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In a subclass of Horndeski theories with the speed of gravity equivalent to that of light, we study
gravitational radiation emitted during the inspiral phase of compact binary systems. We compute
the waveform of scalar perturbations under a post-Newtonian expansion of energy-momentum ten-
sors of point-like particles that depend on a scalar field. This scalar mode not only gives rise to
breathing and longitudinal polarizations of gravitational waves, but it is also responsible for scalar
gravitational radiation in addition to energy loss associated with transverse and traceless tensor
polarizations. We calculate the Fourier-transformed gravitational waveform of two tensor polariza-
tions under a stationary phase approximation and show that the resulting waveform reduces to the
one in a parametrized post-Einsteinian (ppE) formalism. The ppE parameters are directly related
to a scalar charge in the Einstein frame, whose existence is crucial to allow the deviation from Gen-
eral Relativity (GR). We apply our general framework to several concrete theories and show that
a new theory of spontaneous scalarization with a higher-order scalar kinetic term leaves interesting
deviations from GR that can be probed by the observations of gravitational waves emitted from
neutron star-black hole binaries. If the scalar mass exceeds the order of typical orbital frequencies
ω ' 10−13 eV, which is the case for a recently proposed scalarized neutron star with a self-interacting
potential, the gravitational waveform practically reduces to that in GR.

I. INTRODUCTION

The discovery of gravitational waves (GWs) [1] opened up a new window for probing the physics in strong gravity
regimes [2–4]. Up to now, there have been many observed events of the coalescence of two black holes (BHs) [5, 6].
The merger of two neutron stars (NSs) was first detected as the event GW170817 [7], together with an electromagnetic
counterpart [8]. This latter event constrained the speed of gravity to be very close to that of light [9]. There was
also a possible NS-BH coalescence event GW190426-152155, albeit its highest false alarm rate [10–13]. The increasing
sensitivity in future GW observations will allow one to detect more promising events of the NS-BH coalescence.

General Relativity (GR) is a fundamental theory of gravity consistent with submillimeter laboratory tests [14, 15],
solar system constraints [16], and binary pulsar measurements [17–19]. However, there are several cosmological
problems like the origins of inflation, dark energy, and dark matter, which are difficult to be resolved within the
framework of GR and standard model of particle physics [20–22]. To address these problems, one usually introduces
additional degrees of freedom beyond those appearing in GR (two tensor polarizations). The simplest example is a
scalar field φ minimally or nonminimally coupled to gravity. If there is a nonminimal coupling with the Ricci scalar
R of the form F (φ)R, the gravitational interaction is generally modified from that in GR. Brans-Dicke (BD) theories
[23] with a scalar potential V (φ) belong to such a class, which accommodates f(R) gravity [24] as a special case. The
applications of BD theories and f(R) gravity to inflation and dark energy have been extensively performed in the
literature (see the reviews [25, 26]).

In BD theories, the NS can have a scalar hair through the coupling between the scalar field and matter mediated
by gravity. On the other hand, the no-hair property of BHs was proven in BD theories [27–29]. This means that the
binary system containing at least one scalarized NS may leave some signatures for the deviation from GR in inspiral
gravitational waveforms. In massless BD theories, Eardley [30] estimated the change of an orbital period induced by
dipole gravitational radiation in a compact binary system. In the same theories, Will [31] computed gravitational
waveforms radiated during an inspiral phase of the compact binary up to the Newtonian quadrupole order (see also
Refs. [32–37] for related works). Under a so-called post-Newtonian (PN) approximation [38] based on slow velocities
of the binary system relative to the speed of light c, the gravitational radiation was also calculated up to 2PN [39–42]
and 2.5PN [43] orders, with the equations of motion up to 3PN order [44].

In massless BD theories given by the Lagrangian L = (1/2)φR + ωBDX/φ, where X = −(1/2)∇µφ∇µφ is a field
kinetic term with the covariant derivative operator ∇µ, the solar-system tests of gravity put a tight bound on the BD
parameter, ωBD > 4.0× 104 [16]. With this constraint, the deviation from GR in strong gravity regimes is limited to
be small. In other words, the GW measurements need to reach high sensitivities to distinguish between BD theories
and GR from the observed gravitational waveform. If the scalar field has a potential V (φ) with a heavy mass inside a
nonrelativistic star, while having a light mass outside the star, it is possible to suppress the propagation of fifth forces
in the solar system through a so-called chameleon mechanism [45, 46]. In such cases the constraint on ωBD is loosened
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[47–51], so there is more freedom to probe signatures of the modification of gravity in strong gravity environments.
The gravitational radiation and tensor waves emitted from a compact binary have been computed in massive BD
theories [51–54] and screened modified gravity in the Einstein frame [55–57].

In the presence of a nonminimal coupling of the form F (φ)R, there is yet the other scenario dubbed spontaneous
scalarization of NSs [58, 59] in which the modification of gravity manifests itself only on the strong gravity background.
Provided that F (φ) contains even power-law functions of φ, the theory admits the existence of a nonvanishing field
branch besides the GR branch (φ = 0). Since the Ricci scalar R coupled to the scalar field is large inside the NS, the
GR branch can be unstable to trigger tachyonic growth of φ toward the other nontrivial branch. For the nonminimal

coupling F (φ) = e−βφ
2/(2M2

Pl) chosen by Damour and Esposito-Farese [58], spontaneous scalarization can occur for
the coupling constant β ≤ −4.35 [60–64]. On the other hand, the presence of a scalar charge for the scalarized solution
leads to an energy loss through dipolar gravitational radiation. This results in time variation of the orbital period of
binary systems. Indeed, binary-pulsar observations put the bound β ≥ −4.5 [65–67], so the coupling constant β is
confined in a limited range. Since the gravitational waveform emitted from compact binaries containing a NS should
give an independent constraint on the scalar charge, it remains to be seen how the future GW observations place the
bound on β. In Ref. [13], the authors started to derive constraints on β by using the possible NS-BH coalescence
event GW190426-152155.

Theory of spontaneous scalarization does not belong to a framework of BD theories, but it can be accommodated as a
generalized class of BD theories by promoting the BD parameter ωBD to a scalar-field dependent function ω(φ). Indeed,
the gravitational radiation and waveforms in theories given by the Lagrangian L = (1/2)φR + ω(φ)X/φ have been
investigated in Refs. [4, 52, 54, 68]. Such theories belong to a scheme of Horndeski theories [69]– most general scalar-
tensor theories with second-order Euler-Lagrange equations of motion [70–72]. The subclass of Horndeski theories
with the speed of gravity equivalent to that of light is given by the Lagrangian L = G2(φ,X)−G3(φ,X)�φ+G4(φ)R
[71, 73, 74], where G2 and G3 are functions of φ and X, and G4 is a function of φ. This class of theories automatically
evades the observational bound on the speed of gravity constrained by the GW170817 event [9].

Theories with the Lagrangian L = G2(φ,X) +G4(φ)R accommodate not only the generalized massive BD theories
with L = (1/2)φR+ω(φ)X/φ−V (φ) but also nonminimally coupled k-essence [75–81] containing higher-order kinetic
terms like µ2X

2 in G2. When spontaneous scalarization occurs inside the NS, higher-order derivatives can be as
large as the linear kinetic term around the surface of star. Indeed, we will propose a new scenario of spontaneous
scalarization where the scalar charge is reduced by an additional term µ2X

2. This allows a possibility for alleviating
the tension of the coupling constant β mentioned above. The modified scalar-field solution also affects the gravitational
waveform radiated from the binary system containing a NS. Thus, it is convenient to provide a general scheme for
confronting such theories with future GW observations of the NS-BH or NS-NS coalescence.

In this paper, we compute the gravitational waveform emitted during the inspiral phase of compact binary systems
in a subclass of Horndeski theories given by the Lagrangian L = G2(φ,X)−G3(φ,X)�φ+G4(φ)R. For this purpose,
we perform the PN expansion of a source energy-momentum tensor and neglect nonlinear derivative terms arising from
the cubic coupling G3(X)�φ outside the source. This amounts to neglecting nonlinear Galileon-type self-interactions
[82, 83] relative to the linear kinetic term. Hence it is difficult to accommodate the case in which the field derivative
is suppressed in the exterior region of NSs by the Vainshtein mechanism [84–88], unless some specific scaling methods
[89–91] are employed. However, if the Vainshtein radius rV is of the same order as the NS radius rs (∼ 10 km), the
PN analysis used for the derivation of solutions to scalar perturbations from r = rs to an observer does not lose its
validity. In such a case, the field derivative and scalar charge can be suppressed by the Vainshtein screening inside the
NS, analogous to the findings in Ref. [92, 93]. Thus, the gravitational waveform derived in this paper can be applied
to the case rV . rs.

This paper is organized as follows. In Sec. II, we review the field equations of motion and the matter action of two
point-like sources in the subclass of Horndeski theories. In Sec. III, we perform the weak-field expansions of metric
and scalar field to study the propagation of GWs from the binary system of a quasicircular orbit to the observer
and derive solutions to tensor GWs. In Sec. IV, we obtain the time-domain gravitational waveforms corresponding
to two transverse and longitudinal tensor polarizations as well as breathing and longitudinal modes. In Sec. V, we
study the energy loss induced by the GW emission and derive the Fourier-transformed gravitational waveforms by
using a stationary phase approximation. We show that the resulting waveform reduces to the one in a parameterized
post-Einsteinian (ppE) framework [37, 94–96] and derive the ppE parameters in our theory. In Sec. VI, we apply our
general results to several concrete theories and clarify the relations between ppE parameters and the scalar charge
in the Einstein frame. In particular, we show that a new theory of spontaneous scalarization with the higher-order
derivative term µ2X

2 in G2 allows an interesting possibility for reducing the scalar charge in comparison to the case
µ2 = 0, whose property can be probed in future GW observations. Sec. VII is devoted conclusions.

Throughout the paper, we use the metric signature (−,+,+,+) and natural units c = ~ = 1, where ~ is the reduced
Planck constant.
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II. SUBCLASS OF HORNDESKI THEORIES AND FIELD EQUATIONS OF MOTION

We consider a subclass of Horndeski theories [69] given by the action

S =

∫
d4x
√
−g [G2(φ,X)−G3(φ,X)�φ+G4(φ)R] + Sm(gµν ,Ψm) , (2.1)

where g is the determinant of metric tensor gµν , X = −(1/2)∇µφ∇µφ is the kinetic term of a scalar field φ, and
� ≡ gµν∇µ∇ν is the d’Alembertian. The action Sm contains matter fields Ψm minimally coupled to gravity. In
theories (2.1), there are no asymptotically flat spherically symmetric and static BH solutions with a scalar hair
[27–29, 97–99]. On the other hand, NSs can have scalar charges in the presence of nonminimal couplings G4(φ)R [30].

Our aim is to compute a gravitational waveform emitted from inspiraling compact binaries containing at least
one NS. If the NS has a scalar hair, the waveform is subject to modifications in comparison to GR. This allows us
to probe signatures for the possible existence of a scalar field nonminimally coupled to gravity. In theories given
by the action (2.1), the speed of gravity on the cosmological background is identical to that of light [71, 73, 74].
We note that the equivalence principle can be generally violated in scalar-tensor theories including the action (2.1).
However, in concrete models discussed in Sec. VI, we are interested in the case where the fifth force induced by scalar-
gravitational couplings is suppressed on weak gravity backgrounds for the consistency with solar-system constraints.
For the derivation of gravitational waveforms, we do not restrict the analysis to some specific models by the end of
Sec. V.

