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Abstract We study rigidity properties of lattices in Isom(H") ~ SO, 1 (R),
n > 3, and of surface groups in Isom(H?) ~ SL,(R) in the context of inte-
grable measure equivalence. The results for lattices in Isom(H"), n > 3, are
generalizations of Mostow rigidity; they include a cocycle version of strong
rigidity and an integrable measure equivalence classification. Despite the lack
of Mostow rigidity for n = 2 we show that cocompact lattices in Isom(H?)
allow a similar integrable measure equivalence classification.
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1 Introduction and statement of the main results
1.1 Introduction

Measure equivalence is an equivalence relation on groups, introduced by Gro-
mov [25] as a measure-theoretic counterpart to quasi-isometry of finitely gen-
erated groups. It is intimately related to orbit equivalence in ergodic theory,
to the theory of von Neumann algebras, and to questions in descriptive set
theory. The study of rigidity in measure equivalence or orbit equivalence
goes back to Zimmer’s paper [61], which extended Margulis’ superrigidity
of higher rank lattices [39] to the context of measurable cocycles and applied
it to prove strong rigidity phenomena in orbit equivalence setting. In the same
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Integrable ME-rigidity of hyperbolic lattices

paper [61, §6] Zimmer poses the question of whether these strong rigidity for
orbit equivalence results extend to lattices in rank one groups G % PSL>(R);
and in [62] and later in a joint paper with Pansu [45] obtained some results
under some restrictive geometric condition.

The study of measure equivalence and related problems has recently expe-
rienced a rapid growth, with [14, 15, 21, 22, 26, 28, 29, 33, 35, 43, 46-49, 51]
being only a partial list of important advances. We refer to [17, 50, 56] for
surveys and further references. One particularly fruitful direction of research
in this area has been in obtaining the complete description of groups that are
measure equivalent to a given one from a well understood class of groups.
This has been achieved for lattices in simple Lie groups of higher rank [15],
products of hyperbolic-like groups [43], mapping class groups [33-35], and
certain amalgams of groups as above [36]. In all these results, the measure
equivalence class of one of such groups turns out to be small and to consist of
a list of “obvious” examples obtained by simple modifications of the original
group. This phenomenon is referred to as measure equivalence rigidity. On
the other hand, the class of groups measure equivalent to lattices in SL;(RR)
is very rich: it is uncountable, includes wide classes of groups and does not
seem to have an explicit description (cf. [2, 23]).

In the present paper we obtain measure equivalence rigidity results for lat-
tices in the least rigid family of simple Lie groups Isom(H") >~ SO,, 1 (R) for
n > 2, including surface groups, albeit within a more restricted category of in-
tegrable measure equivalence, hereafter also called L!-measure equivalence
or just L'-ME. Let us briefly state the classification result, before giving the
precise definitions and stating more detailed results.

Theorem A Let I" be a lattice in G = Isom(H"), n > 2; in the case n =2
assume that I is cocompact. Then the class of all finitely generated groups
that are L'-measure equivalent to I" consists of those A, which admit a short
exact sequence {1} - F — A — A — {1} where F is finite and A is a lattice
in G; in the case n =2, A is also cocompact in G = Isom(H?).

The integrability assumption is necessary for the validity of the rigidity
results for cocompact lattices in Isom(H?) = PGL;(RR). It remains possible,
however, that the L'-integrability assumption is superfluous for lattices in
Isom(H"), n > 3. We also note that a result of Fisher and Hitchman [12] can
be used to obtain L2-ME rigidity results similar to Theorem A for the family
of rank one Lie groups Isom(Hy;) >~ Sp, ;(R) and Isom(H%)) o~ F4(,20);] it
is possible that this L’-integrability assumption can be relaxed or removed
altogether.

'Here ~ means locally isomorphic.
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The proof of Theorem A for the case n > 3 proceeds through a cocycle
version of Mostow’s strong rigidity theorem stated in Theorems B and 1.8.
This cocycle version relates to the original Mostow’s strong rigidity theorem
in the same way in which Zimmer’s cocycle superrigidity theorem relates to
the original Margulis’ superrigidity for higher rank lattices. Our proof of the
cocycle version of Mostow rigidity, which is inspired by Gromov-Thurston’s
proof of Mostow rigidity using simplicial volume [59] and Burger-lozzi’s
proof for dimension 3 [5], heavily uses bounded cohomology and other homo-
logical methods. A major part of the relevant homological technique, which
applies to general Gromov hyperbolic groups, is developed in the companion
paper [1]; in fact, Theorem 4.11 taken from [1] is the only place in this paper
where we require the integrability assumption.

Theorem A and the more detailed Theorem D are deduced from the strong
rigidity for integrable cocycles (Theorem B) using a general method de-
scribed in Theorem 2.1. The latter extends and streamlines the approach de-
veloped in [15], and further used in [43] and in [35].

