EINDHOVEN
e UNIVERSITY OF
TECHNOLOGY

Integer-valued branching processes with immigration

Citation for published version (APA):
Steutel, F. W., Vervaat, W., & Wolfe, S. J. (1982). Integer-valued branching processes with immigration.
(Memorandum COSOR,; Vol. 8218). Technische Hogeschool Eindhoven.

Document status and date:
Published: 01/01/1982

Document Version:
Publisher's PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

* A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOl to the publisher's website.

* The final author version and the galley proof are versions of the publication after peer review.

* The final published version features the final layout of the paper including the volume, issue and page
numbers.

Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
* You may not further distribute the material or use it for any profit-making activity or commercial gain
* You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:

openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. Aug. 2022


https://research.tue.nl/en/publications/c47d71ee-6ed9-4967-9a51-310f31847c71

EINDHOVEN UNIVERSTY OF TECHNOLOGY

Department of Mathematics and Computing Science

Memorandum COSOR 82 - 18
Integer~valued branching processes

with immigration
by
F.W. Steutel

W. Vervaat

S.J. Wolfe

Eindhoven, the Netherlands

October 1982

v



-

INTEGER~VALUED BRANCHING PROCESSES WITH IMMIGRATION

by

F.W. Steqtell), W. Vervaatz) and S.J. WolfeB)&)

Abstract.

The notion of self-decomposability for Eb—valued rv's as introduced
by Steutel and van Harn [8] and its generalization by van Harn, Steutel -
and Vervaat [4], areused to study the limiting behaviour of continuous-
time branching processes with immigration. This behaviour provides analo-
gues to the behaviour of sequences of rv's obeying a certain difference
equation as studied by Vervaat [10] and their continuous-time counterpart
considered by Wolfe [11]. Furthermore,discrete-state analogues are given

for results on stability in the processes studied by Wolfe, and for results

on self-decomposability in supercritical branching'processes by Yamazato [12].
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1. Introduction.

Recently, Vervaat [10] considered the following stochastic difference
equation:
a.1n X - AX + B (ne ),

n n n~l n

where the (An’Bn) d (A,B) are independent and independent of XO. Iteration

of the special case
(1.2) Xn =pX

with p € [0,1) a constant, yields

k
(1.3) x =ox__ +3 (k = 1,2,...,0) ,
with B(k) 1= ZE-{ ij . d Xk?l pj_lB. independent of X__, . So équation'
n J=O n—J jal J n"”k .

(1.2) is solved by

. n n
_ n nk_ 4 =n k-1
(1.4) Xn =9 XO + kgl ) Bk. = p X0 + Z] o Bk.

Under the condition (cf. [10]) that Elog (1 + |B|) < = there is a limit X_

satisfying
- d
(1.5) x = § o~ 's Spx_+3B,

or, more generally from (1.3):

(K=

k (k)

(1.6) X =pop X +8B



with X and B(k) independent, or
d
(1.7} X, =cX + Xc (¢c = pk, ke W),

with X _ and Xc independent, i.e. X is "incompletely self-decomposable"
(see e.g. Urbanik [9]; X is called (completely) self-decomposable if (1.7)

holds for all ¢ ¢ (0,1)).

Wolfe [11] considers the continuous-time analogue of (1.2), formally

described by the stochastic differential equation
(1.8) dX(t) = -§ X(t)dt + dB(t) ,

with § a positive constant and B(t) a Lévy process. In analogy to (1.3)
and (1.4) one has (all integrals exist in the sense of convergence in pro-

bability, and pathwise in the sense of formal integration by parts (cf.