We deal with the binary system of a quasicircular orbit as a collection of two point-like particles with masses
mI(φ), where I = A,B for each particle. Since the existence of φ affects matter through gravitational field equations
of motion, there is the φ-dependence in mI . The matter sector is expressed by the action [30]

Sm = −
∑
I=A,B

∫
mI(φ)dτI , (2.2)

where τI is the proper time along the world line xµI of particle I. The infinitesimal line element is given by

ds2 = −dτ2 = gµνdxµdxν . (2.3)

Then, the matter action (2.2) can be written as

Sm = −
∑
I=A,B

∫
d4xmI(φ)

√
−gµνdxµI dxνI δ

(4)(xµ − xµI ) , (2.4)

where δ(4)(xµ − xµI ) is the four dimensional delta function. Varying (2.4) with respect to gµν , it follows that

δSm
δgµν

=
∑
I=A,B

1

2

∫
d4x

∫
dτI mI(φ)uµI u

ν
I δ

(4)(xµ − xµI ) , (2.5)

where uµI = dxµI /dτI is the four velocity of particle I. The matter energy-momentum tensor Tµν is defined by

δSm =
1

2

∫
d4x
√
−g Tµνδgµν . (2.6)

Comparing Eq. (2.6) with Eq. (2.5), we obtain

Tµν =
1√
−g

∑
I=A,B

∫
dτI mI(φ)uµI u

ν
I δ

(4)(xµ − xµI ) (2.7)

=
1√
−g

∑
I=A,B

mI(φ)
uµI u

ν
I

u0
I

δ(3)(x− xI(t)) . (2.8)

In the second line, we used dτI = dx0
I/u

0
I and integrated Eq. (2.7) with respect to x0

I . Note that δ(3)(x− xI(t)) is a
three dimensional delta function and that the time t is determined by t = x0

I .
On using the property gµνu

µ
I u

ν
I = −1, the trace of Eq. (2.8) yields

T ≡ gµνTµν = − 1√
−g

∑
I=A,B

mI(φ)
1

u0
I

δ(3)(x− xI(t)) . (2.9)
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On the other hand, the action (2.2) can be written in the form

Sm = −
∑
I=A,B

∫
d4xmI(φ)

1

u0
I

δ(3)(x− xI(t)) . (2.10)

Comparing Eq. (2.9) with Eq. (2.10), it follows that

Sm =

∫
d4x
√
−g T (φ) , (2.11)

whose form is used for the variation of Sm with respect to φ.
Varying the action (2.1) with respect to gµν , we obtain the covariant gravitational field equations of motion [71]

−G2,X∇µφ∇νφ−G2gµν +G3,X�φ∇µφ∇νφ+∇µG3∇νφ+∇νG3∇µφ− gµν∇λG3∇λφ
+2G4Gµν + 2gµν (G4,φ�φ− 2XG4,φφ)− 2G4,φ∇µ∇νφ− 2G4,φφ∇µφ∇νφ = Tµν , (2.12)

where we used the notations like G2,X = ∂G2/∂X, G4,φφ = ∂2G4/∂φ
2, etc. The variation of (2.1) with respect to φ

leads to the scalar-field equation of motion

∇µJµ = Pφ , (2.13)

where

Jµ = −G2,X∇µφ+G3,X�φ∇µφ+G3,X∇µX + 2G3,φ∇µφ , (2.14)

Pφ = G2,φ +∇µG3,φ∇µφ+G4,φR+ T,φ . (2.15)

The φ dependence in T (φ) influences the scalar-field equation through the last term in Eq. (2.15). The Ricci scalar
R in Pφ is affected by the presence of matter through the gravitational Eq. (2.12). Taking the trace of Eq. (2.12), we
obtain

2G4R = 2XG2,X − 4G2 − 2XG3,X�φ− 2∇µG3∇µφ+ 6 (G4,φ�φ− 2XG4,φφ)− T . (2.16)

Then, we can express Pφ in the following form

Pφ = G2,φ +∇µG3,φ∇µφ+
G4,φ

G4
(XG2,X − 2G2 −XG3,X�φ−∇µG3∇µφ+ 3G4,φ�φ− 6XG4,φφ)

+T,φ −
G4,φ

2G4
T . (2.17)

The last two contributions to Eq. (2.17) work as matter source terms for the scalar-field equation.
The matter action (2.2) can be also expressed in the form

Sm = −
∑
I=A,B

∫
mI(φ(xλI ))

√
−gµν(xλI )uµI u

ν
I dτI . (2.18)

Varying this action with respect to xλI and integrating it by parts, we obtain

δSm = −
∑
I=A,B

∫ [
d

dτ
(mIgµλu

µ
I )− 1

2
mI

∂gµν
∂xλI

uµI u
ν
I +mI,φ

∂φ

∂xλI

]
δxλI dτ . (2.19)

Then, the equation of motion for the I-th particle is given by

d

dτ
(mIgµλu

µ
I )− 1

2
mI

∂gµν
∂xλI

uµI u
ν
I +mI,φ

∂φ

∂xλI
= 0 . (2.20)

Multiplying Eq. (2.20) by gαλ and using dmI/dτ = mI,φu
β∇βφ and dgµλ/dτ = (∂gµλ/∂x

ν
I )uνI/2 + (∂gλµ/∂x

ν
I )uνI/2,

it follows that

mI

(
duαI
dτ

+ Γαµνu
µ
I u

ν
I

)
+mI,φ

(
∇αφ+ uαI u

β
I∇βφ

)
= 0 , (2.21)

where Γαµν is the Christoffel symbol. The φ dependence in mI modifies the standard geodesic equation. One can
express Eq. (2.21) in a simple form [30]

uβI∇β (mIu
α
I ) = −mI,φ∇αφ . (2.22)

In terms of the matter energy-momentum tensor given by Eq. (2.7), Eq. (2.22) is equivalent to the continuity equation
∇βTαβ = T,φ∇αφ. This latter equation coincides with the one derived in Ref. [100] in BD theories.

Equations (2.12), (2.13), and (2.21) are the master equations used to describe the dynamics of gravity, scalar-field,
and point-like particles, respectively.
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III. WEAK FIELD EXPANSION

To compute the gravitational waveform emitted from the inspiraling compact binary, we need to study the prop-
agation of GWs from the binary to an observer. For this purpose, we expand the metric gµν about a Minkowski
background and the scalar field φ around a constant asymptotic cosmological value φ0, as [31]

gµν = ηµν + hµν , φ = φ0 + ϕ , (3.1)

where ηµν = diag(−1, 1, 1, 1), and hµν and ϕ are the perturbed quantities. We would like to calculate the gravitational
waveform associated with hµν and ϕ up to quadrupole order. We perform the expansions of Eqs. (2.12) and (2.13)
with respect to the perturbations hµν and ϕ and derive a quadrupole formlula for tensor GWs in this section.

The scalar-field equation (2.17) contains the matter source term T,φ − G4,φT/(2G4). The trace T acquires the φ
dependence through the mass term mI(φ) in Eq. (2.9). We expand mI(φ) and G4(φ) around the background field
value φ = φ0, respectively, as

mI(φ) = mI(φ0)

[
1 + αI

(
ϕ

MPl

)
+

1

2

(
α2
I + βI

)( ϕ

MPl

)2
]
, (3.2)

G4(φ) = G4(φ0)

[
1 + g4

(
ϕ

MPl

)
+

1

2

(
g2

4 + γ4

)( ϕ

MPl

)2
]
, (3.3)

where MPl = 2.4354× 1018 GeV is the reduced Planck mass, and

αI ≡MPl
d lnmI(φ)

dφ

∣∣∣∣
φ=φ0

, βI ≡M2
Pl

d2 lnmI(φ)

dφ2

∣∣∣∣
φ=φ0

, (3.4)

g4 ≡MPl
d lnG4(φ)

dφ

∣∣∣∣
φ=φ0

, γ4 ≡M2
Pl

d2 lnG4(φ)

dφ2

∣∣∣∣
φ=φ0

. (3.5)

On using Eq. (2.9), the matter source terms in Eq. (2.17) evaluated on the Minkowski background are expressed as

T,φ −
G4,φ

2G4
T

∣∣∣∣
φ=φ0

= − 1

MPl

∑
I=A,B

α̂ImI(φ0)
1

u0
I

δ(3)(x− xI(t)) , (3.6)

where

α̂I ≡ αI −
g4

2
. (3.7)

As we will show in Sec. VI, the quantity α̂I is directly related to a scalar charge. In this sense, α̂I is a more fundamental
physical quantity than αI . It is known that the theory (2.1) does not have hairy BH solutions, in which case α̂I = 0.
On the other hand, the NS can have scalar hairs, in which case α̂I 6= 0. As we will see in Sec. V, the scalar charge α̂I
appears in the gravitational waveform as a quantity charactering the deviation from GR. One can also consider the
following sensitivity parameter [30]

sI ≡
d lnmI(φ)

d lnφ

∣∣∣∣
φ=φ0

=
φ0

MPl
αI . (3.8)

In BD theories given by G4 = φ/(16π), we have g4 = MPl/φ0 and hence α̂I = (MPl/φ0)(sI − 1/2). Then, the no-hair
BH in BD theories corresponds to the sensitivity parameter sI = 1/2. Depending on the theories under consideration,
however, sI defined in Eq. (3.8) can be affected by an ambiguity of the asymptotic value of φ0. In the following we
will use α̂I instead of sI , as the former has a direct relation with the scalar charge.

A. Perturbation equations up to second order

We expand the field equations of motion up to second order in metric and scalar-field perturbations. In doing so,
we use the properties ∇µφ = ∂µϕ and δX = −ηµν∂µϕ∂νϕ/2 up to quadratic order, where ∂µ ≡ ∂/∂xµ. We also
exploit the following relation

�φ = (ηµν − hµν)∇µ∂νφ = �Mϕ− hµν∂µ∂νϕ−
(
∂µh

µα − 1

2
ηαβ∂βh

)
∂αϕ+O(ε3) , (3.9)
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where O(ε3) means the third-order perturbations, and

�M ≡ ηµν∂µ∂ν = − ∂2

∂t2
+∇2 , (3.10)

with ∇2 being the three dimensional Laplacian in Minkowski spacetime. Expanding Eqs. (2.12) and (2.13) up to
second order in perturbations, it follows that [101]

−G2ηµν −G2hµν −G2,φϕηµν −G2,φϕhµν +
1

2
G2,X∂

µϕ∂µϕηµν −
1

2
G2,φφϕ

2ηµν −G2,X∂µϕ∂νϕ

+2G3,φ∂µϕ∂νϕ− ηµνG3,φ∂
λϕ∂λϕ+ 2(G4 +G4,φϕ)δG(1)

µν + 2G4δG
(2)
µν + 2hµνG4,φ�Mϕ− 2ηµνG4,φh

αβ∂α∂βϕ

+2ηµν
(
G4,φ�Mϕ+G4,φφϕ�Mϕ+G4,φφ∂

λϕ∂λϕ
)
− ηµνG4,φ∂αϕ

(
2∂βh

αβ − ηαβ∂βh
)
− 2G4,φ∂µ∂νϕ

+G4,φ

(
2∂µhν

α − ηαβ∂βhµν
)
∂αϕ− 2G4,φφϕ∂µ∂νϕ− 2G4,φφ∂µϕ∂νϕ = T (1)

µν + T (2)
µν , (3.11)

(G2,X − 2G3,φ)

[
�Mϕ− hµν∂µ∂νϕ−

(
∂µh

µα − 1

2
ηαβ∂βh

)
∂αϕ

]
+ (G2,φX − 2G3,φφ) (ϕ�Mϕ+ ∂µϕ∂µϕ)

−G3,X

[
(�Mϕ)2 − ∂µ∂νϕ∂µ∂νϕ

]
+G2,φ +G2,φφϕ+

1

2
G2,φφφϕ

2 −
(

1

2
G2,φX − 2G3,φφ

)
∂µϕ∂µϕ

+ (G4,φ +G4,φφϕ) δR(1) +G4,φδR
(2) = −T (1)

,φ − T
(2)
,φ , (3.12)

where δGµν and δR are the perturbed Einstein tensor and Ricci scalar, respectively, h ≡ ηµνhµν is the trace of
hµν , and the upper subscripts “(1)” and “(2)” represent the first- and second-order perturbations, respectively. The

explicit forms of δG
(1)
µν and δR(1) are given, respectively, by

δG(1)
µν = −1

2

(
�Mhµν − ηµν�Mh− 2∂µ∂

αhνα + ∂µ∂νh+ ηµν∂α∂βh
αβ
)
, (3.13)

δR(1) = ∂µ∂νh
µν −�Mh . (3.14)

In Eqs. (3.11) and (3.12), the quantities G2,3,4 and their φ, X derivatives should be evaluated on the Minkowski
background with the field value φ = φ0, e.g., G4 = G4(φ0). For the consistency of Eq. (3.11), the background term
−G2ηµν needs to vanish. Similarly, the term G2,φ in Eq. (3.12) must vanish, so that

G2(φ0) = 0 , G2,φ(φ0) = 0 . (3.15)

We introduce the following quantity

θµν ≡ hµν −
1

2
ηµνh− ηµνg4

ϕ

MPl
. (3.16)

Taking the trace of Eq. (3.16) and defining θ ≡ ηµνθµν , we find

h = −θ − 4g4
ϕ

MPl
, (3.17)

so that hµν is expressed as

hµν = θµν −
1

2
ηµνθ − ηµνg4

ϕ

MPl
. (3.18)

Substituting Eqs. (3.17) and (3.18) into Eq. (3.11), we obtain

−�Mθµν + 2∂µ∂
αθνα − ηµν∂α∂βθαβ = τµν , (3.19)

where

τµν =
T

(1)
µν

G4
+O

(
θ2, ϕ2, θϕ, T (2)

µν , · · ·
)
. (3.20)

In the following, we choose the Lorentz gauge condition

∂νθµν = 0 . (3.21)
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Under this gauge choice, Eq. (3.19) is simplified to

�Mθµν = −τµν , (3.22)

with τµν satisfying

∂ντµν = 0 . (3.23)

We note that the leading-order contribution to τµν is the first-order perturbation T
(1)
µν /G4(φ0).

