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1 Introduction

Partition functions are the most fundamental quantities in both quantum systems and

statistical systems. Although it typically serves only the role of normalization in the

physical interpretation, it encodes important thermodynamic information such as the free

energy. In field theories, the partition function, in general, contains the information of not

only perturbation but also instanton effects as well as some global analytical structures.

Therefore it is natural to study it as a first step.

M-theory is supposed to unify all our understandings of non-perturbative effects in

the string theory. In the seminal paper [1], the low-energy effective theory on N multiple
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M2-branes on the geometry C
4/Zk was proposed to be the N = 6 supersymmetric Chern-

Simons theory with gauge group U(N)k × U(N)−k and bifundamental matters A1,2, B1,2

forming the superpotential W = 2π
k (A1B1A2B2 −A1B2A2B1).

It was found in [2–4] that the infinite-dimensional path integral of the partition function

on S3 and the expectation values of BPS Wilson loops are reduced to a finite dimensional

matrix model by the localization techniques [5].

There is much progress in this matrix model including the derivation of the degree

of freedom N3/2 [6] expected from the AdS/CFT correspondence [7] and its perturbative

completion by the Airy function [8]. Recently, the ABJM partition function was rewritten

as that of a Fermi gas system [9–11], where the standard method in statistical mechanics

is applicable and the above properties are reproduced easily.

The Airy function and the Fermi gas formalism imply a deep structure of M-theory.

The Airy function has the integral representation of the exponentiated cubic term, which

looks similar to the partition function of the Chern-Simons theory, and appears also in

other contexts of M-theory [12]. Therefore we would like to study the partition function

further and to extract some physical information out of it.

In our previous work [13], we have proposed a method to compute the exact partition

function Zk(N) at k = 1 and indeed computed it up to N = 9. Here with a generalization

of our method and a technique from [14], we perform the computation of the exact partition

function at k = 1, 2, 3, 4, 6 up to N = 44, 20, 18, 16, 14 respectively.

After the computation of the exact values, we proceed to study the non-perturbative

effects. We can extract the non-perturbative corrections from the exact values of the

partition function by subtracting the perturbative result. The main motivation of this

paper is to explore an analytic form of the non-perturbative correction. It is known that

there are two kinds of instantons that induce the non-perturbative corrections to the ABJM

partition function. One is called the worldsheet instanton, and the other the D2-instanton

(membrane instanton). From the viewpoint of the gravity dual, the Type IIA string theory

on AdS4×CP
3, the worldsheet instanton comes from the fundamental string wrapping the

holomorphic cycle CP
1 ⊂ CP

3 [6, 15], while the D2-instanton comes from the D2-brane

wrapping the Lagrangian submanifold RP
3 ⊂ CP

3 [16]. The worldsheet instanton behaves

as e−2π
√

2N/k while the D2-instanton as e−π
√
2kN in the large N limit.

Let us summarize our results here. Using the Fermi gas formalism (and some results of

the topological string), we can know the expected forms of the instanton corrections to the

partition function. In the Fermi gas formalism, it is useful to consider the grand partition

function. The grand potential (the logarithm of the grand partition function), in general,

receives the non-perturbative corrections as

J
(np)
k (µ) ≡ Jk(µ)− J

(pert)
k (µ) = JD2

k (µ) + JWS
k (µ) + · · · , (1.1)

where µ is the chemical potential, and J
(pert)
k (µ), JD2

k (µ) and JWS
k (µ) are the perturbative,

D2-instanton and worldsheet instanton contributions, respectively. We note that the dots

in (1.1) represent an additional oscillatory contribution and, if any, bound states of the

worldsheet instanton and D2-instanton. The oscillatory behavior will be studied in subsec-
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tion 3.2 in detail, which we ignore here. The D2-instanton and the worldsheet instanton

corrections are expected to take the following forms:

JD2
k (µ) =

∞∑

m=1

J
D2(m)
k (µ) =

∞∑

m=1

[
a
(m)
k µ2 + b

(m)
k µ+ c

(m)
k

]
e−2mµ,

JWS
k (µ) =

∞∑

n=1

J
WS(n)
k (µ) =

∞∑

n=1

d
(n)
k e−

4nµ
k . (1.2)

We would like to determine the prefactors of those instanton corrections. The prefactors of

the worldsheet instanton corrections are determined by the results of the topological string

on local F0, where the first few prefactors are

d
(1)
k =

1

sin2(2πk )
, d

(2)
k = − 1

2 sin2(4πk )
− 1

sin2(2πk )
, d

(3)
k =

1

3 sin2(6πk )
+

3

sin2(2πk )
,

d
(4)
k = 9− 12

sin2(2πk )
− 1

2 sin2(4πk )
− 1

4 sin2(8πk )
. (1.3)

On the other hand, there are no systematic ways to determine the prefactors of the D2-

instanton corrections.1 In this paper, we propose the analytic form of the leading D2-

instanton correction,

a
(1)
k = − 4

π2k
cos

(
πk

2

)
, b

(1)
k =

2

π tan(πk2 )
cos

(
πk

2

)
,

c
(1)
k =

[
− 2

3k
+

5k

12
+

k

2 sin2(πk2 )
+

1

π tan(πk2 )

]
cos

(
πk

2

)
. (1.4)

We arrive at these expressions from many constraints (by matching the exact data, the nu-

merical data from TBA, pole structure, small k behavior etc.) and a few assumptions. We

believe that these results are valid for any k. We also find the higher instanton corrections

at k = 1, 2, 3, 4, 6 from the numerical fitting. Here is the summary of our results:

J
(np)
1 =

[
4µ2 + µ+ 1/4

π2

]
e−4µ +

[
−52µ2 + µ/2 + 9/16

2π2
+ 2

]
e−8µ

+

[
736µ2 − 152µ/3 + 77/18

3π2
− 32

]
e−12µ

+

[
−2701µ2 − 13949µ/48 + 11291/768

π2
+ 466

]
e−16µ +O(e−20µ),

J
(np)
2 =

[
4µ2 + 2µ+ 1

π2

]
e−2µ +

[
−52µ2 + µ+ 9/4

2π2
+ 2

]
e−4µ

+

[
736µ2 − 304µ/3 + 154/9

3π2
− 32

]
e−6µ

+

[
−2701µ2 − 13949µ/24 + 11291/192

π2
+ 466

]
e−8µ +O(e−10µ),

1One approach is to consider the ‘WKB’ (small k) expansions of the prefactors as in [9]. However, it is

hard to determine the higher order corrections in this way.
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J
(np)
3 =

4

3
e−

4
3
µ − 2e−

8
3
µ +

[
4µ2 + µ+ 1/4

3π2
+

20

9

]
e−4µ − 88

9
e−

16
3
µ +O(e−

20
3
µ),

J
(np)
4 = e−µ +

[
−4µ2 + 2µ+ 1

2π2

]
e−2µ +

16

3
e−3µ +

[
−52µ2 + µ+ 9/4

4π2
+ 2

]
e−4µ +O(e−5µ),

J
(np)
6 =

4

3
e−

2
3
µ − 2e−

4
3
µ +

[
4µ2 + 2µ+ 1

3π2
+

20

9

]
e−2µ − 88

9
e−

8
3
µ +O(e−

10
3
µ). (1.5)

As mentioned above, besides (1.5) there are additional oscillatory terms whose explicit

forms can be found in subsection 3.1.

Once the instanton corrections to the grand potential are fixed, we can easily translate

them into the instanton corrections to the partition function,

Z
(np)
k (N) ≡ Z

(exact)
k (N)

Z
(pert)
k (N)

− 1, (1.6)

where Z
(pert)
k (N) is the perturbative result in [8], whose explicit form is given by (3.18). The

leading corrections of both instantons are written by the Airy function (and its derivative):

Z
D2(1)
k (N) =

(
C−1
k (N + 2−Bk)a

(1)
k + c

(1)
k

)Ai[C−1/3
k (N + 2−Bk)]

Ai[C
−1/3
k (N −Bk)]

− C
−1/3
k b

(1)
k

Ai′[C
−1/3
k (N + 2−Bk)]

Ai[C
−1/3
k (N −Bk)]

, (1.7)

Z
WS(1)
k (N) = d

(1)
k

Ai[C
−1/3
k (N + 4

k −Bk)]

Ai[C
−1/3
k (N −Bk)]

, (1.8)

with

Bk =
k

24
+

1

3k
, Ck =

2

π2k
. (1.9)

Some remarks on our results are mentioned in order.

Firstly, we emphasize that our results include all the 1/N corrections. One can check

that in the large N limit, both instanton corrections show the correct exponentially sup-

pressed behavior as mentioned above.

Secondly, the worldsheet instanton correction (1.8) is divergent at k = 1, 2, and the

D2-instanton correction (1.7) is also divergent for even k.2 Therefore we cannot apply the

above result to these values of k. In these cases, the D2-instanton and worldsheet instanton

corrections are mixed, and the sum of them totally become finite. At k = 1, 2, for example,

such mixed instanton corrections are given by

ZD2+WS
1 (N) =

(
2N +

C1

8
+

29

4

)Ai[C−1/3
1 (N + 29

8 )]

Ai[C
−1/3
1 (N − 3

8)]
− C

2/3
1

2

Ai′[C
−1/3
1 (N + 29

8 )]

Ai[C
−1/3
1 (N − 3

8)]
, (1.10)

ZD2+WS
2 (N) =

(
4N + C2 + 7

)Ai[C−1/3
2 (N + 7

4)]

Ai[C
−1/3
2 (N − 1

4)]
− 2C

2/3
2

Ai′[C
−1/3
2 (N + 7

4)]

Ai[C
−1/3
2 (N − 1

4)]
. (1.11)

2For odd k, the D2-instanton correction (1.7) vanishes, and the leading correction starts from

O(e−2π
√
2kN ).
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One can check that the leading large N behavior of (1.10) precisely reproduces the result

in [14]. We note again that our results include all the 1/N corrections.

Finally, for k > 2, the leading non-perturbative contribution comes from the worldsheet

instanton. Since our result is valid for any N and k, we can take the ’t Hooft limit. Our

worldsheet instanton correction (1.8) must give the correct answer in this limit. We check

that the genus-zero and genus-one worldsheet instanton corrections to the free energy

studied in [6] are indeed reproduced from our result (1.8) after taking the ’t Hooft limit.

This is a non-trivial check of our result.

The paper is organized as follows. In section 2, we review the method to compute the

partition function exactly. We generalize our previous method in [13] to arbitrary level k.

In section 3, using the exact partition function obtained by this method, we numerically

study the behavior of the instanton corrections. We focus on the grand potential and the

partition function. We find that the grand potential shows an oscillatory behavior and

that it is explained by the periodicity of the grand partition function. By the numerical

fitting, we determine the instanton corrections to the grand potential at k = 1, 2, 3, 4, 6.

In section 4, we compute the worldsheet instanton corrections by using the results in the

topological string on local F0. As a non-trivial test, we take the ’t Hooft limit of our results,

and confirm that our results correctly reproduce the worldsheet instanton corrections to

the genus-zero and genus-one free energies up to 3-instanton. In section 5, we propose an

analytic form of the D2-instanton correction, and check its validity. Section 6 is devoted to

conclusions and discussions. In appendix A, we prove a new relation found in this paper.

In appendix B, we summarize the exact values of the partition function at k = 1, 2, 3, 4, 6.

