or py # %@ Let Ni>o be an equilibrium with associated
threshold times t] and t5. Then t] = t5 =: t*.

Proof. See Appendix Section [

Thus, absent breakthroughs, all consumers adopt immediately if given the chance prior to
t*, and after t*, consumers stop adopting altogether and rely solely on information generated
by exogenous sources (if € = 0, both adoption and learning come to a permanent standstill at
this point). If a breakthrough occurs at any time (prior to or after ¢*), then from then on all
consumers adopt the innovation whenever given a chance.

To see the intuition for the all-or-nothing nature of the equilibrium, suppose we had ¢] < ¢3.
Then consumers would be indifferent between adopting and delaying at each time ¢ € (¢7,15).
As with perfect bad news, we can compare a consumer’s payoff to adopting at ¢ with the payoff

to delaying his decision by an instant and decompose the difference into two terms:

p
7(2pe — 1)dt + pe(AN; + €)dt (1 — 7“+p> .
The first term represents the gain to immediate adoption if no breakthrough occurs between
t and t + dt, which happens with instantaneous probability 1 — p;(AN; + €)dt. Just as with
perfect bad news, the gain to adopting immediately in this case is 7(2ps1q¢ — 1)dt, representing
time discounting at rate r and the fact that at ¢ 4+ dt the consumer remains indifferent between
adopting if given the chance and delaying. The second term represents the gain to immediate
adoption if there is a breakthrough between ¢ and t + dt, which happens with instantaneous
probability p;(AN; +¢)dt. Now the situation is very different from the perfect bad news setting:
A breakthrough conclusively signals good quality, so a consumer who delays his decision by an
instant will adopt immediately at his next opportunity. This results in a discounted payoff of
- ip, reflecting the stochasticity of adoption opportunities. On the other hand, by adopting at ,
p

the consumer receives a payoff of 1 > = immediately. Thus, regardless of whether or not there

is a breakthrough between ¢ and t 4 dt, there is a strictly positive gain to adopting immediately

at ¢, which contradicts indifference at t.

The above argument illustrates a fundamental difference between the bad news and good
news setting. In order to maintain indifference over a period of time between immediate adoption
and waiting, it must be possible to acquire decision-relevant information by waiting: Consumers

who are prepared to adopt at ¢ will be willing to delay their decision by an instant only if there

38Ife =0 and po = %, then it is easy to see that the unique equilibrium must be N = 0, so that t] =0 < t; =
+00.
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is a possibility that at the next instant they will no longer be willing to adopt. In the bad
news setting, this is indeed possible: If there is a breakdown between t and t + dt, then the
innovation is revealed to be bad and no one is willing to adopt from ¢ + dt on. On the other
hand, if learning is via good news, this cannot happen: A breakthrough between t and ¢ + dt
reveals the innovation to be good, so consumers strictly prefer to adopt from ¢+ dt on; if there is
no breakthrough, then consumers remain indifferent at ¢ 4 dt, so in either case the information
obtained is not decision-relevant Y

With Lemma the derivation of Theorem is straightforward. To this end, we show
that any equilibrium can be characterized in terms of a cutoff posterior that only depends on ¢,
p, and r. Given any equilibrium N;>¢ with associated no-news posteriors p;>o, value to waiting
Wi>0, and cutoff time ¢*, define

> - T ANGds)_ P~
H, = p, / (6 + ANpy,) e ETH T ANsds) L o=(r40)7 g
0 T+p

Thus, H; represents a consumer’s expected value to waiting at time t given that from ¢ on he
adopts only if there has been a breakthrough and given that the population’s flow of adoption
follows N. By optimality of Wy, we must have H; < W, for all ¢. We can define a lower bound
for Hy: For any posterior p € (0,1), let

- P o~(rtp) P

H(p,0) := ge T——e TP dr = .

(p, 0) p/o r+p Pt o)e+r+p)
H(p,0) represents a consumer’s expected value to waiting at posterior p, given that he adopts
only once there has been a breakthrough and given that breakthroughs are only generated
exogenously. Note that for all ¢, we have H(p;,0) < Hy: When breakthroughs are generated
both exogenously and at rate AVy, then the probability that a breakthrough is generated by any
given time is (weakly) greater than if learning is purely exogenous; this benefits a consumer who
only adopts once there has been a breakthrough. Moreover, for all t > t*, we have W; = H (py,0).
Recall the definition of p* in Theorem , p* = M, and note that p* is the

2(e+p)(e+r)—ep
unique solution to 2p* — 1 = H(p*,0). By definition of p*, if p, < p* at any time ¢, then

2pt_1§H(pta0) SHtSWD

39Note that breakthroughs do of course convey decision-relevant information at beliefs where consumers strictly
prefer to delay. But during a region of indifference, this cannot be the case.
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so for all ¢ < t*, we must have p; > p*. Conversely, if t* < +o0 and ¢ > t*, then
2pt -1 S Wt = H(pt70)7

so pr < p* for all £ > t*. We summarize this in the following lemma:

Lemma 6.3. Let N> be an equilibrium with corresponding cutoff time t* and no-news posterior
pi>o0- Then
pe>pt et <t

Given Lemma[6.2] and Lemmal6.3] the equilibrium characterization under perfect good news
follows readily. Equation @ is immediate from Lemma For fixed parameters, we then
obtain the unique equilibrium as follows: If pg < p*, then t* = 0 and Ny = 0 for all t. If
po > p*, then we must have t* > 0 and N; = pe PNy for all t < t*; if in addition € > 0 or
Do (1 + e_ANO) < 1, then t* < 400 is uniquely determined as the solution to

_ Po .
a po + (1 — po) est+(—e"")No —p (10)

Dbt

If instead py > p* and € = 0 and pg (1 + e*)‘NO) > 1, then Equation does not admit
a solution, and we must have t* = +oo: In this case, the potential for social learning in the
economy is so small that even a bad innovation is eventually adopted by all consumers, despite
the fact that no breakthroughs are ever generated.

As highlighted at the beginning of the section, the equilibrium under perfect good news is
Markovian in (p¢, A¢). However, in marked contrast to the bad news case, if € = 0, then adoption
behavior is independent of the discount rate r: Even very patient consumers will behave entirely
myopically, adopting the innovation at all posteriors above % and not adopting otherwise. If
€ > 0, then consumers’ forward-looking nature is reflected by the fact that the cutoff posterior
p* below which consumers are unwilling to adopt is % > % In both cases, the cutoff
posterior does not depend on A or Ny: Social learning only affects the time t* at which adoption
ceases conditional on no breakthroughs. Moreover, as under perfect bad news, it is easy to see

that holding fixed other parameters, Ag = ANy is a sufficient statistic for equilibrium behavior:

Lemma 6.4. Fixr,p >0, pp € (0,1), and ¢ > 0. Suppose that 5\]@0 = XoNo. Let Ny and N,
denote the unique equilibrium adoption flows under (;\, No) and (X, Ny), respectively, and let py,

t* and p;, t* denote the corresponding equilibrium beliefs and cutoff times. Then

(i). t*=t* ;
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(ii). pr = p¢ for all t
(iii). and AN; = AN for all t.

Proof. Immediate from the proof of Theorem [6.1] [

6.2 Shape of Adoption Curve
Theorem [6.1]has the following implication for the shape of adoption curves in good news markets:

Corollary 6.5. In the unique equilibrium of Theorem [6.1] the proportion of adopters in the

population is strictly increasing and concave for all t < t* and given by

t
Ati—/
0

If there is a breakthrough prior to t*, then the proportion of adopters is given by 1 — e=Pt for

z| =

Sds=1—e".
0

all t; if the first breakthrough occurs at s > t*,@ then adoption comes to a temporary standstill
between t* and s, and for all t > s, the proportion of adopters is strictly increasing and concave
and given by 1 — e~ P("+1=5)

Thus, as illustrated in Figure adoption proceeds in concave “bursts™ Up to time t*,
all consumers adopt the innovation upon their first opportunity, with the flow of new adopters
declining at the rate p at which adoption opportunities arrive. Conditional on no breakthroughs,
adoption comes to a standstill at time t*, because by that point consumers are pessimistic enough
about the product to prefer to delay adoption. If € > 0, then exogenous news sources might
generate a breakthrough after t*, in which case a second concave burst in adoption occurs.

While less common than the S-shaped curves we predicted under bad news,@ this type of
adoption pattern also corresponds to recurrent empirical findings. For instance, the marketing
literaturﬁ has coined the term “fast-break" product life cycle (PLC) to describe goods with
large initial sales volumes accompanied by a gradual decline in new purchases (implying a
concave adoption pattern), in contrast to S-shaped PLCs that initially feature low sales volumes

accompanied by a gradual increase in the number of new purchases. The textbook example for

49T his occurs only if £ > 0.

41The parameters used to generate the figure are: € = 1/2,r=1, p=1, A=0.5, and po = 0.7.

42Note that in our model purely concave adoption curves can also arise under bad news if the economy’s
potential for social learning is relatively limited or consumers are very optimistic (so that ¢J = ¢3). The key
difference is that under perfect good news adoption curves are necessarily concave, even in economies with a
large potential for social learning or with fairly pessimistic and forward-looking consumers.