Jurek and Vervaat [61)).
(1.9) X(E) = e g - 5) + 3 (v (s € (0,t1),

with B(S)(t) = t-sft exp{-§(t = u)}dB(u) d Ofs exp(=6u)dB(u), and specially

t t
(1.10) X(t) = e Stx(0) + J e 8t gy € ™0t x(0) + J e S aB(u) .
0 0

If X(t) has a limit in distribution X(«), then analogous to (1.6) we have

a.an  x(=) $ e x@) + 3

with X(=) and B(S) independent, i.e., contrary to the discrete-time case,

X(x) is (completely) self-decomposable. This is one of the results in the

following theorem of Wolfe [11].
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Theorem 1.1. Let X{(t) be as in (1.10). Then

d
(1) There is a random variable X(») such that X(t) + X(») if and only

if Elog (1 + |B()|) < =,

(ii) The distribution of X(») is self-decomposable (class L), and hence is

infinitely divisible and unimodal.

(iii) If a random variable X has a self-decomposable distributiom then X

is the weak limit a of process X(t) as in (1.10).

In this paper we consider integer-valued analogues of X(t) in connection
with recent results on decomposability and stability for distributions on
Nb as given in [4] and [8]. The discrete-time analogue, i.e. the No—valued
analogue of Xn in (1.2) is less interesting as it lacks the complete self-

decomposability (compare (1.7)).
In Section 2 ;e give a brief %eview of results on discrete self-decompo-

sable distributions; these are then used go prove analogues of Theorem 1.1

in Section 3. Section 4 contains an application of Theorem 1.1 on a special

case of the stochastic difference equation (1.1). In Section 5 we give the

analogues of a result by Wolfe [11] on stable distributions, and in Section

6 some extensions and analogues of limit theorems by Yamazato [11] for

supercritical branching processes.

Self-decomposability and stability on N, and branching processes.

0

We need some of the ideas and results from [8] and [4] for the analogues

on Ib of (1.10) and Theorem 1.1, Here and elsewhere PY will denote the

probability generating function (pg £) of the?NO—valued. random variable

will denote a composition semigroup of pg f's with the

MRS

(rv) Y, and (Ft)t20
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property Fs+t(z) = Fs(Ft(z)) (s,t = 0), or

(@ Fo,e F,OF ,

and furthermore

(2.2) lim Ft(z) =z , lim Ft(z) =1 .
t+0 Lo

Semigroups of pg f's of this kind are, of course, familiar in (sub-)critical
branching processes (see e.g. [1] and [51).

To stress the analogy to continuous—-state versions of our results, and
to shorten notations, we introduce an integer-valued analogue to scalar mul-
tiplication (see [4] and [8] for details).

*

be a fixed semigroup of pgf's as in (2.1), (2.2),

Definition 1.1. Let (Ft)

t>0

and let X be aanO—valued réndom variable, Then for 0 < p £ 1 theiNO-valued

multiple p ® X is defined (in distribution) by its pg £ as follows

(2.3) Pp@X = PX 0 F-logp .

One easily verifies that, quite analogous to scalar multiplication, the op-

eration @ has the following properties:

d
Py © (92 @ X) = PPy @ X
b0 (X+Y) $p6X+p0Y (X and Y independent)
(2.4) 4 4
X > XmpeX »peX
n n

d
p ®X >0 as p+ 0.
For other properties we refer to [4], where it is shown that (2.3) provides

all possible multiplications that satisfy (2.4) plus a linearity condition

for the p.g.f's.



We now define self-decomposability and stability with respect to @.

As the operation ® depends on the specific semigroup F = (Ft) 20 under

consideration we use the terms F-self-decomposable and F-stable.

Definition 2.2. An No-valued rv X is called F~self-decomposable if

d
(2.5) X=p6X+ Xp (X and Xp independent; all p ¢ (0,1));
X is called F-stable with exponent o ¢ (0,1] if more specially

(2.6) X d p®X + (1 - pa)l/a ®@ X' (X and X' d X independent; p € (0,1)).