2 Exact results of partition function

In [9] the ABJM partition function

Zk(N) =
1

(N !)2

∫
dNxi
(2π)N

dNyi
(2π)N

∏
i<j [2 sinh

µi−µj

2 ]2[2 sinh
νi−νj

2 ]2

∏
i,j [2 cosh

µi−νj
2 ]2

exp

[
ik

4π

∑

i

(µ2i − ν2i )

]
,

(2.1)

is rewritten in terms of the partition function of a Fermi gas system

Zk(N) =
1

N !

∑

σ∈SN

(−1)ǫ(σ)
∫

dNq

(2π)N

∏

i

ρ(qi, qσ(i)), (2.2)

with the density matrix given by

ρ(q1, q2) =
1

k

1√
2 cosh q1

2

1

2 cosh q1−q2
2k

1√
2 cosh q2

2

. (2.3)

After introducing the chemical potential µ or the fugacity z = eµ, the grand partition

function

Ξk(µ) = 1 +
∞∑

N=1

Zk(N)eµN , (2.4)

– 5 –
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is given by

Ξk(µ) = det(1 + zρ) = exp

[
−

∞∑

n=1

(−z)n
n

Tr ρn

]
. (2.5)

This means that if we want to know the partition functions for various N , all we have to

do is to compute Tr ρn for n = 1, · · · , N .

As explained previously in [13], it is difficult to compute Tr ρn because of the complexity

in convoluting the density matrix. This difficulty was, however, overcome by a lemma

from [17] stating that when a kernel K(q1, q2) takes the form

K(q1, q2) =
E(q1)E(q2)

M(q1) +M(q2)
, (2.6)

we can compute its power Kn(q1, q2) by

Kn(q1, q2) =
E(q1)E(q2)

M(q1) + (−1)n−1M(q2)

n−1∑

ℓ=0

(−1)ℓφℓ(q1)φ
n−1−ℓ(q2), (2.7)

where φℓ(q) is defined by

φℓ(q) =
1

E(q)

∫
dq′

2π
Kℓ(q, q′)E(q′) . (2.8)

We can compute φℓ(q) recursively

φℓ(q) =
1

E(q)

∫
dq′

2π
K(q, q′)E(q′)φℓ−1(q′), (2.9)

with the initial condition φ0(q) = 1. Though we can apply this method to the density

matrix ρ directly, there is a more convenient way to compute the grand partition function

as explained in [13].

Let us briefly review the method found in [13]. As our density matrix is invariant

under the parity

ρ(−q1,−q2) = ρ(q1, q2), (2.10)

we can decompose it into two parts:

ρ(q1, q2) = ρ+(q1, q2) + ρ−(q1, q2), ρ±(q1, q2) ≡
ρ(q1, q2)± ρ(q1,−q2)

2
. (2.11)

Since ρ+ (and also ρ−) is written as the form (2.6),

ρ+(q1, q2) =
E(q1)E(q2)

cosh( q1k ) + cosh( q2k )
, (2.12)

with

E(q) =
cosh( q

2k )√
2k cosh( q2)

, (2.13)

– 6 –
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we can compute ρn+ from a series of functions φℓ(q) as

ρn+(q1, q2) =
E(q1)E(q2)

cosh( q1k ) + (−1)n−1 cosh( q2k )

n−1∑

ℓ=0

(−1)ℓφℓ(q1)φ
n−1−ℓ(q2). (2.14)

The important fact is that using (2.9) the functions φℓ(q) are determined by the following

recursive relation:

φℓ(q) =
1

2k cosh( q
2k )

∫ ∞

−∞

dq′

2π

1

2 cosh( q−q′

2k )

cosh( q′

2k )

cosh( q
′

2 )
φℓ−1(q′). (2.15)

One can show that the grand partition function is factorized as

Ξ(µ) = det(1 + zρ+) det(1 + zρ−). (2.16)

In [13], we found that the density matrices enjoy an interesting property for k = 1,

det(1 + zρ−)

det(1− zρ+)
=

∞∑

ℓ=0

φℓ(0)zℓ. (2.17)

Thus the grand partition function is rewritten as

Ξ(µ) = det(1− z2ρ2+) ·
∞∑

ℓ=0

φℓ(0)zℓ, (2.18)

and determined only by the even parity functions φℓ(q) in this case.

In [13], we further found that the eigenvalue problem of the density matrix ρ is mapped

to that of an infinite-dimensional parity-preserving Hankel matrix, whose form is given by

H =




h0 0 h1 0 h2 0

0 h1 0 h2 0 h3
h1 0 h2 0 h3 0 · · ·
0 h2 0 h3 0 h4
h2 0 h3 0 h4 0

0 h3 0 h4 0 h5
...

. . .




. (2.19)

Thus the grand partition function is also expressed as

Ξ(µ) = det(1 + zρ) = det(1 + zH). (2.20)

In this paper, we find a formula for arbitrary parity-preserving Hankel matrices, which

reduces to the same expression (2.17) for a general value of k. Let H± be the even/odd

parity block of the original Hankel matrix,

H+ =




h0 h1 h2
h1 h2 h3 · · ·
h2 h3 h4

...
. . .



, H− =




h1 h2 h3
h2 h3 h4 · · ·
h3 h4 h5

...
. . .



. (2.21)
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Then it satisfies the following relation

det(1 + zH−)

det(1− zH+)
= 〈e0|

1

1− zH+
|v〉, (2.22)

with

|e0〉 = (1, 0, 0, · · · )T, |v〉 = (1, 1, 1, · · · )T. (2.23)

In appendix A, we shall give a proof of (2.22) for a certain class of Hankel matrices.

Using these methods we computed the partition functions at k = 1, 2, 3, 4, 6. The exact

values are given in appendix B. As can be imagined from [18], the partition functions have

close relations with tan(πk ). Therefore it is especially clean for these values of k.

3 Numerical study

As summarized in appendix B, we obtain the exact values of the partition functions at k =

1, 2, 3, 4, 6 up to Nmax = 44, 20, 18, 16, 14, respectively, following the procedure in section 2.

After computing the exact partition function, let us extract important information from

it. Here we numerically study the non-perturbative corrections to the partition function.

We shall plot various physical quantities computed by our exact values and fit them by the

theoretically expected forms [6, 9, 16].

3.1 Grand potential

First, we start with the grand potential Jk(µ) defined by

Jk(µ) = log Ξk(µ) . (3.1)

From the theoretical expectation the prefactor of the instanton corrections are at most

quadratic functions of µ (see (1.2)). In fact, we find numerically that the grand potential

Jk(µ) (k = 1, 2, 3, 4, 6) generally can be expanded as3

Jk(µ) = J
(pert)
k (µ) +

∞∑

n=1

J
(n)
k e−

4nµ
k , J

(n)
k = α

(n)
k µ2 + β

(n)
k µ+ γ

(n)
k . (3.2)

In the following we shall plot the grand potential and their instanton corrections, fit them

by the quadratic functions and read off the coefficients numerically.

However, not all of the coefficients are read off from this analysis of Jk(µ). As we

shall explain below we will encounter some oscillations in µ and it is difficult to study

the exact values of the coefficients due to large errors caused by the oscillations. Some

of the values are actually first read off from the analysis of the partition function Zk(N)

as in subsection 3.3 which does not have the oscillating behavior, while some of them are

found after we understand the oscillating behavior well as in subsection 3.2 and subtract

its contribution. It is simpler, however, to present our result as if we read all of the exact

values from the grand potential and explain various behaviors later. Hence, we shall take

this path in presenting our results.

3We expect that this property holds for k ∈ Z. However, we cannot establish it at present.

– 8 –
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Figure 1. (a) The perturbative, (b) 1-instanton, (c) 2-instanton and (d) 3-instanton corrections of

the grand potential Jk(µ) at k = 1. The dots represent the grand potential obtained by the exact

partition function while the solid lines represent the fitted functions.

Let us start to study the grand potential at k = 1. In figure 1(a), we have plotted

the grand potential J1(µ) (for selected values of µ) in dots together with its perturbative

expression J
(pert)
1 (µ) in a solid line. The grand potential Jk(µ) (3.1) is given by the grand

partition function Ξk(µ) (2.4) with the summation of N truncated at our maximal values

Nmax, while the perturbative expression is given by

J
(pert)
k (µ) =

Ck

3
µ3 +Bkµ+Ak. (3.3)

Here the constants Bk and Ck are given by (1.9), and Ak was conjectured in [9, 19] as

Ak = −ζ(3)
8π2

k2 +
1

6
log

4π

k
+ 2ζ ′(−1)− 1

3

∫ ∞

0
dx

1

ekx − 1

(
3

x3
− 1

x
− 3

x sinh2 x

)
. (3.4)

We find a perfect match, especially for large µ. Therefore, we can plot J
(1)
1 (µ) = (J1(µ)−

J
(pert)
1 (µ))/e−4µ next in figure 1(b) and fit the result by a quadratic function. We find the

behavior matches well with

J
(1)
1 (µ) =

4µ2 + µ+ 1/4

π2
. (3.5)

We continue this process further and plot J
(2)
1 (µ) = (J(µ)−J (pert)

1 (µ)− e−4µJ
(1)
1 (µ))/e−8µ

in figure 1(c). Now the plot starts to oscillate. We can fit the result by the sum of a
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quadratic function with the oscillations cos(4µ
2

π ) and sin(4µ
2

π ),

J
(2)
1 (µ) = −52µ2 + µ/2 + 9/16

2π2
+ 2 + J

(2)osc
1 (µ),

J
(2)osc
1 (µ) = 2 cos

(4µ2
π

− 7π

12

)
. (3.6)

Similarly, the 3-instanton J
(3)
1 (µ) = (J1(µ)− J

(pert)
1 (µ)− e−4µJ

(1)
1 (µ)− e−8µJ

(2)
1 (µ))/e−12µ

is plotted in figure 1(d), and the fitted function results in

J
(3)
1 (µ) =

736µ2 − 152µ/3 + 77/18

3π2
− 32 + J

(3)osc
1 (µ),

J
(3)osc
1 (µ) = − 4

π
(8µ+ 1) sin

(4µ2
π

− 7π

12

)
− 32 cos

(4µ2
π

− 7π

12

)
. (3.7)

Note that our plot range of µ changes slightly. This is because in going to higher and

higher instanton effects, we have more and more numerical errors and it is difficult to find

a sensible plot for large µ.

We can repeat the same analysis at k = 2, 3, 4, 6 since we have exact values. The

results computed from the exact values we find are plotted in figures 2, 3, 4, 5, respectively

together with the fitted functions. The results are summarized in (1.5) (we have suppressed

the oscillatory parts in (1.5)). Using the results in (1.5), we can study various instanton

effects. This will be done in the subsequent sections. Before proceeding to it, let us give

a physical interpretation for the oscillating behaviors and present the numerical study of

Z(N) without the oscillations.

3.2 Oscillations in Jk(µ)

In this subsection, we would like to explain the oscillation in Jk(µ) from the periodicity of

the grand partition function. Since the grand partition function Ξk(µ) = eJk(µ) is a sum of

eNµ defined by (2.4), it must be a periodic function of µ with the periodicity 2πi. However,

the naive expression of Ξk(µ) derived from the method of statistical mechanics in small k

perturbation is not invariant under the shift µ→ µ+ 2πi.

To remedy the invariance, we define the 2πi-periodic grand partition function by

eJk(µ) =
∞∑

n=−∞
eJ

naive
k (µ+2πin). (3.8)

Here Jnaive
k (µ) means the grand potential obtained from the naive small k, large µ asymp-

totic expansion, namely Jnaive
k (µ) = J

(pert)
k (µ) + J

(np)
k (µ) with J

(pert)
k (µ) given by (3.3).