The proof of Theorem A for surfaces uses a cocycle version of the fact
that an abstract isomorphism between uniform lattices in PGL,(R) is re-
alized by conjugation in Homeo(S'). The proof of this generalization uses
homological methods mentioned above and a cocycle version of the Milnor-
Wood-Ghys phenomenon (Theorem C), in which an integrable ME-cocycle
between surface groups is conjugate to the identity map in Homeo(S!). In
the case of surfaces in Theorem A, this result is used together with Theo-
rem 2.1 to construct a representation p : A — Homeo(S!). Additional argu-
ments (Lemma 2.5 and Theorem 5.2) are then needed to deduce that p(A) is
a uniform lattice in PGLy(R).

Let us now make precise definitions and describe in more detail the main
results.

1.2 Basic notions
1.2.1 Measure equivalence of locally compact groups

We recall the central notion of measure equivalence which was suggested
by Gromov [25, 0.5.E]. It will be convenient to work with general unimodu-
lar, locally compact second countable (Icsc) groups rather than just countable
ones.

Definition 1.1 Let G, H be unimodular lcsc groups with Haar measures mg
and mpy. A (G, H)-coupling is a Lebesgue measure space (£2,m) with a

measurable, measure-preserving action of G x H such that there exist finite
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measure spaces (X, i), (¥, v) and measure space isomorphisms

i:(G,mg) x (Y,v) i (2,m) and j:(H,mpg) x (X, un) E) (£2,m)
(1.1)

such that i is G equivariant and j is H equivariant, that is
i(gg/, y) = gi(g/, y) and j(hh/, x) =hj (h/, x)

for every g € G and h € H and almost every ¢’ € G, ' € H, y € Y and
x € X. Groups which admit such a coupling are said to be measure equivalent
(abbreviated ME).

In the case where G and H are countable groups, the condition on the
commuting actions G ~ (§2, m) and H ~ (£2, m) is that they admit finite m-
measure Borel fundamental domains X, Y C £2 with u =m|x and v = m|y
being the restrictions.

As the name suggest, measure equivalence is an equivalence relation be-
tween unimodular Icsc groups. For reflexivity, consider the G x G-action on
(G,mg), (g1,82):g+— glggz_l. We refer to this as the fautological self cou-
pling of G. The symmetry of the equivalence relation is obvious. For transi-
tivity and more details we refer to Appendix A.1.

Example 1.2 Let I, I» be lattices in a lcsc group G.2 Then I} and I
are measure equivalent, with (G, mg) serving as a natural (I, I3)-coupling
when equipped with the action (y1, y2) : g = yi gy2_1 for y; € I;. In fact, any
lattice I" < G is measure equivalent to G, with (G, m¢) serving as a natural

(G, I')-coupling when equipped with the action (g, y) : g’ — gg'y L.

1.2.2 Taut groups

We now introduce the following key notion of taut couplings and taut groups.

Definition 1.3 (Taut couplings, taut groups) A (G, G)-coupling (£2,m) is
taut if it has the tautological coupling as a factor uniquely; in other words if
it admits a unique, up to null sets, measurable map @ : 2 — G so that for
m-a.e.w € 2 and all g, gs € G3

<p((81, gz)a)) = g1<15(a))g2_1.

Such a G x G-equivariant map §2 — G will be called a tautening map. A uni-
modular lesc group G is taut if every (G, G)-coupling is taut.

2Any Icsc group containing a lattice is necessarily unimodular.

31f one only requires equivariance for almost all g, g» € G one can always modify & on a
null set to get an everywhere equivariant map [63, Appendix B].
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The requirement of uniqueness for tautening maps in the definition of taut
groups is equivalent to the strongly ICC property for the group in question
(see Definition 2.2 and Lemmas A.7 and A.8(1) in the Appendix A.4 for a
proof of this claim). This property is rather common; in particular it is satis-
fied by all center-free semi-simple Lie groups and all ICC countable groups,
i.e. countable groups with infinite conjugacy classes. On the other hand the
existence of tautening maps for (G, G)-coupling is hard to obtain; in particu-
lar taut groups necessarily satisfy Mostow’s strong rigidity property.

Lemma 1.4 (Taut groups satisfy Mostow rigidity) Let G be a taut unimodu-

lar lese group. If T : It = D is an isomorphism of two lattices T'y and T in
G, then there exists a unique g € G so that 'y =g~ 'INgand t(y1) =g 'y g
fory eIn.

The lemma follows from considering the tautness of the measure equiv-
alence (G, G)-coupling given by the (G x G)-homogeneous space (G X
G)/A;, where A; is the graph of the isomorphism 7 : I7 — [%; see
Lemma A.3 for details.

The phenomenon, that any isomorphism between lattices in G is realized
by an inner conjugation in G, known as strong rigidity or Mostow rigidity,
holds for all simple Lie groups* G 2 SL,(R). More precisely, if X is an ir-
reducible non-compact, non-Euclidean symmetric space with the exception
of the hyperbolic plane H?, then G = Isom(X) is Mostow rigid. Mostow
proved this remarkable rigidity property for uniform lattices [44]. It was then
extended to the non-uniform cases by Prasad [52] (tk(X) = 1) and by Mar-
gulis [38] (tk(X) > 2).