B. Linear perturbations and quadrupole formula of tensor waves

Let us first derive the solutions to hµν and ϕ at linear order. At first order in perturbations, Eqs. (3.11) and (3.12)
reduce, respectively, to

2G4δG
(1)
µν + 2ηµνG4,φ�Mϕ− 2G4,φ∂µ∂νϕ = T (1)

µν , (3.24)

(G2,X − 2G3,φ)�Mϕ+G2,φφϕ+G4,φδR
(1) = −T (1)

,φ . (3.25)

Taking the trace of Eq. (3.24), defining T (1) ≡ ηµνT (1)
µν , and using the property ηµνδG

(1)
µν = −δR(1), we obtain

δR(1) =
6G4,φ�Mϕ− T (1)

2G4
. (3.26)

Substituting Eq. (3.26) into Eq. (3.25), we find

(
�M −m2

s

)
ϕ = − 1

ζ0

[
T

(1)
,φ −

g4

2MPl
T (1)

]
, (3.27)

where

ζ0 ≡ G2,X − 2G3,φ +
3G2

4,φ

G4

∣∣∣∣
φ=φ0

, m2
s ≡ −

G2,φφ(φ0)

ζ0
. (3.28)

The quantity ms corresponds to the mass of the scalar field. In the presence of a scalar potential V (φ) appearing
as the term −V (φ) in G2(φ,X), the mass squared is given by V,φφ/ζ0. From Eqs. (3.20) and (3.22), the linear-order
perturbation θµν obeys

�Mθµν = − T
(1)
µν

G4(φ0)
. (3.29)

To solve Eq. (3.29) for θµν , we consider the Green function satisfying �M G(x− x′) = δ(4)(x− x′), where x represents

the four dimensional coordinate xµ = (t,x) and δ(4)(x) is the four dimensional delta function. We exploit the fact
that the integrated solution to this equation is expressed in the form

G(x− x′) = − 1

4π|x− x′|
δ(tret − t′) , (3.30)

where tret = t− |x− x′| is the retarded time. Then, the solution to Eq. (3.29) at spacetime point x is given by

θµν(x) =
1

4πG4(φ0)

∫
d4x′

δ(tret − t′)
|x− x′|

T (1)
µν (x′) =

1

4πG4(φ0)

∫
d3x′

T
(1)
µν (t− |x− x′|,x′)

|x− x′|
. (3.31)

Since the metric components θ0µ do not correspond to the dynamical degrees of freedom of GWs, we will study the
propagation of spatial components θij in the following discussion. We would like to compute θij(x) at an observer
position x = Dn far away from a binary source, where n is a unit vector. For |x′| at most of order a typical radius
of the source d, we have |x − x′| = D − x′ · n + O(d2/D) and hence t − |x − x′| ' t − D + x′ · n. Provided that
typical velocities of the source are much smaller than the speed of light, we can expand Tµν(t − |x − x′|,x′) about
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the retarded time t−D. For D � d, the denominator of Eq. (3.31) can be approximated as |x− x′| ' D. Then, it
follows that

θij(x) =
1

4πG4(φ0)D

∞∑
`=0

1

`!

∂`

∂t`

∫
d3x′ T

(1)
ij (t−D,x′) (x′ · n)

`
. (3.32)

On using the continuity equation ∂νT
(1)
µν = 0 arising from Eq. (3.23), there is the relation [102]∫

d3x′ T
(1)
ij (t,x′) =

1

2

∂2

∂t2

∫
d3x′ T

(1)
00 (t,x′)x′ix

′
j . (3.33)

Then, the leading-order term of Eq. (3.32) (i.e., ` = 0) yields

θij(x) =
1

8πG4(φ0)D

∂2

∂t2

∫
d3x′ T

(1)
00 (t−D,x′)x′ix′j . (3.34)

Under the low-velocity approximation of point sources, the leading-order contribution to the (00) component of
Eq. (2.8) on the Minkowski background is given by

T 00(1)
(x) =

∑
I=A,B

mIδ
(3)(x− xI(t)) . (3.35)

From Eqs. (3.34) and (3.35), we obtain the following quadrupole formula

θij(x) =
1

8πG4(φ0)D

∂2

∂t2

∑
I=A,B

mIx
i
Ix
j
I . (3.36)

Since θij(x) depends on the motion of sources, we derive the geodesic equations of motion at Newtonian order in
Sec. III C.

C. Geodesic equations at Newtonian order

Under the approximation that the typical velocities of sources are much smaller than the speed of light (|uiI | � 1
with τ ' t), the spatial components of Eq. (2.21) translate to

d2xiI
dt2

− 1

2
∂ih00 + αI

∂iϕ

MPl
= 0 , (3.37)

where we used Γi00 ' −∂ih00/2. The particle motion is affected by the spatial derivatives of h00 and ϕ, so we compute
these terms in the following. At leading order in the PN approximation, the only nonvanishing component of Tµν is
given by

T00 = T
(1)
00 =

∑
I=A,B

mIδ
(3) (x− xI) . (3.38)

In the Newtonian limit the background spacetime is stationary, so the (00) component of Eq. (3.29) yields

∇2θ00(x) = − 1

G4(φ0)

∑
I=A,B

mIδ
(3) (x− xI) . (3.39)

This is integrated to give

θ00(x) =
U(x)

4πG4(φ0)
, (3.40)

where

U(x) ≡
∑
I=A,B

mI

|x− xI |
, (3.41)
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with the trace θ(x) = −U(x)/[4πG4(φ0)].

At linear order, the scalar-field perturbation obeys Eq. (3.27) with T (1) = −T (1)
00 . In the stationary Newtonian

limit, this equation yields (
∇2 −m2

s

)
ϕ(x) =

∑
I=A,B

α̂ImI

ζ0MPl
δ(3) (x− xA) , (3.42)

which is integrated to give

ϕ(x) =
Us(x)

8πζ0MPl
, (3.43)

where

Us(x) ≡ −2
∑
I=A,B

α̂ImI
e−ms|x−xI |

|x− xI |
. (3.44)

Substituting Eqs. (3.40) and (3.43) into Eq. (3.18), the leading-order components of hµν are given by

h00 =
1

8π

[
U

G4(φ0)
+

g4Us
ζ0M2

Pl

]
, h0i = 0 , hij =

1

8π

[
U

G4(φ0)
− g4Us
ζ0M2

Pl

]
δij . (3.45)

On using the solutions (3.43) and (3.45) for a binary system, the equations of motion of particles A and B following
from Eq. (3.37) are

d2xiA
dt2

= − G̃mBr
i

r3
,

d2xiB
dt2

=
G̃mAr

i

r3
, (3.46)

where ri = xiA − xiB , r = |ri|, and

G̃ ≡ 1

16πG4(φ0)

[
1 +

4G4(φ0)

ζ0M2
Pl

α̂Aα̂B (1 +msr) e
−msr

]
. (3.47)

The quantity G̃ corresponds to an effective gravitational coupling between two point-like particles, which contains the
product of α̂A and α̂B . The relative displacement of two sources obeys the differential equation

µr̈i = − G̃mAmB

r3
ri , (3.48)

where a dot represents the derivative with respect to t, and µ is the reduced mass defined by

µ ≡ mAmB

mA +mB
. (3.49)

D. Tensor waves at quadrupole order from a quasicircular orbit

For a quasicircular orbit of a binary system, we will simplify the quadrupole formula (3.36). Introducing the center
of mass

xiCM =
mAx

i
A +mBx

i
B

m
, with m ≡ mA +mB , (3.50)

we can express Eq. (3.36) in the form

θij(x) =
1

8πG4(φ0)D

∂2

∂t2

(
mxiCMx

j
CM + µrirj

)
, (3.51)

For an isolated binary system the center of mass is not accelerating, so it does not contribute to the generation of
GWs. Then, we can choose the frame xiCM = 0, i.e.,

mAx
i
A +mBx

i
B = 0 , (3.52)
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without loss of generality. Then, Eq. (3.51) reduces to

θij(x) =
µ

8πG4(φ0)D

(
2ṙiṙj + r̈irj + rir̈j

)
. (3.53)

Substituting Eq. (3.48) into Eq. (3.53), we obtain

θij(x) =
µ

4πG4(φ0)D

(
vivj − G̃mrirj

r3

)
, (3.54)

where vi ≡ ṙi = ẋiA − ẋiB . The relative velocity and displacement between two point-like particles affect the value of
θij at the observed point x.

Let us consider a relative circular orbit around the center of mass. From Eq. (3.48), the Newtonian equation along
the radial direction is given by

µ
v2

r
=
G̃mAmB

r2
, (3.55)

and hence v2 = G̃m/r. We introduce the unit vectors v̂i and r̂i such that vi = vv̂i and ri = rr̂i. Then, Eq. (3.54)
reduces to

θij(x) =
G̃µm

4πG4(φ0)rD

(
v̂iv̂j − r̂ir̂j

)
. (3.56)

This is the leading-order solution to θij(x) for the quasicircular orbit. Note that the positions of particles A and B
can be expressed as

xiA =
µ

mA
ri , xiB = − µ

mB
ri , (3.57)

together with their velocities ẋiA = µvi/mA and ẋiB = −µvi/mB .

IV. GRAVITATIONAL WAVES FROM COMPACT BINARY SYSTEMS

A. Solutions to scalar-field perturbations

Since we derived the quadrupole formula (3.56) for tensor waves, the next procedure is to obtain solutions to the
scalar-field perturbation ϕ. For this purpose, we perform the PN expansion up to quadrupole order for the scalar-
field perturbation equation. We first express the derivative term �φ by using the d’Alembertian �M in Minkowski
spacetime as

�φ =

(
1 +

1

2
θ + g4

ϕ

MPl

)
�Mφ− θµν∂µ∂νϕ−

g4

MPl
∂µϕ∂

µϕ+O(ε3) , (4.1)

where θ is a trace of the metric tensor θµν . Up to second order in perturbations ϕ and θ, the scalar-field Eq. (2.13)
is given by (

�M −m2
s

)
ϕ = − 1

ζ0

(
1− 1

2
θ − g4

ϕ

MPl
− ζ1
ζ0
ϕ

)(
T,φ −

G4,φ

2G4
T

)
+O

(
ϕ2, ∂µϕ∂

µϕ, (�Mϕ)2, ∂µ∂νϕ∂µ∂νϕ, θϕ, θ
µν∂µ∂νϕ

)
, (4.2)

where ζ0 is defined in Eq. (3.28), and

ζ1 ≡ G2,φX − 2G3,φφ +
6G4,φG4,φφ

G4
−

3G3
4,φ

(G4)2

∣∣∣∣
φ=φ0

. (4.3)

We perform a PN expansion of the source term corresponding to the first term on the right hand-side of Eq. (4.2). In
the expression of the trace T given by Eq. (2.9), we pick up terms up to the orders of U , Us, and v2

I . We also exploit
the expansions

1√
−g

= 1− 1

2
h = 1− 1

8π

[
U

G4(φ0)
− 2g4Us
ζ0M2

Pl

]
, (4.4)

1

u0
I

= 1− 1

2
h00 −

1

2
v2
I = 1− 1

16π

[
U

G4(φ0)
+

g4Us
ζ0M2

Pl

]
− 1

2
v2
I , (4.5)
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as well as Eqs. (3.2) and (3.3). Then, it follows that

T,φ−
G4,φ

2G4
T = −

∑
I=A,B

mI(φ0)

MPl

[
α̂I

(
1− 3U

16πG4(φ0)
− 1

2
v2
I

)
+

Us
16πζ0M2

Pl

(
2α̂2

I + 4g4α̂I + 2βI − γ4

)]
δ(3)(x−xA(t)).

(4.6)
Terms in the second line of Eq. (4.2) are at most of order U2, U2

s , UUs. Since they are higher than quadrupole order
in the PN expansion, we neglect them in the following discussion. In the presence of a cubic derivative interaction
G3(X)�φ, nonlinear terms like (�Mϕ)2 and ∂µ∂νϕ∂µ∂νϕ can dominate over the left hand-side of Eq. (4.2) within a
Vainshtein radius rV [84–88]. In the following we assume that rV is at most of order the radius rs of the star (rV . rs),
so that the PN expansion given below is valid outside the source. In other words, our analysis loses its validity for
rV � rs due to the dominance of nonlinear derivative terms in the scalar-field equation inside the Vainshtein radius.

On using Eq. (4.6), the scalar-wave Eq. (4.2) up to quadrupole order can be expressed as(
�M −m2

s

)
ϕ = −16πS , (4.7)

where the source term is

S = − 1

16πζ0MPl

∑
I=A,B

mI(φ0)δ(3)(x− xI(t))

[
α̂I

(
1− U

16πG4(φ0)
− 1

2
v2
I

)

+
Us

16πζ0M2
Pl

(
2α̂2

I + 2g4α̂I + 2βI − γ4 − 2α̂I
MPlζ1
ζ0

)]
. (4.8)

At spatial point x = xA of the source A, we have U(xA) = mB/r and Us(xA) = −2α̂BmBe
−msr/r. Similarly, at

x = xB , U(xB) = mA/r and Us(xB) = −2α̂AmAe
−msr/r. The solution to Eq. (4.7) measured by an observer at the

position vector D = Dn and time t is expressed by the sum of a “massless” solution ϕB and “massive” solution ϕm
[52, 54], such that

ϕ = ϕB + ϕm , (4.9)

where

ϕB(t,D) = 4

∫
d3x′dt′

S(t′,x′)

|D − x′|
δ(t− t′ − |D − x′|) , (4.10)

ϕm(t,D) = −4

∫
d3x′dt′

msS(t′,x′)J1(ms

√
(t− t′)2 − |D − x′|2)√

(t− t′)2 − |D − x′|2
Θ(t− t′ − |D − x′|) , (4.11)

where J1 is a Bessel function of the first kind, and Θ is a Heaviside function. Far away from the source (D � |x′|),
we exploit the approximation |D − x′| = D − x′ · n and replace the t′ dependence in S with t′ = t − D + x′ · n.
Performing multipole expansions for the time-dependent part of S, it follows that

ϕB(t,D) =
4

D

∞∑
`=0

1

`!