Through this periodic extension (3.8), the grand potential acquires the oscillatory part

Jk(µ) = Jnaive
k (µ) + Josc

k (µ), (3.9)

where Josc
k (µ) is given by

Josc
k (µ) = log

(
1 +

1

eJ
naive
k (µ)

∑

n 6=0

eJ
naive
k (µ+2πin)

)
. (3.10)
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Figure 2. (a) The perturbative, (b) 1-instanton, (c) 2-instanton and (d) 3-instanton corrections of

the grand potential Jk(µ) at k = 2. The dots represent the grand potential obtained by the exact

partition function while the solid lines represent the fitted functions.

For instance, the oscillatory term in the worldsheet 2-instanton comes from the ±2πi

shift of the perturbative part J
(pert)
k (µ). Since

eJ
(pert)
k (µ+2πi)

eJ
(pert)
k (µ)

= exp

[
−8µ

k
+ 2πi

(
Ckµ

2 +Bk −
8

3k

)]
, (3.11)

we find the oscillatory term

Josc
k (µ) ≈ eJ

(pert)
k (µ+2πi) + eJ

(pert)
k (µ−2πi)

eJ
(pert)
k (µ)

= 2 cos

[
2π
(
Ckµ

2 +Bk −
8

3k

)]
e−

8µ
k , (3.12)

in the worldsheet 2-instanton correction. Note that this exactly reproduces (3.6) at k = 1.

We can proceed further to study the oscillatory term in the worldsheet 3-instanton for

k > 2 from the worldsheet 1-instanton contribution

Josc
k (µ) ≈ eJ

(pert)
k (µ+2πi)+J

WS(1)
k (µ+2πi) + eJ

(pert)
k (µ−2πi)+J

WS(1)
k (µ−2πi)

eJ
(pert)
k (µ)+J

WS(1)
k (µ)

= 2 cos

[
2π
(
Ckµ

2+Bk−
8

3k

)]
e−

8µ
k +4d

(1)
k sin

4π

k
sin

[
2π
(
Ckµ

2+Bk−
14

3k

)]
e−

12µ
k .

(3.13)

For k = 1, 2, however, since the D2 m-instanton J
D2(m)
k ∼ e−2mµ (m = 2, 1 for k = 1, 2)

has the same contribution as the worldsheet 1-instanton term J
WS(1)
k (µ) ∼ e−

4µ
k , we have

– 11 –
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Figure 3. (a) The perturbative, (b) 1-instanton, (c) 2-instanton and (d) 3-instanton corrections of

the grand potential Jk(µ) at k = 3. The dots represent the grand potential obtained by the exact

partition function while the solid lines represent the fitted functions.

to be careful. The mixing between these two kinds of instanton effects will be studied in

more details in section 5. Using α
(1)
k and β

(1)
k in (3.2), we find that the oscillatory term in

the worldsheet 3-instanton for k = 1, 2 is given by

J
(3)osc
k (µ) = −4π(2α

(1)
k µ+ β

(1)
k ) sin

[
2π
(
Ckµ

2 +Bk −
8

3k

)]

− 8π2α
(1)
k cos

[
2π
(
Ckµ

2 +Bk −
8

3k

)]
. (3.14)

Note that this expression for k = 1 reproduces (3.7).

As we have seen in the previous subsection, we actually observed an oscillatory behavior

in the numerical analysis of Jk(µ). Since the amplitude and the phase of oscillation perfectly

matches (3.13) (and (3.14)), we strongly believe that our numerically observed oscillation

is originated from the 2πi-periodic extension of the naive grand partition function.

One important consequence of the periodicity of the grand partition function is that

in the integral transformation from Ξk(µ) to Zk(N) we can extend the integration range

from [−πi, πi] to (−i∞, i∞)

Zk(N) =

∫ πi

−πi

dµ

2πi
eJk(µ)−Nµ =

∫ i∞

−i∞

dµ

2πi
eJ

naive
k (µ)−Nµ . (3.15)
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Figure 4. (a) The perturbative, (b) 1-instanton, (c) 2-instanton and (d) 3-instanton corrections of

the grand potential Jk(µ) at k = 4. The dots represent the grand potential obtained by the exact

partition function while the solid lines represent the fitted functions.

Since the last expression of (3.15) does not involve Josc
k , there is no oscillation in the

canonical partition function Zk(N). The last expression in (3.15) also explains the good

agreement of the Airy function with the exact partition function Zk(N).4

3.3 Partition function

In the previous subsections, we have studied the numerical behavior of the grand potential

Jk(µ) and observed an interesting oscillating behavior. Though interesting from a theoret-

ical viewpoint, the oscillating behavior causes a larger error in finding the exact values of

instanton prefactors. As mentioned above, this behavior will disappear after an integral

transformation from the grand potential to the canonical partition function. For this rea-

son, as a complementary analysis, let us look at the partition function as well. We find

exactly the same values from the fitting of Jk(µ) and the fitting of Zk(N). This agreement

gives a strong support for the validity of our method.

Let us consider the case k = 1. In this case, the non-perturbative correction to

the grand potential starts from O(e−4µ) as found in [13]. The (naive) grand potential is

generically given by (3.2). We would like to determine the constants α
(n)
1 , β

(n)
1 and γ

(n)
1

4To obtain the Airy function expression, we need to deform the integration contour from [−πi, πi] to

(−i∞, i∞). Naively, this deformation causes the error O(e−2µ∗/k) = O(e−π
√

2N/k), where µ∗ is the value

of the saddle-point, as was explained in [9]. However, such a correction does not actually appear in the

difference of the exact partition function and the perturbative result. The procedure here naturally explains

this fact.
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Figure 5. (a) The perturbative, (b) 1-instanton, (c) 2-instanton and (d) 3-instanton corrections of

the grand potential Jk(µ) at k = 6. The dots represent the grand potential obtained by the exact

partition function while the solid lines represent the fitted functions.

from the exact data. Since the partition function is computed as

Z1(N) =

∫ i∞

−i∞

dµ

2πi
eJ

naive
1 (µ)−Nµ

=

∫ i∞

−i∞

dµ

2πi
eJ

(pert)
1 (µ)−Nµ[1 + (α

(1)
1 µ2 + β

(1)
1 µ+ γ

(1)
1 )e−4µ + · · · ], (3.16)

the 1-instanton correction normalized by the perturbative partition function is given by

Z
(1)
1 (N) =

1

Z
(pert)
1 (N)

∫ i∞

−i∞

dµ

2πi
eJ

(pert)
1 (µ)−Nµ(α

(1)
1 µ2 + β

(1)
1 µ+ γ

(1)
1 )e−4µ

=
α
(1)
1 ∂2N − β

(1)
1 ∂N + γ

(1)
1

Z
(pert)
1 (N)

∫ i∞

−i∞

dµ

2πi
eJ

(pert)
1 (µ)−(N+4)µ

=
(
C−1
1 (N + 4−B1)α

(1)
1 + γ

(1)
1

)Ai[C−1/3
1 (N + 4−B1)]

Ai[C
−1/3
1 (N −B1)]

− C
−1/3
1 β

(1)
1

Ai′[C
−1/3
1 (N + 4−B1)]

Ai[C
−1/3
1 (N −B1)]

, (3.17)

where Z
(pert)
k (N) is the perturbative contribution, which is given by [8, 9],

Z
(pert)
k (N) = C

−1/3
k eAk Ai

[
C

−1/3
k (N −Bk)

]
. (3.18)
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Figure 6. The 1- and 2-instanton corrections to the partition function at k = 1. We plot (a)

Z
(np)
1 /e−2π

√

2N and (b) (Z
(np)
1 − Z

(1)
1 )/e−4π

√

2N against N . The instanton corrections in terms

of the Airy function (the solid lines) excellently agree with the exact values (the dots) even for

small N .

The expression (3.17) is the form expected from the Fermi gas consideration. We compare

this result with the non-perturbative correction computed from the exact values of the

partition function using our definition of Z
(np)
1 (N) in (1.6). To fix the constants α

(1)
1 , β

(1)
1

and γ
(1)
1 , we fit the exact data Z

(np)
1 (N)/e−2π

√
2N for 20 ≤ N ≤ 44 by the expected form

Z
(1)
1 (N)/e−2π

√
2N , and find that α

(1)
1 , β

(1)
1 and γ

(1)
1 are very close to (in about 14-digit

agreement)

α
(1)
1 =

4

π2
, β

(1)
1 =

1

π2
, γ

(1)
1 =

1

4π2
. (3.19)

This result, of course, is consistent with (3.5) obtained from the fitting of J1(µ). In

figure 6(a), we show the exact data Z
(np)
1 (N)/e−2π

√
2N (the dots) and our result

Z
(1)
1 (N)/e−2π

√
2N with (3.19) (the solid line). Our Airy function expression of the in-

stanton correction (3.17) is in excellent agreement with the exact data from N = 1 to

N = 44. In the large N limit, Z
(1)
1 (N) is asymptotically expanded as

Z
(1)
1 (N) = e−2π

√
2N

[
2N − 13π2 − 2

2
√
2π

√
N +

169π4 + 116π2 + 8

32π2

− π(2197π2 + 4012)

384
√
2N

+
28561π4 + 73424π2 − 32768

12288N
+O(N−3/2)

]
. (3.20)

The leading term 2Ne−2π
√
2N agrees with the result in [14]. Note that our result is exact

at all orders in 1/N .

Once we fix α
(1)
1 , β

(1)
1 and γ

(1)
1 , we can proceed to determining α

(2)
1 , β

(2)
1 and γ

(2)
1 . The

2-instanton correction to the partition function is given by

Z
(2)
1 (N) =

(
2N2 +

2π4α
(2)
1 C1 + 3C1 + 244

8
N

+
32π4γ

(2)
1 + 1

128
C2
1 +

122π4α
(2)
1 + 119

64
C1 +

3721

32

)
Ai[C

−1/3
1 (N + 8−B1)]

Ai[C
−1/3
1 (N −B1)]

− C
2/3
1

(
N +

4π4β
(2)
1 + 1

16
C1 +

29

8

)
Ai′[C

−1/3
1 (N + 8−B1)]

Ai[C
−1/3
1 (N −B1)]

. (3.21)
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In the same way as above, from the numerical fitting we find

α
(2)
1 = −26

π2
, β

(2)
1 = − 1

4π2
, γ

(2)
1 = − 9

32π2
+ 2 . (3.22)

These are in about 14-digit agreement with the fitted values. In figure 6(b), we show the

exact data (Z
(np)
1 (N)− Z

(1)
1 (N))/e−4π

√
2N and our result Z

(2)
1 (N)/e−4π

√
2N with (3.22).

Repeating this method, we find the values of α
(n)
1 , β

(n)
1 and γ

(n)
1 up to n = 4. Fur-

thermore we can apply this procedure to other levels. Our results at k = 1, 2, 3, 4, 6 are

summarized in (1.5).

Using (1.5), one can easily know the instanton corrections to the partition function.

We have indeed checked that the instanton corrections to the partition function obtained

from (1.5) precisely agree with the exact data. The results in (1.5) show that the prefactors

at k = 2, 6 are strongly related to those at k = 1, 3, respectively. Currently, we do not

understand the physical origin of this relation. It would be interesting to study what

this means.