In the higher rank case, more precisely, if X is a symmetric space without
compact and Euclidean factors with rk(X) > 2, Margulis proved a stronger
rigidity property, which became known as superrigidity [39]. Margulis’ su-
perrigidity for lattices in higher rank, was extended by Zimmer in the cocycle
superrigidity theorem [61]. Zimmer’s cocycle superrigidity was used in [15]
to show that higher rank simple Lie groups G are faut (albeit the use of term
tautness in this context is new). In [43] Monod and Shalom proved another
case of cocycle superrigidity and proved a version of tautness property for
certain products G = I'] x --- x I, with n > 2. In [33, 35] Kida proved that
mapping class groups are taut. Kida’s result may be viewed as a cocycle gen-
eralization of Ivanov’s theorem [31].

1.2.3 Measurable cocycles

Let us elaborate on this connection between tautness and rigidity of measur-
able cocycles. Recall that a cocycle over a group action G ~ X to another

4For the formulation of Mostow rigidity above we have to assume that G has trivial center.
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group H isamap c: G x X — H such that forall g1, g2 € G

c(g281,x) =c(g2, 81x) - c(g1, Xx).

Cocycles that are independent of the space variable are precisely homomor-
phisms G — H. One can conjugate a cocycle ¢ : G x X — H by a map
f: X — H to produce a new cocycle ¢/ : G x X — H given by

(g, x)=fg.x) g, x) f(x).

In our context, G is a Icsc group, H is Icsc or, more generally, a Polish group,
and G ~ (X, u) is a measurable measure-preserving action on a Lebesgue
finite measure space. In this context all maps, including the cocycle c, are
assumed to be p-measurable, and all equations should hold p-a.e.; we then
say that c is a measurable cocycle.

Let (£2,m) be a (G, H)-coupling and H x X ENyo) :> G x Y be as in
(1.1). Since the actions G ~ §2 and H ~ §2 commute, G acts on the space of
H-orbits in £2, which is naturally identified with X. This G-action preserves
the finite measure w. Similarly, we get the measure preserving H-action on
(Y, v). These actions will be denoted by adot, g : x+—> g.x,h:y+— h.y, to
distinguish them from the G x H action on 2. Observe that in §2 one has for
g € G and almostevery h € H and x € X,

gj(h,x):j(hhl_l,g.x)

for some /1 € H which depends only on g € G and x € X, and therefore may
be denoted by (g, x). One easily checks that the map

x:GxX—>H

that was just defined, is a measurable cocycle. Similarly, one obtains a mea-
surable cocycle 8 : H x Y — G. These cocycles depend on the choice of the
measure isomorphisms in (1.1), but different measure isomorphisms produce
conjugate cocycles. Identifying (£2,m) with (H,mpg) x (X, u), the action
G x H takes the form

(g, m)j(h x)=j(hh'a(g,x)"" g.x). (1.2)

Similarly, cocycle §: H x Y — G describes the G x H-action on (2, m)
when identified with (G, mg) x (Y, v). In general, we call a measurable cocy-
cle G x X — H that arises from a (G, H)-coupling as above an ME-cocycle.

The connection between tautness and cocycle rigidity is in the observa-
tion (see Lemma A.4) that a (G, G)-coupling (£2,m) is taut iff the ME-
cocycle o : G x X — G 1is conjugate to the identity isomorphism, «(g, x) =
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f(g.x)"'gf(x) by a unique measurable f : X — G. Hence one might say
that
G 1is taut if and only if it satisfies a cocycle version of Mostow rigidity.

1.2.4 Integrability conditions

Our first main result—Theorem B below—shows that G = Isom(H"), n > 3,
are 1-taut groups, i.e. all integrable (G, G)-couplings are taut. We shall now
define these terms more precisely.

A norm on a group G isamap |-|:G — [0,00) so that |gh| < |g| +
|h| and |g~'| = |g| for all g, h € G. A norm on a Icsc group is proper if it
is measurable and the balls with respect to this norm are pre-compact. Two
norms |-| and |-|" are equivalent if there are @, b > O such that |g|" < a-|g|+b
and |g| <a - |g| + b for every g € G. On a compactly generated group® G
with compact generating symmetric set K the function |g|x = min{n € N |
g € K"} defines a proper norm, whose equivalence class does not depend on
the chosen K. Unless stated otherwise, we mean a norm in this equivalence
class when referring to a proper norm on a compactly generated group.

Definition 1.5 (Integrability of cocycles) Let H be a compactly generated
group with a proper norm |-| and G be a Icsc group. Let p € [1, 0o]. A mea-
surable cocycle ¢ : G x X — H is LP-integrable if forae. g € G

/X|c(g,x)|pd,u(x) < 00.