Remark. Equivalently, (2.5) and (2.6) can be written in terms of (Ft) as

follows (t = -logp, P = PX)
) ) = 5 ' .
(2.5") P (P © Ft)Pt | (Pt apgf; t>0)

(2.6") P= (PO Ft)(P e} Fs) (s,t > 0 e 25 4 e-'at = 1)
We shall need a number of results from [4].

Theorem 2.3. An ?No-valued rv X is F-self-decomposable if and only if its

Pg £ P satisfies

1

(2.7 P(z) = exp[—x J l%()ﬁ-dx }

4

where X > 0 and Q is any pg f with Q(0) = 0; X is F~stable with exponent a«

if and only if

(2.8) P(z) = expl-M{A(z)}%] .



Here U and A satisfy: U(z) = lim (Ft(z) - z)/t and

t+0
3 - - 3
(2.9) 2 F (2 =UE (@) = U F (2,
(2.10) 1/0(z) = -A"(2) /A(2) .

The next theorem is a slight modification of Theorem 8.4 in [4]1; we

-8

take F;(l) = e with an arbitrary § > 0 rather than 6§ = 1.

Theorem 2.4, Let (Ft) be a semigroup of pgf's as in (2.1) with F;(l) = e-s,
and let
(2.11) V(g) =1 ~F 0) x=z1).

logx
For any nomnegative rv Y with Laplace transform \;‘;Y(r) = Eexp(~t Y) define
the map 7 = “F (ffom the Laplace transforms into the pgf's) by

(2.1 ()@ = v, a0 @),

with A as in (2.8). Further let (Xn)nem be a sequence of NO-valued rv's.

Then there exist <:I1 + © and a rv X such that

-1 d
c @ X -

n n 32 (n » )

. . , - d
if and only if there exist a »e and a rv X such that anlxn > X (0>,

In this case
(2.13) anV((cn)Ua) +8 (n->w)

for some 6 > 0, and

(2.14) P (2) = (myg) (2) .
X



Finally, we need

Theorem 2.5. If wx is a self-decomposable Laplace transform, then v¢x is

an F-self-decomposable pg £,

We shall use the notation (cf. Example 6.6 in [4]):

(2.15) N={P:P = nq5( with’wx self-decomposable} .

A limit theorem for branching processes with immigration.

0f the four (discrete/continuocus time/space) possible variants of (1.2)

the discrete~time, discrete-space variant:
. = + .
3.1 Xn p @ Xn—l B,

n

With’N0~valued B has properties similar to (1.2), and is not very interesting

from our point of view. We shall concentrate on the N_-valued analogues of

0
(1.8) and (1.10), and we write (taking X(0) = 0 without essential restriction)

t t
(3.2) x(e) & J ) o my [ e %% 6 dB(w) ,
0 0

where B(u) now is a compound Poisson process:
(3.3) B(u) = § C

with Ck iid and No—valued and independent of the Poisson process generated
by (Tk)‘ Now X(t) can be written explicitly as

(3.4) o & 7 ST C, »
0<Tk5t



where an expression of the form A ® X with A a rv is interpreted as (see

also (2.3))

i

Pao(® = | Puox(® 46,0 ,
0

where GA is the distribution function of A.

We shall need the following generalized analogue of a theorem of

Lukacs [7].

Lemma 3.1. Let B(u) be a compound Poisson process as in (3.3) with intensity
A, and let h be a continuous function on [a,b] ¢ [0,®) with O < h(u) < 1.

Let X be defined by (cf. (3.2) and (3.4))

: b
X = j' h(u) © dB(u) = § h(T) ® C,_ .
a<T <b
a k
Then the pg £ of X equals
b

PX(z) = exp{ J logPB(l) (F-logh(u) (z))du}

(3.5) 2
= exp{—l j (1 - PC(leogh(u) (Z))du}.
a

Proof. Equality of the last two expressions is obvious. To prove that Px(z)
is equal to the latter of these, we proceed as indicated on p. 118 in [5].