4 Worldsheet instantons

In the previous section, we have obtained the exact non-perturbative correction from the

numerical study of the grand potential Jk(µ) and the partition function Zk(N). The non-

perturbative correction consists of several contributions written as (1.1). In this section, we

would like to determine the prefactors of worldsheet instanton corrections. The prefactors

of the D2-instanton corrections will be considered in section 5. The prefactor d
(n)
k of the

worldsheet n-instanton is expected to be independent of µ. We can determine d
(n)
k from

the topological string on local F0 (note that F0
∼= P

1 × P
1).

4.1 Topological string on local F0

As discussed in [6, 20], the ABJM matrix model (2.1) (and its generalization to the ABJ

model [21]) is related to the lens space matrix model [22, 23]5 by an analytic continuation of

the rank of the gauge group, and it is further related to the topological string on local F0 via

a large N duality. Using this chain of dualities, we can compute the worldsheet instanton

corrections in the ABJM theory from the knowledge of the topological string on local F0.

In general, the worldsheet instanton sum in the topological string has the following

structure [25]

F top =
∞∑

n=1

∑

g,~d

ng~d

(
2 sin

nλs
2

)2g−2 e−n~d·~T

n
, (4.1)

where λs denotes the string coupling of topological string theory.

The free energy of ABJM matrix model and the free energy of topological string on

local F0 are related by a Fourier transformation [9] due to the wavefunction nature of the

5The ABJ(M) matrix model and the lens space matrix model are also closely related to the supermatrix

model in [24].

– 16 –



J
H
E
P
0
1
(
2
0
1
3
)
1
5
8

topological string partition functions [26]. Since the canonical partition function Zk(N)

is obtained from the integral transform of grand partition function eJk(µ), it is natural to

identify the grand potential Jk(µ) with the free energy F top(T1, T2) of topological string

on local F0. Here T1 and T2 denote the Kähler parameters of the two P
1’s in F0. Since the

ABJM slice is defined by T1 = T2, we arrive at the relation

Jk(µ) = F top(T1 = T2 ≡ T ), (4.2)

with T and µ related by [9]

T =
4µ

k
− πi . (4.3)

To compare the topological string and ABJM theory, we should be careful about the

normalization of string coupling. The string coupling λs in the topological string theory

and the string coupling gs =
2πi
k in the ABJM theory are related by

g2g−2
s F̃ top

g = λ2g−2
s F top

g , (4.4)

where [9]

F̃ top
g = (−4)g−1F top

g , (g ≥ 1). (4.5)

Therefore, λs is given by

λs = −2igs =
4π

k
, (4.6)

and the worldsheet instanton sum (4.1) becomes

F top =
∞∑

n=1

∑

g,~d

ng~d

(
2 sin

2πn

k

)2g−2 e−n~d·~T

n
. (4.7)

The Gopakumar-Vafa invariants ng~d
of local F0 were computed in [28]. Up to total

degree d1 + d2 = 3, the GV invariants ng~d
are given by

n01,0 = n00,1 = −2, n01,1 = −4, n02,1 = n01,2 = −6, (4.8)

and ng~d
= 0 (g ≥ 1) for the above cases. Hence F top of local F0 is expanded as

F top = −
∞∑

n=1

[
e−nT1 + e−nT2

2n sin2 2πn
k

+
e−n(T1+T2)

n sin2 2πn
k

+
3(e−n(2T1+T2) + e−n(T1+2T2))

2n sin2 2πn
k

+ · · ·
]
. (4.9)

Using the relations (4.2) and (4.3), we can read off the coefficient d
(n)
k of the worldsheet

n-instanton e−
4nµ
k . The first three coefficients are given by the first line of (1.3). More

generally, we can write down the worldsheet instanton correction to the grand potential in

the form

JWS
k (µ) =

∞∑

n,g,d=1

ngd

(
2 sin

2πn

k

)2g−2 (−1)dne−
4dnµ

k

n
, (4.10)

– 17 –



J
H
E
P
0
1
(
2
0
1
3
)
1
5
8

where ngd denotes the weighted sum of GV invariants on local F0 [27]

ngd =
∑

d1+d2=d

ngd1,d2 . (4.11)

For instance, using the data n04 = −48, n14 = 9, ng4 = 0 (g ≥ 2) and (4.8), we find the

4-instanton coefficient d
(4)
k in (1.3). In a similar manner, we can determine the higher

instanton coefficients using the data of GV invariants in [27, 28].

4.2 Worldsheet instanton in the ’t Hooft limit

In the previous subsection we have determined the worldsheet instanton correction JWS
k (µ)

from the topological string on local F0. As a consistency check, we consider the ’t Hooft

limit of the worldsheet instanton corrections derived from the results in the previous sub-

section and compare with the known results of the genus-zero and genus-one free energy.

In the ’t Hooft limit, the free energy has the genus expansion

F (gs, λ) ≡ logZ(gs, λ) =
∞∑

g=0

g2g−2
s Fg(λ), (4.12)

where gs =
2πi
k is the string coupling and λ ≡ N

k is the ’t Hooft coupling.

One easily finds that the worldsheet instanton corrections to the partition function up

to 3-instanton are given by6

Z
WS(1)
k (N) = d

(1)
k

Ai[C
−1/3
k (N + 4

k −Bk)]

Ai[C
−1/3
k (N −Bk)]

,

Z
WS(2)
k (N) =

(
d
(2)
k +

(d
(1)
k )2

2

)
Ai[C

−1/3
k (N + 8

k −Bk)]

Ai[C
−1/3
k (N −Bk)]

,

Z
WS(3)
k (N) =

(
d
(3)
k + d

(2)
k d

(1)
k +

(d
(1)
k )3

6

)
Ai[C

−1/3
k (N + 12

k −Bk)]

Ai[C
−1/3
k (N −Bk)]

, (4.13)

where d
(n)
k (n = 1, 2, 3) are given by (1.3). It is convenient to introduce N̂ = N − k

24 in the

analysis below. In the large N̂ limit,7 Z
WS(1)
k (N) is asymptotically expanded as

Z
WS(1)
k (N) =

e−2π
√

2N̂/k

sin2(2π/k)

[
1− 5

√
2π

3k2

√
k

N̂
+

(
25π2

9k4
− 1

k2

)
k

N̂
+O

((
k

N̂

)3/2)]
. (4.14)

If we further expand this in gs =
2πi
k , we obtain

Z
WS(1)
k (N) = e−2π

√
2λ̂

[
−g−2

s +
1

3
− 5

6
√
2π
√
λ̂
− 1

4π2λ̂
+O(g2s)

]
, (4.15)

6We assume that the worldsheet instanton corrections up to 3-instanton are not mixed to the D2-

instanton corrections. This assumption is true for k > 6, and the ’t Hooft limit, of course, satisfies this

condition.
7Strictly, we consider the large λ̂ = N̂/k limit (strong coupling limit).
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where λ̂ ≡ N̂
k = λ− 1

24 . Thus the worldsheet 1-instanton correction to the free energy are

given by

F
WS(1)
g=0 (λ̂) = −e−2π

√
2λ̂, F

WS(1)
g=1 (λ̂) =

[
1

3
− 5

6
√
2π
√
λ̂
− 1

4π2λ̂

]
e−2π

√
2λ̂. (4.16)

In a similar way, we obtain the genus-zero and genus-one part of the 2- and 3-instanton

corrections from (4.13) as

F
WS(2)
g=0 (λ̂) =

[
9

8
+

1

π
√

2λ̂

]
e−4π

√
2λ̂,

F
WS(2)
g=1 (λ̂) =

[
−1

2
+

83

24
√
2π
√
λ̂
+

91

48π2λ̂
+

23

24
√
2π3λ̂3/2

+
1

8π4λ̂2

]
e−4π

√
2λ̂. (4.17)

and

F
WS(3)
g=0 (λ̂) =

[
−82

27
− 9

2
√
2π
√
λ̂
− 1

π2λ̂
− 1

6
√
2π3λ̂3/2

]
e−6π

√
2λ̂,

F
WS(3)
g=1 (λ̂) =

[
10

9
− 1205

54
√
2π
√
λ̂
− 1145

72π2λ̂
− 185

16
√
2π3λ̂3/2

− 47

16π4λ̂2
− 47

48
√
2π5λ̂5/2

− 1

12π6λ̂3

]
e−6π

√
2λ̂ , (4.18)

where we have used the relation between the instanton corrections to the partition function

and to the free energy:

F
WS(1)
k (N) = Z

WS(1)
k (N), F

WS(2)
k (N) = Z

WS(2)
k (N)− 1

2

(
Z

WS(1)
k (N)

)2
,

F
WS(3)
k (N) = Z

WS(3)
k (N)− Z

WS(2)
k (N)Z

WS(1)
k (N) +

1

3

(
Z

WS(1)
k (N)

)3
. (4.19)

Let us compare these results with the result in [6]. One immediately finds that the

instanton corrections to the genus-zero free energy exactly agree with the result in [6] (see

also [19]). Let us consider the genus-one free energy. The genus-one free energy is given by

Fg=1 = − log η(τ), (4.20)

where η(τ) is the Dedekind eta function, and the modulus τ is related to the ’t Hooft

coupling through

τ = i
K ′( iκ4 )

K( iκ4 )
, λ =

κ

8π
3F2

(
1

2
,
1

2
,
1

2
; 1,

3

2
;−κ

2

16

)
. (4.21)

In the strong coupling limit, the genus-one free energy behaves as

Fg=1 =
π
√

2λ̂

6
− 1

2
log
(
2
√

2λ̂
)
+

[
1

3
− 5

6
√
2π
√
λ̂
− 1

4π2λ̂

]
e−2π

√
2λ̂ +O

(
e−4π

√
2λ̂

)
.

(4.22)
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Figure 7. (a) The 2- and (b) 3-instanton corrections to the genus one free energy.

The 1-instanton correction exactly agrees with (4.16). It becomes messy to compute

the higher instanton corrections. Instead, we numerically evaluate (4.20), and extract

the 2- and 3-instanton corrections from it. In figure 7(a), we plot (Fg=1 − F
(pert)
g=1 −

F
WS(1)
g=1 )/e−4π

√
2λ̂ against λ̂. The dots represent the numerical data obtained from (4.20)

and (4.22) while the solid line represents our prediction (4.17). Our results show a perfect

agreement with the numerical evaluation. Similarly, in figure 7(b), we plot (Fg=1−F (pert)
g=1 −

F
WS(1)
g=1 −F

WS(2)
g=1 )/e−6π

√
2λ̂ against λ̂. Our 3-instanton prediction (4.18) again agrees with

the numerical ones.

5 Conjecture of D2-instanton corrections

The coefficients d
(n)
k of the worldsheet n-instanton corrections diverge when k ∈ 2n/N.

However, we confirmed numerically that the grand potential itself is finite at these values

of k. Furthermore, at k = 2n/m (m = 1, 2, . . . ), the worldsheet n-instanton correction is

just the same order as the D2 m-instanton correction because e−4nµ/k = e−2mµ . Therefore

it is natural to expect that D2-instanton corrections are also divergent at these values of

k, and the divergence coming from the worldsheet instanton is canceled by the divergence

from D2-instanton. The sum of these two contributions leads to a finite result. This story

imposes a strong constraint on the pole structure of the D2-instanton corrections.

5.1 D2 1-instanton correction

Let us consider the e−2µ term in J
(np)
k (µ). At k = 2n with n ∈ Z, the e−2µ term receives

two contributions: one from the D2 1-instanton and the other from worldsheet n-instanton.

