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ABSTRACT

We derive an integral equation governing an instability due to ion
temperature gradients. In the presence of magnetic shear, localized non-
convective normal modes of instability are shown to exist if the relative
temperature gradient is larger than that of density, unless the shear is
exceedingly strong, i.e., the field shears through a large angle in the
distance in which the temperature drops. Quasi-modes which are less
localized in the direction of the gradient can be constructed from these
normal modes and a large thermal diffusion may be expected. Conversely
the mass diffusion is shown to be rather slow so that it is reasonable to
agsume that an effective "divertor' should keep the actual heat loss quite

small.




INSTABILIT'IES DUE TO TEMPERATURE GRADIENTS IN COMPLEX
MAGNETIC FIELD CONFIGURATIONS

1. INTRODUCTION

The effects of drift ingtabilities due to temperature gradients
transverse to the magnetic field lines in complex magnetic field configur-
ations, such as in the presence of shear, have recently become a subject
of interest.1 The reason is that relevant modes are not stabilized by ion
Landau damping, In the preseni work we show that the iniroduction of mag-
netic shear in the equilibrium actwally gives rise to unstable normal modes
which are non-convective, 2 and may be strongly localized in space, These
modes are expected to arise in the neighbourhood of the plasma container
wall where the temperature gradient ig higher than the density gradient, and
may seriously contribuie to diffusion of and thermal leakage from the con-

tained plasma.

1I. MODEL

We consider a one-dimensional configuration having low B with
density and temperature depending on x . The main magnetic field is
assumed to be along the z direction, The magnetic shear is represented

by a small component along the y direction, so that B = B, (Ez + x/l_s gg)

No electric field exists in the equilibrium so that the equilibrium distribut-

3
ion function can be taken as of the form

Here n and T are assumed functions of X + Uy/ﬂ , £2 being the gyro-
frequency. Then we consider electrostatic perturbations so that E =.vé
with normal mode solutions of the form ¢ = g;(x) exp(lut+hy+(k,z)

We use the Vlasov equatiion, integrating the perturbed linearized form of it
along particle orbits, In particular we shall be interested in the case
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x' and t' referring to equilibrium particle trajectories, The x and y
components of these are in fact
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More specifically, we can write the quantity on which 3/ dx operates as
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If we carry out integration over v, , x - 3{- sin¥ , and v, neglecting

terms of order w/ 1 in comparison with 1 , we have
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Since we are interested in perturbations having phase velocity along the
magnetic field less than the electron thermal velocity and on which the

electron Landau damping is not important (see Section III) we take

~ YK

w, = e—ﬂ_([_———) Then introducing the dimensgionless units t=t'cw,
3

e - _1_. k = l k : . .

k={—— T3 a;k , a; being the ion Larmor radius, and

B

e ht’:vd = w%,_ml_-jr;,[_i?‘.j

V4 representing the ion diamagnetic velocity, we are led to consider the

integral equation,
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where K = +R*

and. = ( "t&T)

We have derived this equation in view of studying the localized modes due
to temperature gradient, which are found in Section III in the fluid approx-
imation for T'/T >>n'/n (strong temperature gradient) and L § > Ty
(relatively weak shear), In particular we are interested in the critical

value of r. / L, at which stability occurs, We know4 that the instability
disappears when n'/n > T'/T ., On the other hand for T'/T ) n'/n we

shall see in Section III that stability cannot be achieved as longas L, >> r.

To determine the exact critical value for L./r will require a numerical
solution of Eq. (3) which will be undertaken.in a later work, We note here
only that for Lg/r, < 1 no unstable eigenvalue may be found as the real
part of the right-hand side becomes very small for all unstable 2 and

cannot balance the left-hand side,




111, YHE FLUID APPROXIMA TION

The most immediate limit in which Eq. (3) can be solved cor-
responds to wavelengths longer than the ion Larmor radius so that k ¢ 1

and b < 1, and to neglecting the effects of ion Landau damping so that
2
-t P " -_f__ e d¢ - ol 2 d,
P K) = P(K) + (K-K) L + 4 (K-F') f}a

o _ (4)
k" ~ K+ b + 2 K(K'-it) +( Kf"?)z

Then we have in lowest order
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where £=k'-k.

