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INTEGRABILITY OF DISTRIBUTIONS IN GCR-LIGHTLIKE
SUBMANIFOLDS OF INDEFINITE KAEHLER MANIFOLDS

RAKESH KUMAR, SANGEET KUMAR, AND RAKESH KUMAR NAGAICH

ABSTRACT. In present paper we establish conditions for the integrability
of various distributions of GC R-lightlike submanifolds and obtain condi-
tions for the distributions to define totally geodesic foliations in GCR-
lightlike submanifolds.

1. Introduction

The study of geometry of Cauchy-Riemann (C'R)-submanifolds in Kaehler
manifolds was initiated by Bejancu [2], which include holomorphic and totally
real submanifolds as special cases and has been further studied by Bejancu
[3, 4], Chen [6], Duggal [7, 8], Yano and Kon [17, 18] and others.

The geometry of lightlike submanifolds was initiated by Kupeli and further
developed by Bejancu and Duggal [9] and they also introduced the notion of
C R-lightlike submanifolds of indefinite Kaehler manifolds. But this class of
submanifolds exclude the complex and totally real submanifolds as subcases.
Later on, Duggal and Sahin [11] introduced SCR-lightlike submanifolds of
indefinite Kaehler manifolds. Since there was no inclusion relation between
CR and SCR cases therefore Duggal and Sahin [12] introduced a new class
called GC R-lightlike submanifolds of indefinite Kaehler manifolds which is an
umbrella for all these types of submanifolds. In present paper we establish
conditions for the integrability of various distributions of GC R-lightlike sub-
manifolds and obtain conditions for the distributions to define totally geodesic
foliations in GC R-lightlike submanifolds.

2. Lightlike submanifolds

We recall notations and fundamental equations for lightlike submanifolds,
which are due to the book [9] by Duggal and Bejancu.

Let (M, g) be a real (m + n)-dimensional semi-Riemannian manifold of con-
stant index ¢ such that m,n > 1,1 < ¢ < m+n —1 and (M,g) be an
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m-dimensional submanifold of M and ¢ the induced metric of § on M. If §
is degenerate on the tangent bundle 7'M of M, then M is called a lightlike
submanifold of M. For a degenerate metric g on M

(1) TM* = U{u € T, M : g(u,v) =0,Yv € T,M,z € M},

is a degenerate n-dimensional subspace of T,M. Thus both T, M and T, M+
are degenerate orthogonal subspaces but no longer complementary. In this case,
there exists a subspace RadT, M = T, M N T, M 4 which is known as radical
(null) subspace. If the mapping

(2) RadTM : z € M —s RadT, M,

defines a smooth distribution on M of rank r > 0, then the submanifold M of
M is called an r-lightlike submanifold and RadT'M is called the radical distri-
bution on M.

Screen distribution S(T'M) is a semi-Riemannian complementary distribu-
tion of Rad(T M) in T M, that is

(3) TM = RadT M LS(TM)

and S(TM*1) is a complementary vector subbundle to RadT M in TM*. Let
tr(TM) and ltr(T'M) be complementary (but not orthogonal) vector bundles
to TM in TM |y and to RadTM in S(T M=)+ respectively. Then we have

(4) tr(TM) = ltr(TM) LS(TM™),

(5) TM |y=TM & tr(TM) = (RadTM @ ltr(TM)) LS(TM)LS(TM™).

Let u be a local coordinate neighborhood of M and consider the local quasi-
orthonormal fields of frames of M along M, on was {&1,..., &, Wiat,..., W,
Ny, oy Ny Xog1, ooy, Xin b, where {&1, ..., &}, {N1,..., N, } are local lightlike
bases of T'(RadT M |,), T(Itr(TM) |,) and {W,p1,...,Wob, {Xs51,..., Xin}
are local orthonormal bases of I'(S(TM>) |,) and T'(S(T'M) |,) respectively.
For this quasi-orthonormal fields of frames, we have:

Theorem 2.1 ([9]). Let (M, g,S(TM),S(TM%1)) be an r-lightlike submanifold
of a semi-Riemannian manifold (M,g). Then there exists a complementary
vector bundle ltr(T M) of RadTM in S(TM™)* and a basis of T'(ltx(TM) |,)
consisting of smooth section {N;} of S(TM=*)* |., where u is a coordinate
neighborhood of M such that

(6) g(Nlagj):ézja g(NZaN]):O for any iaj€{132a"'ar}a
where {&1,...,& } is a lightlike basis of T(Rad(TM)).