The coefficient of worldsheet n-instanton is divergent in the limit k → 2n. This divergence

has the general structure

lim
k→2n

d
(n)
k e−

4nµ
k = (−1)n−1

[
4n

π2(k − 2n)2
+

4(µ+ 1)

π2(k − 2n)
+

2µ2 + 2µ+ 1

nπ2
+ w(n)

]
e−2µ,

(5.1)
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with some constant w(n). We have checked this behavior up to n = 7 using the Gopakumar-

Vafa invariant of local F0 in [28] and found

w(1) =
1

3
, w(2) =

7

6
, w(3) =

37

9
, w(4) =

187

12
, w(5) =

661

15
+ 12

√
5,

w(6) =
6919

18
, w(7) =

19783− 16380 cos π
7 + 29903 cos 2π

7 − 22428 cos 3π
7

42 sin2 π
7

. (5.2)

Next, let us consider the D2 1-instanton correction

J
D2(1)
k =

[
a
(1)
k µ2 + b

(1)
k µ+ c

(1)
k

]
e−2µ . (5.3)

The small k expansion of the coefficients a
(1)
k , b

(1)
k and c

(1)
k was computed in [9] up to k3:

a
(1)
k = − 4

π2k
+
k

2
− π2k3

96
+ · · · ,

b
(1)
k =

4

π2k
− 5k

6
+

67π2k3

1440
+ · · · ,

c
(1)
k =

4

π2k
− 2

3k
+
π2 − 1

12
k − π2(104 + 5π2)

2880
k3 + · · · . (5.4)

From our results at k = 1, 3, we expect that the coefficients of e−2µ vanish for odd k ∈ Z.8

Also, in order to cancel the poles coming from the worldsheet instanton (5.1), the D2

1-instanton coefficients should behave as

lim
k→2n

a
(1)
k = O(1),

lim
k→2n

b
(1)
k = − 4(−1)n−1

π2(k − 2n)
+O(1),

lim
k→2n

c
(1)
k = (−1)n−1

[
− 4n

π2(k − 2n)2
− 4

π2(k − 2n)

]
+O(1). (5.5)

From the above conditions, we can fix the forms of a
(1)
k , b

(1)
k and c

(1)
k . The result is given

by (1.4). Summing the contributions from the worldsheet n-instanton and the D2 1-

instanton, the e−2µ term at k = 2n gives the finite answer

J
D2(1)
2n (µ) + J

WS(n)
2n (µ) = (−1)n−1

[
4µ2 + 2µ+ 1

nπ2
+ s(n)

]
e−2µ, (5.6)

where

s(n) = w(n) +
1

3n
− 2n

3
. (5.7)

For lower n, we find

s(1) = 0, s(2) = 0, s(3) =
20

9
, s(4) = 13, (5.8)

8For odd k, it is plausible that there are no D2-branes wrapping RP
3 as in the case of k = 1 discussed

in [14]. Thus it is expected that the D2-instanton correction starts from O(e−2π
√
2kN ). Further, we have

numerically checked that this expectation is true at k = 5, 7 by using the TBA-like equations in [13].
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Figure 8. In these figures, we plot (a) the leading and (b) the next-to-leading contributions of

the instanton corrections at k = 3
2 . The dots represent the numerical values from the TBA-like

equations while the solid lines represent our theoretical predictions. The leading correction is

captured by the D2 1-instanton, and the next-to-leading correction by the worldsheet 1-instanton.

and (5.6) for n = 1, 2, 3 correctly reproduce our results at k = 2, 4, 6 in (1.5)!

As a further check of our conjecture (1.4), we compare the instanton corrections to the

partition function at various k with the numerical results obtained by using the TBA-like

equations. As explained in [13] (see also [14]), the ABJM partition function can be also

computed by solving the TBA-type integral equations.9 In figure 8, for instance, we show

the instanton corrections at k = 3
2 . At k = 3

2 , the leading contribution is the D2 1-instanton

correction. In figure 8(a), the dots represent Z
(np)
3/2 (N)/e−π

√
2kN computed by the TBA-like

equations while the solid line represents the D2 1-instanton correction ZD2
3/2(N)/e−π

√
2kN

given by (1.7) with our conjecture (1.4). In figure 8(b), we plot the next-to-leading contribu-

tion. At this order, the worldsheet 1-instanton correction is dominant. The dots represent(
Z

(np)
3/2 (N) − ZD2

3/2(N)
)
/e−2π

√
2N/k computed by the TBA-like equations (and (1.7)) while

the solid line represents the worldsheet 1-instanton correction ZWS
3/2 (N)/e−2π

√
2N/k given

by (1.8). In both figures, our theoretical predictions (1.7) and (1.8) perfectly explain the

numerical results from TBA. We have checked the validity of our conjecture (1.4) for other

k’s in the same way.

5.2 Comment on D2 2-instanton correction

By the similar reasoning, it seems to be possible to guess the forms of D2 2-instanton

coefficients a
(2)
k , b

(2)
k and c

(2)
k . However, the constraint is much weaker than the 1-instanton

case, hence we can not determine the forms of 2-instanton coefficients completely. We need

more information to fix them.

9One advantage to use the TBA-like equations is that we can numerically compute the partition function

at any k. However, we cannot neglect numerical errors as N grows.
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The k → n limit of worldsheet n-instanton has the general structure

lim
k→n

d
(n)
k e−

4nµ
k = −(4 + 5(−1)n)

[
n

4π2(k − n)2
+

2µ+ 1

2π2(k − n)
+

2µ2 + µ+ 1
4

nπ2
+ v(n)

]
e−4µ.

(5.9)

We have checked this behavior up to n = 7 and found

v(1) =
1

3
, v(2) =

1

18
, v(3) =

37

9
, v(4) =

13

36
, v(5) =

661

15
− 12

√
5,

v(6) =
193

54
, v(7) =

19783− 22428 cos π
7 + 16380 cos 2π

7 − 29903 cos 3π
7

42 sin2 2π
7

. (5.10)

Naively, these poles should be canceled by the D2 2-instanton. At this order, however,

there might be another contribution that we will discuss in the next section, i.e., the

contribution from a kind of bound states of the D2-instanton and the worldsheet instanton.

At present, we cannot conclude whether such a contribution exists or not. If exists, we

need to consider its pole structure. We leave this problem as a future work.

6 Discussions

In this paper, by generalizing our previous method we continued the exact computation of

the partition function in the ABJM theory using the Fermi gas formalism. Using these exact

values of the partition functions, we further studied the instanton effects. We have found

that the grand potential contains an interesting oscillatory behavior and it can be explained

by the periodicity of the grand partition function. The worldsheet instanton effects are

understood from the results in the topological string on local F0. After subtracting the

worldsheet instanton, we studied the D2-instanton effects, only little of which has been

known so far. We proposed an analytic expression of the D2 1-instanton correction which

is consistent with all of the known properties so far. We would like to discuss some open

questions in our analysis.

In our previous work [13], we have found that the partition functions Z1(N) at k = 1

are written as a polynomial of 1
π with rational coefficients. Here we have studied the

partition functions for a few other k’s. We find that at k = 2 the partition function are

polynomials of 1
π2 , at k = 3, polynomials of 1

π and 1√
3
, at k = 4, polynomials of 1

π and at

k = 6, polynomials of 1√
3π
. We note in passing a curious observation about the zeros of

these polynomials. For example, if we replace 1
π by a variable x in the partition function

Z1(N) at k = 1, it becomes a polynomial of x of degree [N2 ]. If we order the zeros of this

polynomial by their absolute values, the first few zeros are very close to 1
π ,− 3

π ,
5
π , and so

on. We observed a similar pattern of zeros for other k’s. We would like to understand the

general structure of Zk(N) better.

We have determined the analytic expression of the leading D2-instanton correction.

We would like to study this effect from the worldvolume theory of the Euclidean D2-brane

wrapping on RP
3. We expect that the prefactor of D2-instanton correction is coming from
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the 1-loop determinant of the fluctuation around the classical D2-brane action. To analyze

such effects, the recent result of reproducing the 1-loop log term from the gravitational

computation in [29] might be a helpful guide.

Although the worldsheet instanton coefficients d
(n)
k obtained from the topological string

correctly reproduce the ’t Hooft limit of free energy studied in [6], we find some discrepancy

between the prediction of d
(n)
k and our results (1.5) obtained by the numerical analysis.

For example, let us take a closer look at the k = 3, 6 cases in (1.5). The coefficients of the

first two terms in J
(np)
3 and J

(np)
6 agree with the value of d

(1)
k and d

(2)
k in (1.3). However,

the fourth term of J
(np)
3 and J

(np)
6 is different from d

(4)
3 = d

(4)
6 = −8 predicted from the

topological string (1.3). Also, for the k = 4 case, the third term of J
(np)
4 is different from

the prediction d
(3)
4 = 10

3 , while the first term agrees with d
(1)
4 = 1. We believe that the

predictions of worldsheet instanton corrections from the topological string (1.3) are correct

at generic k, and we conjecture that the reason of this discrepancy is due to a kind of

bound states of the D2-instanton and the worldsheet instanton. This conjecture is based

on the observation that after a few worldsheet instanton terms which agree with d
(n)
k , the

discrepancy arises just after the first D2-instanton term appeared in J
(np)
k . We leave more

detailed study of the origin of this discrepancy as a future problem.

Recently, a very interesting relation between the sphere partition functions and the

non-perturbative completion of topological string partition functions is proposed in [30].

This proposal is reminiscent of the relation between the canonical and the grand canonical

partition functions (3.15). As discussed in [9], it is natural to identify the grand partition

function Ξ(µ) of ABJM theory with the non-perturbative completion of the topological

string partition function on local F0. It would be interesting to study this relation further.
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A Proof of (2.22) for general Hankel matrices

In this appendix, we will prove the identity (2.22) assuming that a Hankel matrix has the

following integral representation

Hm,n =
1

4π

∫ 1

−1
dtw(t) tm+n . (A.1)

We also assume that the weight w(t) is a positive even function of t on the interval (−1, 1)

w(−t) = w(t) > 0, t ∈ (−1, 1) . (A.2)
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By the change of variable

t = tq ≡ tanh
q

2
, (A.3)

the matrix element Hm,n is rewritten as

Hm,n =

∫ ∞

−∞

dq

2π
ρm(q)ρn(q), ρn(q) =

√
w(tq)√

2 cosh q
2

tnq , (A.4)

and the trace becomes

TrHℓ =

∫ ∞

−∞

ℓ∏

i=1

dqi
2π
ρ(q1, q2) · · · ρ(qℓ, q1) = Tr ρℓ, (A.5)

where

ρ(q, q′) =
∞∑

n=0

ρn(q)ρn(q
′) =

√
w(tq)w(tq′)

2 cosh q−q′

2

. (A.6)

Let us prove the identity (2.22) for this class of matrix

det(1 + zH−)

det(1− zH+)
= H(z), (A.7)

where H(z) is defined by

H(z) =
∞∑

m=0

(1− zH+)
−1
0,m = 〈e0|

1

1− zH+
|v〉 . (A.8)

with |e0〉 and |v〉 given in (2.23).