∂`

∂t`

∫
d3x′S(t−D,x′)(x′ · n)` , (4.12)

ϕm(t,D) = − 4

D

∞∑
`=0

1

`!

∂`

∂t`

∫
d3x′(x′ · n)`

∫ ∞
0

dz
S(t−Du,x′)J1(z)

u`+1
, (4.13)

where

u ≡

√
1 +

z2

m2
sD

2
, z ≡ ms

√
(t− t′)2 − |D − x′|2 . (4.14)

We consider a quasicircular orbit of the binary system given by the point-like particle equations of motion (3.46) with
Eq. (3.57). We pick up the contributions up to quadrupole (` = 2) terms in Eqs. (4.12) and (4.13). For the dipole
and quadrupole contributions, we use the following relations∑

I=A,B

mI(φ0)α̂I
∂

∂t
(xI · n) = µ (α̂A − α̂B)v · n , (4.15)

∑
I=A,B

mI(φ0)α̂I
1

2!

∂2

∂t2
(xI · n)2 = −1

2
µΓ(v · n)2 +

G̃µm

2r3
Γ(r · n)2 , (4.16)
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where v = ẋA − ẋB , µ and m are defined in Eqs. (3.49) and (3.50) respectively, and

Γ ≡ −2
mBα̂A +mAα̂B

m
. (4.17)

There are time-independent contributions to ϕB and ϕm (i.e., those without containing the dependence of r and v)
irrelevant to the gravitational radiation power. Dropping such terms, we obtain the following solution far away from
the source

ϕB =
µ

4πζ0MPlD

{
α̂A + α̂B

16πG4(φ0)

m

r
− 1

4
Γv2 − Fs

16πζ0M2
Pl

me−msr

r

− (α̂A − α̂B)v · n +
1

2
Γ(v · n)2 − Γ

2

G̃m

r3
(r · n)2

}∣∣∣∣
t−D

, (4.18)

ϕm = − µ

4πζ0MPlD

{
α̂A + α̂B

16πG4(φ0)
I1

[m
r

]
− 1

4
ΓI1

[
v2
]
− Fs

16πζ0M2
Pl

I1

[
me−msr

r

]
− (α̂A − α̂B) I2 [v · n] +

1

2
ΓI3

[
(v · n)2

]
− Γ

2
I3

[
G̃m

r3
(r · n)2

]}∣∣∣∣
t−Du

, (4.19)

where

Fs ≡ −2α̂B

(
2α̂2

A + 2g4α̂A + 2βA − γ4 − 2α̂A
MPlζ1
ζ0

)
− 2α̂A

(
2α̂2

B + 2g4α̂B + 2βB − γ4 − 2α̂B
MPlζ1
ζ0

)
,(4.20)

In[f(t)] ≡
∫ ∞

0

dz
f(t−Du)J1(z)

un
. (4.21)

Terms proportional to v ·n correspond to the dipole mode, whereas terms proportional to (v ·n)2 and (r ·n)2 represent
the quadrupole contributions. Terms in the first lines of Eqs. (4.18) and (4.19) correspond to the monopole mode.
Since we are interested in the wavelike behavior of scalar-field perturbations, we will drop the monopole terms in the
discussion below. We note that ϕB and ϕm acquire the time dependence through the changes of r and v induced by
the energy loss of gravitational radiation. We will discuss this issue in Sec. V.

B. Solutions to GW fields

The observed GWs at the detector can be quantified by the deviation from a geodesic equation. The distance ξi

between freely moving test particles is modified by the propagation of GWs. As long as the test particles move slowly
and ξi is smaller than the wavelength of GWs, the geodesic deviation equation reduces to d2ξi/dt2 = −R0i0jξ

j [102],
where R0i0j ’s are components of the Riemann tensor. The GW field hij is defined by

∂2
0hij = −2R0i0j . (4.22)

At linear order in hµν , we have R0i0j = −(∂2
0hij + ∂i∂jh00)/2. We choose the traceless-transverse (TT) gauge

∂jθij = 0 , θ = 0 , (4.23)

under which h00 = g4ϕ/MPl. Then, Eq. (4.22) yields

∂2
0hij = ∂2

0θ
TT
ij − δijg4

∂2
0ϕ

MPl
+ g4

∂i∂jϕ

MPl
, (4.24)

where “TT” represents the TT gauge. The solution to ϕ without the monopole terms is expressed as

ϕ = ϕB(t−D,n) + ϕm(t−Du,n) , (4.25)

where

ϕB(t−D,n) = − µ

4πζ0MPlD

{
(α̂A − α̂B)v · n− 1

2
Γ(v · n)2 +

Γ

2

G̃m

r3
(r · n)2

}
, (4.26)

ϕm(t−Du,n) =
µ

4πζ0MPlD

∫ ∞
0

dzJ1(z)ψm , (4.27)
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where

ψm = (α̂A − α̂B)
v · n
u2
− 1

2
Γ

(v · n)2

u3
+

Γ

2

G̃m

r3

(r · n)2

u3

∣∣∣∣
t−Du

. (4.28)

To compute the last term of Eq. (4.24), we exploit the following properties [56]

∂i∂jϕB(t−D,n) = ninj∂
2
0ϕB(t−D,n) , (4.29)

∂i∂jψm(t−Du,n) =
ninj
u2

∂2
0ψm(t−Du,n) , (4.30)

where ni = xi/D, and we ignored the next-to-leading order contributions to ∂i∂jϕB arising from the spatial derivative
of the term proportional to 1/D in Eq. (4.26) (and likewise for ∂i∂jψm). Then, Eq. (4.24) reduces to

∂2
0hij = ∂2

0

[
θTT
ij − (δij − ninj) g4

ϕ

MPl
+ ninj

g4µ

4πζ0M2
PlD

∫ ∞
0

dzJ1(z)

(
1

u2
− 1

)
ψm

]
. (4.31)

In the three dimensional Cartesian coordinate (x1, x2, x3), we consider the GWs propagating along the x3 direction,
in which case nx1

= nx2
= 0 and nx3

= 1. We express the GW field in the form

hij =

 h+ + hb h× 0
h× −h+ + hb 0
0 0 hL

 . (4.32)

From Eq. (4.31), it follows that

h+ = θTT
11 = −θTT

22 , h× = θTT
12 = θTT

21 , (4.33)

hb = −g4
ϕ

MPl
, (4.34)

hL =
g4µ

4πζ0M2
PlD

∫ ∞
0

dzJ1(z)

(
1

u2
− 1

)
ψm . (4.35)

Besides the TT polarizations h+ and h×, the presence of a nonminimally coupled scalar field (g4 6= 0) gives rise to
a breathing mode hb and a longitudinal mode hL [103, 104]. The longitudinal mode, which has a polarization along
the propagating direction of GWs, arises from the nonvanishing mass ms of the scalar field.

In the Cartesian coordinate system (x1, x2, x3) whose origin O coincides with the center of mass of the binary
system, we choose the unit vector field n from O to the observer in the (x2, x3) plane with an angle γ inclined from
the x3 axis. The quasicircular motion of the binary system, which is characterized by the relative vector r, is confined
on the (x1, x2) plane with an angle Φ inclined from the x1 axis. Then, we can express the unit vectors n, r̂, and v̂ as

n = (0, sin γ, cos γ) , r̂ = (cos Φ, sin Φ, 0) , v̂ = (− sin Φ, cos Φ, 0) , (4.36)

with r = rr̂ and v = vv̂.
From Eq. (3.56), the TT components of θij for the GWs propagating along the x3 axis are θx1x1

= −θx2x2
=

−Aθ cos(2Φ) and θx1x2
= θx2x1

= −Aθ sin(2Φ), where Aθ = G̃µm/[4πG4(φ0)rD]. After rotation of the angle γ,

the GWs propagating along the direction of n have the components θ̃11 = θx1x1 , θ̃12 = θ̃21 = θx1x2 cos γ, and

θ̃22 = θx2x2
cos2 γ. The TT components θTT

ij are derived by using a Lambda tensor Λij,kl [102], as θTT
ij = Λij,klθ̃kl.

Since θTT
11 = −θTT

22 = (θ̃11 − θ̃22)/2 and θTT
12 = θTT

21 = θ̃12, we obtain the following TT components

h+ = −(1 + δ)2/3 4(G∗Mc)
5/3ω2/3

D

1 + cos2 γ

2
cos(2Φ) , (4.37)

h× = −(1 + δ)2/3 4(G∗Mc)
5/3ω2/3

D
cos γ sin(2Φ) , (4.38)

where ω = v/r is an orbital frequency, Mc = µ3/5m2/5 is a chirp mass, and

G∗ ≡
1

16πG4(φ0)
, δ ≡ 4κ4α̂Aα̂B (1 +msr) e

−msr , κ4 ≡
G4(φ0)

ζ0M2
Pl

, (4.39)
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with G̃ = G∗(1 + δ). From Eqs. (4.26), (4.27), (4.34), and (4.35), the breathing and longitudinal modes of hij are
expressed as

hb =
g4µ

4πζ0M2
PlD

{
(α̂A − α̂B)v sin γ cos Φ− 1

2
Γv2 sin2 γ cos(2Φ)

−
∫ ∞

0

dz J1(z)

[
1

u2
(α̂A − α̂B)v sin γ cos Φ− 1

2u3
Γv2 sin2 γ cos(2Φ)

]}
, (4.40)

hL =
g4µ

4πζ0M2
PlD

∫ ∞
0

dz J1(z)

(
1

u2
− 1

)[
1

u2
(α̂A − α̂B)v sin γ cos Φ− 1

2u3
Γv2 sin2 γ cos(2Φ)

]
, (4.41)

where we used the relation v2 = G̃m/r. Performing the integrals in Eqs. (4.40) and (4.41) with the limit D →∞, one
can show that both hb and hL are nonvanishing only for high frequency modes with ω & ms [54, 56]. The longitudinal
mode hL is about m2

s/ω
2 times as large as the breathing mode hb. We note that both hb and hL vanish in the

limit α̂I → 0 (where I = A,B). For the scalar charge in the range |α̂I | � 1, hb and hL are generally suppressed in
comparison to h+ and h×.

V. FOURIER-TRANSFORMED GRAVITATIONAL WAVEFORMS

The inspiraling compact binary loses the energy through gravitational radiation. This leads to the time variation
of the orbital frequency ω. In this section, we derive gravitational waveforms of TT polarizations in the frequency
domain under a stationary phase approximation.

A. Time variation of orbital frequency

In Refs. [101, 105], the effective GW stress-energy tensor tµν in Horndeski theories was derived under a short-
wavelength approximation. This is based on the approximation that the wavelength of GWs is much smaller than a
typical background curvature scale [106]. In the TT gauge, the explicit form of tµν is given by

tµν =

〈
1

2
G4(φ0)∂µθ

TT
αβ ∂νθ

αβ
TT + ζ0∂µϕ∂νϕ+m2

sG4,φ(φ0)ϕθTT
µν

〉
, (5.1)

where the symbol 〈· · · 〉 represents the time average over an orbital period. The conservation of tµν inside a volume
V implies that

∫
V

d3x (∂0t
00 + ∂it

0i) = 0. Thus, the time derivative of the GW energy EGW =
∫
V

d3x t00 is

dEGW

dt
= −

∫
V

d3x ∂it
0i = −

∫
S

dAN̂it
0i , (5.2)

where N̂i is an outer normal to the surface, and the last term represents a surface integral. Taking the surface of a
sphere with the radius D and using the property ∂0θ

TT
αβ (t−D) = −∂DθTT

αβ (t−D) with Eq. (4.33), it follows that

dEGW

dt
= −

∫
S

dA t0D = −
∫

dΩD2
[
G4(φ0)〈ḣ2

+ + ḣ2
×〉 − ζ0〈∂0ϕ∂Dϕ〉

]
, (5.3)

where Ω is the solid angle element. On using Eqs. (4.37) and (4.38) with Φ = ω(t−D), we obtain

−
∫

dΩD2G4(φ0)〈ḣ2
+ + ḣ2

×〉 = −512

5
πG4(φ0)(1 + δ)4/3(G∗Mcω)10/3 . (5.4)

The scalar-field perturbation ϕ is the sum of ϕB and ϕm given by Eqs. (4.26) and (4.27), respectively. From Eqs. (3.48)
and (3.55) as well as the relation d(Du)/dD = 1/u, we obtain

∂0ϕ =
G̃µm

4πζ0MPlD

{
(α̂A − α̂B)

(r · n
r3
− I2

[r · n
r3

])
− 2Γ

(
(r · n)(v · n)

r3
− I3

[
(r · n)(v · n)

r3

])}
, (5.5)

∂Dϕ = − G̃µm

4πζ0MPlD

{
(α̂A − α̂B)

(r · n
r3
− I3

[r · n
r3

])
− 2Γ

(
(r · n)(v · n)

r3
− I4

[
(r · n)(v · n)

r3

])}
, (5.6)
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where r · n = r sin γ sin Φ and v · n = v sin γ cos Φ. For the quantities like r · n/r3, the angle Φ has the dependence
Φ = ω(t−D), while, for the quantities like I2[r ·n/r3], Φ = ω(t−Du). Taking the time average of ∂0ϕ∂Dϕ over the
orbital period, it follows that