Let V be the Levi-Civita connection on M then according to the decompo-
sition (5), the Gauss and Weingarten formulas are given by

(7) VxY =VxY +h(X,Y), VX, YecI(TM),

(8) VxU=—-ApyX +VxU, VX cT(TM),U cT(tr(TM)),
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where {VxY, Ay X} and {h(X,Y),VxU} belong to I'(TM) and T(tr(T'M)),
respectively. Here V is a torsion-free linear connection on M, h is a symmetric
bilinear form on I'(TM) which is called second fundamental form, Ay is a
linear operator on M and known as shape operator.

According to (4), considering the projection morphisms L and S of tr(T'M)
on ltr(TM) and S(T M), respectively, then (7) and (8) become

(9) VxY = VxY +h(X,Y) + h*(X,Y),

(10) VxU = —AyX + DU + DU,
where we put h/(X,Y)=L(h(X,Y)), h*(X,Y)=S(h(X,Y)), D5 U=L(VxU),
DU = S(VxU).

As h! and h® are T'(ltr(T'M))-valued and T'(S(TM+))-valued respectively,

therefore they are called as the lightlike second fundamental form and the
screen second fundamental form on M. In particular

(11) VxN = —AxyX + VN + D*(X, N),

(12) VxW = —Aw X + VW + DY(X, W),

where X e T'(TM),N € T'(Itr(TM)) and W € F(S(TMJ-)). Using (9)-(12) we
obtain

(13) g(hs(X’Y)’W)+§(KDl(XaW)):g(AWXaY)a
(14) g(h'(X,Y),6) +g(Y, h'(X,€)) + g(Y, V&) = 0,
(15) G(ANX,N')+ g(N,AnX) =0

for any ¢ € T(RadT M), W € T(S(TM™)) and N, N’ € T'(Itr(TM)).
Let P be the projection morphism of TM on S(T'M) then using (3), we can
induce some new geometric objects on the screen distribution S(TM) on M as

(16) VxPY = V4 PY + h*(X,PY),
(17) Vx€=—-A{ X+ V¥

for any X, Y € I'(TM) and § € I'(RadT' M), where {V PY, A; X} and {h"(X,
Y), Viié} belong to T'(S(TM)) and I'(RadT'M), respectively. V* and V*!
are linear connections on complementary distributions S(T'M) and RadT' M,
respectively. h* and A* are I'(RadT M)-valued and T'(S(T'M))-valued bilinear
forms and called as the second fundamental forms of distributions S(7'M) and
RadT M, respectively.
Using (9), (10), (16) and (17), we obtain

(18) g(hl(Xa PY))&) = g(AZX, PY)’

(19) g(h*(X’PY)aN):g(ANXaPY)
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for any X, Y € T(TM),§ € T(Rad(T'M)) and N € T'(ltr (T M)).

From the geometry of Riemannian submanifolds and non degenerate sub-
manifolds, it is known that the induced connection V on a non degenerate
submanifold is a metric connection. Unfortunately, this is not true for a light-
like submanifold. Indeed, considering V a metric connection then we have

(20) (Vxg)(Y, Z) = g(h'(X,Y), Z) + g(h'(X, Z),Y)

for any X,Y,Z € T'(TM). From [9] page 171, using the properties of linear
connections we have

(21)  (Vxh)(Y,2) = Vi (W'Y, 2)) = B'(VxY, Z) = B(Y,Vx Z),

(22) (Vxh¥)(Y,Z) = Vi (b (Y, 2)) — h*(VxY,Z) — h*(Y,Vx Z).
Barros and Romero [1] defined indefinite Kaehler manifolds as:
Definition 2.2. Let (M, J, g) be an indefinite almost Hermitian manifold and

V be the Levi-Civita connection on M with respect to g. Then M is called an
indefinite Kaehler manifold if J is parallel with respect to V, that is

(23) (VxJJ)Y =0, V X,Y e(TM).