A.1 Proof of the even part

First we consider the even part of (A.7)

det(1− z2H2
−)

det(1− z2H2
+)

= H(z)H(−z) . (A.9)

As discussed in our previous paper [13], using the relation H2
− = H+(1 − |e0〉〈e0|)H+ the

left hand side of (A.9) is written as

det(1− z2H2
−)

det(1− z2H2
+)

= 〈e0|
1

1− z2H2
+

|e0〉 . (A.10)

By applying the lemma of Tracy-Widom to the kernel

ρ+(q, q
′) =

ρ(q, q′) + ρ(q,−q′)
2

=
E(q)E(q′)

cosh q + cosh q′
, E(q) =

√
w(tq) cosh

q

2
, (A.11)

we find

ρ2ℓ+1
+ (q, q′) =

E(q)E(q′)

cosh q + cosh q′

2ℓ∑

k=0

(−1)kφk(q)φ2ℓ−k(q′) . (A.12)
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The left hand side of (A.12) is rewritten as

ρ2ℓ+1
+ (q, q′) =

∫
dq1
2π

· · ·
∫
dq2ℓ
2π

ρ+(q, q1) · · · ρ+(q2ℓ, q′)

=
∞∑

m=0

· · ·
∞∑

n=0

∫
dq1
2π

· · ·
∫
dq2ℓ
2π

ρ2m(q)ρ2m(q1) · · · ρ2n(q2ℓ)ρ2n(q′)

=
∞∑

m,n=0

ρ2m(q)(H2ℓ
+ )m,nρ2n(q

′) , (A.13)

and φk(q) in (A.12) is defined recursively

φk(q) =
1

E(q)

∫
dq′

2π
ρ+(q, q

′)E(q′)φk−1(q′) . (A.14)

If we expand φk(q) in terms of ρ2n(q)

φk(q) =

√
2

E(q)

∞∑

n=0

ρ2n(q)α
(k)
n =

1

cosh2 q
2

∞∑

n=0

t2nq α
(k)
n , (A.15)

then α
(k)
n satisfies

α(k)
n =

∞∑

m=0

(H+)n,mα
(k−1)
m . (A.16)

The initial condition φ0(q) = 1 corresponds to

α(0)
m = 1 (∀m) . (A.17)

In other words, α
(0)
m = vm. From (A.15) and (A.16), φk(q) is found to be

φk(q) =
1

cosh2 q
2

∞∑

n,m=0

t2nq (Hk
+)n,m . (A.18)

Setting q = 0 in (A.18), we find

φk(0) =
∞∑

m=0

(Hk
+)0,m = 〈e0|Hk

+|v〉 . (A.19)

This implies that H(z) in (A.8) can also be written as

H(z) =
∞∑

n=0

φn(0)zn . (A.20)

Finally, taking the limit q, q′ → 0 in (A.12) we find

(H2ℓ
+ )0,0 = 〈e0|H2ℓ

+ |e0〉 =
2ℓ∑

k=0

(−1)kφk(0)φ2ℓ−k(0) . (A.21)

This is the desired relation (A.9).
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A.2 Proof of the odd part

Let us prove the odd part of (A.8). The kernel ρ(q, q′) can be written as a matrix element

in the “auxiliary” quantum mechanical system

ρ(q, q′) = 〈q|
√
w(tq)cp

√
w(tq)|q′〉, [q, p] = 2πi . (A.22)

In this subsection, we use the notation

cq =
1

2 cosh q
2

, sq =
1

2 sinh q
2

, tq = tanh
q

2
. (A.23)

Let us consider the following function

Ξ1(z) = det(1 + zRqΠcqcp), Rq = w(tq)c
−1
q . (A.24)

Using the commutation relation found in our previous paper [13],

cpcq = −isqΠsp, Π = 1− |0p〉〈0q|, (A.25)

we can see that Ξ1(z) is an even function of z, as follows. We first rewrite Ξ1(z) as

Ξ1(z) = det(1 + izRqΠspΠ
†sq)

= det(1 + izRqsqΠspΠ
†)

= det(1− zRqcpcqΠ
†) . (A.26)

Since Ξ1(z) is a real function for z ∈ R, we find

Ξ1(z) = Ξ1(z)
† = det(1− z(RqcpcqΠ

†)†) = Ξ1(−z) . (A.27)

On the other hand, Ξ1(z) can also be written as

Ξ1(z) = det(1 + zw(tq)cp) · 〈0q|R−1
q

1

1 + zw(tq)cp
Rq|0p〉

= det(1 + zρ) · 〈0q|E−1
q

1

1 + zρ
Eq|0p〉 , (A.28)

where

Eq =
√
w(tq) cosh

q

2
, ρ =

√
w(tq)cp

√
w(tq) . (A.29)

One can easily see that the second factor in the last line of (A.28) is

〈0q|E−1
q

1

1 + zρ
Eq|0p〉 =

∞∑

n=0

φn(0)(−z)n = H(−z) . (A.30)

Then Ξ1(−z) = Ξ1(z) implies the following relation

H(z)

H(−z) =
det(1 + zH+) det(1 + zH−)

det(1− zH+) det(1− zH−)
. (A.31)

This completes the proof of the odd part of (A.7).
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B Exact values of Zk(N)

Here let us summarize the exact values of Zk(N) (k = 1, 2, 3, 4, 6). Our main task is to

solve the integral equation (2.15). Here we use the method in [14]. This method allows us

to rewrite the convolution in (2.15) as the sum of the residues.

B.1 Recursive relations at even k

Let us first consider the even k case. Introducing the variables u = eq/k and v = eq
′/k, then

the integral equation (2.15) becomes

ϕℓ(u) =
1

2π

u

u+ 1

∫ ∞

0
dv
v(k−2)/2(v + 1)

(u+ v)(vk + 1)
ϕℓ−1(v), (B.1)

where ϕℓ(u) = φℓ(q). Note that v(k−2)/2 is rational when k is even. From the solutions for

lower ℓ, we observe that the solution ϕℓ(u) have the following form

ϕℓ(u) =
ℓ∑

j=0

A
(j)
ℓ (u) logj u, (B.2)

where A
(j)
ℓ (u) is a rational function. We assume that A

(j)
ℓ (u) has the poles at the roots

of (u + 1)(uk + 1) = 0. We can rewrite the equation (B.1) by using the technique in [14]

as follows,

ϕℓ+1(u) =
1

2π

u

u+ 1

∫ ∞

0
dv

vk/2−1(v + 1)

(u+ v)(vk + 1)

ℓ∑

j=0

A
(j)
ℓ (v) logj v

= − 1

2π

u

u+ 1

ℓ∑

j=0

(2πi)j

j + 1

∮

γ
dv

vk/2−1(v + 1)

(u+ v)(vk + 1)
A

(j)
ℓ (v)Bj+1

(
log v

2πi

)

= − 1

2π

u

u+ 1

ℓ∑

j=0

(2πi)j+1

j + 1

∑

all poles

Res
v

v(k−2)/2(v + 1)

(u+ v)(vk + 1)
A

(j)
ℓ (v)Bj+1

(
log v

2πi

)

= − (−u)k/2(u− 1)

2π(u+ 1)(uk + 1)

ℓ∑

j=0

(2πi)j+1

j + 1
A

(j)
ℓ (−u)Bj+1

(
log u

2πi
+

1

2

)
+ fℓ(u), (B.3)

where Bn(x) is the Bernoulli polynomial, and fℓ(u) is a rational function. In the second

line in (B.3), we have used the integral formula noted in [14],

∫ ∞

0
dv C(v) logj v = −(2πi)j

j + 1

∮

γ
dv C(v)Bj+1

(
log v

2πi

)
, (B.4)

where we choose the branch cut of log as the positive real axis, and integration contour γ

is chosen as the closed path from +∞ to 0 infinitesimally below the cut and then from 0

to +∞ infinitesimally above the cut. Using the identity:

Bn(x+ a) =

n∑

p=0

(
n

p

)
Bn−p(a)x

p, (B.5)
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the first term of the right hand side in (B.3) becomes

− (−u)k/2(u− 1)

2π(u+ 1)(uk + 1)

ℓ∑

j=0

j+1∑

p=0

(2πi)j+1

j + 1

(
j + 1

p

)
Bj+1−p

(
1

2

)
A

(j)
ℓ (−u)

(
log u

2πi

)p

= − (−u)k/2(u− 1)

2π(u+ 1)(uk + 1)

ℓ∑

p=0

p+1∑

j=0

(2πi)p+1

p+ 1

(
p+ 1

j

)
Bp+1−j

(
1

2

)
A

(p)
ℓ (−u)

(
log u

2πi

)j

= − (−u)k/2(u− 1)

2π(u+ 1)(uk + 1)

ℓ+1∑

j=0

ℓ∑

p=j−1
p≥0

(2πi)p+1−j

p+ 1

(
p+ 1

j

)
Bp+1−j

(
1

2

)
A

(p)
ℓ (−u) logj u.

(B.6)

We note that Bp+1−j(1/2) vanishes if p + 1 − j is odd. Thus setting p + 1 − j = 2m, we

obtain

− (−u)k/2(u− 1)

(u+ 1)(uk + 1)

ℓ+1∑

j=0

[ ℓ−j+1
2

]∑

m=0
j+2m−1≥0

(−1)m(2π)2m−1

j + 2m

(
j + 2m

j

)
B2m

(
1

2

)
A

(j+2m−1)
ℓ (−u) logj u.

Comparing the coefficients of logj u, we obtain the recursive relations for A
(j)
ℓ (u).

For 1 ≤ j ≤ ℓ+ 1, we find

A
(j)
ℓ+1(u) = − (−u)k/2(u− 1)

(u+ 1)(uk + 1)

[ ℓ−j+1
2

]∑

m=0

(−1)m(2π)2m−1

j + 2m

(
j + 2m

j

)
B2m

(
1

2

)
A

(j+2m−1)
ℓ (−u),

(B.7)

while for j = 0 we find

A
(0)
ℓ+1(u) = − (−u)k/2(u− 1)

(u+ 1)(uk + 1)

[ ℓ+1
2

]∑

m=1

(−1)m(2π)2m−1

2m
B2m

(
1

2

)
A

(2m−1)
ℓ (−u) + fℓ(u), (B.8)

where the rational function fℓ(u) is given by

fℓ(u) = − u

2π(u+ 1)

ℓ∑

j=0

(2πi)j+1

j + 1

∑

v 6=−u

Res
v

vk/2−1(v + 1)

(u+ v)(vk + 1)
A

(j)
ℓ (v)Bj+1

(
log v

2πi

)
. (B.9)

Here
∑

v 6=−u means the sum over all the poles except for v = −u. It is convenient to

redefine

A
(j)
ℓ (u) =

1

(2π)jj!

(
uk/2

uk + 1

)j

Â
(j)
ℓ (u). (B.10)
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Then we can rewrite the recursive relations as

Â
(j)
ℓ+1(u) = (−1)kj/2+1u− 1

u+ 1

[ ℓ−j+1
2

]∑

m=0

cm

(
uk/2

uk + 1

)2m

Â
(j+2m−1)
ℓ (−u), (1 ≤ j ≤ ℓ+ 1),

(B.11)

Â
(0)
ℓ+1(u) = −u− 1

u+ 1

[ ℓ+1
2

]∑

m=1

cm

(
uk/2

uk + 1

)2m

Â
(2m−1)
ℓ (−u) + fℓ(u), (B.12)

where

cm =
(−1)m

(2m)!
B2m

(
1

2

)
=

(−1)m

(2m)!

(
1

22m−1
− 1

)
B2m, (B.13)

fℓ(u) = − u

u+ 1

ℓ∑

j=0

ij+1

(j + 1)!

∑

v 6=−u

Res
v

v + 1

v(u+ v)

(
vk/2

vk + 1

)j+1

Â
(j)
ℓ (v)Bj+1

(
log v

2πi

)
.

(B.14)

The initial condition is trivially given by

Â
(0)
0 (u) = 1. (B.15)

The equations (B.11)–(B.15) are the recursive relations to be solved.