43¢t [Keillor| (2007) pp. 51-61.
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fast-break PLCs is the movie industry@ as illustrated in Figure@ Given that the movie industry
is also sometimes cited as a typical example of a good news markeﬁ with learning occurring
predominantly via positive events such as awards and recommendations in social media, this

finding appears to be in line with our model.
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04|

Adoption (%)

02|

00|
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t

Figure 8: Adoption Curves under Perfect Good News (blue = breakthrough before t*; yellow =
breakthrough after ¢*; pink = bad quality)

6.3 The Effect of Increased Opportunities for Social Learning

To further illustrate the distinction between good news and bad news markets, we now study
the effect of increased opportunities for social learning under good news. In contrast to our
results under perfect bad news, we find that increased opportunities for social learning (es-
sentially) always speed up learning, leave initial adoption levels unaffected, and are strictly
welfare-improving—all three results are due to the absence of partial adoption regions under
good news. Throughout this section, we fix r,p > 0, pg € (0,1), and £ > 0, and let p* denote

the equilibrium cutoff posterior:

. rtp)rte)
20+ p)(r + )~ pe

b

41 Additional evidence can be found in|[Davies| (1979)’s study of the diffusion of 22 post-war process innovations
among industries in the UK. In the context of his probit model of innovation diffusion, he finds that while
S-shaped (logistic) diffusion paths are characteristic of complex and expensive innovations, they are less suited
to fitting the diffusion paths of simpler and less expensive innovations, which typically feature rapid, essentially
concave growth from the beginning and are better approximated by a lognormal model.

45Cf. |Board and Meyer—ter—Vehn| (2013)
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Summer Blockbusters, 2008 - First 10 Weeks Cumulative Box Office by Days in Release
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Figure 9: “Adoption” patterns for various blockbuster movies (Source: McLaren and DePaolo|

(2009))

which is independent of the potential for social learning. Given that all other parameters are
fixed, Lemma implies that Ag = ANy is a sufficient statistic for all the quantities we consider

in this section.

6.3.1 Learning Speeds Up

We first turn to the effect of increased opportunities for social learning on equilibrium beliefs.
As a result of the all-or-nothing nature of the perfect good news equilibrium, we can see that
learning necessarily speeds up—this is in contrast to the possibility of nonmonotonicities due to

partial adoption under perfect bad news. More precisely:

Proposition 6.6. Fiz Ay > Aﬂ and let t* (Ao), pfo and t*(Ag), pé\o denote the corresponding
equilibrium cutoff times and posteriors conditional on no breakthrough.
(). If po > p*, then

e 0 < t*(Ag) < t*(Ao)
o p20 < pM forallt >0

A A
* pt*o(f\o)Jrk = P (ag) 1k Jor all k= 0.

*If e = 0 we assume that po (1 + e_AO) < 1 so that t*(Aop) < 0.
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(ii). If po < p*, then
o t*(Ag) = t*(Ag) =0

° p?o = p?o for all t.

If po > p*, then conditional on no breakthroughs, all consumers adopt immediately upon an
opportunity until the time t* at which the cutoff posterior p* is reached. By Theorem|[6.1], there is
never any partial adoption, so that an increase from Ag to Ao directly translates into a faster rate
of social learning at all times ¢ prior to min{t*(Ag), #*(Ag)}: ANy = pe " Ay < pe PtAg = AN;.
Since the cutoff posterior p* is independent of social learning, this implies that t*(Ag) < t*(Ag)
and that learning is strictly faster under Ao at all times. However, once the cutoff posterior is
reached, information is generated at the constant exogenous rate e, which means that conditional
on t > t*, beliefs depend only on ¢ — ¢*, as summarized in the third bullet point under (i).

On the other hand, if pg < p*, then all consumers rely entirely on the exogenous news source

from the beginning, so the potential for social learning is irrelevant.

6.3.2 No Initial Slowdown of Adoption

The all-or-nothing nature of the perfect good news equilibrium also implies that increased op-
portunities for social learning do not affect initial adoption levels—this is again in contrast to the

possibility of initial slowdowns due to partial adoption under perfect bad news. More precisely:
Proposition 6.7. Suppose Ay > Ao.
(i). If po > p*, then:
o For allt < t*(Ao), Ai(Ao;0) = Ay(Ao;0) =1 —e~** for 6 = B,G.
o For allt > t*(Ag), Ai(Ao;0) < Ai(Ao;0) for 6 = B,G.
(ii). If po < p*, then for all t:

o Ai(Ag;B) = At(AO;B) =0;

0
o A;(Ao; Q) = Ay(Ag; G) = (1 - Le_at) + ﬁe‘pt.

Until t*(f\o) all consumers adopt immediately upon an opportunity under both Ag and Ay
regardless of the quality of the innovation. However, from ¢* (Ao) on, expected adoption levels are
strictly lower under Ao than under Ag: If the innovation is bad, this is because adoption comes
to a permanent standstill under Ay (until a further breakthrough generated by the exogenous

information ¢), but continues until t*(Ag) under Ag. If the the innovation is good, the result
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is again immediate for all ¢ < ¢*(Ap) since adoption occurs at the maximal rate under Ag. For
t > t*(Ag), there are two opposing effects: On the one hand, the guaranteed lower bound on
adoption is higher under Ag, but on the other hand the probability of a breakthrough occurring
prior to time ¢ is always higher under Ag. We show in the Appendix Section that the former
effect dominates.

On the other hand, if py < p*, then increased opportunities for social learning once again
have no effect at all on adoption levels, because no consumers adopt until the exogenous news

source generates a breakthrough.

6.3.3 No Saturation Effect

Proposition showed that from time t*(f\o) on, adoption levels for both good and bad quality
products are strictly lower under Ao > Ag than under Ag. In welfare terms, the former effect
is harmful while the latter is beneficial. This raises the question whether welfare under perfect
good news might be subject to a similar saturation effect as under bad news. Provided py > p*

and € > 0, the answer is negative:

Proposition 6.8. Suppose Ao > Ao.
e Ifpyg>p* and e >0, then Wg(f\o) > Wo(Ay).
o [fpyg <p* ore=0, then WO(AO) = Woy(Ap) .

Thus, in contrast to the perfect bad news case, increased opportunities for social learning
are always strictly beneficial, except in two cases: If consumers rely entirely on exogenous
information (py < p*), or if there is no exogenous information (¢ = 0). Welfare-neutrality in
these two exceptional cases is clear: Increased opportunities for social learning can have an effect
on welfare only if there are histories at which a consumer’s decision whether to adopt or delay
is affected by information generated as a result of social learning. If py < p*, then consumers’
behavior depends only on information obtained exogenously (and no adoption ever takes place
ife=0). If e =0and pg > p* = %, then consumers are willing to adopt at all histories, since
no matter how large Ag, the equilibrium posterior always remains weakly above %

On the other hand, if pg > p* and ¢ > 0, then under both Ay and Ay consumers adopt
immediately upon first opportunity until p* is reached and from then on delay adoption until
there has been a breakthrough. Moreover, the probability 7* of a breakthrough occurring prior
to p* being reached is the same under both Ay and Ag: 7 = i:gi’. And because learning
occurs at the same rate once p* is reached, the continuation value W* conditional on p* being

reached is also the same: W* = p* fooo z—:e_(a“‘r)t%dt = 2p* — 1. So the only difference is that
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conditional on no breakthroughs, the time t* at which p* is reached occurs earlier under Ag. To

see that this is strictly beneficial, note that Wy is composed of the following two terms:

Wo(Ao) = (1 - e’(’”“)t*(Ao)) % (2po — 1) + e~ TPt (A0) <7T*T _i . +(1—77) W*> ;
and similarly for Ag. The first term represents the case when a consumer receives an adoption
opportunity prior to time t*, and the second represents the case when a consumer’s first adoption
opportunity occurs after t*. Conditional on either of these cases occurring, the expected payoff
is the same under both Ay and AO, but the time-discounted probability e~ ("t with which the
second case occurs is strictly greater under A(). This is strictly beneficial, because the expected

payoff in the second case is strictly greater:

<7T*rip+(17r*)(2p*1)>7°L>(2p01): rip(liw*)@p*ilbo'

Intuitively, in the second case the consumer adopts the innovation only once it has been revealed
to be good while in the first case he adopts it regardless of its quality, and the resulting benefit
from avoiding a bad innovation outweighs the cost of possibly having to delay adoption of a
good innovation.

Nature of Inefficiency: Even though there is no saturation effect and consumers are able to
always benefit from increased opportunities for social learning, equilibrium adoption behavior is
not in general socially optimal. Let p* denote the cutoff posterior for the cooperative benchmark
derived in Proposition [3.2]

Proposition 6.9. Ife = 0, equilibrium adoption behavior is socially optimal if and only if either
po(l + e‘AO) >1 or Inequality@ holds. If € > 0, then equilibrium adoption behavior is socially
optimal if and only if p° > po.