Conditioning on the number of Tk with a < Tk < b we obtain using (2.3)

* m, . n n
P(z) = ] O 2LB2D) 4 g

(z) s
00 . n! k=1 C logh(Uk)
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where the Uk are well known to be distributed as the order statistics of

n independent uniform random variables on (a,b). It follows that

n ] b n
Bl FctFaogn@y ®) ~ {b—:_ J PC(F-logh(u)(Z))du} ;
a
from which (3.5) is immediate. 0

We now apply (3.5) to X(t) as defined by (3.2) and (3.4), i.e. with

(a,b]l = (0,t] and h(u) = exp(~du). We obtain

t

(3.6) Px(t)(z) = exp['-k J {1 - PC(FGU(Z))}du] ,
0

and comparing (3.6) with (16.3) in [5] one necognizes P )’ as the pgf of

X(t
the number of individuals present at time t in (sub-)critical continuous-time
branching process with batch immigration, and batch size pgf PC.

We now formulate the analogue of Theorem 1.1.

Theorem 3.2. Let X(t) be a (sub=)critical branching process with immigration

as given by (3.2) and (3.4). Then

d
(i) There is a rv X(«) such that X(t) + X{(=) if and only if

1

a.n [ a-r@mwe <.,
0

with U defined by (2.9).

(ii) The distribution of X(«) is F-self-decomposable and hence infinitely

divisible.



(iii) If a rv X has an F-self-decomposable distribution, then X is the weak

limit of a branching process with immigration as given by (3.4).
Proof. From (3.6) and (2.9) we deduce, using (2.2),

Foe(2)
Px(t) = eXp[ -1/ J a - Pc(x))fU(X)dX] >

z
1

> exP[ 18 J (- Pc(x))/U(x)dx} (t » ),
2

and (i) and (ii) follow from Theorem 2.3. The converse (iii) is obtained

by taking the pgf of C

X in (3.4) equal to Q in (2.7). 0

Remark 1. The closest analogue to Theorem 1.l is obtained by taking

Ftﬁz) =] - e—ﬁt + e-atz , )

the special case discussed in [8]. Equation (3.1) can now be written as

X n?

where the Ij are independent with P(Ij = 1) =1 ~ P(Ij = () = e-d. This
representation provides a discrete state-space analogue to (1.8).

For this special F, the F-self-decomposable distributions are uni-
modal; this can be proved in close analogy to Wolfe's proof for distribu-
tions on [0,») (see [8] for details). The function U(x) now simplifies to
§(1 = x), and X(t) is a pure death process with immigration, which can be
interpreted as the number of customers in an M/M/~ queue with batch arrivals

of size C. It follows that the stationary distribution of this number is

unimodal. s



Remark 2, If X(t) is subcritical, then the condition (3.7) is equivalent

to Elog (1 + C) < =,

Remark 3. Theorem 1.1 together with the concepts of self-decomposability
and stability for non~lattice rv's could be generalized in a similar way;
this would require detailed results on continuous~time branching processes

with continuous state space.

Embedded discrete-~time processes.

In this section we use Theorem 1.1 to give a probabilistic proof of
a theorem by Vervaat [10], which he proved analytically. We then give the
corresponding result for N0~valued variables.

Throughout this section U, U are-uniformly distributed on (0,1) and

C, Cn are nénnegative with Elog (1 + C) < «; all these rv's are independent.

Theorem 4.1 [10], Let 6§ > 0 and let the rv X satisfy
d
(4.1) X=U‘5(X+C),

where in the right-hand side U, X and C are independent, and U and C are

as above. Then X is self-decomposable.