Once these equations are solved, we obtain ϕℓ(u), and thus can compute φℓ(0) = ϕℓ(1)

and Tr ρ2n+ . The matrix element ρ2n+ (u1, u2) is given by

ρ2n+ (u1, u2) = Fk(u1, u2)
2n−1∑

ℓ=0

(−1)ℓϕℓ(u1)ϕ
2n−1−ℓ(u2), (B.16)

where

Fk(u1, u2) =
(u1u2)

k
4
+ 1

2 (u1 + 1)(u2 + 1)

2k(u1 − u2)(u1u2 − 1)(uk1 + 1)1/2(uk2 + 1)1/2
. (B.17)

The trace of ρ2n+ is then computed by

Tr ρ2n+ =

∫
dq

2π
ρ2n+ (q, q) =

k

2π

∫ ∞

0
du
ρ2n+ (u, u)

u
. (B.18)

It is easy to see that ρ2n+ (u, u)/u has the following form

ρ2n+ (u, u)

u
=

2n−1∑

j=0

R
(j)
2n (u) log

j u. (B.19)

where R
(j)
2n (u) is a rational function. From the computation for low n’s, we observe that

R
(j)
2n (u) has the poles at the roots of u2k − 1 = 0. We assume that this observation is valid

for arbitrary n. Let um be the root of u2k − 1 = 0,

um = cos
(πm
k

)
+ i sin

(πm
k

)
, (m = 0,±1,±2, . . . ). (B.20)
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Then, Tr ρ2n+ is computed as

Tr ρ2n+ =
k

2π

∫ ∞

0
du

2n−1∑

j=0

R
(j)
2n (u) log

j u

= − k

2π

2n−1∑

j=0

(2πi)j+1

j + 1

2k−1∑

m=0

Res
u=um

R
(j)
2n (u)Bj+1

(
log u

2πi

)
. (B.21)

B.2 Recursive relations at odd k

Next let us consider the odd k case. Changing the variables to t = eq/2k and s = eq
′/2k, we

obtain

ψℓ(t) =
1

π

t2

t2 + 1

∫ ∞

0
ds

sk−1(s2 + 1)

(t2 + s2)(s2k + 1)
ψℓ−1(s), (B.22)

where ψℓ(t) = φℓ(q). We observe that the solution takes the form

ψℓ(t) =

[ ℓ
2
]∑

j=0

A
(j)
ℓ (t) logj t. (B.23)

where a rational function A
(j)
ℓ (t) has poles at the roots of t4k − 1 = 0. Let νm be the roots

of t4k − 1 = 0,

νm = cos
(mπ
2k

)
+ i sin

(mπ
2k

)
, (m = 0± 1,±2, . . . ). (B.24)

In the same computation in the previous subsection, we find the recursive relations for

A
(j)
ℓ (t),

A
(j)
ℓ+1(t) = (−1)

k+1
2

tk(t2 − 1)

(t2 + 1)(t2k − 1)

[ ℓ
2
]∑

p=j−1

(2πi)p−j

p+ 1

(
p+ 1

j

)
Bp+1−j

(
1

4

)

×
[
A

(p)
ℓ (it) + (−1)p−jA

(p)
ℓ (−it)

]
, (1 ≤ j ≤ [ℓ/2] + 1), (B.25)

A
(0)
ℓ+1(t)=(−1)

k+1
2

tk(t2−1)

(t2+1)(t2k−1)

[ ℓ
2
]∑

p=0

(2πi)p

p+1
Bp+1

(
1

4

)[
A

(p)
ℓ (it)+(−1)pA

(p)
ℓ (−it)

]
+fℓ(t),

where

fℓ(t) = − 1

π

t2

t2 + 1

[ ℓ
2
]∑

j=0

(2πi)j+1

j + 1

4k−1∑

m=0

Res
s=νm

sk−1(s2 + 1)

(t2 + s2)(s2k + 1)
A

(j)
ℓ (s)Bj+1

(
log s

2πi

)
. (B.26)

The matrix element ρ2n+ (t1, t2) is given by

ρ2n+ (t1, t2) = F̃k(t1, t2)

2n−1∑

ℓ=0

(−1)ℓψℓ(t1)ψ
2n−1−ℓ(t2), (B.27)
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where

F̃k(t1, t2) =
(t1t2)

k/2+1(t21 + 1)(t22 + 1)

2k(t21 − t22)(t
2
1t

2
2 − 1)(t2k1 + 1)1/2(t2k2 + 1)1/2

. (B.28)

We further assume that ρ2n+ (t1, t2)/t takes the form

ρ2n+ (t, t)

t
=

n−1∑

j=0

R
(j)
2n (t) log

j t, (B.29)

where a rational function R
(j)
2n (t) has poles at the roots of t4k − 1 = 0. Thus Tr ρ2n+ is

computed by

Tr ρ2n+ =
k

π

∫ ∞

0
dt

n−1∑

j=0

R
(j)
2n (t) log

j t

= −k
π

n−1∑

j=0

(2πi)j+1

j + 1

4k−1∑

m=0

Res
t=νm

R
(j)
2n (t)Bj+1

(
log t

2πi

)
. (B.30)

Let us summarize our procedure here. For even k, we solve the recursive rela-

tions (B.11)–(B.15), then compute Tr ρ2n+ by (B.21). For odd k, the recursive relations

to be solved are (B.25)–(B.26). We can compute Tr ρ2n+ by (B.30). These equations do

not contain any integrals, and we can simply solve by using Mathematica. We have ac-

tually solved these equations, and have computed Zk(N) up to N = 44, 20, 18, 16, 14 at

k = 1, 2, 3, 4, 6 respectively. These values are summarized in figures 9–13.

B.3 A guess

The exact values of the partition functions obtained here are all polynomials of 1/π. At

k = 1, in particular, the partition function has the following form

Z1(N) =

[N
2
]∑

ℓ=0

Z
(ℓ)
1 (N)

πℓ
, (B.31)

where the coefficients Z
(ℓ)
1 (N) are rational numbers. It is, of course, difficult to conjecture

all the coefficients Z
(ℓ)
1 (N) for general N . However, we find that the leading and the

next-to-leading coefficients are simply given by

Z
(M)
1 (2M) =

1

M !

(
1

8
√
2i

)M

HM

(
i

2
√
2

)
, Z

(M−1)
1 (2M) = 0,

Z
(M)
1 (2M + 1) =

1

4M !

(
− 1

8
√
2i

)M

HM

(
3i

2
√
2

)
,

Z
(M−1)
1 (2M + 1) =

1

64(M − 1)!

(
1

8
√
2i

)M−1

HM−1

(
5i

2
√
2

)
, (B.32)

where Hn(x) is the n-th Hermite polynomial. One can check that this guess is correct at

least up to N = 44 by using the values showed in figures 9 and 10.
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−17962043874947027856000π

5
−6538704303611999307360π

6
+175693381923498780781440π

7
+67906500509898555099452π

8

−732942357598839937348800π
9
−340632835309262972353644π

10
+1094527855640549701449936π

11
+521717090330960815763475π

12
−258856873289859609765000π

13
)/(3638138012172943574917479137280000π

13
)

Z1(27)=(−2837783495662315200+60576452126406216000π+201778747825504449600π
2
−3107566895728375080000π

3
−5911562189814162401520π

4
+62328030245503696674000π

5
+89382763214933595881760π

6

−596840165742039299652000π
7
−710285728070533874332788π

8
+2688501047332900049538860π

9
+2631613640469642289362564π

10
−4607029942628752806862500π

11
−2990942157677468764775625π

12

+1309268426599376039671875π
13
)/(14552552048691774299669916549120000π

13
)

Z1(28)=(12969482004169891200−1313678612062041825600π
2
−130700139399240559948800π

3
+57505552398883116047520π

4
+5584407193839421531584000π

5
−1387144249864003881410160π

6
−82911547437043021895278080π

7

+19393348493721346914697928π
8
+522086937010309473445843200π

9
−149459897799711476890866044π

10
−1306120034852713622360250432π

11
+517277319128577543305082654π

12
+887470472209191527843877600π

13

−292941866060855176428388125π
14
)/(11409200806174351050941214574510080000π

14
)

Z1(29)=(356597653882854384000+9094131200774299680000π−30038899805342890862400π
2
−561876995802308266080000π

3
+1062648884610900631044000π

4
+13932441993654741781224000π

5
−20002293314753598671462640π

6

−174087341108384502887088000π
7
+208625406705598959725168520π

8
+1102194201726340597528654000π

9
−1127922427503232413314046876π

10
−3106694796352524493370982000π

11
+2512129123834667330105351214π

12

+2590737342046361982559266300π
13

−971173742724208860654943125π
14
)/(45636803224697404203764858298040320000π

14
)

Z1(30)=(1516562211091623696000−177090468308691897960000π
2
+27136431922196521884960000π

3
+9017847591500109108146400π

4
−1077113128060105913256480000π

5
−256681199098892348426646000π

6
+17131486119850520142660936000π

7

+4335785790236401386882916920π
8
−133790555452597949153456208000π

9
−42194568890414867791467229900π

10
+497101282096648260408501524400π

11
+205605092600586074416500476442π

12
−697543537772745100897507429200π

13

−315952706311600959133249618125π
14

+159786318876990035803260187500π
15
)/(41073122902227663783388372468236288000000π

15
)

Z1(31)=(−5491025370413030448000+166004632983882092400000π+541029306660436634040000π
2
−12171024630433182313800000π

3
−22742123903644972954327200π

4
+365896598220831803825700000π

5
+521165244159524214764514000π

6

−5649100224613410554739750000π
7
−6885817029748362284443224360π

8
+46819207040545598624314349000π

9
+50706666062879865301800728100π

10
−194513286041291875665429285500π

11
−180463482287010623903232340206π

12

+319234142124859370913055662750π
13

+202614683135946238835538564375π
14

−89233886735707696636857328125π
15
)/(18254721289878961681505943319216128000000π

15
)

Z1(32)=(26378192029689051552000−3580049562649923242880000π
2
−757132674251549925288960000π

3
+214985863491932279351404800π

4
+48450137344329251746575360000π

5
−7380031300608320195089248000π

6

−1141207573627181061863237376000π
7
+155907850426836134859071679840π

8
+12598650074482753279364061696000π

9
−2023063868341111494879077115200π

10
−66659187395884098831853323686400π

11

+14997054793962534623552524193424π
12

+149677247547917349534167645606400π
13

−51289784809585816523329448010000π
14

−95114261347756370696738538000000π
15

+30707052223734699797941597265625π
16
)/(21029438925940563857094846703736979456000000π

16
)

Z1(33)=(938391146991441535392000+33397176671939336256000000π−106969904782051711720320000π
2
−2869098805616518579104000000π

3
+5271786469822631334556780800π

4
+102890141125717999328795520000π

5

−144488682885133549916265312000π
6
−1981982524489386054179544000000π

7
+2355690689320882868185315724640π

8
+21374876708906309003768152800000π

9
−22562204399707743197488161172800π

10

−123272970849585219046190213680000π
11

+116183975669541868107557485762704π
12

+327775305305306832840663235099200π
13

−252942132305492678291871933104400π
14

−264752932078174137625582781940000π
15

+98556910328894483095041052265625π
16
)/(84117755703762255428379386814947917824000000π

16
)
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Z1(34)=(3748468635840087038880000−576507161916513586991232000π
2
+181107877834055659744857600000π