Consider first the case where ¢ = 0. Then if po(1 4+ e~A0) > 1, we have that t* = t* = +o0;
and if Inequality [5| holds, then t* = t®* = 0. For the converse and to deal with the case when
€ > 0, it then suffices to show that p® < p*: This implies that whenever pg > p®, then conditional
on no breakthroughs adoption ends too soon in equilibrium (or doesn’t take place at all if py < p*
even though the cooperative benchmark prescribes some initial adoption). On the other hand, if
po < p°, then both the cooperative benchmark and the equilibrium prescribe no adoption until
there has been an exogenously generated breakdown. Note that adoption ending too soon under
the perfect good news equilibrium is the analog of adoption beginning inefficiently late under

perfect bad news. However, since the perfect good news equilibrium does not feature regions of
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partial adoption, there is no analog of the second type of inefficiency that arose under perfect
bad news: Whenever adoption does occur under perfect good news, it takes place at an optimal
rate.

To see that p® < p*, note that

(2— B )p*—lzo.
E+rp+r

Using the above equality and evaluating the derivative of the objective function of the cooper-

ative problem in Equation |3| at p*, we obtain:

e T _ « P =
1 —7%)p*Agpe " et _L_ Ny ) > 0.
( T )p" Aop 5+r< Py 0
This shows that t* > t* and so p® < p* as the objective function of the cooperative problem is

single-peaked.

7 More Social Learning Can Hurt: An Example

In Proposition [5.9| we established the saturation effect, whereby increased opportunities for social
learning under perfect bad news are welfare-neutral when Ay is sufficiently large relative to the
other fundamentals. Nevertheless, under the assumption of completely homogeneous consumers
in the previous sections, increases in Ag never produced ex ante welfare losses. In this section, we
establish the surprising result that when consumers are heterogeneous, increased opportunities
for social learning can strictly hurt some consumers and bring about Pareto-decreases in ex ante
welfare. To illustrate this, we introduce some heterogeneity in consumers’ patience levels.

Consider a population consisting of two types of consumers: There is a mass M} of patient
types with discount rate 7, > 0 and a mass Mé of impatient types with discount rate r; > r,. To
simplify the analysis we assume that e = 0 and py > 1/2, although our arguments easily extend
to the case where € > 0. Because our purpose is simply to construct an example illustrating the
possibility of welfare loss, we restrict attention to a perfect bad news setting.

To construct our example, we begin by examining equilibria in which only types with discount

rate r, exist in the economy. Recall from Section that for any discount rate » > 0, we can

define the function A} implicitly for every p € (3, ;:er) by

[ee]
2p— 1= Gy(p, AX(p)) = / pe= O (p— (1 = p)e= 8= ) ar.
0
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Then by Theorem , whenever py < pp:;?f’p and AMP > AME > A7 (po), then in the game con-
sisting solely of consumers of type 7,, the two equilibria corresponding to information structures
X and A both feature initial regions of partial adoption.

The main argument in the construction of our example is to consider heterogeneous
economies where the mass Mé of impatient types is very small, holding fixed the mass of patient
types at MS’ . More specifically, we show that when the mass of impatient types is sufficiently
small, the equilibrium behavior of the patient types in both equilibria (under information process
A and A) approximates the behavior in the corresponding equilibria when only patient types are
present. Then using arguments about the properties of equilibria in the game with only patient
types, in particular the non-monotonicity result for learning established in Proposition [5.11] we

can obtain the following result:

Theorem 7.1. Suppose 0 < r, < r; < +00. Fiz MY > 0 and A > X\ > 0 such that A\M{ >
AME > A7 (po). Then there exists n > 0 such that whenever M < n, Wé(j\) < W¢(N) and
Wg(j\) = WE(N). Thus, whenever M{ < n, the ex ante payoff profile in the \-equilibrium

Pareto-dominates the ex ante payoff profile in the S\—equilibm’um and
MEWE(A) + MEWE(X) < MgW5(N) + MgWg (N).

Here we sketch the main arguments of the theorem. Consider first an economy consisting
only of types with discount rate r,: M =0 and M} > 0. If XM{; > M > A7 (po), then the
two equilibria corresponding to information structures A and A both feature initial regions of
partial adoption. Thus W(I]D(j\) =WE) =2py — 1.

Now consider the payoffs that a hypothetical type r; (even though such a type does not
exist in this economy) would obtain if he were to behave optimally when faced with the flow
of information generated in each of these equilibria. Because an optimal strategy (there will be
a continuum of optimal strategies) of a consumer of type 7, is to adopt upon first opportunity
absent breakdowns, it is straightforward to show that an optimal strategy of such a hypothetical
type r; would also be to adopt upon first opportunity.

Given this, the payoffs of the hypothetical type r; in the two equilibria are given by the
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following two expressions:

o0

WEN) = /pe_(Ti+p)T]9E] <2pi‘ - 1) dr
/ P
i _ —(ri+p)T PO A
W5(A) /pe » <2pT 1) dr.
0

Furthermore, patient types begin in a partial adoption phase in both equilibria:

20 — 1= WEA) = [ perotor 20 (2p§ - 1) dr

P

2p0_1:W(2)7()‘): p)\

pef(r”er)Tp—o (2p;\ — 1) dr.

Recall from Proposition that there exists ¢ > t* := t5(\) such that pi‘ = p for all
T < t¥, pi\ < p) for all 7 € (t*,7) and pi\ > p2 for all 7 > #. We now exploit the expressions
for the value to waiting of the two types together with the deceleration of learning at times just
after t* to obtain the result. Intuitively, because WZ(X) = WL (A) = 2pg — 1, the deceleration
in learning followed by a later acceleration must balance out exactly so that the patient type r,
obtains the same ex ante payoff under A and \. But then these adjustments must strictly hurt
the less patient hypothetical type r;, because relative to type ry, type r; weights the losses due
to the slow down of learning more heavily than the benefits that arrive at later times@

To complete the proof, we can show that even when M > 0, as long as M is sufficiently
small, we must still have WE(A) < Wi(\) and WP(X) = WP(\). The first inequality is the
result of a simple continuity argument. The second equality comes from the fact that even
upon perturbing M{ slightly, the patient type must continue to partially adopt initially in both
equilibria.

Note that a crucial assumption underlying the above argument is that adoption opportunities
are stochastic and limited. When p is finite, because of a natural delay in adoption, the impatient
types may not receive any adoption opportunities for a long time. As a result, if an impatient
type obtains his first adoption opportunity late in the game, then the information available at
that point in time would be strictly lower under the equilibrium with information process A

than A. This decrease in information (due to increased free-riding of the patient types) when

47A formal argument is provided in Appendix Section
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impatient types receive adoption opportunities late in the game is precisely the cause of the
impatient type’s welfare loss. If on the other hand consumers were able to adopt freely at any
time, then the impatient types would incur no losses as they would adopt at exactly time 0
in both the A\ and S\—equﬂibria. Thus the example here illustrates an interesting interaction

between heterogeneity and delays due to limited opportunities for adoption.

8 Conclusion

This paper develops a model of innovation adoption when consumers are forward-looking and
learning is social. Our analysis isolates the effect of purely informational incentives on aggregate
adoption dynamics, learning, and welfare, and highlights the way in which these incentives vary
across different informational environments. The possibility of free-riding in the form of partial
adoption is found to be particularly important, because it casts doubt on the the received
wisdom that the recent internet-driven surge in opportunities for social learning should speed
up learning and benefit consumers. Owing to the advantages of continuous time and Poisson
learning, the model is very tractable, yielding closed-form expressions for key quantities and
allowing us to compute numerous comparative statics.

We briefly discuss some questions for ongoing and future research that could build on the
modeling framework and techniques developed in this paper. Current work in progress relaxes
the assumption of perfect Poisson learning to allow for signals that while indicative of bad
(respectively good) quality are not conclusive. Serving as a robustness check for our results
obtained under perfect Poisson learning, preliminary results suggest that many key qualitative
features are preserved, for example the possibility of partial adoption regions in bad news markets
(which once again coincide with convex growth in adoption levels) as well as the absence of such
regions under good news learning. In addition, the extension to imperfect Poisson learning
introduces interesting new questions that cannot be studied when signals are conclusive. For
example, when ¢ = 0, then under imperfect (but not under perfect) bad news it is possible for
good innovations to fail, because even good products can generate strings of breakdowns that
might permanently halt adoption. This suggests investigating the “fragility” of the adoption
process as a function of parameters such as the initial market belief and the relative rates at
which bad and good products generate breakdowns.

Further work in progress relaxes the assumption that signals are public. To see the idea,
suppose that learning is social, but that signals derived from past adopters’ experiences are
observed privately and independently (at rate AN;) by each remaining consumer, instead of

publicly and simultaneously as in the model in this paper. This captures the intuition of decen-
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tralized social learning, for example when consumers frequent different blogs and social media
platforms. Assuming that at any time consumers make inferences based only on their own
private signals and on the expected number of adopters in the population, another interesting
difference between bad news and good news markets emerges: Under bad news, a consumer
who privately observes a breakdown will never adopt the innovation in the future and hence will
never generate any signals himself; this has a dampening effect on the production of informa-
tion in the economy and reduces free-riding incentives. By contrast, consumers who privately
observe breakthroughs under good news will adopt the innovation at their next opportunity,
thus amplifying information production in the future and increasing free-riding incentives. This
difference has important implications for aggregate adoption dynamics and for the impact of
increased opportunities for social learning.