For p = oo we require that the essential supremum of |c(g, —)| is finite for
a.e. g € G. If p=1, we also say that c is integrable. If p = oo, we say that ¢
is bounded.

The integrability condition is independent of the choice of a norm within a
class of equivalent norms. L”-integrability implies L?-integrability whenever
1 < g < p. In the Appendix A.2 we show that, if G is also compactly gen-
erated, the L”-integrability of ¢ implies that the above integral is uniformly
bounded on compact subsets of G.

Definition 1.6 (Integrability of couplings) A (G, H)-coupling (§2,m) of
compactly generated, unimodular, lcsc groups is LP-integrable, if there ex-
ist measure isomorphisms as in (1.1) so that the corresponding ME-cocycles
G x X — H and H x Y — G are LP-integrable. If p = 1 we just say that
(£2,m) is integrable. Groups G and H that admit an L”-integrable (G, H)-
coupling are said to be L”-measure equivalent.

5Every connected Icsc group is compactly generated [57, Corollary 6.12 on p. 58].
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For each p € [1, oo], being L”-measure equivalent is an equivalence re-
lation on compactly generated, unimodular, Icsc groups (see Lemma A.1).
Furthermore, L”-measure equivalence implies L?-measure equivalence if
1 < g < p. So among the L”-measure equivalence relations, L°°-measure
equivalence is the strongest and L'-measure equivalence is the weakest one;
all being subrelations of the (unrestricted) measure equivalence.

Let I' < G be a lattice, and assume that G is compactly generated and I”
is finitely generated; as is the case for semi-simple Lie groups G. Then the
(I", G)-coupling (G, m¢) is LP-integrable iff I" is an L”-integrable lattices in
G; if there exists a Borel cross-section s : G/I" — G of the projection, so that
the cocycle ¢ : G x G/I" — I', c(g, x) = s(g . x) " 'gs(x) is LP-integrable.
In particular L>°-integrable lattices are precisely the uniform, i.e. cocompact
ones. Integrability conditions for lattices appeared for example in Margulis’s
proof of superrigidity (cf. [40, V. §4]), and in Shalom’s [55].

Definition 1.7 A Icsc group G is p-taut if every LP-integrable (G, G)-
coupling is taut.

1.3 Statement of the main results
Theorem B The groups G = Isom(H"), n > 3, are 1-taut.
This result has an equivalent formulation in terms of cocycles.

Theorem 1.8 (Integrable cocycle strong rigidity) Let G = Isom(H"), n > 3,
G ~ (X, ) be a probability measure preserving action,andc: G x X - G
be an integrable ME-cocycle. Then there is a measurable map f : X — G,
which is unique up to null sets, such that for p-a.e. x € X and every g € G
we have

c(g.x)=f(g.x) g flx).

Note that this result generalizes Mostow-Prasad rigidity for lattices in these
groups. This follows from the fact that any 1-taut group satisfies Mostow
rigidity for Ll—integrable lattices, and the fact, due to Shalom, that all lattices
in groups G = Isom(H"), n > 3, are L!-integrable.

Theorem 1.9 ([55, Theorem 3.6]) All lattices in simple Lie groups not lo-
cally isomorphic to Isom(H?) ~ PSL,(R), Isom(H?) ~ PSL,(C), are L2-
integrable, hence also L'-integrable. Further, lattices in Isom(H>) are L!-
integrable.

The second assertion is not stated in this form in [55, Theorem 3.6] but
the proof therein shows exactly that. In fact, for lattices in Isom(H") Shalom

shows L"~!~€_integrability.
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Lattices in G = Isom(H?) = PGL,(R), such as surface groups, admit
a rich space of deformations—the Teichmiiller space. In particular, these
groups do not satisfy Mostow rigidity, and therefore are not taut (they are not
even oo-taut). However, it is well known viewing G = Isom(H?) = PGL,(R)
as acting on the circle S' = 9H? = RP!, any abstract isomorphism 7 : I" —
I’ between cocompact lattices I, I’ < G can be realized by a conjugation
in Homeo(S!), that is,

EIfeHomeo(Sl) V)/GF T[OT(V):f_l om(y)o f,

where 7 : G — Homeo(S!) is the imbedding as above. (Such f is the
“boundary map” constructed in Mostow’s proof of strong rigidity: the isomor-
phism 7 : I" — I"/ gives rise to a quasi-isometry of H?, and Morse-Mostow
lemma is used to extend this quasi-isometry to a (quasi-symmetric) homeo-
morphism f of the boundary S' = dH?.) Motivated by this observation we
generalize the notion of tautness as follows.

Definition 1.10 Let G be a unimodular Icsc group, G a Polish group, 7 :
G — G a continuous homomorphism. A (G, G)-coupling is taut relative to
7 : G — G if there exists a up to null sets unique measurable map @ : 2 — G
such that for m-a.e. w € 2 and all g1, g0 € G

?((g1, 82)0) =7 (g)P (@) (g2) "

We say that G is faut (resp. p-taut) relative to w : G — G if all (resp. all
L?-integrable) (G, G)-couplings are taut relative to 7w : G — G.