3
+39495907538962450446622752000π

4
−10032226168135957514354545920000π

5
−1562219208018840347512324588800π

6

+234599266467263376168123553920000π
7
+38603239231337392309701577173600π

8
−2932684274647031133516687271872000π

9
−600271248924227540020652100904640π

10
+20159955677466022545588253272480000π

11

+5573654587796424883190789264494160π
12

−69709092298931690593778835499708800π
13

−26569384887189154463277158157743664π
14

+93832677823825548373924023227006400π
15

+40956483693699951777807871375445625π
16

−21010234864640717487636413068500000π
17
)/(97240125593549167275206571158079793004544000000π

17
)

Z1(35)=(−155394189350732306598624000+6470406921313139884279200000π+20298820779309274250944896000π
2
−644237716951136200599907200000π

3
−1159426487470456162673933817600π

4
+27184334880173756913462875040000π

5

+37441712501857940589355673030400π
6
−615920597406312013511953377120000π

7
−737394576503418581858954301538080π

8
+8083939286151916595206710203292000π

9
+8891745399143918867683322258656320π

10

−60913223839020959285920727787464000π
11

−61938023356886006851232342745704688π
12

+239331994588192630847481782926880400π
13

+213684392930403426579039783004190352π
14

−380703883988580770014135383951190800π
15

−237579775604713372691749420127176875π
16

+105110725506673319593388326238765625π
17
)/(388960502374196669100826284632319172018176000000π

17
)

Z1(36)=(205449951732963783797952000−36007191928401346014826464000π
2
−15429603717166905589305894912000π

3
+2840446363912624200459178252800π

4
+1397363237706856558307600471040000π

5
−131357413180004913764646329145600π

6

−48296798398041665685367034661580800π
7
+3883644257708774705265766583576640π

8
+831449949125205134950635749923584000π

9
−74966355578150879844550753874386080π

10
−7594849087488363684192700143463050240π

11

+921494334533293208733930116271590944π
12

+35556136643862328691978571274984281600π
13

−6631878927263733277152930079345687248π
14

−73649263521729777257048019164426375424π
15

+22472441260989832462435020189734075550π
16

+44419572428849001959102055192929040000π
17

−14087391698607910119184937538270796875π
18
)/(168030937025652961051556954961161882311852032000000π

18
)

Z1(37)=(344658385327622963268672000+16696275491606487560784000000π−51162197245362439004504736000π
2
−1908396918432031940168256000000π

3
+3353443144313022700702847884800π

4
+93646325534078783973438771840000π

5

−126013527688531282433233414214400π
6
−2584302296129015527191445038720000π

7
+2947512886694682727712026276981440π

8
+42496143753135725779909660878000000π

9
−43492244872629368821077100733533920π

10

−411952846480704125142412609087072000π
11

+391369473271880097081811721638702944π
12

+2208912587183296832097721173734094400π
13

−1942475465461536631413106579427584752π
14

−5601595538289187295174864184144292800π
15

+4154644618393775505851430554713346250π
16

+4405698003009276640285707242239312500π
17

−1630215031442982020424151720597265625π
18
)/(24893472151948586822452882216468427009163264000000π

18
)

Z1(38)=(34670979645901746307288128000−6793886204041650800608345824000π
2
+4202171522328588667044126804864000π

3
+602363513763875692829011006195200π

4
−307858874840519708881339429224960000π

5

−31540825837298445178949118762681600π
6
+9864116085598242470628358653522201600π

7
+1067017024880265019830906086415725760π

8
−178863182236055742780317653014420096000π

9

−23936003744539769855200093232751864480π
10

+1950971531415274034868089224826497687680π
11

+350412682409633888332406915496775780576π
12

−12409259364678554294486401637878253126400π
13

−3139232417115718702513052765143276159248π
14

+40954558592321625344372057487446221111488π
15

+14707382078185621167538839421215582064938π
16

−53558352942981242055276392144650651147200π
17

−22737208019032436560743755455032885721875π
18

+11792146368175750691275947360407520187500π
19
)/(970546692260171503033792971855671032233257336832000000π

19
)

Z1(39)=(−1805904761210022513031992000000+101264771459781609028217668800000π+302381839841825904791539997088000π
2
−13176351246073953964062105669600000π

3
−22547043029826270566695173241152000π

4

+744314423610103051803959582360640000π
5
+975340325878260593619959519459731200π

6
−23199798857345391433844810282804640000π

7
−26711620734978466698070836639363700800π

8

+439479520445053419416040646131248808000π
9
+474622609600170794900723628199437876960π

10
−5182443088226552783132606566883784996000π

11
−5352004748469079784950507079841404737440π

12

+36609605305304644024267199595719579514400π
13

+35696346279919871803666484520944563156656π
14

−138288504259608600641365483955310789896400π
15

−120070444515693036962048824855438711760814π
16

+214933454616669430963676986801739145664350π
17

+132413932097779200697842535294520418050625π
18

−58786281703205223493628273568619944796875π
19
)/(3882186769040686012135171887422684128933029347328000000π

19
)

Z1(40)=(3313407099483014501115308160000−728706417258906691069678012800000π
2
−608182922633989792238430586905600000π

3
+73078733921342337274895668091232000π

4
+74789865796932340434322044015513600000π

5

−4375786226122492542181263106984320000π
6
−3591647407788274468425117170821616640000π

7
+171966169868878863391432759716498422400π

8
+89396439569269955177081324398616355840000π

9

−4587910535468435970070816103837918736000π
10

−1256990379521422138044925687677477286272000π
11

+82902295060566290599656834282057236202080π
12

+10039970400288518423746300585677739736832000π
13

−977622393658912874385390765869430737777600π
14

−42879173273044008727492193823473545336435200π
15

+6872848003775367964689883607589382366122276π
16

+83385731667764285467035752727475736616691200π
17

−23118022037577776612867744615810440354417500π
18

−48213251336088521517706522595147840710500000π
19

+15067070464843057084805405574377241085546875π
20
)/(3105749415232548809708137509938147303146423477862400000000π

20
)

Z1(41)=(188552554107834316310149599360000+12181876275428018759588788800000000π−35377424389814520926191021142400000π
2
−1791039072418016434645144312800000000π

3
+2978072491010546421716012885128032000π

4

+115438425598273892671366932298176000000π
5
−146933315003754853108030592402866560000π

6
−4341672644396621320587818863381536000000π

7
+4655916455401019181633684383830965494400π

8
+101590883601155325905883170798566584000000π

9

−97328965015814936106947092222276335888000π
10

−1485822441477880712510802305222954666400000π
11

+1333986362874605156945144268101045806838880π
12

+13224665210527084220043346689487904097760000π
13

−11453230318564880605521757863123786256420800π
14

−66752596672330883653121453078480975195280000π
15

+55252876428294224301856488042579575422831716π
16

+162631581966724743013205035185677953194330000π
17

−116528745702624231727209092112137641932697500π
18

−125022202563610959798844577657382305614875000π
19

+46015866656808256643855211590685881916796875π
20
)/(12422997660930195238832550039752589212585693911449600000000π

20
)

Z1(42)=(652054007140292642485862021760000−158609532299761374501366467971200000π
2
+186665933069369587242955731029644800000π

3
+17667040439233978395848715632434272000π

4
−17341808515612802831731351146454137600000π

5

−1181703323131690599008517421707914880000π
6
+721507120701706831784587777403347345920000π

7
+52283990298487438398501982107140915894400π

8
−17688551061484841941422127936622960605440000π

9
−1587625873080343611845622796580563481904000π

10

+277866469275880390352640356421283819649856000π
11

+33172764898064489324223178149704271334493280π
12

−2797062373428974139738431202487364917367712000π
13

−463731667775739696657987276161848827861454400π
14

+16963673930573775986898603325483482902501433600π
15

+4037967583397126356247643211196064937066409076π
16

−54301142172300990346205630377022886585223939200π
17

−18651852806565966140235166219665124918106872500π
18

+69572684576100005245492562401033725156003750000π
19

+28912911736598093723356727818160605656338671875π
20

−15123842776704225142080715041329580376171875000π
21
)/(21914167873880864401300618270123567371001164059797094400000000π

21
)

Z1(43)=(−4690890099680215571830765595520000+347706936435165183500269293648000000π+980408078432865164250109198857600000π
2
−57381500752645218341404421729520000000π

3
−92542081171004968477059413691146784000π

4

+4186995271371558735485685491694492000000π
5
+5165487961081754007275196622046087040000π

6
−171069646711081801655850927133868784000000π

7
−187451035104173854607005695220950617404800π

8
+4381198954546784211621461197678965762960000π

9

+4593784730914452699343606984329562512912000π
10

−73759420627788934223619084008448252598800000π
11

−75685608695625981059554748404625147226147360π
12

+810639408697052935993089371122080494389820000π
13

+809226449024092218247897464124723440885547200π
14

−5483597517663405354963411593361462541397720000π
15

−5206012282960668679004955749048286463474524732π
16

+20144697614905921149634983527723386257006267300π
17

+17138251758578416646182596839689019341863263100π
18

−30768265195311795048444961610941146078115057500π
19

−18767865800397767795244152180070051534142640625π
20

+8354300037621534380360695550081236149835546875π
21
)/(9739630166169273067244719231166029942667184026576486400000000π

21
)

Z1(44)=(142931890873823264893971843552000000−38553378409104080305189241348472960000π
2
−60614534957567443707225912078650112000000π

3
+4790543294359345843403437778178955200000π

4
+9808736383860604407333289076500166169600000π

5

−360383888599616080396448567562027573792000π
6
−628666211083068466325488711249908753254400000π

7
+18137355507059295783542804084757443032800000π

8
+21457010641852687290301334499478957149834240000π

9

−636620294962971485971408211824996384138934400π
10

−431332117611131270207589343066614841133748480000π
11

+15745638355751087943361823829820040497121592000π
12

+5249902023807224367631030778442404101568775552000π
13

−270373302125035780750199426666347000631816216480π
14

−37895915015999999636329927324860042910775239296000π
15

+3084963302019749474899609295576812641891628219800π
16

+150594281662017253081339601367290144798174955763200π
17

−21278839362544516171943770372568304263208365874756π
18

−278275878517177410683024330346304640100600126187200π
19

+71147751494386429152328551217019038071603976848750π
20

+155358605341892695289654301851159713038128800500000π
21

−47950596725606860210962244245014538457634628515625π
22
)/(169703316015333413923671987883836905721033014479068699033600000000π

22
)
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Z2(1)=1/8,Z2(2)=1/(32π
2
),Z2(3)=(10−π

2
)/(512π

2
)Z2(4)=(24−32π

2
+3π

4
)/(49152π

4
),Z2(5)=(1032−904π

2
+81π

4
)/(1179648π

4
),Z2(6)=(360−1440π

2
+2807π

4
−270π

6
)/(70778880π

6
)

Z2(7)=(359280−918600π
2
+589034π

4
−50625π

6
)/(16986931200π

6
),Z2(8)=(20160−161280π

2
+1366288π

4
−1228032π

6
+110565π

8
)/(507343011840π

8
)

Z2(9)=(145010880−757626240π
2
+1292565904π

4
−723655312π

6
+60824925π

8
)/(426168129945600π

8
),Z2(10)=(302400−4032000π

2
+130880400π

4
−291792800π

6
+176521079π

8
−15025500π

10
)/(1217623228416000π

10
)

Z2(11)=(74456323200−664676712000π
2
+2192481033120π

4
−3105786871600π

6
+1607656687398π

8
−133217004375π

10
)/(18410463213649920000π

10
)

Z2(12)=(558835200−11176704000π
2
+1296197179200π

4
−5590427673600π

6
+7745173132312π

8
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