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INTEGRABILITY AND L'-CONVERGENCE OF MODIFIED
SINE SUMS

KULWINDER KAUR, S. S. BHATIA, AND BABU RAM

Abstract. New modified sine sums are introduced and a criterion for the
L'-convergence of these modified sine sums under a new class K is obtained.
Also a necessary and sufficient condition for the L'-convergence of the cosine
series is deduced as a corollary.
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1. INTRODUCTION

Consider the cosine series
g(x) = %jt;ak cos kx (1.1)

with partial sums defined by Sy, (z) = % 4+ >} | ai cos kz and let
g(z) = lim S,(z).

Concerning the L'-convergence of cosine series (1.1) Kolmogorov [2] proved
the following theorem:

Theorem A. If {a,} is a quasi-conver null sequence, then for the L'-
convergence of the cosine series (1.1) it is necessary and sufficient that
lim a,logn = 0.

The case of this theorem in which the sequence {a,} is convex, was established
by Young [7]. That is why this Theorem A is sometimes known as Young-
Kolmogorov Theorem.

Rees and Stanojevi¢ [5] have introduced modified cosine sums

gn(T) = %Z Aay, + Z Z (Aay) cos kx.
k=0

k=1 j=k

Garret and Stanojevi¢ [1], Ram [4] and Singh and Sharma [6] studied the
L'-convergence of these cosine sums under different sets of conditions on the
coefficients a,,.
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Later on, Kumari and Ram [3], introduced new modified cosine and sine sums

as
:EO ;;A( )kcosk:c
and
:k:1]:kA< )ksmka:

and have studied their L!- convergence under the condition that the coefficients
a, belong to different classes of sequences. Also, they deduced some results
about the L'-convergence of cosine and sine series as corollaries.

We introduce here new modified sine sums as

1 n n .
K,(x) = SYST ; ]Zk (Aaj_1 — Aajyq)sinkz. (1.2)

The aim of this paper is to study the L'-convergence of these modified sine
sums K, (x) and to obtain an analogue of Theorem A of Kolmogorov for a newly
defined class K of coefficient sequences defined as follows:

Definition. If a; = o(1), k — oo, and
Z k ‘AZCLk,1 — A2Clk+1| < 0 (ao = 0), (13)
k=1

then we say that {ay} belongs to the class K.

2. MAIN RESULT

The main result is the following theorem:

Theorem 1. Let the sequence {a,} belong to the class K, then K, (z) con-
verges to g(x) in L'-norm.

Proof. We have

n
E ay, cos kx2sinx

2sinx
k=1

Sn(z) = % + Zakcosk::v =
k=1

1 n
= — E ay [sin(k 4+ 1)z — sin(k — 1)z]
2sinx —
S sin nx sin(n + 1)z

= — Z (ar—1 — apy1) SIN KT + apyq

: +a :
QSIHZL’k 2sinx " 2¢inz
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Applying Abel’s transformation, we have

Su(z) = — (Z(Aak1—Aakﬂ)Dk(x)+(an—an+2)ﬁn<x)>

2sinx

n

sin nx sin(n + 1)z

an—|—1 . (7% N
2sinx 2sinx

where Dj,(x) denotes Dirichlet conjugate kernel. Thus

g(xz) = lim S,(x) = 1 Z (Aag—1 — Dagy1) Di(z),

if the series is convergent. Also,

1 n n
K,(z) = Z Z (Aaj_1 — DNajiq)sinkx

2sinx .
k=1 j=k
1 n

_ <Z (ap_1 — api1) sinkz — (a, — an+2)f)n(x)> .

2sinx

Applying Abel’s transformation, we have

1 = _

Ko (1) = 5—— > (Aagy — Dager) Di(x).
D
Since ) ’?(x)’ — O(k) and
sin
Z k ‘AQCL;{,1 — AQak+1| < 00,
k=1
the series
1 o .
DNag— — A D
2 sin 7 ;( k-1 ak+1) Dy (2)
converges.
Hence lim K, (z) = g(x) exists.
Thus
1 < -
oe) = Kole) = gz 3 (Bt = D) Dulo)

The use of Abel’s transformation gives

1 m—1

g(x) — K, (z) = lim [ Z (k+1) (A2ak_1 — A2Gk+1) ﬁk(x)

28in x m—oo
k=n+1
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+(m~+1) (Aty_1—Dayy1) F‘m(x)—(n + 1) (Aa,—Dayyo) F (x)

1 > B
= - (k<+-1)(ll2ak,1 —-Zl2ak+¢) F%(%)
2sinx N

=n+1

—(n+1)(Aa, — DNayy2) Fn(x)l ,

where

Fulw) = 5 Y D)

denotes the conjugate Fejer kernel. Now

/Ig r)|dw

1 > i
N / ‘ 2sinz [ Z (k +1) (A%ag—1 — Dajr) Fy()
-7 k=n+1

—(n+1) (Aayp — Dapyo) Fy(z)da

k=n+1

< C’{ Z (k+1) ’(AQak_l — Nagy))| / ‘Fk(m)‘dx
+ (n+ 1) (Day — Danys) | / |Fn(x)’d:v] :
But %/\Fk(xﬂdx =1, and

[(Aay, — Dapia)| =

WE

(ZXQGk —-Z&Qak+2)

B
Il

n

=k
> 7 (Do — Aagyy)
k=n+1
< 3 ket - 2w <o)
= nF e Qp—1 Ak+1 =0 7L+—1 .

Thus we have

/\g )| de = (ki (k+ D] (A2 — Alagy) |>

=n-+1
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by (1.3). d

Corollary. If {a,} belongs to the class K, then the necessary and sufficient
condition for the L*-convergence of the cosine series (1.1) is lim a,logn = 0.

Proof. We have
[Sa(@) = g(@)]| < [[Su(@) — Ka(@)|| + [ Knlz) — g(2)]| = || Kn(z) — g(2)]]

+ e, - Gn+2)M - sin' nx sin(n‘—i- 1)z
2sinx 2sinx 2sinx
Also,
D, (z sin nx sin(n+ 1)x
(an - a”*”ﬁi:ﬁ a”“Qsinx n2(81—::v)
~ [ K@) = Su@)]] < [[ (@) = 9(a)| + [[Sux) - g@)]|
and

‘(an__a%+2” -

Z (DAay — Dago)

k=n
0

k
Z E<Aak_1 — Naprs — Nagq + A&k+2)

k=n+1
)
=ol—).
n

1
n+1

IN

Z k (A2ak_1 — A2ak+1)

k=n+1

™~

Since / D"(x)dx = O(n), we obtain

2sinx
—T

™

(an — apy2) / D"<x)d:v = O((an — an+2)n) = o(1).

2sinx
—T
Moreover,
™
sin nx sin(n + 1)z
an+1 . n N dx
2sinx 2sinx

—T

T

<

—T

Since | K, (z) — g(2)|| = o(1) (n — o0), by Theorem 2.1.

sinnx  sin(n+ 1)z

2sinx 2sinx

dx = a, / | D, (x)| dx ~ (a,logn).
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Therefore i
lim [ |g(x) — S,(z)|dx = o(1)
if and only if lim a,logn = 0. U
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