3. Generalized Cauchy-Riemann lightlike submanifolds

Definition 3.1 ([12]). Let (M, g, S(T'M)) be a real lightlike submanifold of an
indefinite Kaehler manifold (M, g, J) then M is called a generalized Cauchy-
Riemann (GCR)-lightlike submanifold if the following conditions are satisfied:

(A) There exist two subbundles D; and D5 of Rad(T'M) such that
(24) Rad(TM) = Dy ® Dy, J(Dy) =Dy, J(D3)C S(TM).
(B) There exist two subbundles Dy and D’ of S(T'M) such that

(25) S(TM)={JDy® D'}LDy, J(Do)= Dy, J(D')=LylLy,

where Dy is a non degenerate distribution on M, L; and Ly are vector sub-
bundle of ltr(TM) and S(TM)=, respectively.

Then the tangent bundle T'M of M is decomposed as
(26) TM =D1D', D=Rad(TM)® Dy® JDs.

M is called a proper GC R-lightlike submanifold if Dy # {0}, Dy # {0}, Do #

{0} and Ly # {0}. B B
Let Q, P; and P, be the projections on D, J(L1) = My C D" and J(Ls3) =
My C D/, respectively. Then for any X € I'(T'M) we have

(27) X =QX+ P X+ PX,
applying J to (27) we obtain
(28) JX =TX +wP X +wPX,
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and we can write (28) as

(29) JX =TX +wX,
where TX and wX are the tangential and transversal components of JX,
respectively.
Similarly
(30) JV =BV +CV

for any V' € T'(tr(T'M)), where BV and CV are the sections of T M and tr(T M),
respectively.
Differentiating (28) and using (9)-(12) and (30) we have

(31) D*(X,wPY)=—V%wPY + wP,VxY — h*(X,TY) + Ch*(X,Y),

(32) DYX,wRY)=-ViywPY +wP,VxY — h(X,TY) + Ch (X,Y).

Using Kaehlerian property of V with (11) and (12), we have the following
lemmas.

Lemma 3.2. Let M be a GCR-lightlike submanifold of an indefinite Kaehle-
rian manifold M. Then we have

(33) (VxT)Y = A,y X + Bh(X,Y)
and
(34) (Viw)Y = Ch(X,Y) — h(X,TY),

where X, Y € T'(T'M)and
(35) (VxT)Y = VxTY — TVyY,

(36) (Viw)Y = ViwY —wVxY.

Lemma 3.3. Let M be a GCR-lightlike submanifold of an indefinite Kaehle-
rian manifold M. Then we have

(37) (VxB)V = Acy X — TAy X
and
(38) (V5 C)W = —wAy X — h(X,BV),

where X € I(TM), V e T'(tr(TM)) and
(39) (VxB)V =VxBV — BVYV,

(40) (VL C)V = VL CV — CVL V.
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4. Integrability of the distributions

Theorem 4.1. Let M be a GCR-lightlike submanifold of an indefinite Kaehler
manifold M. If the distribution D is integrable, then the following assertions
hold