Observe that G is taut iff it is taut relative to itself. Note also that if I <
G is a lattice, then G is taut iff I” is taut relative to the inclusion I < G;
and G is taut relative to 7 : G — G iff I' is taut relative to w|r : " —> G
(Proposition 2.9). If I < G is L?-integrable, then these equivalences apply
to p-tautness.

Theorem C The group G = Isom(H?) = PGL,(R) is 1-taut relative to the
natural embedding G < Homeo(S"). Cocompact lattices I' < G are 1-taut
relative to the embedding I' < G < Homeo(S DY

We skip the obvious equivalent cocycle reformulation of this result.

Remark 1.11

(1) The L'-assumption cannot be dropped from Theorem C. Indeed, the free
group F»> can be realized as a lattice in PSL, (R), but most automorphisms
of F, cannot be realized by homeomorphisms of the circle.
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(2) Realizing isomorphisms between surface groups in Homeo(S'), one ob-
tains somewhat regular maps: they are Holder continuous and quasi-
symmetric. We do not know (and do not expect) Theorem C to hold with
Homeo(S!) being replaced by the corresponding subgroups.

We now state the L!-ME rigidity result which is deduced from Theorem B,
focusing on the case of countable, finitely generated groups.

Theorem D (L!-Measure equivalence rigidity) Let G = Isom(H") with
n>3,and I' < G be a lattice. Let A be a finitely generated group, and let
(£2, m) be an integrable (I', A)-coupling. Then

(1) there exists a short exact sequence
l>F>A—> A1

where F is finite and A is a lattice in G,
(2) and a measurable map @ : 2 — G so that for m-a.e. w € §2 and every
y € I' and every .. € A

(o) ((y, A)w) = J/(D(a)))_f].

Moreover, if ' x A ~ (82, m) is ergodic, then

(2a) either the push-forward measure @, m is a positive multiple of the Haar
measure ma or mgo;

(3a) or, one may assume that I’ and A share a subgroup of finite index and
@.m is a positive multiple of the counting measure on the double coset
IeACG.

This result is completely analogous to the higher rank case considered in
[15], except for the L'-assumption. We do not know whether Theorem D
remains valid in the broader ME category, that is, without the L!-condition,
but should point out that if the L! condition can be removed from Theorem B
then it can also be removed from Theorem D.

Theorem D can also be stated in the broader context of unimodular Icsc
groups, in which case the L!-measure equivalence rigidity states that a com-
pactly generated unimodular Icsc group H that is L!-measure equivalent to
G =Isom(H"), n > 3, admits a short exact sequence | - K - H — H—1
where K is compact and H is either G, or its index two subgroup G°, or is a
lattice in G.

Measure equivalence rigidity results have natural consequences for (stable,
or weak) orbit equivalence of essentially free probability measure-preserving
group actions (cf. [14, 34, 43, 49]). Two probability measure preserving ac-
tions I" ~ (X, ), A ~ (Y, v) are weakly, or stably, orbit equivalent if there
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exist measurable maps p: X — Y, g : Y — X with p,u < v, g.v < U s0
that a.e.

p(I'.x) CA.px), g(A.y)CTI.q(y),
gopx)erl.x, poq(y)eA.y

(see [14, §2] for other equivalent definitions). If I, I are lattices in some
lesc group G, then I'T1 ~ G /I35 and I ~ G/I7 are stably orbit equivalent
via p(x) = s1(x0)~ L q(y) = sz(y)_l, where s; : G/I; — G are measurable
cross-sections. Moreover, given any (essentially) free, ergodic, probability
measure preserving (p.m.p.) action It ~ (X1, 11) and I'-equivariant quo-
tient map w1 : X1 — G/I», there exists a canonically defined free, ergodic
p-m.p. action I> ~ (X»>, up) with equivariant quotient w3 : Xo — G/
so that I; ~ (X;, u;) are stably orbit equivalent in a way compatible to
7w X; — G/I3_; [14, Theorem C].

We shall now introduce integrability conditions on weak orbit equivalence,
assuming /" and A are finitely generated groups. Let | - |, | - | 4 denote some
word metrics on I', A respectively, and let I" ~ (X, u) be an essentially
free action. Define an extended metric dj : X x X — [0, 0o] on X by setting
dr(x1,x2) =|y|r if y.x; = xp and set dj(x1, x2) = oo otherwise. Let d4
denote the extended metric on Y, defined in a similar fashion. We say that
I' ~(X,n) and A ~ (Y, v) are LS-weakly/stably orbit equivalent, if there
exists maps p: X — Y, g : Y — X as above, and such that for every y € I,
reA

(x = da(p(y . x), p(x))) e L(X, ),
(x> dr(qG.y),q()) €LY, ).