Finally, moving beyond our focus in this paper on the purely informational aspects of the
problem, one could explore the implications of incorporating consumer heterogeneity and pricing
motives into the model. As we saw in Section [7] heterogeneity can interact in interesting
ways with informational free-riding incentives, sometimes rendering increases in the potential
for social learning strictly harmful. A more general characterization of this interaction under
more complex distributions of consumer heterogeneity appears challenging but desirable. As
for pricing, assume that the innovation is sold by a forward-looking monopolist who does not
have any influence on the quality of the innovation and has access to exactly the same public
information as consumers, but can influence the endogenous production of information via the
price. As a simple first step, we could restrict the monopolist to setting a single fixed price
and compute comparative statics on this price and on welfare under increased opportunities for
social learning. More challengingly, we could allow the monopolist to commit to a time path
of prices, examining for instance how the fact that information is generated endogenously by
consumer purchases affects the monopolist’s incentives for intertemporal price-discrimination
relative to the well-known complete information results of [Stokey| (1979). We leave these two

topics as interesting avenues for future research.

o1



References

BANDIERA, O. AND I. RASUL (2006): “Social Networks and Technology Adoption in Northern
Mozambique,” Economic Journal, 116, 869-902.

BAPTISTA, R. (1999): “The diffusion of process innovations: a selective review,” International
Journal of the Economics of Business, 6, 107-129.

BERGEMANN, D. AND J. VALIMAKI (1997): “Market Diffusion with Two-Sided Learning,”
RAND Journal of Economics, T73-795.

(2000): “Experimentation in Markets,” Review of Economic Studies, 67, 213-234.

BOARD, S. AND M. MEYER-TER—VEHN (2013): “Reputation for Quality,” Econometrica, forth-

coming.
BoLrToN, P. AND C. HARRIs (1999): “Strategic Experimentation,” Econometrica, 67, 349-374.

CHAMLEY, C. AND D. GALE (1994): “Information Revelation and Strategic Delay in a Model

of Investment,” Econometrica, 1065-1085.
CHE, Y.-K. AND J. HORNER (2013): “Optimal Design for Social Learning,” Mimeo.

CoNLEY, T. G. AND C. R. UDRyY (2010): “Learning about a New Technology: Pineapple in

Ghana,” American Economic Review, 100, 35-69.
Daviges, S. (1979): The Diffusion of Process Innovations, Cambridge: CUP Archive.

ELLISON, G. AND D. FUDENBERG (1993): “Rules of thumb for social learning,” Journal of
Political Economy, 101, 612-643.

FOSTER, A. D. AND M. R. ROSENZWEIG (1995): “Learning by Doing and Learning from
Others: Human Capital and Technical Change in Agriculture,” Journal of Political Economy,
1176-12009.

GEROSKI, P. A. (2000): “Models of technology diffusion,” Research policy, 29, 603-625.

Gorr, M. AND S. KLEPPER (1982): “Time paths in the diffusion of product innovations,”
Economic Journal, 92, 630-653.

GRILICHES, Z. (1957): “Hybrid Corn: An Exploration in the Economics of Technological
Change,” Econometrica, 25, 501-522.

52



Havac, M., Q. Liu, AND N. KARTIK (2013): “Optimal Contracts for Experimentation,”

Mimeo.

JENSEN, R. (1982): “Adoption and Diffusion of an Innovation of Uncertain Profitability,” Jour-
nal of Economic Theory, 27, 182-193.

KAPUR, S. (1995): “Technological Diffusion with Social Learning,” Journal of Industrial Eco-
nomaics, 43, 173-195.

KEILLOR, B. D. (2007): Marketing in the 21st Century, vol. 4, Greenwood Publishing Group.

KELLER, G. AND S. RADY (2010): “Strategic Experimentation with Poisson Bandits,” Theo-
retical Economics, 5, 275-311.

(2013): “Breakdowns,” Mimeo.

KELLER, G., S. RADY, AND M. CRrIPPs (2005): “Strategic Experimentation with Exponential
Bandits,” Econometrica, 73, 39—68.

MacLeop, W. B. (2007): “Reputations, Relationships, and Contract Enforcement,” Journal
of Economic Literature, 595-628.

MANSFIELD, E. (1961): “Technical Change and the Rate of Imitation,” Econometrica, 29, 741
766.

(1968): Industrial Research and Technological Innovation: An Econometric Analysis,
New York: Norton.

McLAREN, C. H. AND C. A. DEPAOLO (2009): “Movie Data,” Journal of Statistics Education,
17.

MunsHI, K. (2004): “Social Learning in a Heterogeneous Population: Technology Diffusion in

the Indian Green Revolution,” Journal of Development Economics, 73, 185-213.

MurtO, P. AND J. VALIMAKI (2011): “Learning and information aggregation in an exit game,”
Review of Economic Studies, 78, 1426-1461.

NARAYANAN, V. K. AND G. C. O’CONNOR (2010): Encyclopedia of Technology and Innovation
Management, Wiley-Blackwell.

PERsONS, J. C. AND V. A. WARTHER (1997): “Boom and Bust Patterns in the Adoption of

Financial Innovations,” Review of Financial Studies, 10, 939-967.

53



ROSENBERG, D., E. SoLAN, AND N. VIEILLE (2007): “Social Learning in One-Arm Bandit
Problems,” Econometrica, 75, 1591-1611.

STOKEY, N. L. (1979): “Intertemporal Price Discrimination,” The Quarterly Journal of Eco-
nomacs, 93, 355-371.

Young, H. P. (2009): “Innovation Diffusion in Heterogeneous Populations: Contagion, Social

Influence, and Social Learning,” American Economic Review, 99, 1899-1924.

54



A Preliminary Mathematical Tools for Equilibrium Analysis

A.1 General Properties of the Value to Waiting

Throughout this section N denotes an equilibrium adoption flow, with associated value to
waiting WY and no-news posterior p". We we establish some basic mathematical properties of
the value to waiting W corresponding to any equilibrium adoption flow N.

Lemma A.1. Let N be an equilibrium flow of adopters. Then W} is continuous in t.

Proof. This is immediate from Lemma . Note that W/ can be written as:

for some h € L'[0,00) N L>®[0,00). Then it is immediate that W/ is continuous in . [

Lemma A.2. Suppose that N is an equilibrium and that WtN < Qp{V — 1 for some t > 0.
Then there exists some v > 0 such that W} is continuously differentiable in t on the interval
(t—v,t+v) and

W =(r+p+ (ea + AaN)pi + (e + ApN)(1 — p )W

—o2pN — 1) — pN AN —2—
p(2p; )pT(€G+Gt)p+T

Proof. By Lemma W must be continuous in ¢. Because 2p}¥ — 1 is continuous in ¢, there
exists some v > 0 such that W~ < 2pN —1 for all 7 € (t —v,t +v). This means that N, = pN,
for all 7 € (¢t —v,t+v) and so N, must be continuous at all 7 € (¢ —v,t+v). From Lemma [2.4]
W2 can be rewritten for all 7 € (t — v,t + v) as

t+v
WN _ / pe—(p+r)(s—7—) (p7]_\/e— ff(ec—i-)\ng)dx N (1 . pi\f)e— ff(EB-l-)\BNx)dm) ds

T

4 e (rEp)(t+v—T) (piv e~ [-EatAaNa)dr | () _ pN e fﬁu(gB“BM)dm) Wik
t+v
_|_ / pe_(p+T)(5_T)p7J_V (1 - 6_ f:(EG—"_}\GNZ)dx) dS

T

4 e~ (o) (=) N (1 _e*f:+y(€G+Ach)dx> P
T p+r

From this it is easy to see that WV is continuously differentiable with respect to 7 for all
TE(t—vt+v).
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The derivative can be computed using Ito’s Lemma for processes with jumps. Given the
perfect Poisson learning structure, the derivation is simple and we provide it here for complete-
ness.

As above, for any A <t + v — 7 we can rewrite W' as

T+A

T

T

THA THA
1o (rtpA (pive_ [T 2 (eg+AGNa)dz +(1—pN)em It (aB—l—)\BNx)dx) WT]XLA

T+A
+ / pef(rer)(sf‘r)pﬂ]_V (1 e ff(sc+)\gNz)d:ﬂ> ds

T

4 e (r+PAN (1 e f:+A(EG+)\GNI)dx> P
T p _"_ r

Since this is true for all A € (0,¢+ v — 7), the right hand side of this identity, which we denote
RA, is continuously differentiable with respect to A and satisfies d%RA = (. Taking the limit

as A — 0 and since WTN = lima_,g %Wf_\i A by continuous differentiability, we then obtain that

WY = (r+p+ (ea+AaNe)pr + (5 + ApNo) (L= pe)) W = p(2p; = 1) = pr(ea + AaNr) L,

as claimed. [ |

We can prove a similar lemma for the case in which the equilibrium value to waiting is
strictly above the payoff to adopting today.

Lemma A.3. Suppose that N is an equilibrium and that WtN > 2piV — 1 for some t > 0.
Then there exists some v > 0 such that W} is continuously differentiable in t on the interval

(t—v,t+v) and
0

WtN = (7"+pr6(; +(1 —pfv)ag)WtN —piva(;ﬁ.