(i) g(DI(IX, W),Y)= g(D'(X, W), JY) < g(Aw JX,Y) = g(Aw X, JY).
(i) §(D1(JX W) &) = 5(Aw X, J¢).
(iii) g(D'(X, €) = g(AwJX, JE) for any X,Y € T'(D),¢ € T'(D2) and
W e I‘(S(TML)).
Proof. Let the distribution D be integrable then for X, Y € T'(D) and W €
L(S(TM™)) we have
gD (TX,W),Y) =g(VxW + AwJX — V5, W,Y)
= —9(W,VxY) + g(Aw JX,Y)
—g(W,h(JX,Y)) + g(Aw JX,Y)
—g(W,h(X, JY)) + g(Aw J X, Y)
—g(W,VxJY) +§(Aw JX,Y)
=g(VxW,JY) + g(Aw J X, Y)
or
(42) §(D'(JX, W),Y) = g(D'(X, W), JY) = §(Aw JX,Y) = §(Aw X, JY).
Therefore part (i) of the assertion follows. Substituting Y = ¢ and Y = J¢ in
(42), for any & € I'(D2), we obtain (ii) and (iii), respectively. O

Theorem 4.2. Let M be a GC R-lightlike submanifold of an indefinite Kaehler
manifold M. Then D' is integrable if and only if VxJY = VyJX for any
X, Y eT(D).

Proof. For any X, Y € T'(D’) we have

(43) h(X,JY)=VxJY —VxJY
and
(44) h(jX Y)=VyJX —VyJX.

Subtracting (44) from (43), we obtain
h(X,JY)—h(JX, ) JVxY —JVy X —VxJY +VyJX
=J[X,Y] - VxJY +VyJX
=T[X,Y]+w[X,Y] - VxJY +VyJX.
Equating tangential parts of above equation, we obtain
(45) TIX,Y]=VxJY —VyJX.
Hence from (45) the result follows. O
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Theorem 4.3. Let M be a GC R-lightlike submanifold of an indefinite Kaehler
manifold M. Then Dy is integrable if and only if

(i) g(h*(X’ Sf)aN) = g(h*(YaX)lN):
(ii) g(r*(X,JY),N') = g(h*(Y, JX),N'),
(iii) A*(X,JY) =h*(JX,Y),

(iv) g(V&Y,JE) = g(V3- X, JE) for any X, Y € T'(Dy), N € I'(ltr(TM)),

N eT(Ly) and & € T'(D2).
Proof. Using the definition of GC R-lightlike submanifold, Dy is integrable if
and only if
g([X’ Y]aN) = g([Xa Y]’jNI) = g([Xa Y]’jW) = g([X’ Y],jf) =0

for any X,Y € T'(Dg), N € T(ltr(TM)), N’ € T'(Ly), W € T'(Ls) and £ €
T'(D3).

Using (9) and (16) we have
and

g([XaY]vjN/) :g(vXYajN/)fg(vaajN/)
= 7§(vXjY7 N/) + g(ijX, N/)a
using (16) we have
Again using (9) we obtain
= —g(VxJY, W)+ g(VyJX, W)

Finally from (16) we obtain
Thus from (46)-(49) the result follows. O

Corollary 4.4. Let M be a GCR-lightlike submanifold of an indefinite Kaehler
manifold M. Then Dy is integrable if and only if
(i) g(JX, ANY) =g(JY, AN/ X),
(iil) A*(X,JY) =h*(JX,Y),
(iv) g(h'(X,JY),&)=g(h (Y, JX),&) for any X, Y €T'(Dy),N €T (Itr(TM)),
N'"eT(L1) and § € T'(Dy).

Theorem 4.5. Let M be a GC R-lightlike submanifold of an indefinite Kaehler
manifold M. Then Rad(T M) is integrable if and only if

(i) g(h'(&,J€"), &) = g(h'(€', JE"), ),

(i) g(r'(&, 2),¢') = g(h!(¢', 2),€),
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(i) h*(&, JE) = h*(J¢E,€), B
(iv) g(& i€, JN)) = g(&',hl (&, JN)) for any Z € T(Dy), £ € T'(Dy), &,
¢ € T'(Rad(TM)), W € T'(Ls) and N € T'(L,).