Note that the last condition is independent of the choice of word metrics.

The following result® is deduced from Theorem D in essentially the same
way Theorems A and C in [14] are deduced from the corresponding measure
equivalence rigidity theorem in [15]. The only additional observation is that
the constructions respect the integrability conditions.

Theorem E (L'-Orbit equivalence rigidity) Let G = Isom(H") where n > 3,
and I' < G be a lattice. Assume that there is a finitely generated group A and
essentially free, ergodic, p.m.p actions I' ~ (X, u) and A ~ (Y, v), which
admit a stable L'-orbit equivalence p : X,— Y, q: Y — X as above. Then
either one the following two cases occurs:

5The formulation of the virtual isomorphism case in terms of induced actions is due to
Kida [34].
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Virtual isomorphism: There exists a short exact sequence 1 - F — A —
A — 1, where F is a finite group and A < G is a lattice with A=T N A
having finite index in both I' and A, and an essentially free ergodic
p-m.p. action A ~ (Z,§) so that I' ~ (X, ) is isomorphic to the induced
action I' ~ I" X a (Z, §), and the quotient action A (Y, D)= (Y, v)/F
is isomorphic to the induced action A ~ A x 5 (Z,¢), or

Standard quotients: There exists a short exact sequence 1 — F — A —
A — 1, where F is a finite group and A < G is a lattice, and for G' = G
or G' =G (only if A, I" < GY), and equivariant measure space quotient
maps

(X, ) = (G'/A,mg ), o (Y,v) = (G'/T,mgyr)

with(y .x)=y.7(x), 0 .y)= A o (y). Moreover, the action AN
(Y,v) = (Y, v)/F is isomorphic to the canonical action associated to I" ~
(X, ) and the quotient map = : X — G’/ A.

The family of rank one simple real Lie groups Isom(H") is the least rigid
one among simple Lie groups. As higher rank simple Lie groups are rigid with
respect to measure equivalence, one wonders about the remaining families of
simple real Lie groups: Isom(H.) >~ SU,, 1 (R), Isom(Hp) =~ Sp, ;(R), and
the exceptional group Isom(H ) = F4(—20). The question of measure equiv-
alence rigidity (or L”-measure equivalence rigidity) for the former family
remains open, but the latter groups are rigid with regard to L?-measure equiv-
alence. Indeed, recently, using harmonic maps techniques (after Corlette [9]
and Corlette-Zimmer [10]), Fisher and Hitchman [12] proved an Lz—cocycle
superrigidity result for isometries of quaternionic hyperbolic space Hy; and
the Cayley plane H%). This theorem can be used to deduce the following.

Theorem 1.12 (Corollary of [12]) The rank one Lie groups Isom(Hy;) =~
Sp,.1 (R) and Isom(HZ)) = Fy(_0) are 2-taut.

Using this result as an input to the general machinery described above one
obtains:

Corollary 1.13 The conclusions of Theorems D and E hold for all lattices
in Isom(Hy;) and Isom(H(%)) provided the L!-conditions are replaced by L2-
ones.

1.4 Organization of the paper

In Sect. 2 we show that all taut groups are ME-rigid; this is stated in The-
orems 2.1 and the more detailed version in Theorem 2.6. In Sects. 3 and 4
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we develop the tools for proving tautness of G = Isom(H")—the statement
that generalizes Mostow rigidity, Theorem B (n > 3), and a generalization
of Milnor-Wood-Ghys phenomenon, Theorem C (n = 2). More precisely, in
Sect. 3 we study the effect of an ME cocycle on boundary actions and bound-
ary maps. This section contains various technical results on the crossroad
of ergodic theory and geometry. In Sect. 4 these results are used to analyze
the effect of the boundary map on cohomology and bounded cohomology,
and specifically on the volume form and the Euler class. At a crucial point,
when estimating the norm of the Euler class, Corollary 4.13, we use a result
from our companion paper [1], which relies on the integrability of the cou-
pling. This is the only place where the integrability assumption is used. The
main theorems stated in the introduction are then proved in Sect. 5. General
facts about measure equivalence which are used throughout are collected in
Appendix A. In order to improve the readability of Sect. 4 we also added
Appendix B which contains a brief discussion of bounded cohomology.

2 Measure equivalence rigidity for taut groups

This section contains general tools related to the notion of taut couplings
and taut groups. The results of this section apply to general unimodular Icsc
groups, including countable groups, and are not specific to [som(H") or semi-
simple Lie groups. Whenever we refer to L”-integrability conditions, we as-
sume that the groups are also compactly generated. We rely on some basic
facts about measure equivalence which are collected in Appendix A. The ba-
sic tool is the following:

Theorem 2.1 Let G be a unimodular Icsc group that is taut (resp. p-taut).
Any unimodular Icsc group H that is measure equivalent (resp. LP -measure
equivalent) to G admits a short exact sequence with continuous homomor-
phisms

1> K—>H—H-—1,

where K is compact and H is a closed subgroup in G such that G/H carries
a G-invariant Borel probability measure.