Proof. By Theorem 1.6 of [10] equation (4.1) has a unique sqiution. Now con~
sider the special case of (1.10) where B(u) is a compound Poisson process

. d . e
(Tn,Cn) as in (3.3). Then X(t) » X(») as t + », and X{(») satisfies (compare

(3.4))

P L3

d e -6T = d
X(=) = % e ncn = g Uf...uicn = U‘f (X (=) + cl) .

d ;
so X = X(») and therefore X is self-decomposable by Theorem 1.1, i
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Completely analogously we have

Theorem 4.2, Let § > O and let the Nh-valued rv X satisfy

(4.2) x3de x40,

with U, X and C in the right-hand side independent and U and C as above
with C'No-valued. Further @ is defined as in (2.3) and (3.4). Then X is

seld-decomposable (cf. (2.5)).

Proof, As for (4.1) it can be shown that (4.2) has a unique solution X

with X d X(») and X(») satisfying (cf. (3.4))

K@) 5 8Tn o c_ d uf ° (X(=) +C,) .

1 8

s

It-now follows from Theorem 3.2 that X is F-self-decomposable.

Remark. Another way of looking at X(») in Theorem 4.1 is to regard it as

the limit of the embedded discrete-time process (Yn)m, with Yn = X(Tn) and

(T d B(Tl)

X(t) as in (1.9). Now take s = T, and put Cn = B (Tn} = . Then

1
Y satisfies
n

(4.3) Yn =0

with Un’ Yn and Cn independent. Equation (4.3) is a special case of (1.1)
and we have (cf. [10]) Yn > Ywith Y =X +C and X = USY as before. A simi-

lar remark goes for Theorem 4.2.
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5. Stable distributions.

In this section we obtain the analogue for N_ -valued processes of

0
the following result of Wolfe [11].

Theorem 5.1, Let X(t) be as in (1.10) and let t0 > 0. Then

G X £ B(ey

if and only if X(») is strictly stable with exponent (Gto)‘].

Proof. Let ¢ = log¢8(1) with s the moment generating function of B. Then

by Lukacs' theorem (the analogue of Lemma 3.1) (5.1) is equivalent to
-8u
toxp(s) = J (e s)du ,
. 0

and differentiation yields tOS w'(s) = P(s)/s, and so P(s8) = s]/(sto).

Theorem 5.2. Let X{(t) be as in (3.2) and let t., > 0. Then

0
d
(5.2) X(w) = B(to)

if and only if X(») is F-stable with exponent (Sto)-].

Proof. Let R = 1ogPB(1). Then by Lemma 3.1 (5.2) is equivalent to

o

tOR(z) = J R(Féu(z))du,
0

and so, on account of (2.9) and (2.10) (see also (2.2))

o V4

' v ' = A'(z) '
lStOR (z) = § J R (F'Su(z_)‘)F{Su(z)du —g(—z)— J R (gi)dx,

o 0



and hence
R'(2)/R(2) = 51~ A" (2)/A(2)
%
or P(z) := exp(R(z2)) = exp(-k{A(z)}l/(stO)) for some A > 0. The result now

follows from Theorem 2.3. il

: . , d
Remark, In his paper Wolfe [11] considers the relation X(») = bB(tO) for
some b > 0 (not necessarily b = 1), This leads to a differential equation

for ¢ of the form
(5.3) s os) = bty sy’ (bs) ,

which is satisfied by y(s) = clsal *c,

Stocxba = ], It 'is by no means obvious however that these are the only so-

smz, with real o satisfying

lutions of (5.3), and the argument in [11] seems insufficient. The same

problem occurs for a generalized version of Theorem 5.2.

Some analogies for supercritical branching processes.

In the present section we derive a discrete-state analogue of the
following result which slightly generalizes a theorem of Yamazato [12].

For a continuous~state, continuous-time analogue see Biggins and Shanbbag [2].

Theorem 6.1, Let either T = NO or T = [0,»), and let (Xt) eT be a branching

process with P(XO =1) =1, P(X1 >0) =1 and EX1 =: m e (l,»), Then there

is a positive functionm ¢ on T and a random variable W such that

I
8

. c{t+s) _ s
(6.1) 1J,m—c(—t—)———

for's € T,
L0
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6.2) P(lim X /c(t) = W) =1,
00

P(W > 0) =1, and the characteristic function (ch. f) P of W satisfies

(6.3) is a ch. f. for allu e T.