Proof. The proof of continuous differentiability of W}V follows along the same lines as in the
proof of Lemma Lemma again implies that if WtN > 2p§v — 1, then there exists v > 0
such that W~ > 2pY — 1 for all 7 € (t — v, t + v). By the definition of equilibrium, N, = 0 for
all 7€ (t —v,t+v).

Hence, WX satisfies

T

W7{V _ e—r(t—i—u—r) (p
t+v

N —(eg+r)s_P d
+ o /6(;6 Py s.

Ne—ag(t—f—u—r) + (1 - py)e—ag(tﬁ-u—r)) Wt]—\if-u

T
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From this it is again immediate that W2 is continuously differentiable in 7.
To compute the derivative, we can proceed as above, rewriting WTN as

T+A

W;V _ e—rA (p‘]r\/e—EGA + (1 _p7]—\7>e—EBA) Wt]-\if—A +ps / 806_(EG+r)s%d8
r
J p
forany A <t+v—r.
Differentiating both sides of the above equality with respect to A and taking the limit as
A — 0, we obtain:

WN (7’+p76G+(1—pT)5B)W —pT p—i—r’

as claimed. [

A.2 Special Properties of the Value to Waiting under PBN

Here we focus on learning via perfect bad news. By Equation|l] an upper bound on the no-news
posterior is given by:
1 ife >0,

/’L(gaA()va) = { .
porpe s 1e=0

We now show that absent breakdowns, this posterior is attained in the limit.

Lemma A.4. Let N be an equilibm’um under PBN. Suppose that € > 0 or pg > 1/2. Then
P — ule, Ao, po) and W — - (2u(e, Ao, po) — 1) as t — oo,

e

Proof. Consider first the case in which ¢ > 0. Then trivially p)¥ — 1 as t — co. So for any
v > 0, there exists some t* such that whenever ¢ > t*, then 1 — p¥ < v.
Then we can produce upper and lower bounds on W;V:

P P P P
1—v)— v —— (2 <whN
p+ r( ) p+r  p+r (2" —1) K p + 7
Since this is true for any v > 0, it follows that lim;_ . Wt as claimed.

p+r
Now suppose that € = 0 and py > 1/2. Then note that Wt < 2p,{v — 1 for all t: Indeed,

suppose that W2 > 2p/N — 1 for some t. We can’t have that WN > 2p¥ — 1 for all s > t,
since otherwise Wt =0, contradicting W > 2pN —1 > 0. But then we can find s > ¢ such
that WV = 2pS —1and WY > 2pY — 1 for all s’ € (t,s). This implies N, = 0 for all ¢,
and hence W = e~7(s— t)WN = e”"(s D2pN — 1) = e 7= (2pN — 1), again contradicting
WtN>2ng—1>o.

Let N* := limy_,oo fot Ngds = sup, fg Nyds < Ny. Let p* := limy_,o0 p)¥ = sup, p). For any
v > 0 we can find ¢* such that whenever ¢t > ¢*, then e~ Nsds 5 1y Because 2pN —1 > WH
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for all £, we can then rewrite the value to waiting at time ¢ as:

(o]
W = /pe‘(”"” (piv — (1= pM)e N Nsds) dr
t

IN

et (AR R URIERR)

for all ¢ > t*. Moreover, by optimality W}V > TL(QP?[ — 1) for all ¢, so combining we have

p
p+r

* . : N : N 14 * ¥ _
(2p _1)§tli>n<;lomfwt §tli>rgosuth Sir—l—p(p (1-p")(1—-v)).

Since this is true for all v > 0, it follows that

tlg& Wi = s +p(2p 1).

But the above is strictly less than 2p* — 1, so for all ¢ sufﬁci_ently large we must have 2p£v —-1>
WHN. Then for all ¢ sufficiently large, we have N; = pN;. Thus, N* = Ny and therefore

p* = (e, Ao, po)- |

B Quasi-Single Crossing Property for Equilibrium Incentives
B.1 Proof of Theorem [4.1] under Perfect Good News
From now on we drop the superscript N from W and p.

Proof. The proof consists of two steps. In the first step, we show that whenever W; = 2p; — 1,
then W, > 2p, — 1 for all 7 > t. In the second step, we show that whenever W; > 2p; — 1, then
Wr > 2p; — 1 forall 7 > t.

Step 1: Suppose W; = 2p; — 1 at some time ¢ and suppose for a contradiction that at some
time s’ > t, we have Wy < 2py — 1. Let

s* =sup{s < s : W, =2ps —1}.

By continuity, s* < s/, Wy = 2pg-—1, and W, < 2p;—1for all s € (s*, s'). Then by Lemmal[A.2]
the right hand derivative of Wy — (2ps — 1) at s* exists and satisfies:

> 0.

llfsr’{ Ws - 2ps = 7"(2]95* - 1) + ps= (EG + )\GNS*) p+r

This implies that for some s € (s*, s") sufficiently close to s* we have Wy > 2p, — 1, which is a
contradiction.
Step 2: Assume W; > 2p; — 1 at some t and suppose for a contradiction that there exists
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s’ >t such that Wy = 2pys — 1. Let
=inf{s > ¢: W; =2ps — 1}.

By continuity, s* > t, W = 2pg« — 1, and W > 2ps — 1 for all s € (¢, s*). Then by Lemma
the left-hand derivative of Wy — (2ps — 1) at s* exists and is given by:

eqg > 0.

. T
slTIsI} E Ps T( Ps )+ps P

This implies that for some s € (¢, s*) sufficiently close to s*, we must have Wy < 2p; — 1, which
is a contradiction. |

B.2 Proof of Theorem 4.1l under Perfect Bad News

Proof. The proof consists of two steps. In the first step, we show that whenever W; = 2p; — 1,
then W, < 2p, —1 for all 7 > ¢. In the second step, we show that whenever W; < 2p; — 1, then
W, < 2p; — 1 for all 7 > t.

Step 1: Suppose Wy = 2p; — 1 at some time ¢ and suppose for a contradiction that at some
time s’ > ¢ we have Wy > 2py — 1. Then because Wy — £ (2u(e, A, po) — 1) < 2u(e, A, po) — 1
by Lemma there exists s <5 such that Wy = 2p, — 1, Wy = 2pg — 1, and W, > 2p, — 1 for
all s € (s,5). By Lemma we have the following two limits:

liin We = (r+ (1 —ps)e)(2ps — 1).

lia 1, = (1 + (1~ pe)e) (2ps — 1),
Also, as usual
lmi(2 —1) =2ps(1 — py)
51¢s ds Ds = 4Ps Ps)e

d
lim — (2ps — 1) = 2ps(1 — ps)e.
Slglds(p ) = 2ps(1 — ps)e

In order that Wy > 2ps; — 1 for all s € (s,35), we need:

(r+ (1 —ps)e)(2ps — 1) = 2ps(1 — ps)e
(r+ (1 —ps)e)(2ps — 1) < 2ps(1 — ps)e
Rearranging we get:
r(2ps — 1) > (1 —ps)e
r(2ps — 1) < (1 — pg)e.

But this is impossible given that ps > p,. This completes the proof of Step 1.
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Step 2: Suppose that Wy < 2p, — 1 and suppose for a contradiction that there exists some
s’ > t such that Wy > 2pys — 1. Define

s=inf{s' >t: Wy > 2py — 1}.

By continuity, W, < 2p; — 1 for all 7 € [t,s) and W, = 2ps — 1.
Furthermore, by Lemma@, there exists some s > s such that 2pz—1 = Wz and 2ps—1 > W
for all s > 5. By Lemma we have the following two limits:

H, = 111{11 (Ws - %(st - 1)> =r(2ps — 1) — (e + ApNs) (1 — ps)

H; = lim <WS - %(2})5 — 1)> =r(2ps—1)— (E + )\p]\_fg) (1—ps).

sls

As usual, because Wy < 2ps — 1 for all s € (¢,s) and for all s > 5, we must have Hy > 0 and
Hs < 0. But since ps > ps, this is only possible if s =5 =: s* and Hy« = Hy = Hs = 0.
Thus,
r(2ps — 1) = (€ + ApNg+) (1 — ps+).

Now consider any s € [t, s*). Because ps < ps+ we must have
r(2ps — 1) < (e + ApN;) (1 — ps).
Combining this with the fact that W, < 2p, — 1 and N, = pN, yields
rWs < (e +XpNs) (1 = ps) < (2p = Wy) (e + ApNs) (1 = ps) + p(2ps — 1 — W),
Rearranging we obtain:
0 < —rWs+p(2ps — 1 = W) + (2p — W) (e + ApNs) (1 — ps).
But by Lemma the right-hand side is precisely the derivative %(st -1)— W,. This implies

that for all s € [t,s*), 2ps — 1 — W is strictly increasing, contradicting continuity and the fact
that 2pg« — 1 = Wy«. This concludes the proof of Step 2. |

C Equilibrium Uniqueness and Characterization

C.1 Equilibrium Characterization under Perfect Bad News

In this section, we do not impose Conditions or . Recall that p* := min{p, p*}, where

_ e+
p'_6+2r’
f._ ,0+’l“
P Copt2r
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Recall the definition of G : [0,1] x Ry — R:
G(p,A) = /PB(HP)T (p -1 —p)e_(”JrA(l_epr))) dr.
0
We extend the function to the domain [0,1] x (R4 U {400}) by defining:

L p
ptr

G(p,+o0) :=

Finally, recall the definition of A* : (0,1) — Ry U {+o00}:

A*(p) =0 if p < p,
2p—1=G(p,A*(p)) ifpe (p.pf)
A*(p) = +o0 p > ph.