Proof. Using the definition of GC R-lightlike submanifolds, Rad(TM) is inte-
grable if and only if
9(€,€'1,2) = 3([&, €', IN) = 3([¢,&'], TW) = g([¢, €], JE€") = 0
for any Z € I'(Dy), &' € T'(D2), &, & € T(Rad(TM)), W € I'(L2) and N €
I'(Ly).
Ulsing (9) and (16), we obtain
9((6.€,7€") = g(Veg', JE") — g(Verg, JE)
= =g, VeJ€") + 3(¢, Ve JE")
(50) = _g(hl(gajgn)agl) +g(hl(€/aj§”)a€)
and using (18)
9([6.€1,2) =a(Vel',Z) — g(Vel, 2)

(51) = 7g(h’l(§7z)7§/) +g(h’l(§/az)a§)
and
g([g,gl],jW) :g(vﬁgla J ) g(ng JW)
= —g(W,VeJE) + g(W, Ve JE)
(52) = —g(h*(&, JE), W) +g(h* (€', J€), W)
and

9(6.€'),IN) = g(Ve, IN) = g(Ver€, IN)
= —9(§",VeJN) +3(§, Ve JN)
(53) = —g(¢',h' (&, TN)) + g(&, n' (€, TN)).
Thus from (50)-(53), the result follows. O

Corollary 4.6. Let M be a GCR-lightlike submanifold of an indefinite Kaehler
manifold M. Then Rad(TM) is integrable if and only if

(i) Agg ¢ T'(My),

(ii) (v5 J2.J€) = g(V: 72, J¢),
(i) g(Aw¢', JE) = g(AwE, JE'),
(iv) g(AnE',JE) = g(ANE, JE') for any Z € T'(Dy), &, & € T'(Rad(TM))

and N € T'(ltr(TM)).

Theorem 4.7. Let M be a GC R-lightlike submanifold of an indefinite Kaehler
manifold M. Then the distribution D1 is integrable if and only if

(i) VEJIY — Vit JX € T(Dy),

(i) A%, X = A% Y



INTEGRABILITY OF DISTRIBUTIONS IN GCR-LIGHTLIKE SUBMANIFOLDS 599

(iii) Bh(X,JY) = Bh(Y,JX) for any X,Y € I'(Dy).

Proof. Since J is the almost complex structure on M therefore for any X,Y €
T'(D;) we have

VxY = —VxJ?Y = —JVxJY,
using (9), we have
VxY +h(X,Y)=-J(VxJY + h(X,JY)).

Now, using (17), (29)-(30) and then equating the tangential components of the
resulting equation both sides we obtain

(54) VxY =TA%, X — TVRJIY — Bh(X,JY),

replacing X by Y and then subtracting the resulting equation from (54) we
obtain

(55) B B B B
[(X,Y] =T(A% X — A% Y)-T(VYJY =V} JX)— Bh(X,JY)+ Bh(Y, JX).
Hence from (55) the result follows. O

Corollary 4.8. Let M be a GCR-lightlike submanifold of an indefinite Kaehler
manifold M. Then D1 defines a totally geodesic foliation in M if and only if

(i) A%, X =0,

(iil) Bh(X,JY) =0 for any X,Y € T'\(Dy).
Theorem 4.9. Let M be a GC R-lightlike submanifold of an indefinite Kaehler
manifold M. Then the distribution Do is integrable if and only if

(i) V}jYi— Vi JX € li‘(ng),

(ii) h*(X, JY) = h*(Y, JX),

(iii) Bh(X,JY) = Bh(Y,JX) for any X,Y € T'(Ds).
Proof. Since J is the almost complex structure on M therefore for any X,Y €
T'(D2) we have

VxY +h(X,Y) = —J(VxJY + h(X,JY)),
using (16) and (29)-(30) and then equating tangential components of the re-
sulting equation both sides we obtain
(56) VxY = -TV%JY —Th*(X,JY) — Bh(X,JY),
replacing X and Y and then subtracting the resulting equation from (56) we
obtain
(X,Y] = -T(VYJY —V3JX)-T(h*(X,JY) - h*(Y,JX))

(57) —Bh(X,JY) + Bh(Y, JX).
Hence from (57) the theorem follows. O
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Corollary 4.10. Let M be a GC R-lightlike submanifold of an indefinite Kae-
hler manifold M. Then the distribution Do defines a totally geodesic foliation
in M if and only if
(i) ViJY € I(JDy),
(ii) h*(X,JY) =0,
(iii) Bh(X,JY) =0 for any X,Y € T'(Dy).