Theorem 2.6 below contains a more technical statement that applies to
more general situations.

2.1 The strong ICC property and strongly proximal actions

We need to introduce a notion of strongly ICC group G and, more generally,
the notion of a group G being strongly ICC relative to a subgroup Gy < G.
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Definition 2.2 A Polish group G is strongly ICC relative to Gy < G it G \ {e}
does not support any Borel probability measure that is invariant under the
conjugation action of Gp on G \ {e}. A Polish group G is strongly ICC if it is
strongly ICC relative to itself.

The key properties of this notion are discussed in Appendix A.4. Recall
that a countable discrete group is said to be ICC (short for Infinite Conjugacy
Classes) if all its non-trivial conjugacy classes are infinite. Note that for a
discrete group ICC condition is equivalent to the above strong ICC condition.
We will be concerned also with some other examples, that are given in the
following proposition.

Proposition 2.3

(1) Any connected, center-free, semi-simple Lie group G without compact
factors is strongly ICC relative to any unbounded Zariski dense subgroup.
In particular, G itself is strongly ICC.

(2) For a semi-simple Lie group without compact factors G, and a parabolic
subgroup Q < G, the Polish group Homeo(G/ Q) is strongly ICC relative
0 G.

In particular, Homeo(S") is strongly ICC relative to PGLy(R), or any

lattice in PGL, (R).

Before proving this proposition let us recall the notion of minimal and
strongly proximal action. A continuous action G ~ M of a (Icsc) group G
on a compact metrizable space M is called minimal if there are no closed
G-invariant nontrivial subsets in a compact metrizable space M, and strongly
proximal if every G-invariant weak*-closed set of probability measures on M
contains some Dirac measures. Clearly, the action G ~ M is both minimal
and strongly proximal if every G-invariant weak*-closed set of probability
measures on M contains all the Dirac measures. Thus, being minimal and
strongly proximal is easily seen to be equivalent to each of the following
conditions:

(1) For every Borel probability measure v € Prob(M) and every non-empty
open subset V C M one has

sup g.v(V)=1.
geG

(2) For every v € Prob(M) the convex hull of the G-orbit g,v is dense in
Prob(M) in the weak-* topology.

We need the following general statement.

@ Springer



U. Bader et al.

Lemma 2.4 Let M be a compact metrizable space and G < Homeo(M)
be a subgroup which acts minimally and strongly proximally on M. Then
Homeo(M) is strongly ICC relative to G.

Proof Let u be a probability measure on Homeo(M). The set of u-stationary
probability measures on M

Prob, (M) = {v eProb(M) |v=pu*xv = / f*vdpc(f)}

is a non-empty convex closed (hence compact) subset of Prob(M), with re-
spect to the weak™ topology. Suppose w is invariant under conjugations by
g € G. Since

Gx (V) = 8 % (g4v) = 1 % (g4V)

it follows that Prob, (M) is a G-invariant set. Minimality and strong proxi-
mality of the G-action implies that Prob, (M) = Prob(M). In particular, every
Dirac measure vy is p-stationary; hence u{f | f(x) = x} = 1. It follows that
w=>=. O

Proof of Proposition 2.3

(1) See [16, Proof of Theorem 2.3].
(2) This follows from Lemma 2.4, as by [40, Theorem 3.7 on p. 205] the
action of G on M = G/Q is minimal and strongly proximal. O

Next consider two measure equivalent (countable) groups I and /%, and a
continuous action /5 ~ M on some compact metrizable space M. Let (£2, m)
be a (I, I3)-coupling. Choosing a fundamental domain X for 15 ~ 2 we
obtain a probability measure-preserving action I'1 ~ (X, ) and a measur-
able cocycle « : I'1 x X — I», that can be used to define a Ij-action on
X x M by

y.(x,p):(y.x,oz(y,x).p) xeX, peM, yell).

The space X x M and the above action I'1 ~ (X x M) combine ergodic-
theoretic base action I'1 ~ (X, u) and topological dynamics in the fibers
I ~ M. In [19, §3 and 4] Furstenberg defines notions of minimality and
(strong) proximality for such actions. We shall only need the former notion:
the action I'1 ~ X X M is minimal if there are only trivial measurable o-
equivariant families {U, C M | x € X} of open subsets U, C M. More specif-
ically, whenever a measurable family of open subsets U, C M satisfies for all
yelland p-ae. x € X

Uyx=a(y,x) Uy 2.1
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one eitherhas u{x e X |Uy =0} =loru{xe X | Uy =M} =1.
We shall need the following lemma (generalizing [19, Proposition 4.4]):

Lemma 2.5 Let §2 be an ergodic (I, I3)-coupling, and 'y ~ M a mini-
mal and strongly proximal action. Then the induced action I'y ~ X X M is
minimal in the above sense.