The proof of Theorem proceeds in three steps. Assuming that N is an equilibrium, we
show in Lemma [C.1|that if t] < ¢, then the evolution of adoption behavior on (¢}, 3) is uniquely
pinned down by an ODE. We next prove Lemmal5.4] which provides a characterization of ¢ and
t5 in terms of (p¢, A¢). Given these two steps uniqueness is clear. Finally, we check feasibility in
Lemma [C.4] proving equilibrium existence.

C.1.1 Characterization of Adoption between t] and t}

Lemma C.1. Suppose N is an equilibrium with no-news posterior p;. Suppose that t] < t5.
Then at (almost) all times t € (t7,13),

r(2ps—1) e
Ny=—2—2 -
A1 =p) A

Proof. Note that because 2p; — 1 = WY at all t € (t],t5) and p; is weakly increasing, W/ and

py are differentiable almost everywhere (with respect to Lebesgue measure).
Using again the fact that 2p; — 1 = WV at all t € (¢],t3) we obtain for all ¢ € (¢},13):

* t*
WtN — efr‘(tzft) <pt + (1 _pt)ef ft2(5+)\Ns)ds> (2pt; o 1)
* 3
= ¢ "(7Y) <pt - (1- pt)e_th(E*’\Ns)dS) .

Then for all ¢ at which W}V and p; are differentiable, we obtain:

WtN = (T’ + (E + )\Nt)(l — pt)) WtN
20 = 2pi(1 — pp) (e + ADNVy).
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Furthermore, because WY = 2p;, — 1 for all ¢ € (t1,¢5), we must have for almost all t € (¢}, t3):
W = 2p,.
This means that for almost all ¢ € (¢7,t5):

r(2pe—1) €
Ny=———>——.
¢ )\(1 —pt) )\

A direct corollary of the above lemma is the following;:

Corollary C.2. The posterior at all t € (t7,13) evolves according to the following ordinary
differential equation:

P =rpe(2pe — 1).
Given some initial condition p = pyx, this ordinary differential equation admits a unique solution,

given by:
Py

N 2p — ") (2pyr — 1)

bt

C.1.2 Proof of Lemma [5.4]

We now prove a more general version of Lemma [5.4] in which we replace p in Lemma [5.4] with
*

p*.
Lemma C.3. Let N be an equilibrium with corresponding no-news posterior p;>o and threshold
times t7 and t3, and let Ay>o := AN¢>o describe the evolution of the economy’s potential for
social learning. Then

(). t5 =inf{t: Ay < A*(pt)}; and

(ii). t7 = min{¢3, sup{t : pr < p*}}@

Proof. We first prove both bullet points under the assumption that either € > 0 or py > % Note
that in this case Lemma implies that t5 < +o0o and we must also have that p; is strictly
increasing for all ¢ > 0.

For the first bullet point, note that by definition of t5 and by Theorem we have 2p; —1 >
Wi = G(pt, A¢) for all ¢ > t5. This implies that Ay < A*(p;) for all ¢ > t5. Moreover, if 0 < ¢3,
then by continuity we must have 2p;s — 1 = Wiy = G(pig, Aiz) and so Ayy = A*(pgz). In this
case, because Ay is decreasing in s and py is strictly increasing in s and A*(p) is increasing in p,
we must have Ay > A*(ps) for all s < ¢5. This establishes the first bullet point.

For the second bullet point, it suffices to prove the following three claims:

(a) If t5 > 0, then pgy < pt.

“8We impose the convention that if {t > 0: p; < p* = 1} =2, thensup{t > 0:p, <p* =1} :=0.
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(b) If 1 > 0, then p;z <P.
(c) If 7 < 15, then pyz > D.

Indeed, given (a) and (b), we have that if 0 < ¢] = ¢3, then p;z < p*. Given (a)-(c), we have
that if 0 < #] < 5, then p;z = p = p*. If 0 = ¢] < t3, then (c) implies that pg > p = p*. In all
three cases (ii) readily follows. Finally, if 0 = ¢7 = ¢4, then there is nothing to prove.

For claim (a), recall from the above that if t5 > 0, then Ay = A*(pyy), whence py; < P
because A*(p?) = +o0.

For claim (b), note that if ¢t > 0, then for all ¢ < ¢}, we have Wy > 2p; — 1. Then by
Lemma and because Wy = 2pyx — 1, we must have

0> lITItn Wy —2p, = (r+ (1 — pr)e)(2pr; — 1) — 2per (1 — iy )e
1
=r(2py; — 1) —e(1 —pr),
which implies that
E+T

*< ::7
ptl_s—l—Qr b

Finally, for claim (c), note that if ¢} < ¢5, then Lemma implies that for all 7 € (¢7,3),

o< N ==l €
)‘(1 _p’T) A
This implies that for all 7 € (7, 3),
E+r
> =:D
pPr =2 et or b,

and hence by continuity p;z > p as claimed. This proves the lemma when either £ > 0 or
po > % Finally, if £ = 0 and py < %, then it is easy to see that p; = po for all t. Thus,
t5 = +oo = inf{t : Ay < A*(p) = 0}. Also, if py < 3, then t§ = +o00 = sup{t : p; < p* = 1};
andifpgz%,thenf{:0::sup{t20:pt<p*:%}. [ |

With these lemmas, it is immediate that if an equilibrium exists, then it must take the
form of the adoption flow given by Equation [6] inTheorem [5.I] Moreover, it is easy to see that
given initial parameters, Equation |§| uniquely pins down the times ¢] and ¢35 as well as the joint
evolution of p; and NV, at all times (we elaborated on this in the main text), and that whenever
t7 < t5 < 400, then 2p, — 1 = W, for all ¢t € [t],¢5]. Provided feasibility is satisfied, it is then
easy to check that this adoption flow constitutes an equilibrium.

C.1.3 Feasibility

It remains to check feasibility of the adoption flow implied by Equation [6] inTheorem Note
that feasibility is non-trivial only at times t € (¢3,¢3).
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Lemma C.4. Suppose Ni>q is an adoption flow satisfying Equation [0 in Theorem [5.1] such
that t3 < t5. Then for all t € (t7,13),
Ny < pAy.

Proof. It suffices to show that
lim Ny < pNyx.
tl = t > PV

The lemma then follows immediately since pN; — IV; is strictly decreasing in ¢ at all times in
(t5,3) [ )

To see this, suppose by way of contradictior_l that pNg: < limys Np. By continuity this
means that there exists some v > 0 such that pN; < N; for all ¢t € (t5 — v,t5). Then note that
from the indifference condition at t3, we haYe that 2pis —1 =G (pt; , )\Nt;). Furthermore because
A*(py) is increasing in ¢, 2p; — 1 < G(pg, ANy) for all ¢ < 5.

Since at all times ¢ € (t5 — v,t5) we have N; > pNy, this implies that

WtN > G(pt, )\Nt) > 2p; — 1.

But this is a contradiction since we already checked that the described adoption flow satisfies
the condition that W}V = 2p, — 1 for all t € (¢],13). [ ]

C.2 Equilibrium Characterization under Perfect Good News

Theorem follows readily from Lemma and Lemma [6.3] Lemma [6.3] was proved in the
text. It remains to prove Lemma [6.2]

Proof of Lemma[6.3: Suppose for a contradiction that ¢; < ¢5. From the definition of these
cutoffs, we must have 2p; —1 = W, for all ¢ € [t},¢5]. Then for all ¢ € (¢,t5) and A € (0,t*2—1)
we have:

t+A

Wi =py / (e+ AN;) e~ ftT(a—i_)\NS)dS@_r(T_t)LdT_‘_
p+r
t
t+A

((1 —pt) +pre It (H’\Ns)ds) e (2prea — 1),

where the first term represents a breakthrough arriving at some 7 € (¢t,¢ + A) in which case
consumers adopt from then on, yielding a payoff of e_T(T_t)%; and the second term represents
no breakthrough arriving prior to ¢ + A in which case, due to indifference, consumers’ payoff
can be written as e (2pya — 1).

Note that we must have p; > % on (t},t%), since Wy is bounded below by 0. Given that we

assume that either ¢ = 0 or pg # %, this means that either £ > 0 or p; > % for ¢ sufficiently close

49This is only true if either € > 0 or po > % Ife =0and po = %, then Ny = 0 for all ¢t and ¢t] =0 < t5 = +o0.
But in this case feasibility is immediate.
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to t]. Then it follows that for sufficiently small A

_[t+a A
Wi < py (1 —e Jt (6+/\Ns)ds) pi—li.ir + <(1 —pt) + pee J (6+/\N‘9)d8) (2peyn — 1)
t+A t+A

<p <1 _e ki (€+)\Ns)ds) 1+ ((1 —Pt) + pre e (€+)\Ns)ds) (2pt+A B 1)

= 2pt - 17
where the final equality comes from Bayesian updating of beliefs. This contradicts Wy = 2p; — 1.
Thus, t] = t5. u

D Violation of Condition [5.2] under Perfect Bad News

Ava A*(p)

Figure 10: Partition of (p¢, A¢) when € > p

In this section, we discuss the case in which p > . We saw in Theorem that the
characterization theorem holds even when Condition [£.2] is violated.
In this case because A*(p) = +oo for all p > p*, we have:

N O A > A (),
t = . . %
pNt if At S A (pt)

Note that now partial adoption never occurs and the unique equilibrium reduces to all-or-nothing
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adoption.
As aresult the saturation effect discussed in Section [f]is no longer present and welfare always
strictly increases in response to an increase in opportunities for social learning:

Proposition D.1. Fizr > 0 and py € (0,1) and suppose that € > p > 0. Then Wy is strictly

increasing in Ag.