〈∂0ϕ∂Dϕ〉 = −

(
G̃µm

4πζ0MPlD

)2〈
(α̂A − α̂B)2

(r · n
r3
− I2

[r · n
r3

])(r · n
r3
− I3

[r · n
r3

])
+4Γ2

(
(r · n)(v · n)

r3
− I3

[
(r · n)(v · n)

r3

])(
(r · n)(v · n)

r3
− I4

[
(r · n)(v · n)

r3

])〉
. (5.7)

For the computation on the right hand-side of Eq. (5.7), we introduce the following integrals

Cn =

∫ ∞
0

dz cos(ωDu)
J1(z)

un
, Sn =

∫ ∞
0

dz sin(ωDu)
J1(z)

un
, (5.8)

C̃n =

∫ ∞
0

dz cos(2ωDu)
J1(z)

un
, S̃n =

∫ ∞
0

dz sin(2ωDu)
J1(z)

un
. (5.9)

Then, the last integral in Eq. (5.3) reads∫
dΩD2ζ0〈∂0ϕ∂Dϕ〉 = − (G̃µm)2

12πζ0M2
Plr

4

[
(α̂A − α̂B)2 {1− cos(ωD)(C2 + C3)− sin(ωD)(S2 + S3) + C2C3 + S2S3}

+
4

5
Γ2v2

{
1− cos(2ωD)(C̃3 + C̃4)− sin(2ωD)(S̃3 + S̃4) + C̃3C̃4 + S̃3S̃4

}]
. (5.10)

In the large-distance limit D →∞, the asymptotic forms of Cn and Sn are given, respectively, by

Cn ' cos(ωD)−
(

1− m2
s

ω2

)(n−1)/2

cos
(
D
√
ω2 −m2

s

)
Θ(ω −ms) , (5.11)

Sn ' sin(ωD)−
(

1− m2
s

ω2

)(n−1)/2

sin
(
D
√
ω2 −m2

s

)
Θ(ω −ms) . (5.12)

As for C̃n and S̃n in the limit D →∞, we only need to change ω in Eqs. (5.11) and (5.12) to 2ω, respectively. Then,
at large D, the energy loss of GWs induced by the stress-energy tensor tµν yields

dEGW

dt
= −512

5
πG4(φ0)(1 + δ)4/3(G∗Mcω)10/3

− (G̃µm)2

12πζ0M2
Plr

4

[
(α̂A − α̂B)2

(
1− m2

s

ω2

)3/2

Θ(ω −ms) +
4

5
Γ2v2

(
1− m2

s

4ω2

)5/2

Θ(2ω −ms)

]
, (5.13)

where the terms on the second line arise from scalar radiation. For the frequency in the range ω < ms/2 there is no
scalar radiation, but, for ω > ms, the two terms in the square bracket of (5.13) are nonvanishing.

The energy E associated with the binary system is given by

E =
1

2
µv2 − G̃µm

r
= − G̃µm

2r
= −1

2
µ
(
G̃mω

)2/3

. (5.14)

The orbital frequency ω changes in time due to the decrease of E induced by the energy loss EGW. Since dE/dt =
dEGW/dt, we obtain the time variation of ω, as

ω̇ =
96

5
(G∗Mc)

5/3ω11/3

[
(1 + δ)

2/3

+
5

24
κ4

{
(α̂A − α̂B)2

(
1− m2

s

ω2

)3/2
Θ(ω −ms)

(G∗mω)2/3
+

4

5
Γ2(1 + δ)2/3

(
1− m2

s

4ω2

)5/2

Θ(2ω −ms)

}]
, (5.15)

where we used the relation

µω3

4πζ0M2
Pl

= 4κ4
(G∗Mc)

5/3ω11/3

(G∗mω)2/3
. (5.16)

We recall that G∗, δ, and κ4 are defined in Eq. (4.39).
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B. Gravitational waveforms

When we confront the gravitational waveform with observations, it is common to perform a Fourier transformation
of h+, h×, hb, and hL with a frequency f . Since the amplitudes of h+ and h× are typically much larger than those
of hb and hL [54, 56], we will estimate the deviation from GR for the two polarizations h+ and h× in Fourier space.
Let us perform the Fourier transformation

h̃λ(f) =

∫
dt hλ(t)ei·2πft , (5.17)

where λ = +,×. For the λ = + mode, using Eq. (4.37) with Φ = ω(t−D) leads to

h̃+(f) = −(1 + δ)2/3 (G∗Mc)
5/3

D
(1 + cos2 γ) ei·2πfD

∫
dt ω(t)2/3

[
ei(2Φ(t)+2πft) + ei(−2Φ(t)+2πft)

]
. (5.18)

There is a stationary phase point for the second term in the square bracket of Eq. (5.18), such that

d

dt
[−2Φ(t) + 2πft]

∣∣∣∣
t=t∗

= 0 → ω(t∗) = πf . (5.19)

Since the first term in the square bracket of Eq. (5.18) exhibits fast oscillations, we ignore such a contribution in the
following discussion. Expanding Φ(t) around t = t∗ as Φ(t) = Φ(t∗) + πf(t− t∗) + ω̇(t∗)(t− t∗)2/2 +O((t− t∗)3), it
follows that

h̃+(f) = −(1 + δ)2/3 (G∗Mc)
5/3

D
(1 + cos2 γ) ei[2πfD−2Φ(t∗)+2πft∗]

∫
dt ω(t)2/3e−iω̇(t∗)(t−t∗)2 . (5.20)

Since
∫

dt ω(t)2/3e−iω̇(t∗)(t−t∗)2 ' ω(t∗)
2/3
√
π/ω̇(t∗) e

−iπ/4, we obtain

h̃+(f) = −(1 + δ)2/3 (G∗Mc)
5/3

D
(1 + cos2 γ)ω(t∗)

2/3

√
π

ω̇(t∗)
eiΨ+ , (5.21)

where

Ψ+ = 2πft∗ − 2Φ(t∗) + 2πfD − π

4
. (5.22)

Similarly, the Fourier-transformed mode of h×(f) is given by

h̃×(f) = −2(1 + δ)2/3 (G∗Mc)
5/3

D
(cos γ)ω(t∗)

2/3

√
π

ω̇(t∗)
eiΨ× , (5.23)

where

Ψ× = Ψ+ +
π

2
. (5.24)

The orbital frequency ω increases according to Eq. (5.15). At a critical time tc, ω grows sufficiently large, such that
ω(tc)→∞. Then, the time t∗ can be expressed as

2πft∗ − 2Φ(t∗) = 2πftc − 2Φc +

∫ πf

∞
dω

2πf − 2ω

ω̇
, (5.25)

where Φc = Φ(tc). Substituting this relation into Eq. (5.22), it follows that

Ψ+ = 2πf (D + tc)− 2Φc −
π

4
+

∫ πf

∞
dω

2πf − 2ω

ω̇
, (5.26)

where the last integral should be performed after the substitution of Eq. (5.15).
It is important to recognize that terms in the second line of Eq. (5.15) vanish for ω < ms/2, whereas this is not the

case for ω > ms/2. Moreover, ω̇ contains the term δ, whose behavior is different dependent on whether the mass is
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in the range msr � 1 or msr � 1. Using the quasicircular equation of motion v2 = G̃m/r with v = rω and ω = 2πf ,
the relative distance between the binary system is given by

r =

(
c2rg

8π2f2

)1/3

= (1.7× 105 m)

(
f

50 Hz

)−2/3 ( rg
104 m

)1/3

, (5.27)

where rg = 2G̃m/c2 and we restored the speed of light c for the numerical computation. The critical scalar mass m̃s

corresponding to m̃sr = 1 can be estimated as

m̃s =
1

r
' 10−12 eV

(
f

50 Hz

)2/3 ( rg
104 m

)−1/3

, (5.28)

so that m̃s ' 10−12 eV for the typical frequency f = 50 Hz during the inspiral phase with rg = 104 m. In the heavy
mass range ms � m̃s, we have δ ' 0 due to the suppression arising from the exponential factor e−msr. For ms � m̃s,
δ has a constant value

δ0 = 4κ4α̂Aα̂B . (5.29)

We note that the frequency f = 50 Hz corresponds to the order ω = 2πf ' 10−13 eV. Provided the mass ms is in the
range ms < ω ' 10−13 eV, we have msr < 0.1 and hence δ can be approximated as δ0. In the following, we will first
consider the light mass region ms � ω and then proceed to the discussion in the massive limit ms � ω.

1. ms � ω

For ms < ω, terms in the second line of Eq. (5.15), which correspond to scalar radiation, are nonvanishing. In the
limit that ms � ω, we have

ω̇ =
96

5
(G∗Mc)

5/3ω11/3

[
(1 + δ0)2/3

(
1 +

κ4

6
Γ2
)

+
5κ4(α̂A − α̂B)2

24(G∗mω)2/3

]
. (5.30)

If ω is not much different from ms, there are corrections arising from the terms (1−m2
s/ω

2)3/2 and [1−m2
s/(4ω

2)]5/2.
We ignored such higher-order corrections to the right hand-side of Eq. (5.30). Under the conditions

|δ0| � 1 , |κ4Γ2| � 1 , (5.31)

Eq. (5.30) can be approximated as

ω̇ ' 96

5
(G∗Mc)

5/3ω11/3

[
1 +

2

3
δ0 +

κ4

6
Γ2 +

5κ4(α̂A − α̂B)2

24(G∗mω)2/3

]
, (5.32)

where δ0 and κ4Γ2 are at most of order κ4α̂
2
I . Since (G∗mω)2/3 ≈ v2, the last term in the square bracket of Eq. (5.32)

is at most of order κ4α̂
2
I(c

2/v2), where we restored the speed of light c. Then, under the PN expansion, the leading-
order correction to ω̇ arising from the modification to gravity is the last term in the square bracket of Eq. (5.32). As
long as the condition

ε ≡ 5κ4(α̂A − α̂B)2

24(G∗mω)2/3
� 1 (5.33)

is satisfied together with inequalities (5.31), we have 1/ω̇ ' (5/96)(G∗Mc)
−5/3ω−11/3(1−2δ0/3−κ4Γ2/6− ε) approx-

imately. Then, the phase terms are integrated to give

Ψ+ = Ψ× −
π

2
= 2πf (D + tc)− 2Φc −

π

4
+

3

128
(G∗Mcπf)−5/3

[
1− 2

3
δ0 −

κ4

6
Γ2 − 5κ4(α̂A − α̂B)2

42(G∗mπf)2/3

]
, (5.34)

where we ignored corrections higher than the orders κ4α̂
2
I(c

2/v2) and κ4α̂
2
I . We also obtain

h̃+(f) = − (G∗Mc)
5/6

D
(1 + cos2 γ)

√
5π

96
(πf)−7/6

[
1 +

1

3
δ0 −

κ4

12
Γ2 − 5κ4(α̂A − α̂B)2

48(G∗mπf)2/3

]
eiΨ+ , (5.35)

h̃×(f) = −2
(G∗Mc)

5/6

D
(cos γ)

√
5π

96
(πf)−7/6

[
1 +

1

3
δ0 −

κ4

12
Γ2 − 5κ4(α̂A − α̂B)2

48(G∗mπf)2/3

]
eiΨ× . (5.36)

If we take higher-order PN corrections into account, they appear as the form 1+O(v2/c2)+ · · · in the square brackets
of Eqs. (5.34)-(5.36). Unlike the δ0 and κ4Γ2 terms, such PN corrections depend on the frequency f .
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2. ms � ω

For ω < ms/2 we have Θ(ω − ms) = 0 and Θ(2ω − ms) = 0, so there is no scalar radiation in Eq. (5.15). For
the orbital frequency ω ' 10−13 eV with the distance r ' 1012 eV−1, we have ωr ' 0.1. Then, in the mass range
ms & 102ω = 10−11 eV, we have δ � 1 and hence ω̇ ' (96/5)(G∗Mc)

5/3ω11/3. For such heavy scalar masses, Ψ+,Ψ×
and h̃+, h̃× reduce to the values in GR as

ΨGR
+ = ΨGR

× − π

2
= 2πf (D + tc)− 2Φc −

π

4
+

3

128
(G∗Mcπf)−5/3 , (5.37)

and

h̃GR
+ (f) = − (G∗Mc)

5/6

D
(1 + cos2 γ)

√
5π

96
(πf)−7/6eiΨ

GR
+ , (5.38)

h̃GR
× (f) = −2

(G∗Mc)
5/6

D
(cos γ)

√
5π

96
(πf)−7/6eiΨ

GR
× . (5.39)

The reduction to the gravitational waveforms in GR is attributed to the absence of scalar radiation besides the
exponential suppression of fifth forces outside compact objects in the mass range ms & 10−11 eV.