WO,
In particular, oy is self-decomposable if T = [0,x).

Proof. Statements (6.1) and (6.2) are contained in Theorem I.10.3 of [1]

(q = 0) and its continuous-time analogue as indicated on pages 112 and 113

of [1]. In fact, it can be shown that, apart from null sets, [W = 0] = EXt +~ 01,
which has probability zero since P(XI > 0) = 1. Hence P(W > 0) = |, Since

P(Xn z 1) =1 for all u € T we have for fixed u

It o

X

' " -
t+n Xt(l) + Xt(Xu 1),

»
*

where Xé(l) and ﬁ:(xu - 1) are independent branching processes with the same
offspring distribution, but with 1 and Xu — 1 individuals in the zeroth ge-

neration. It follows that

lim {X;(l) + x'é(xu - D}/e(t +u) =W

t->o0

exists with probability one, with W' d W. Moreover, by (6.1)

X' (1) X' (1)
. t _ .t c(t) d u
limem Ty = He o s v - Wm

f0 £-ro0
exists with probability one, and consequently so does

X"(Xu— 1)

. t d
lim —GEro- - Ru s say.

t-»0



We conclude that a rv Ru exists such that
d -y . ‘
W=m W+ Ru (W and Ru independent) ,
which is equivalent to (6.3).

Remark. If EX1 ].cvgx1 < o, then we may take c(t) = n® in Theorem 6.1 (cf.

[1], Theorem I1.10.1).
We now formulate our discrete-state analogue,

Theorem 6.2, Let (Xt) eT be a branching process as in Theorem 4.1, and let
® be defined as in (2.3). Then there is a positive function € on T and a

random variable W such that

(6.4) lim elt+s) =’ for s ¢ T,
tao  T(t)
URM®) ox ST (t>=,

P(ﬁ >0) =1, and the pgf P% of W satisfies

P./P . 1is apgf forall seT.
-3
m oW

In particular, if T = [0,=) then?w is F~self~decomposable, and even

P. e I (cf. (2.15)).

W

Proof. Let the function ¢ be as in Theorem 6.1, Then Xt/c(t) +>Was t =+ =,

We now apply Theorem 2.4 (to an arbitrary sequence t e, b€ T), and it

follows that we can choose € such that (cf. (2.11) and (2.13))

RN )

(6.5) lim c(e) v (G(eN /8y =1,

oo
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.A
i

and it follows that

lim (1/%(t)) @ X(t) %

toe

with P., = Ty (cf. (2.12) and (2.14)). Moreover by properties of the map
W

n (see [3], Lemma 5.1) and by (6.3)

P.(z) T ¢, (2) ¥
W = = W - = ™ ( ——-—gs——) (Z)
Pﬁ(m z) T ww(m z) ww(m )

is a pg f for all s € T, in particular Pﬁ € I (ef. (2.15)) if T = [0,=).
As P(W > 0) = | by Theorem 6.1, ww(a‘s(z)) >0asz+ 0, i.e. P(W>0) = 1.
Finally, V varies regularly at = with exponent -§ (cf. [4], (3.16)), so
the inverse V of V varies regularly at 0 with exponent -é‘“l (cf. de Haan

[3], Gorollary 1.2.1.5, p.24). Consequently, by (6.1), (6.5) and [31,

Corollary 1.2.1.2

¥t+s) _ [G(l/c(c-ss))]a S
() V(1/c(t))

as t >, t € T for all s ¢ T, which proves (6.4).

Remark. If EX} logX, < = and also EY1 log (Y1 + 1) < =, where Yt is the

I

(sub=critical) branching process corresponding to (Ft) , we may choose

2(t) = m" (cf. remark following theorem 6.1 and Remark 8.6 in [4]).
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