E Inefficiency of Equilibria

E.1 Inefficiency under PBN
Proof of Proposition[5.8: From Proposition recall that

T Y

s K(AO)
P =KAo + 2

r+pr+e
where

K (Ao) :/Pe_(T”Lp)Te_”_AO(I_epT)dT.
0

Note also that

p
K(Ag) < —F—
o) < e s

which then implies that
o (rHar+e)
2e+r)(r+p)—ep
Finally observe from the proof of Lemma that pgx > p.
If Ag > A*(p), either ¢] > 0 or t5 > 0. In the first case, adoption begins too late since
pr; = p > p® and therefore equilibrium is inefficient. If on the other hand, t7 = 0 < t3, then
again because p® < pur, adoption is too slow initially since consumers only partially adopt
between t] and t5. Thus again equilibrium is inefficient.
On the other hand, if Ag < A*(pg), then equilibrium is efficient since both the cooperative
benchmark and equilibrium prescribe that absent breakdowns all consumers adopt whenever
given an opportunity. |

F Comparative Statics under PBN

F.1 Saturation Effect: Proof of Proposition [5.9

Throughout Section [F| we impose Conditions (so that p* = p) and as in the text. We
first prove Lemma [5.6

Proof of Lemma[5.6: Let Ag := max{A*(py), A*(p)}. We show that ;(Ag) < t5(Ao) if and only
if Ag > Ko.
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Suppose first that Ag > Ag. Then by the proof of the first part of Lemma we must have
t3 > 0 and Ay = A*(pyz). If t] = t5 =: t*, then by claims (a) and (b) in the proof of Lemma
we must have pi+ < p. But combining these statements, we get

Ap = No > A*(p) = A (pr) = As,

which is a contradiction.

Suppose conversely that ¢] < ¢5. Then by the proof of Lemma , we have that A*(pg:) <
Atz = Ap. That proof also implies that ifB < 1] < 15, then pir =P > po; and if 0 = &7 < €3,
then pyy = po > p. Thus, either way Ag > Ao, as claimed. |

Proof of Proposition[5.9: For the first bullet point, consider any A(l) < A% < Ay with correspond-
ing threshold times ! and ¢}, value to waiting W}, and no-news posteriors pt for i = 1,2. By
Lemma we must have ¢! =t} =: t!. Let t := min{t',#?}. Then note that for all ¢t < {,
p% = p% and A% = Aé. By Lemma this implies that either 0 = t! = t? or t! < 2. If
0 = t! =2, then for all t > 0, we have 2p} — 1 > W} and

Do
po + (1 — po)e(EHHI=e7?OAY)”

P, =

Thus, p; < p? for all t > 0. Then by Lemma [2.4] W} < W2.
If ' < ¢2, then by definition of the cutoff times

W3 > 2p% —1=2ph —1>W}.
Since there is no adoption until ¢!, we have

. _ 1p1 .
Wi =e " 2w,
Do

which again implies that WOI < WOQ. This proves the first bullet point.
To prove the second bullet point, suppose that A2 > A} > Ay. By Lemma we then have
t] < th for ¢« = 1,2. Moreover, by the proof of Lemma we have max{po,p} = pi% = pf%.

Because N} = N} =0 for all t < ¢! for both i = 1,2, this implies that t] = ¢? = ¢;. Then
W3 =2p% —1=2ph —1=W}.

But once again,
. el Pyl .
Wi =e¢ rt+ Pt 7,1
0 t1s
Po

for ¢ = 1,2, whence VVO1 = WOQ. |
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F.2 Learning Dynamics

F.2.1 Proof of Lemma [5.10]

Proof of Lemma[5.10, Suppose that Ag > Ag > A*(pg). Recall that we are assuming pt > po >
P so that t¥(Ag) = t¥(A) = 0 and Ag = A*(pg). Then by Lemma we have t5(Ao),t5(Ag) > 0.
Let 5 = min{t5(Ag), t5(Ag)}. Then because py = pé\o = pf)\o, the ODE in Corollary implies
that at all times t < ¢35, we have p? 0= p,{\ °=p;. By Lemma this implies that for all ¢ < 3,

AN; = AN;. (11)

To prove the first bullet point, note that Equation [11] implies that

s i3
At;:Ao—/2>\Ntdt<AO_/2ANtdt:At§
0 0

By Lemma and because pf*o = p%o, this implies that 5 = 5(Ag) < t;([\o).

From this and Equation it is then immediate that AN; = AN; for all t < ¢ = t3(Ao),
proving the second bullet point. |

F.2.2 Proof of Proposition [5.11

Proof. Clearly p™° is strictly increasing for all Ag € (0, A*(pg)) since in this case t5(Ag) = 0 so

that
bo

po + (1 — poJe—EHHI—e ho)

Suppose next that Ag > Ag > A*(po). By Lemma t* = t5(Ao) < t;(f&o), AN, = ANy,

and pfo = pfo for all ¢ < t*, which proves the first bullet point.

To prove the second bullet point, we claim that there exists some v > 0 such that at all

A
Pl =

times ¢ € (t*,t* + v), we have pé\ 0> p?o. To see this, we prove the following inequality for the
equilibrium corresponding to Ag:
lim AN; < lim AN;. (12)
1t it
In other words, there is necessarily a discontinuity in the equilibrium flow of adoption at exactly
t*. Indeed, because N; = pNt for all t > t* and by continuity of Ny, feasibility implies that
limypp ANy < limy 4= ANy Suppose for a contradiction that limyp ANy = limy g« AN; = AN
Then ANy = S\Nt* Moreover, for all ¢ > t*, we have AN; = pAt*e_p(t_t*), which is strictly
decreasing in t. On the other hand, AN, satisfies

o [T e e <ti(ho)
AN = " t—t5(A i A
PA. e PUEAO) if ¢ > 15 (Ag).

t3(Ao)

Thus, for t € [t*,5(Ag)), AN; is strictly increasing in t. This implies that AN; > AN; for all
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t € [t*,t5(Ao)). But then by Equation
Ao Ao
Pis(ho) ~ Priihoy
which by Lemma implies
A Ak * R
A A ( > Ay, t*(A )) = Ata(Ao)‘

t3(Ao) — t*(A ))

This yields that for all ¢ > ¢5(Ao))
AR = pe - BEIR s pes-titoy
Thus, AN; > AN; for all t > t* and hence pi\o > pé\o for all t > t*. By Lemma this implies
who > Wi,
But this is a contradiction, because we have that
who = 2pho 1 = gpho — 1 = o,
This proves that limss« ANy < limg )4+ AN;. But then,

lim )\Nt = lim )\Nt =lim ANV; < hm AN;.
it e e

Therefore there must exist some v > 0 such that AN; < AN; for all t € [t*,t* 4+ v). Together
with the fact that pﬁo = pt* this implies that p,° > pfo for all ¢t € (t*,t* 4+ v), proving the
second bullet point of the proposition.

Finally, for the third bullet point, observe first that there must exist some ¢ > ¢* such that

Ao

p{‘o = pfo. If not, then by continuity of beliefs p?o > pé\ O for all t > t*, and we once again get
that W20 > WA which is false. Then 7 := sup{s € (t* t) = pho > pso} exists, with ¢ > t* by
. .. A

the second bullet pE)lnt. Further, by continuity, Py 0= pt , which implies fo ANgds = fo ANds.
This yields Ay < A;. But note that this implies that ANy > AN, for all t > & Indeed, if
t > t5(Ao), this is obvious. On the other hand, if € (¢*,t5(Ao)), then we must have ANy < AN;
for some s < ¢, which implies that ANy < ANy for all s’ € (s,t5(Ag)), because N is strictly
decreasing and N is strictly increasing on this domain. This implies that

Ao Ao
Pis(ho) = Pis(ho)’

which as above implies that

A _ Ak A * R
At;(f\o) =A (pt;([\o)) > A ( t*(A )) > At;(AO).
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Then it is again obvious that ANy > AN, for all ¢ > 7. Thus, in either case we get that p?o > pi\o
for all t > t, as claimed by the third bullet point. [

F.3 Adoption Behavior

Proof of Proposition[5.13: First note that because po > P, t*(Ag) = t¥(Ag) = 0.

Then at all Ag < A*(pg), the adoption flow absent breakdowns satisfies N; = pN; for all t.
Thus, conditional on a good product we get A;(Ag, G) = Ai(Ag,G) =1 — e~ for all t and all
pairs Ag, Ag < A*(po).