C. ppE parameters

In the light mass regime ms � ω, the gravitational waveforms deviate from those in GR. Since the last terms in
the square brackets of Eqs. (5.34)-(5.36) are the dominant terms arising from the modification of gravity, we ignore
other correction terms such as δ0 and κ4Γ2. Then, one can express Eqs. (5.35) and (5.36) in the forms

h̃λ(f) ' h̃GR
λ (f)

[
1− 5κ4(α̂A − α̂B)2

48(G∗mπf)2/3

]
eiΨ̂λ , (5.40)

where h̃GR
λ (f) (with λ = +,×) are given in Eqs. (5.38)-(5.39), and

Ψ̂λ ≡ Ψλ −ΨGR
λ ' − 5κ4(α̂A − α̂B)2

1792(G∗Mcπ)5/3(G∗mπ)2/3f7/3
. (5.41)

These waveforms can be encompassed in the ppE framework [37, 94–96] given by

h̃λ(f) = h̃GR
λ (f)

1 +
∑
j=1

αj (G∗Mcπf)
aj/3

 exp

i∑
j=1

βj (G∗Mcπf)
bj/3

 , (5.42)

where αj , aj , βj , and bj are constants parametrizing the deviation from GR. Comparing Eqs. (5.40)-(5.41) with
Eq. (5.42), the ppE parameters in the light mass limit ms � ω are given by

α1 = − 5

48
κ4 (α̂A − α̂B)

2
η2/5 , a1 = −2 , β1 = − 5

1792
κ4 (α̂A − α̂B)

2
η2/5 , b1 = −7 , (5.43)

where

η ≡ µ

m
=

(
Mc

m

)5/3

. (5.44)

In massless BD theories, the above ppE parameters reproduce those derived in Refs. [37, 54]. For α̂A 6= α̂B , there are
frequency-dependent corrections to the waveforms arising from the modification of gravity.

For the mass ms which is not much smaller than ω, there are corrections to h̃λ(f) arising from the terms m2
s/ω

2. In
this case, the second term in the square bracket of Eq. (5.32) is multiplied by the factor (1−m2

s/ω
2)3/2 ' 1−3m2

s/(2ω
2).

Then, the GW solution (5.40) with the phase (5.41) is modified to

h̃λ(f) = h̃GR
λ (f)

[
1− 5κ4(α̂A − α̂B)2

48(G∗mπf)2/3

(
1− 3m2

s

2π2f2

)]
eiΨ̂λ , (5.45)

Ψ̂λ = − 5κ4(α̂A − α̂B)2

1792(G∗Mcπ)5/3(G∗mπ)2/3f7/3

(
1− 105m2

s

208π2f2

)
. (5.46)
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The leading-order ppE parameters are the same as those given in Eq. (5.43). The light scalar mass ms gives rise to
the following correction terms

α2 =
5

32
κ4 (α̂A − α̂B)

2
(G∗Mcms)

2η2/5 , a2 = −8 , β2 =
15

1664
α2 , b2 = −13 . (5.47)

In the limit that ms � πf , these corrections are negligibly small compared to the leading-order ppE contributions
given in Eq. (5.43). In massive BD theories, the ppE parameters (5.47) coincide with those derived in Ref. [54].

VI. APPLICATION TO CONCRETE THEORIES

As we showed in the previous section, the ppE parameters crucially depend on α̂I . In this section, we compute α̂I
in concrete theories where the NS can have scalar hairs. In doing so, we first discuss an explicit relation between α̂I
and a scalar charge by transforming the theory to an Einstein frame. The calculations of α̂I are important to probe
the modification of gravity in strong gravity regimes in future observations of GWs emitted from compact binaries.

A. Nonminimally coupled theories and Einstein frame

Let us consider theories given by the action (2.1) with the nonminimal coupling G4(φ) = M2
PlF (φ)/2, i.e.,

S =

∫
d4x
√
−g
[
M2

Pl

2
F (φ)R+G2(φ,X)−G3(φ,X)�φ

]
+ Sm(gµν ,Ψm) , (6.1)

which is known as the action in the Jordan frame where the matter fields Ψm are minimally coupled to gravity.
To compute the quantities like α̂I , it is convenient to perform a conformal transformation of the metric tensor as
[26, 107, 108]

ĝµν = Ω2(φ)gµν , (6.2)

where Ω2(φ) is a field-dependent conformal factor, and a hat represents quantities in the transformed frame. To
obtain the action in the Einstein frame, we use the following transformation properties

√
−g = Ω−4

√
−ĝ , R = Ω2

(
R̂+ 6�̂ω − 6ĝµν∇µω∇νω

)
, X = Ω2X̂ , �φ = Ω2

(
�̂φ− 2ĝµν∇µω∇νφ

)
,

(6.3)
where ω = ln Ω. To transform the action (6.1) to that in the Einstein frame, we choose the conformal factor to be
Ω2(φ) = F (φ). Dropping boundary terms, the action in the Einstein frame is given by

Ŝ =

∫
d4x
√
−ĝ
[
M2

Pl

2
R̂+ Ĝ2(φ, X̂)− Ĝ3(φ, X̂)�̂φ

]
+ Sm

(
F−1(φ)ĝµν ,Ψm

)
, (6.4)

where X̂ = F−1X, and

Ĝ2 =
1

F 2

[
G2 + F,φX̂

(
3

2
M2

PlF,φ − 2G3

)]
, Ĝ3 =

G3

F
. (6.5)

After the transformation, the matter fields Ψm are coupled to the scalar field φ through the metric tensor ĝµν .

We will consider theories in which a standard kinetic term X̂ is present in the Einstein frame. This is realized for
the coupling function [109, 110]

G2 =

(
1−

3M2
PlF

2
,φ

2F 2

)
F (φ)X +K(φ,X) , (6.6)

where K is a function of φ and X. Then, it follows that

Ĝ2 = X̂ +
K

F 2
− 2F,φ

F 2
G3X̂ , Ĝ3 =

G3

F
. (6.7)
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We can further specify theories containing a quadratic kinetic term µ2X
2 and a scalar potential V (φ) in K, such

that K = µ2X
2 − V (φ). Taking the cubic Galileon term G3 = µ3X into account as well, the coupling functions in

the Jordan frame yield

G2 =

(
1−

3M2
PlF

2
,φ

2F 2

)
F (φ)X + µ2X

2 − V (φ) , G3 = µ3X , G4(φ) =
M2

Pl

2
F (φ) , (6.8)

where µ2 and µ3 are constants. In the Einstein frame, the coupling functions Ĝ2 and Ĝ3 yield

Ĝ2 = X̂ + µ2X̂
2 − 2F,φ

F
µ3X̂

2 − V

F 2
, Ĝ3 = µ3X̂ . (6.9)

In the following, we present theories that belong to the action (6.1) with the coupling functions (6.8).

• (i) BD theories with a scalar potential V (φ) [23]:

G2 = (1− 6Q2)e−2Qφ/MPlX − V (φ) , G3 = 0 , G4 =
M2

Pl

2
e−2Qφ/MPl , (6.10)

where the nonminimal coupling corresponds to F (φ) = e−2Qφ/MPl , and Q is a constant characterizing the
coupling strength between the scalar field and gravity sector. Setting χ = F = e−2Qφ/MPl with MPl = 1, it
follows that the above theory is equivalent to the action S =

∫
d4x
√
−g [χR/2− ωBD∇µχ∇µχ/(2χ)− V ] + Sm

originally propsed by Brans and Dicke [23]. Here, the BD parameter ωBD is related to the coupling Q according
to [46, 50]

3 + 2ωBD =
1

2Q2
. (6.11)

GR corresponds to the limit ωBD →∞, i.e., Q→ 0. Metric f(R) gravity with the action S =
∫

d4x
√
−gM2

Plf(R)/2

belongs to a subclass of BD theories given by the coupling functions (6.10), with the correspondence Q = −1/
√

6,
V (φ) = M2

Pl(FR − f)/2, and F = ∂f/∂R = e−2Qφ/MPl [26, 111]. If the mass of φ is as light as today’s Hubble
constant H0 at low redshifts, the scalar field φ can be also the source for dark energy [50, 112–115].

• (ii) Theories with spontaneous scalarization [58, 59]:

G2 =

(
1−

3M2
PlF

2
,φ

2F 2

)
F (φ)X , G3 = 0 , G4 =

M2
Pl

2
F (φ) , (6.12)

where F is a function containing the even power-law dependence of φ. The nonminimal coupling chosen by

Damour and Esposite-Farase is given by F (φ) = e−βφ
2/(2M2

Pl), where β is a constant. On the static and
spherically symmetric background, there is a nonvanishing scalar-field branch φ(r) 6= 0 besides the GR branch
φ(r) = 0, where r is the distance from the center of symmetry. For strong gravitational stars like the NS, the
necessary condition for the occurrence of spontaneous scalarization from the GR branch to the other branch
is given by F,φφ(0) > 0, which translates to the condition β < 0. If we apply this model to cosmology, there
is tachyonic growth of φ that can violate the dynamics of successful cosmic expansion history [116, 117]. This
problem is circumvented by the presence of a coupling g2φ2χ2/2 between φ and an inflaton field χ [118, 119], in
which case φ is exponentially suppressed during inflation. Note that this coupling does not affect the mechanism
of spontaneous scalarization because of the decay of χ by the end of reheating.

• (iii) Scalarized NSs with a scalar potential V (φ) and a positive nonminimal coupling constant β > 0 [110]:

G2 =

(
1− 3β2φ2

2M2
Pl

)
e−βφ

2/(2M2
Pl)X − V (φ) , G3 = 0 , G4 =

M2
Pl

2
e−βφ

2/(2M2
Pl) . (6.13)

The difference from original spontaneous scalarization is that there is a self-interacting potential of the type

V (φ) = m2
sf

2
B

[
1 + cos

(
φ

fB

)]
, (6.14)

where ms and fB are constants. Far away from the NS, the scalar field sits at the vacuum expectation value
φv = πfB . Inside the NS, a nonminimal coupling with β > 0 can dominate over a negative mass squared of the
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bare potential −m2
s. This leads to the symmetry restoration with the central field value φc close to 0. Then,

there are scalarized NS solutions connecting φv with φc whose difference is significant on strong gravitational
backgrounds (see Ref. [120] for a model of scalarized BHs based on a scalar-Gauss-Bonnet coupling). In this
scenario, the scalar field is not subject to tachyonic instability during inflation and it finally approaches a vacuum
expectation value without spoiling a successful cosmological evolution [110].

In Refs. [92, 93], the authors took into account the cubic Galileon coupling G3 = µ3X for the theories of types
(i) and (ii) and showed that the deviation from GR is suppressed even for relativistic stars through the Vainshtein
mechanism. If the Vainshtein radius rV is much larger than the radius rs of star, nonlinear scalar derivative terms
like (�Mϕ)2 and ∂µ∂νϕ∂µ∂νϕ dominate over �Mϕ at the distance r < rV . For rV � rs, the computation of the
gravitational waveform based on the PN expansion (4.7) outside the star loses its validity inside the Vainshtein radius.
If rV is at most of order rs, i.e., rV . rs, the PN solutions outside the star are still valid. In this latter situation, the
screening of fifth forces should occur only inside the star. In this case, the cubic coupling constant µ3 needs to be
tuned to realize rV same order as rs = O(10 km). We will not address such a specific case in this paper.

Instead, we study the effect of the µ2X
2 term on α̂I by setting µ3 = 0 in Eq. (6.8). We also consider the case in

which the scalar potential is absent, so that the coupling functions in the Jordan frame are

G2 =

(
1−

3M2
PlF

2
,φ

2F 2

)
F (φ)X + µ2X

2 , G3 = 0 , G4(φ) =
M2

Pl

2
F (φ) . (6.15)

In the Einstein frame, the action is given by Eq. (6.4) with

Ĝ2 = X̂ + µ2X̂
2 , Ĝ3 = 0 . (6.16)

In this class of theories, there are no asymptotically flat hairy BH solutions known in the literature [27–29, 97–99].
Thus, we only consider a static and spherically symmetric NS to compute the quantities appearing in Eq. (5.43).