Carrying out the i integration we have
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By comparing the last two terms on the right-hand side we see that we have
to choose r_ [r, <1 for consistency with b+ k* ¢ 1. Now if we introduce

the transformation
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we have
(eN L (1. G —{(._J_ 2 (£ ‘
(LS) = "’wm) M ) =

2 ' :
(l++w) 4 v 1 — =2 LY _d - -
Ui () L (D - (R L (o) fe@=0
(7)
We have verified a posteriori that in the limit of small r, /L. , in com-
parison with 1 , the first and the last term on the right-hand side of

Eq, (7) are the ones of lowest order in r; /Ly . Then Eq. (7) can be

further simplified and if we retransform it to the x space we have
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We notice that Egq, (8) can be derived more simply taking the Fourler trans-
form of Eq, (3) and considering the limit where k} aL a’-’ 'a , 1 and
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Vi L w/ky < 'vy, with k= k:J x/L¢ . This is in fact the fluid approx-
imation so that moment equations can also be used for it, Therefore, a
simple fluid derivation - will be given at the end of this section,

Looking for solutions of the form Hy (f:) exp - /1:12/ 2 , where H, indicate
Hermite polynomials and ﬁz = gk* , we obtain, in the limit indicated

above,

T L+ _% —b =i (E)E - (2 +1)

(9)

and
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recalling that b = zk\g a’y.
For the solution to be bounded in space and for consistency with the assump-
tion of long wavelengths, -1_{‘1 <1, we require ReT > 1, and then & TL/Te 1.

Assuming T; /T ~ 1, we obtain
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1) . in the limit where b — ‘I) 4 T -b) we obtain a .
Te Le To
purely growing mode with growth rate '
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as the corresponding condition,

In conclusion we see that in the limit of relatively small shear and large
temperature gradient no stabilizing influence is found. In this case the
shear has only the effect of introducing strongly localized modes, A
criterion for stability can only be obtained in the regime where the full

integral equation is valid and for Lg/r, ~1 .,

In order to show the derivation of Eq. (8) from moment equations
we choose the case where shear is absent and ky = kg . Inaddition we
consider the limit of long wavelengths where k? a; < kn Vg fe2>. Then

the linearized equation of motion for ions along the lines of force is
tw M)V, = ik, (AT nT) 4 eE_n

and the mass conservation equation is

~ . ~
Lwh +LthVz =0




On the other hand the equation of state for ions gives

~ ~t
twnt +2nTLKZV2+_ElﬂT-I =0 ‘ o (15)
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where we have assumed Y = 3 treating a one-dimensional case, and taken
zero electric field in the equilibrium, Now, for perturbations with phase
velocity less than the electron thermal velocity ®/ky « Vv, , the

electrons have a Boltzmann distribution so that

e = L ep =M
where E=—V¢-

From these equations we derive the dispersion relation
2 T T
L"““)“‘“"K\\‘ﬁ' =Ky o “r (16)

with w, = EaL Vi, 'T//T.

Now we recall that in a uniform plasma we have ion waves along B with

2
(%) =w (T+¥e™) =4 %

for Y,; = 3 and ¥, (electrons) =1 . The term on the right-hand side of
Eq. (16) represents an additional pumping of temperature in the ion waves
due to transversal transport of heat in a non-uniform plasma (see last term

in Eq. (15)).
For o < w+t we have an unstable root from

I ~ 9
Q):_K“WLL)T

which is the same dispersion relation as that derived in Ref, 5. {Note that
this is in agreement with Eq, (8) if we set %l =k woos ?—?z =0.]

This unstable root corresponds to the possibility of always having the
additional pumping due to ﬁj /B, dT/dx in phase with the growing temper-

ature for the ion sound waves.