Now suppose that Ay > Ay > A* Note that Nt,Nt > 0 for all ¢ > 0 (recall Condi-
tion . Let t* = t5(Ap). By Lemma )\Nt AN, for all t < t*. Then for all ¢ < t*

Ny AN, AN N AN, N

No Ao Ao Ao Ny

. Therefore for all ¢ < t*, we have A;(Ag, G) > A;(Ao, G).
Finally note that for all t > t*, N; = pN; and so:

Ao, G) = A (Mg, G) + (1 — e P (1 — A (A, G))
At(A07 G) S At* <A07 G) + (1 - e—p(t—t*)) (1 - At* (A07 G))

where the second inequality follows from feasibility. But because A (Ao, G) > Ay (Ao, G),
Ai(Ao, G) > Ai(Ao, G) for all t > 0. [ |

Proof of Proposztzon- We first prove the proposition when we increase the information
structure from A to A > A holding fixed Ny. Given this, proving the theorem for arbitrary
changes from Ag to A is straightforward.

Let N and N be the equilibrium under A and 5\, respectively. Note that when p < po,
Ny > 0 for all £ > 0. Given an arbitrary strictly positive adoption flow M and ¢ > 0, consider
the following map:

A / M, e Jo (E+AM)ds g

Note that for any ¢ > 0, the above is strictly decreasing in A. This implies that for all ¢ > 0,

t
/ N, e~ Jo (+AN)ds g / Nye~Jo (s+AN:)ds g (13)
We now show that .
/N o~ Jo (e+AN:)ds g >/ Jo (e+ANS)ds g
0
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which together with Inequality implies the desired conclusion that Ay (A, No, B) <
A(A, No, B) for all ¢ > 0.
To prove this, suppose that there exists some ¢ > 0 such that

; t
/NTef 7 (e+ANy) ds g « / -l E+)‘Ns)dsdT. (14)
0

0

Note that by Proposition Jo Neds > [ Nyds for all 7 > 0 and so
t t
/86_ Jg (eANs)ds g < /Ee_foT(EH‘NS)deT (15)
0 0

for all ¢ > 0. Inequalities and together imply:

t t
/ . )\N o ST (AN Yds g / NT) o Jo (e+AR)ds g
0 0

But this is equivalent to
(1= BN < (1 - SileAR)).

This contradicts fg Nyds > fg Nsds as found in Proposition

Having shown the above, consider any change from Ay = ANy to Ay = XNO > Ag. Then
there exists A* > X such that A = A\*Ny. Let Nx be the equiAlibrium associated with the pair
(\*, Np). By Lemma unique equilibrium for the pair (X, No) satisfies N; = (A*/A)N;. But
then the above argument implies:

t [t t NS
N, N* A AN,
A A,B =K /—dS >]E / —SdS = /Az N:dS
t( ) J NO / NO )\N() )\*NO
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G Comparative Statics under PGN

G.1 Adoption Behavior

The only statement that was not proved in the text is: A;(Ag, G) < A(Ag, G) for all t > t*(Ay),
as claimed in the first bullet of Proposition [6.7]

Proof. When ¢ = 0, the statement is trivial, so assume that € > 0. The claim is also obvious for
all ¢ < t*(Ag) since adoption occurs at the maximal rate under Ay whereas under Ao, adoption
ceases at times t € (t*(Ag), *(Ag)) absent breakthroughs.

So assume that ¢ > t*(Ag). Recall that the cutoff posterior p* at which adoption ceases
is unchanged upon a change from Ag to Ag. Then expected adoption up to time ¢ for any
I € [Ag, Ag] can be expressed in the following manner:

t
A,G) =" (1—e ) 4 (1—7%) | (1— e @) 4 c=ot"@) / ) (1_e—p<t—T>)
t=(I)

where

1—
1-7) =20
1—p*

Now for a fixed ¢, consider the function:

t
et (l—e ) +(1—a)|(1- e PY pe Pt /se_E(T_t*) (1 - e_p(t_T))
t*
Then a straightforward computation yields that the derivative of the above map with respect to
any t* < t is pe~ (=P et > (0. Thus, the map is strictly increasing in ¢* for all t* < t. Because
t*(I") is strictly decreasing in T, it follows that for all ¢ > t*(I"), A4(T', G) is strictly decreasing
for all I" € [Ag, Ap]. This proves the claim. [

H Heterogeneous Discount Rate Example

First we show the following basic mathematical fact.

Lemma H.1. Lett > t* and suppose that f and g are real-valued functions such that f(7) = g(7)
Jor all T < t*, f(1) < g(7) for T € (t*,1), and f(1) > g(7) for all T > t. Suppose that

76” f(r)dr = 767"79(7)(17.
0 0
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Then for all ¥ > r,

O/Gfo(T)dT < O/e’ﬁTg(T)dT.

Proof. We have

= [ e (g(7) — f(r))dr = [ e eI (g(1) — F(1))dT e eI (g(7) — (7)) dr
0—0/ (9(r) — F(r))d 0/ (9(r) — f(r)d +/ (9(r) — f(r)d

This implies that [ e~ f(T)dr < [;° e "g(7)dr, as claimed. [

As in the main text, assume that 5\M(§’ > AME > A;'ip(po) and that pop > 1/2 and € = 0.
Then modifying the arguments from the proof of Theorem [5.1} it is easy to show that when M}
is sufficiently small, the unique equilibrium under both information processes A, A will be such
that the impatient type adopts immediately upon opportunity at all times absent breakdowns
and the patient type only partially adopts until some time t* > 0 after which he switches to
immediate adoption

YNE = pMj,
2pr—1 P .
NP = el M it < t(y)
Yp MY if t > t*(v)

for v € {\, A}

Then using arguments analogous to those in Lemma we can show that t*(\) < t*()).
Furthermore an analogue of Proposition shows that there must exist some ¢ > t*(\) such
that ]

=pp ift <t*(N)
prq>pp ifte (t* ()0
<pp ift>1

50The full proof of the modification is available upon request. Here we use a standard argument that shows
that whenever the impatient type weakly prefers to wait, then the patient type must strictly prefer to wait.
Similarly, if the patient type weakly prefers to adopt then the impatient type must strictly prefer to adopt.
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Then using Lemma [H.I] the proof follows along the lines illustrated in the main text. This
proves Theorem

I Cooperative Benchmark

I.1 Perfect Bad News

To prove the all-or-nothing property of the optimal policy, we write the Hamilton-Jacobi-
Bellman (HJB) equation. Note that there are two state variables, p and N.

rV(p,N) = pnax (2p — 1) N+D,V (p, N)p(1—p)(e+AN)—=DxV (p, N)N—(1—p)(e+AN)V (p, N).

Since the right hand side is linear in N, it is optimal to always choose either N = 0 or N = pN.
To see that the optimal policy must be a cutoff strategy, define

(p,N) :=(2p — 1) + DV (p, N)p(1 = p)A — Dz V(p,N) — A(1 — p)V(p, N)

and note that whenever II(p, N) < 0, then
rV(p,N) = DV (p,N)ep(1 —p) — (1 = p)eV(p, N) (16)

so that this corresponds to the case where setting N = 0 is optimal. It then suffices to prove
that
I(p,N) < 0= I(p/,N) <0V <p.

To prove this, note first that for every p such that II(p, N) < 0, there must exist some p’ > p
such that II(p/, N) = 0. (Otherwise V(p', N) = 0 for all p’ > p, which is clearly false.) So it
suffices to prove that there cannot exist p < p such that II(p, N) = II(p) = 0 and II(p, N) < 0
for all p € (p,p). Suppose for a contradiction that such an interval (p,P) exists. Then ordinary
differential equation implies: -

for all p € (p,p). Then we can rewrite the expression for II(p, N) for p € (p,D):

H(p, N) = (29— 1) + V(o N) ~ DyV(p, N)

r+e (s
€ 1_p T e _——
— Dy N
r+e

—ep-0+(2) T (220) T (Avem - pevie ),

rA -
— -1+ 2V M) -
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Note that if %V(ﬁ, N)—DxV(p,N) > 0, the last expression is increasing in p and so II(p, N) < 0
which is a contradiction.

If instead %V(ﬁ, N)—DxV(p, N) < 0, then the second term in the last expression is concave.
Furthermore, the derivative of the last expression with respect to p at p must be weakly positive:

If it were strictly negative, then because II(p, N) = 0, there would exist some p € (p,p) close

to P such that II(p, N) > 0. But if the derivative of II(p, N) is weakly positive at p, then by
concavity it must be positive throughout (p,p). But this again yields the contradiction that

I(p, N) < 0. This completes the proof.

1.2 Perfect Good News

As in the perfect bad news case, we again write the Hamilton-Jacobi-Bellman equation:

rV(p,N)= max (2p—1)N +p(c+ AN) <'ON — Vi(p, N)>
0<N<pN r+p

— DpV(p, N)p(1 —p) (¢ + AN) — DV (p, N)N.

Again the right hand side is linear in N and thus the optimal policy always chooses either N =0
or N = pN.

The easiest way to check that an optimal policy exists in cutoff strategies is to simply guess
and check that the HJB equation is satisfied by such a strategy. This is straightforward from
the social planner policy constructed in Section [3.1
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