B. How to compute α̂I

The line element corresponding to the static and spherically symmetric background in the Jordan frame is given by

ds2 = −f(r)dt2 + h−1(r)dr2 + r2dΩ2 , (6.17)

where f(r) and h(r) are functions of the radial coordinate r. For the matter fields Ψm inside the NS, we consider a
perfect fluid given by the energy-momentum tensor Tµν = diag[−ρ(r), P (r), P (r), P (r)] minimally coupled to gravity,
where ρ is the density and P is the pressure. On the background given by the line element (6.17), the field equations
of motion are [109, 121–124]

f ′

f
= −

F 2[4M2
Pl(h− 1)− 2hr2φ′2] + 3M2

Plr
2hφ′2F 2

,φ + rF [hφ′(8F,φM
2
Pl + 3µ2rhφ

′3)− 4rP ]

2F (2F + F,φrφ′)M2
Plrh

, (6.18)

h′

h
− f ′

f
= −r

2F 2hφ′2 + 2F [hM2
Pl(F,φφφ

′2 + F,φφ
′′)− µ2h

2φ′4 + ρ+ P ]− 3M2
PlF

2
,φhφ

′2

F (2F + F,φrφ′)M2
Plh

, (6.19)

1

r2

√
h

f

(
r2

√
f

h
Jr

)′
+ Pφ = 0 , (6.20)

P ′ +
f ′

2f
(ρ+ P ) = 0 , (6.21)

where a prime represents the derivative with respect to r, and

Jr = hφ′

(
F −

3M2
PlF

2
,φ

2F
− µ2hφ

′2

)
, (6.22)

Pφ =
F,φ
4

[
M2

Pl{r2hf ′2 − 4f2(rh′ + h− 1)− rf(2rhf ′′ + rf ′h′ + 4hf ′)}
r2f2

−
hφ′2{2F 2 + 3M2

Pl(F
2
,φ − 2FF,φφ)}

F 2

]
.(6.23)

The Arnowitt-Deser-Misner (ADM) mass m of the star is related to the metric component h as

m = 4πM2
Plr [1− h(r)] |r→∞ . (6.24)
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At r = 0, we impose the regular boundary conditions f(0) = fc, h(0) = 1, φ(0) = φc, ρ(0) = ρc, P (0) = Pc, and
f ′(0) = h′(0) = φ′(0) = ρ′(0) = P ′(0) = 0. Then, the solutions expanded around the center of star consistent with
these boundary conditions are

f = fc +
fc

6F (φc)M2
Pl

[
ρc + 3Pc +

M2
PlF

2
,φ(φc)(ρc − 3Pc)

2F 2(φc)

]
r2 +O(r4) , (6.25)

h = 1− 1

3F (φc)M2
Pl

[
ρc −

M2
PlF

2
,φ(φc)(ρc − 3Pc)

2F 2(φc)

]
r2 +O(r4) , (6.26)

φ = φc −
F,φ(φc)(ρc − 3Pc)

12F 2(φc)
r2 +O(r4) , (6.27)

P = Pc −
(ρc + Pc)[2F

2(φc)(ρc + 3Pc) + F 2
,φ(φc)M

2
Pl(ρc − 3Pc)]

24F 3(φc)M2
Pl

r2 +O(r4) . (6.28)

From Eq. (6.27) it is clear that the hairy NS solution arises through the coupling between the scalar field and matter
mediated by the nonminimal coupling F (φ)R. For larger values of |F,φ(φc)| and |ρc−3Pc|, the derivative |φ′(r)| tends
to be larger. The contribution of the term µ2X

2 appears at the order of r4 in Eqs. (6.25)-(6.28). Since |φ′(r)| grows
as a function of r inside the star, the higher-order term µ2X

2 can also contribute to the solutions around r = rs.
We define the radius of star rs according to the condition P (rs) = 0 and assume that ρ = 0 = P in the exterior

region of star. To study the scalar-field solution for r > rs, it is convenient to transform the metric to that in the
Einstein frame such that

dŝ2 = F (φ)ds2 = −f̂(r̂)dt2 + ĥ−1(r̂)dr̂2 + r̂2dΩ2 , (6.29)

where r̂, f̂ , and ĥ are related to those in the Jordan frame as

r̂ =
√
F r , f̂ = Ff , ĥ =

(
1 +

F,φφ
′

2F
r

)2

h . (6.30)

The fluid density ρ̂, pressure P̂ , and ADM mass m̂I of the NS (labeled by I) in the Einstein frame are expressed as

ρ̂ =
ρ

F 2
, P̂ =

P

F 2
, m̂I =

mI√
F
. (6.31)

In the Einstein frame, the scalar-field equation of motion is written in the form

1

r̂2

√
ĥ

f̂

d

dr̂

{[
1− µ2ĥ

(
dφ

dr̂

)2
]
r̂2

√
f̂ ĥ

dφ

dr̂

}
= −F,φ

2F

(
ρ̂− 3P̂

)
. (6.32)

Since ρ̂ = 0 = P̂ outside the NS, Eq. (6.32) is integrated to give[
1− µ2ĥ

(
dφ

dr̂

)2
]

dφ

dr̂
=

qs

r̂2

√
f̂ ĥ

, (6.33)

where qs is a constant corresponding to a scalar charge. At spatial infinity (r̂ → ∞), we impose the asymptotically

flat boundary conditions dφ/dr̂ → 0, f̂ → 1, and ĥ → 1. Then, far away from the star, the scalar field has the
following asymptotic behavior

dφ

dr̂
=
qs
r̂2
, φ(r̂) = φ0 −

qs
r̂
, (6.34)

where φ0 is the asymptotic value of φ. The higher-order kinetic term µ2X̂
2 is suppressed in this regime, so that the

canonical kinetic term X̂ gives a dominant contribution to the ADM mass m̂I in the Einstein frame. In other words,
m̂I acquires the φ dependence through the Lagrangian Lφ = X̂ = −(1/2)ĝij∂iφ∂jφ, where Lφ does not contain the
time dependence of φ on the static background (6.29). Since Lφ contributes to m̂I(φ) through the three dimensional
volume integral −

∫
d3xLφ, varying m̂I(φ) with respect to φ leads to [125]

δm̂I(φ) = −
∫

d3x δLφ = −
∫

d3x ∂i

[
∂L

∂(∂iφ)
δφ

]
= −

∫
d2Si

∂L

∂(∂iφ)
δφ =

∫
d2Si ∂

iφ δφ , (6.35)



23

where in the second equality we used the Euler-Lagrange equation, and in the third equality the volume integral is
changed to the surface integral upon using the Gauss’s theorem. Then, it follows that

m̂I,φ =

∫
d2Si∂

iφ = 4πr̂2 qs
r̂2

= 4πqs . (6.36)

On using the correspondence m̂I = mI/
√
F , the quantity α̂I defined in Eq. (3.7) can be expressed as1

α̂I = MPl
d ln m̂I(φ)

dφ

∣∣∣∣
φ=φ0

. (6.37)

Then, we obtain the following relation

qs =
m̂I

4πMPl
α̂I , (6.38)

which shows that α̂I is directly related to the scalar charge qs. It is worth mentioning that the quantity αI defined
in the Jordan frame does not correspond the scalar charge due to the presence of the nonminimal coupling G4(φ)R.
At large distances, the scalar-field solution (6.34) is expressed as

φ(r̂) = φ0 −
m̂I α̂I

4πMPlr̂
. (6.39)

On using Eqs. (6.30)-(6.31), we can write Eq. (6.39) in terms of the quantities in the Jordan frame as

φ(r) = φ0 −
mI α̂I

4πF (φ0)MPlr
. (6.40)

To estimate the values of α̂I , we extrapolate the two asymptotic solutions (6.27) and (6.40) up to the distance
r = rs and match the r derivatives of them at r = rs, i.e.,

− F,φ(φc)ρc(1− 3wc)

6F 2(φc)
rs '

mI α̂I
4πF (φ0)MPlr2

s

, (6.41)

where wc = Pc/ρc is the fluid equation of state (EOS) parameter at r = 0. For a star with a nearly constant density
ρc, we can use the approximation mI ' 4πr3

sρc/3. Exploiting the approximation F (φc) ' F (φ0) further, the order of
α̂I can be estimated as

α̂I ' −
g4(φc)

2
(1− 3wc) , (6.42)

where

g4(φc) =
MPlF,φ(φc)

F (φc)
. (6.43)

This shows that α̂I is related to the φ dependence of nonminimal couplings at r = 0. In the limit of point-like sources,
i.e., rs → 0, the relation (6.42) becomes exact. For nonrelativistic stars (wc � 1), we have α̂I ' −g4(φc)/2. For NSs,
wc can be of order 0.1 and hence the approach to the value wc = 1/3 tends to suppress α̂I .

The approximate formula (6.42) is valid for both relativistic and nonrelativistic stars, but it cannot be applied to
BHs. Indeed, it is known that there are no asymptotically flat hairy BH solutions with α̂I 6= 0 in theories under
consideration. Then, for the BH-BH binary system, we have α̂A = 0 = α̂B and hence the ppE parameters are not
modified in comparison to GR. On the other hand, the NS can have scalar hairs for theories like (i)-(ii) mentioned
in Sec. VI A. As we will see in Sec. VI C in concrete theories, the values of α̂I are different depending on the ADM
mass of NSs. Provided that there are some mass difference between two NSs, it is possible to place constraints on the
difference α̂A − α̂B from the gravitational waveform emitted from the NS-NS binary.

1 Damour and Esposite-Farese [58] introduced a dimensionless scalar field φDEF = φ/(
√

2MPl) and defined the quantity α̂DEF
I =

d ln m̂I/dφDEF. Hence α̂DEF
I is

√
2 times as large as our definition of α̂I , i.e., α̂DEF

I =
√

2α̂I .
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For the NS-BH binary system, the difference between the scalarized NS (α̂A 6= 0) and the no-hair BH (α̂B = 0)
can be generally larger than that of the NS-NS binary. We will focus on such a case in the following discussion. The
ppE parameter β1 can be constrained from the phase of observed gravitational waveforms emitted from the NS-BH
binary. If the GW observations give the bound |β1| ≤ |β1|max, it translates to

|α̂A| ≤ 16

√
7

5
|β1|max

(
m

µ

)1/5
√

ζ0M2
Pl

G4(φ0)
. (6.44)

In this way, we can constrain α̂A from the GW observations.
Before computing α̂A in concrete theories, we discuss the stability of NSs against odd- and even-parity perturbations

on the static and spherically symmetric background. For theories given by the coupling functions (6.15) in the Jordan
frame, there are neither ghost nor Laplacian instabilities under the following three conditions [124]

G4 > 0 , G2,XG4 + 3G2
4,φ > 0 , G2,XG4 + 3G2

4,φ + 2XG2,XXG4 > 0 , (6.45)

which translate, respectively, to

F > 0 , µ2hφ
′2 < F , 3µ2hφ

′2 < F . (6.46)

The first inequality is ensured for the choices of nonminimal couplings like F = e−2Qφ/MPl and F = e−βφ
2/(2M2

Pl). For
µ2 < 0, the second and third conditions are automatically satisfied. For µ2 > 0, the second and third inequalities give
the condition

3µ2hφ
′2 < F , (6.47)

so that the positive coupling µ2 is bounded from above. With the condition F > 0, Eq. (6.47) translates to

3µ2ĥ

(
dφ

dr̂

)2

< 1 , (6.48)

which corresponds to the stability condition in the Einstein frame.

C. Concrete theories

1. BD theories with G2 ⊃ µ2X
2

Let us first consider theories given by the nonminimal coupling

F (φ) = e−2Qφ/MPl , (6.49)

with the coupling functions (6.15). For µ2 = 0, this is equivalent to massless BD theory, where the BD parameter
ωBD is related to the coupling Q as Eq. (6.11). As in the case of solutions (6.27) and (6.40) derived for NSs, stars on
the weak gravity background acquire the scalar charge through the nonminimal coupling as well. This mediates fifth
forces in the solar system, which are constrained by local gravity experiments. The solar-system tests of gravity have
placed the bound ωBD > 4.0× 104 [16], which translates to the upper limit

|Q| < 2.5× 10−3 . (6.50)

For the nonminimal coupling (6.49), the NS has a scalar charge given by Eq. (6.42), i.e.,

α̂A ' Q(1− 3wc) (for µ2 = 0). (6.51)

If we consider nonrelativistic point-like sources (wc → 0 and rs → 0), Eq. (6.51) gives the exact relation α̂A = Q. In
this case, Eq. (3.47) yields

G̃ =
G

F

(
1 + 2Q2

)
=
G

F

4 + 2ωBD

3 + 2ωBD
(for µ2 = 0, wc → 0, rs → 0), (6.52)

where G = (8πM2
Pl)
−1, and we used the relation (6.11) in the second equality. Thus, in massless BD theories, the

effective gravitational coupling between two nonrelativistic point-like sources is given by Eq. (6.52).
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For NSs, wc can be of order 0.1. To compute α̂A for NSs with finite radius rs, we also need to consider realistic EOSs
inside the star (0 ≤ r ≤ rs) without approximating it as a point particle. We numerically integrate Eqs. (6.18)-(6.21)
from a central region of the star to a sufficiently large distance by specifying a NS EOS and compute α̂A by comparing
numerical solutions of φ with the asymptotic solution (6.40). For µ2 = 0 the similar analysis was already performed in
the literature [13], so we will not repeat it here. Numerically, we confirmed that the approximate formula (6.51) gives
a good criterion for the estimation of α̂A with the EOS parameter wc in the range wc < 1/3. From the solar-system
constraint (6.50), the parameter α̂A should be in the range |α̂A| < 0.0025(1 − 3wc). If we consider a NS-BH binary
with the masses mA = 1.7M� and mB = 2.5M�, for example, the scalar charge |α̂A| = 0.002 corresponds to the ppE
parameter |β1| of order 10−9. If the future GW observations can pin down the value |β1|max to the order 10−9, it is
possible to obtain tighter bounds on |Q| than those constrained from the solar-system tests of gravity.

For µ2 6= 0, the higher-order derivative term µ2X
2 can contribute to solutions of φ, f , and h around the surface of

star. We are interested in the case where the effect of µ2X
2 becomes important in strong gravity regimes, while it is

suppressed relative to X in the solar system. In other words, we search for the possibility for enhancing |α̂A| by the
derivative term µ2X

2 relative to (6.51), while respecting the bound (6.50). For this purpose, we write the scalar-field
Eq. (6.32) explicitly as

(
1− 3µ2ĥφ̂

′2
)
ĥφ̂′′ +

(
1− µ2ĥφ̂

′2
)
ĥ

(
2

r̂
+
f̂ ′

2f̂
+
ĥ′

2ĥ

)
φ̂′ − µ2ĥĥ

′φ̂′3 = −F,φ
2F

(
ρ̂− 3P̂

)
, (6.53)

where we used the notations φ̂′ = dφ/dr̂ and φ̂′′ = d2φ/dr̂2. A prime here represents the derivative with respect to r̂.