We note also that as thig ig primarily:an ion instability

we would not expect significant finite @ modifications until 6 =1,in

-10-




conirast with the density gradient instability which can change character for

sz/M.

v QUASI-MODES

To show the physical relevance of the modes found above, we

can consiruct a perturbation which is localized along the magnetic fielde' 7
out of a superposition of modes centered around successive values x, of
x and propagating at each point perpendicularly to the magnetic field so
that k- B(x,) = 0, We suppose that all points x, lie within an interval
where T , and hence ) , have a relatively small variation, Then we
can obtain perturbations of the form

g(x,5 Z2L.1) = W(x)f\r(i ) &L‘Kj“-{-’“ eiwa_)t
where w(x) is a weighting function expressing an x-dependence milder
than that of the elementary modes, and 3=z + xy/Ls is a co-ordinate
following a magnetic field line, The function é (¢,t) is given by the
Fourier transform of the elementary mode 9‘; (x) so that, for t= 0,

3= k,L./k , and k, is the Fourier variable. 7

In particular, if we congider, for simplicity, the n = 0 mode
with the space dependence exp (~i6°x%) , we obiain, for ®(x,)= e (x) +

(xo-%) '+ F{xo=%)" "
~ 2 |
JE ) = wpi--ﬁ(r’;i S y4Ger: %;t)g

These types of perturbation behave as modes for all times such that ki JLs
> dw/dxt and o i dzw/ dx*t , giving rise to convective cells elongated
over the magnetic field and spread in the x-direction over a region larger
than the width of localization of the single modes. The width Z\ of local-
ization along 5 can be computed as A% ~1/2 (k/L; )* Re (1/o") so that
in the limit where the growth rate is given by Eq. (11) we have

«11~-




We notice that since we have made,from the start, the "local' approx-
imation treating n(x) and dn/dx as constants, we cannot compute correct-

ly dw/dx and d*w/dx” from our dispersion relations.

V. QUASI-LINEAR ESTIMATES

Since the temperature gradient instability is hard to stabilize by
shear® it is very important to be able to anticipate the non-linear con- -
sequences of such linear instability, In order to do this we shall apply the
conventional method of the quasi-linear theory in non-uniform plasma, .
developed previously for the investigation of the density gradient universal
instability? We shall restrict ourselves to consideration of cases with
not very strong shear and wavelength greater than ion Larmor radius, In
this case the relevant modes are not strongly localized in x and we can
neglect terms of order of k’g alé or higher, As usual, weshall represent
the distribution function in the form of a sum of slowly and rapidly varying
parts f= f+ f_ , where f,, satisfies the linear equation while, in the
equation for the slowly varying function f,we shall take into account the |
averaged quadratic terms, describing the influence of rapidly varying
processes. Since we consider the case of long waves we can use the drift

approximation of the kinetic equation:

~F S Ey >F E, >¢ ek, St _
Frwdrepdchy-%% - an

which for the slowly varying part ; will have a form |
£ (e By ccB S > =0
3 +<< ‘CwE"CHwW TR ‘m@)&’ (18)

* We expect that other to pological methods of stabilization, {e.g., "rippling™ of the field) are also quite
ineffective.
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Taking into account that E = - 'F“P and uging the Fourier transform

LK Z+ iy 4 Cwt

b = Z b, (»)&
Gz +iKyy

Substituting-. F..V = Z E‘, (v, x) € where f, satisfies the

linear equation

ilw 4+ kv )E _ciﬁ%l’; - eikg &
U PR S M sy 0

L)

- (19)
into Eq, (18) we shall have the final quasi-linear equation in the form
\“F = _‘?i Z (h’ b LT )
St VR 2y, Y@ 5%
(20)