Theorem 4.11. Let M be a GC R-lightlike submanifold of an indefinite Kaehler
manifold M. Then JDy is integrable if and only if
(i) 9(J§, AnJE') = g(JE', AN JE),
(ii) h*(JE &) =n*(JE,E),
(i) g(h'(JE, &), €") = g(h' (€, T€),€"),
(iv) §(JZ, ALIE') = §(J2, ALJE) for any Z € T(Dy), &, €, & € T(Dy),
W eT'(Lg) and N € T'(ltr(TM)).

QI QI

Proof. Using the definition of GC R-lightlike submanifolds, .J D is integrable if
and only if

g([J¢', &, N) = g([J¢', J&], JW) = g([J¢', J¢], J§") = g([J €', JE], Z) = 0

for any Z € T'(Dy), &, &, € € T(D2), W € T'(L2) and N € T'(Itr(T'M)).
Using (11) we have

g([JE, JE|,N) = g(VeJEN) = §(V e JE,N)
= —g(J& Ve N) +g(JE', V 5eN)
(58) =g(JE& ANJTE) — (T, AN JE)
and
g([JE, JEL, IW) = g(V e JE, TW) — §(V e JE, JW)
=g(Vie&, W) —g(V e, W)
(59) =g(h*(JE€,€), W) = g(h>(JE, &), W)

g([j§/7 jg]v jf”) = g(vff’jgv jf”) - g(vffjglv j&//)
g(vfg’gv 5//) - g(nggl, 5”)
(hl(jglag)aé-”) - g(hl(jgagl)aé-”)

(60)

I
QI

and finally
(61) — §(JZ, ALTE) — g(J Z, AL JE).
Hence from (58)-(61) the result follows. O
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Lemma 4.12. Let M be a GCR-lightlike submanifold of an indefinite Kaehler
manifold M. If M is D-geodesic, then D defines a totally geodesic foliation in
M.

Proof. For X, Y € I'(D), using (31) and (32), we obtain wVxY = h(X,TY) —
Ch(X,Y), then using the hypothesis, we obtain wV xY = 0. Thus the proof is
complete. O

Lemma 4.13. Let M be a GCR-lightlike submanifold of an indefinite Kaehler
manifold M. If T is parallel, then Bh(X,Y) =0 for any Y € T'(D).

Proof. For any X, Y € I'(TM), from (33) we have
(62) (VxT)Y = A,y X + Bh(X,Y).
From the hypothesis of lemma, the proof is complete. (I

Theorem 4.14 ([12]). Let M be a GCR-lightlike submanifold of an indefi-
nite Kaehler manifold M. Then the distribution D defines a totally geodesic
foliation in M if and only if BA(X,Y) =0V X,Y € T'(D).

Theorem 4.15. Let M be a GCR-lightlike submanifold of an indefinite Kaehler
manifold M. If T is parallel, then the distribution D defines a totally geodesic
foliation in M.

Proof. Let T is parallel, then from Lemma 4.13, we obtain Bh(X,Y) = 0 for
any X € I'(TM) and Y € T'(D). Then using Theorem 4.14, D defines a totally
geodesic foliation in M. O

Theorem 4.16. Let M be a GCR-lightlike submanifold of an indefinite Kaehler
manifold M. Then the distribution D' is parallel if and only if Ay X has no
components in holomorphic distribution for any X, Y € T'(D’).

Proof. From (33), we have
—TVxY = Ay X + Bh(X,Y)
for any X,Y € T'(D’). Hence the proof follows. O
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