A positive coupling µ2 gives the coefficient 1 − 3µ2ĥφ̂
′2 smaller than 1, so it may be possible to enhance the overall

amplitude of |φ̂′|. Unless the term 1− 3µ2ĥφ̂
′2 is very close to 0 or is negative, however, we numerically find that α̂A

is practically the same as that for µ2 = 0. Since the stability of NSs requires the condition (6.48), the coupling µ2

with 1 − 3µ2ĥφ̂
′2 < 0 is excluded. When the term 1 − 3µ2ĥφ̂

′2 is very close to 0, there is a strong coupling problem

associated with a small coefficient of the second derivative φ̂′′ in Eq. (6.53). Hence it is not possible to realize a value

of |α̂A| whose order is larger than (6.51). We note that the negative coupling µ2 tends to suppress |φ̂′|, so |α̂A| does
not exceed the value for µ2 = 0.

2. Spontaneous scalarization with G2 ⊃ µ2X
2

For µ2 = 0, spontaneous scalarization of NSs can be realized by nonminimal couplings containing the even power-law
dependence of φ. A typical example is given by the coupling function [58, 59]

F (φ) = e−βφ
2/(2M2

Pl) , (6.54)

which allows the existence of a nontrivial branch φ(r) 6= 0 besides the GR branch φ(r) = 0. On the strong gravitational
background, the GR branch can be subject to tachyonic instability for β < 0, which is triggered by spontaneous growth
of φ toward the other nontrivial branch. Spontaneous scalarization of NSs is a nonperturbative phenomenon which
can occur for largely negative couplings in the range β ≤ −4.35 [60–64].

From Eq. (6.42), the scalar charge can be estimated as

α̂I '
βφc

2MPl
(1− 3wc) . (6.55)

Since φc is nonvanishing for the scalarized branch, NSs acquire the scalar charge. The asymptotic field value φ0 at
spatial infinity is constrained by solar-system tests of gravity. Since the parametrized PN parameter in the current
theory is γPPN − 1 = −2β2φ2/(2M2

Pl + β2φ2) [125], the constraint γPPN − 1 = (2.1 ± 2.3) × 10−5 arising from the
Shapiro time delay experiment [16] gives the upper limit

|φ0| ≤ 1.4× 10−3MPl|β|−1 . (6.56)

For given model parameters, we iteratively search for a central field value φc consistent with the bound (6.56). To
describe realistic nuclear interactions inside NSs, we exploit an analytic representation of the SLy EOS given in
Ref. [126]. For the numerical purpose, we introduce the following constants

ρ0 = 1.6749× 1014 g/cm
3
, r0 =

√
8πM2

Pl

ρ0
= 89.664 km , (6.57)
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FIG. 1. (Left) Field derivative |φ′(r)| normalized by MPl/r0 in models of spontaneous scalarization with β = −5 for the SLy
EOS with ρc = 8ρ0. Each line corresponds to µ2 = 0,−1,−10, respectively, where µ2 is normalized by r20/M

2
Pl. (Right) −α̂A

versus mA/M� for β = −5 and µ2 = 0,−1,−10. In this plot, the central matter density is in the range ρc ≤ 12ρ0. The negative
coupling µ2 leads to the suppression of −α̂A in comparison to standard spontaneous scalarization (µ2 = 0).

which are used to normalize ρ and r, respectively.

In the left panel of Fig. 1, we plot the field derivative |φ′(r)| (normalized by MPl/r0) with the central density
ρc = 8ρ0 for β = −5 and µ2 = 0 (black line). In this case, the radius of NS is rs ' 0.13r0 = 11.7 km with the ADM
mass mA ' 1.74M�, where M� is the solar mass. Deep inside the star (r � rs), the scalar field varies according
to Eq. (6.27), i.e., φ′ ' βφcρc(1 − 3wc)r/[6M

2
PlF (φc)] < 0 with wc = 0.239 and φc > 0. For r � rs, the solution

to φ is given by Eq. (6.40), i.e., φ′(r) ' mAα̂A/[4πF (φ0)MPlr
2] < 0 with α̂A < 0. As we observe in Fig. 1, the

two solutions smoothly join each other around r = rs. The scalar field continuously decreases from the central value
φc ' 0.2835MPl to the asymptotic value φ0 close to 0 [which is in the range (6.56)]. In this case, the numerical value
of α̂A is −0.29. The approximate analytic formula (6.55) gives the value α̂A ' −0.20, so it is sufficient to estimate
the order of the scalar charge.

The black line in the right panel of Fig. 1 shows −α̂A versus mA/M� for β = −5 and µ2 = 0. With the central
density in the range ρc . 5.25ρ0, the scalar-field solution is close to the GR one (φ(r) = 0) and hence |α̂A| is much
smaller than 1. For ρc & 5.25ρ0, which corresponds to the ADM mass mA & 1.25M�, the scalarized branch starts
to appear. With the increase of ρc, −α̂A grows to reach the maximum value 0.29 around ρc = 8ρ0. As ρc increases
further, −α̂A starts to decrease and approaches 0 for ρc & 12ρ0. This is attributed to the fact that wc approaches
1/3 in the analytic estimation of Eq. (6.55). For µ2 = 0, the observed orbital decay of binary pulsars put a stringent
limit β ≥ −4.5 [65–67]. This bound arises from the scalar radiation of GWs induced by a large scalar charge. Note
that the coupling constant β = −5, which corresponds to the black line shown in the right panel of Fig. 1, has been
already excluded by binary pulsar measurements.

In the presence of the higher-order derivative term µ2X
2 with µ2 < 0, it is possible to reduce |α̂A|. The scalar-field

equation in the Einstein frame is given by Eq. (6.53), where the right hand-side is βφ(ρ̂− 3P̂ )/(2M2
Pl). When µ2 < 0,

the stability condition (6.48) is always satisfied. Since the term (1 − 3µ2ĥφ̂
′2)ĥ gets larger for decreasing negative

values of µ2, this leads to the suppression of |φ̂′| especially around the surface of star. Then, the scalar field decreases
slowly around r = rs. Hence we need to choose smaller values of φc to realize φ0 consistent with (6.56). In the left
panel of Fig. 1, we plot |φ′(r)| versus r/r0 for β = −5 and µ2 = −1,−10, where µ2 is normalized by r2

0/M
2
Pl. Since φc

tends to be smaller for decreasing µ2, the term βφc(ρ̂− 3P̂ )/(2M2
Pl) is subject to suppression, which results in overall

decrease of |φ′(r)| both inside and outside the NS.

The suppression of φc induced by the negative coupling constant µ2 leads to the decrease of |α̂A| through Eq. (6.55).
In the right panel of Fig. 1, we can confirm that, as µ2 decreases, |α̂A| gets smaller. For µ2 = −1 and µ2 = −10, the
maximum numerical values of |α̂A| are 0.14 and 0.05, respectively. Thus, even when β = −5, it is possible to realize
small values of |α̂A| that can be consistent with binary pulsar constraints. For the NS-BH binary with mA = 1.7M�
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and mB = 2.5M�, the scalar charge with |α̂A| = 0.05 corresponds to the ppE parameter β1 of order |β1| = O(10−6).
If the future GW observations were to put limits on β1 at this level, it is possible to probe the signature of spontaneous
scalarization in the coupling ranges β < −4.5 and µ2 < 0.

3. Massive theories with ms 6= 0

Finally, we comment on theories with a nonvanishing scalar-field mass ms. If ms is larger than the typical orbital
frequency ω ' 10−13 eV during the inspiral phase of compact binaries, we showed in Sec. V B that the gravitational
waveforms reduce to those in GR. For example, let us consider scalarized NSs realized by the coupling functions (6.13)
with the potential (6.14) [110]. In this setup, the scalar field is in a state of symmetry restoration deep inside the NS
due to the dominance of a positive nonminimal coupling (β > 0) over a negative mass squared of the potential. Away
from the star, the field settles down at its vacuum expectation value φv = πfB with a positive mass squared m2

s. In
this scenario, the Compton radius m−1

s of the scalar field is of order the typical size of NS, i.e., m−1
s = O(10 km),

so that ms = O(10−11 eV). Since ms is larger than the typical orbital frequency ω ' 10−13 eV, this model evades
constraints from the observed gravitational waveform emitted during the inspiral phase.

There are also chameleon theories [45, 46] in which the effective mass of φ is large inside the star, while the field is
light outside the star. If the mass ms outside the NS is smaller than the order ω ' 10−13 eV, there are next-to-leading
order ppE parameters (5.47) arising from the correction term m2

s/ω
2 besides the leading-order ppE parameters (5.43).

The gravitational waveforms in massive BD theories [51–54] and screened modified gravity in the Einstein frame
[55–57] have been already studied in the literature. Our formulation in this paper can accommodate more general
k-essence theories.

VII. CONCLUSIONS

In this paper, we studied the gravitational waveform emitted during the inspiral phase of quasicircular compact
binaries in a subclass of Horndeski theories. In this class of theories the speed of gravity ct is equivalent to that of
light on the cosmological background, so it automatically evades observational bounds on ct. Our general analysis
accommodates not only (massive) BD theories and spontaneous scalarization but also k-essence and cubic derivative
interactions. We exploited the PN expansion of a source energy-momentum tensor to derive solutions to the scalar-field
perturbation from the source to the observer. In the presence of a cubic Galileon coupling µ3X�φ, our formulation
is valid for the Vainshtein radius rV at most of order the star radius rs.

In our theory there are no hairy BH solutions known in the literature, but nonminimal couplings G4(φ) can give
rise to NSs endowed with scalar charges. We have taken the description of point-like particles of the source whose
mass mI depends on the scalar field, with αI defined in Eq. (3.4). Due to the presence of nonminimal couplings in
the Jordan frame, the combination α̂I = αI − g4/2 is a quantity directly related to the scalar charge, where g4 is
defined in Eq. (3.5). We clarified this point in Sec. VI by transforming the action (2.1) to that in the Einstein frame.
The nonvanishing values of α̂I for NSs are crucial to probe the signature of modifications of gravity through the GW
observations.

In Sec. III, we performed the expansion of metric and scalar field about a Minkowski background and derived the
perturbation equations up to second order. We then obtained the quadrupole formula of tensor waves as Eq. (3.36),
which reduces to the form (3.56) for a quasicircular orbit of the binary system. In Sec. IV, we showed that the
solution to scalar-field perturbations up to quadrupole order is given by the sum of a massless mode (4.18) and a
massive mode (4.19). The existence of scalar perturbations nonminimally coupled to gravity gives rise to breathing
(hb) and longitudinal (hL) polarizations for the GW field, which are of the forms (4.40) and (4.41) respectively. We
also derived solutions to the TT polarizations of GWs in the forms (4.37) and (4.38).

In Sec. V, we first discussed the energy loss induced by gravitational radiation and computed the time variation
of an orbital frequency ω. We then derived the gravitational waveform in Fourier space under a stationary phase
approximation. If the scalar-field mass ms is much smaller than ω, we obtained the waveforms of two TT polarizations
as Eqs. (5.35) and (5.36) under the conditions (5.31) and (5.33). For ms � ω, the TT modes are practically equivalent
to those in GR due to the absence of scalar radiation and the exponential suppression of fifth forces outside the star.
In the massless limit ms/ω → 0, we showed that the leading-order gravitational waveforms reduce to those in the ppE
formalism, with the ppE parameters (5.43). If ms is not very much smaller than ω, there are corrections to the ppE
parameters given by Eq. (5.47).

In Sec. VI, we computed α̂A for NSs in several concrete theories to confront them with the future observations
of GWs. In particular, we took into account a higher-order kinetic term µ2X

2 in G2 for massless BD theories and
theories of spontaneous scalarization. In BD theories, it is difficult to increase the scalar charge by the coupling µ2 due
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to the appearance of ghost or strong coupling problems. On the other hand, in theories of spontaneous scalarization,
the negative coupling µ2 leads to the suppression of |α̂A| without inducing ghost instabilities (see the right panel of
Fig. 1). For µ2 = 0, the binary pulsar measurements already put a tight bound β ≥ −4.5 on the nonminimal coupling.
The presence of µ2X

2 should make the theory compatible with binary pulsar observations even for β < −4.5. It
remains to be seen how future events of the NS-BH binary system place bounds on the values of β and µ2. Finally,
we also showed that the recently proposed scalarized NSs realized in massive theories with ms = O(10−11 eV) and
β > 0 give rise to gravitational waveforms similar to those in GR.

It will be of interest to apply our formula of gravitational waveforms to the cubic Galileon coupling with the
Vainshtein radius rV . rs. Moreover, the extension of our analysis to full Horndeski theories allows us to accommodate
more general modified gravity theories including the scalar-Gauss-Bonnet coupling [127–132]. We leave these topics
for future works.
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