Only the imaginary part remains, of course, after summing over f_, and

f'v-k-

Knowing the spectrum of electric field fluctuations | llone
can describe the time evolution of plasma behaviour, but the problem of
finding the spectrum involves mode-mode coupling phenomena, which we
expect for the temperature gradient instability, would lead to strong plasma
turbulence case, However, we can derive some important conclusions
using only the quasi-linear apprxomation, ¥irstly, it is interesting to

know the relationship between the turbulent diffusion and the thermal con-

ductivity coefficients,

13-




In order to estimate diffusion we have to take the 1 x d ¥V moment
of Eq. (20}

Y =\ }F — & ’ ’—--—-—
B =\ d = ST 5 k| S,
: 2 Ky 3 £ |
(KZ va +'3Ti EX)F (21)

Now we see that the integral from the right-hand side of Eq, (4)

\14 & wivk v, (KZ “E‘\}; + ‘.E" —%)F (22)

is exactly the ions' density contribution in the linear dispersion equation of
temperature gradient instability. Due to quasi-~neutrality this is equal to

the electron contribution

| dy % ke, e
A A GCE RS T O R .

For w< Kk, Vi, Wwe can describe the electron density perturbation as
Boltzmannian, The integral of (23) in that approximation obviously does
not have an imaginary part, Therefore, the first non-vanishing contri-
bution to the diffusion equation comes from the next order expansion in

( o /(k,, V,Z) ) in the integral of (23). For the fastest growing waves
c.)/(k,. v&) ~ 1 and therefore we expect w/(i:.. V«m\ =~ /m/M.

Now for thermal diffusion we can take the Sv" dv - moment of

the quasi-linear Eq, (22)

-14-




(24)
The second integral in Eq, (24), describing the heat conductivity, does not
cancel in the first approximation m o»)/(k,, V;) . Thus, we can expect the
thermal conductivity coefficient to be (V};1 k,,)_/c;;_‘.j:v ‘/5\71—/—5 times greater ;

than the diffusion coefficient.

In order to make a very crude quantitative estimate and repro-
duce Kadomtsev's result of the thermal diffusion coefficient, we see from
Eq. (24) that 5~ cl‘?” Im /W, we may guess that for limiting
turbulence vt = v,j v'i where v, =a;/r. vy, is the original velocity
drift due to the temperature gradient. Moreover, from Eq. (16), Im w =~
Re Wr kpy vy, =~ (k? x)/LS vy, A k} v, . Hence the Sf:ale of turbulence
we expect will be given by kﬁt k, »1/x 21y /Ls 1/a, . Estimating «

from this we infer

D = Gls ﬁsdm (25)

A s noted above we expect the mass diffusion to be smaller than given in

Eq. (25) by a factor /m/M .

This leads to the speculation that this type of loss may be
radically cut down by a good divertor, We assume that such a divertor
would be capable of reducing the particle density at the wall to a small
fraction of the density at the centre, On the other hand, even the best
possible divertor may still have some small density of cold particles near
the wall so that T'/T is indeed much greater than n'/n and this in-
stability will result near the wall, What is important however, is that the
heat loss is proportional to n and hence will be quite low in this region
in spite of the high thermal conductivity, ~Moreover,as we have shown,

the actual density diffusion is low so that a density profile which is low .

-15-




near the wall will not be strongly affected by this instability, thereby keeping

the heat loss small, i, e., proportional to the plasma density near the divert-

or, h’T l‘\

,
Fig. 4 ' P

lg- . "
Td\(q ex Lot

Thus a density temperature profile as indicated in Fig.1 would result in a

relatively small heat loss as n_,,, ~ is small, and could be stably main-

tained since particle diffusion is slow,

V1. CONCLUSION

We have derived an integral equation governing an instability
due to ion temperature gradients. We show that,in the presence of shear,
localized non-convective normal modes of instability exist if T’/T N/ oy 1
unless the shear is exceedingly strong, i.e., the field shears through a
large angle in the distance in which the temperature drops, Quasi-modes
can be constructed from these normal modes and one may expect a large
thermal diffusion, On the other hand,mass diffusion is rather slow which
affords a good hope that an effective divertor could keep the actual heat

loss quite small,
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