Proof Leti : I x X = £2 be a measure space isomorphism as in (1.1). Given
a family (Uy) as in (2.1), consider the measurable family {O,,} of open sub-
sets of M indexed by w € £2, defined by O;(y,x) = y Uy. Then for w = i(y, x)
and y; € I'; we have

Ot ymw = 12va(1,x) Uy, x = 12y Uy = 1204,

Note that w — O,, is invariant under the action of I'j. Therefore it descends
to a measurable family of open sets {V,} indexed by y € Y = §2/I", and
satisfying a.e. on Y

Vyg.y = VZVy (y2 € I2).

The claim about {U, | x € X} is clearly equivalent to the similar claim about
{Vy | y € Y}. By ergodicity, it suffices to reach a contradiction from the as-
sumption that V, # @, M for v-a.e. y € Y, where v is the probability measure
associated to (£2, m).

The assumption that (§2,m) is I'1 x I»-ergodic is equivalent to ergodic-
ity of the probability measure preserving action 1> ~ (Y, v). Since M has
a countable base for its topology, while u({y | V, # @}) = 1, it follows that
there exists a non-empty open set W C M for which

A={yeY|WcCV}

has v(A) > 0. Since M \ Vy # () for v-a.e. y € Y, there exists a measurable
map s : ¥ — M with s(y) ¢ Vy for v-a.e. y € Y. Let o € Prob(M) denote the
distribution of s(y), i.e., 0 (E) =v{y € Y | s(y) € E}. Then for any y» € I3

a(yz_lW) = v{y eY|s(y) e )/Z_IW}
<v(¥\y tA) +v{yer, 'AlsO) ey Vi =V )
=1—v(y, 'A) =1—v(A).

So 0()/2_1 W) <1—-v(A) <1 for all y, € I, contradicting the assumption
that the action I ~ M is minimal and strongly proximal. g

@ Springer



U. Bader et al.

2.2 Tautness and the passage to self couplings

Theorem 2.1 is a direct consequence of the following, more technical state-
ment that constructs a representation for arbitrary groups measure equivalent
to a given group G, provided some specific (G, G)-coupling is taut.

Theorem 2.6 Let G, H be unimodular lcsc groups, (2,m) a (G, H)-
coupling, G a Polish group, and w : G — G a continuous homomorphism.
Assume that G is strongly ICC relative to w(G) and the (G, G)-coupling
2 x gy 2% is taut relative torw : G — G.

Then there exists a continuous homomorphism p : H — G and a measur-
able map ¥ : 2 — G so that a.e.:

¥ ((g. o) =n(@¥ (@p()~" (§€G, heH)
and the unique tautening map @ : 2 x g 2% — G is given by
®([w1, w2]) =¥ (w1) - ¥(w2) .
The pair (¥, p) is unique up to conjugations (W*, p*) by x € G, where
U () = W (w)x !, o~ (h) =xp(h)x~".
If, in addition, 7w : G — G has compact kernel and closed image G = 7 (G),

then the same applies to p : H — G, and there exists a Borel measure m on
G, which is invariant under

(& h):x > 7w(g)xph)
and descends to finite measures on w(G)\G and G/p(H). In other
words, (G,m) is a (w(G), p(H))-coupling which is a quotient of
(Ker(r) x Ker(p))\($2, m).

Proof We shall first construct a homomorphism p : H — G and the G x H-
equivariant map ¥ : §2 — G. Consider the space £2° = 2 x £2 x £2 and the
three maps pi.2, p2.3, p1,3, where

pi’jZ.Q?)—).QZ—).QXH.Q*

is the projection to the i-th and j-th factor followed by the natural projection.
Consider the G x H-action on £2°:

(81,82, 83, h) < (w1, w2, w3) — ((g1, Ww1, (82, Wwa, (g3, h)w3).
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For i € {1,2,3} denote by G; the corresponding G-factor in G3. For i, j €
{1,2,3} with i # j the group G; x G; < G| x G2 x Gz acts on £2 x gy £2*
and on G by

(&i»gj) : w1, m] > [giw, gjw2],

(g gj) x> (@) xm(g)™ (xeg)

respectively. Let {i, j, k} = {1,2,3}. The map p;; : 23 > 2 xy 2% is
G x H-invariant and G; x G j-equivariant. This is also true of the maps

Fi’j:¢opi7j193—lii>.QXH.Q*gg,

where @ : 2 Xy .Q* — @G is the tautening map. For {i, j, k} = {1, 2, 3}, the
three maps F; ;, F ! and Fi - Fy j are all G x H-invariant, hence factor
through the natural map

235 X = (Gr x H)\2°.

By an obvious variation on the argument in Appendlx A 1.3 one verifies
that Xy is a (G;, Gj)-coupling. The three maps F; ;, J ! and Fij - Fy j
are G; x G equlvarlant Since G is strongly ICC relative to 7(G), there
is at most one G; x G j-equivariant measurable map Xy — G according to
Lemma A.S. Therefore, we get m>-a.e. identities

Fij= F_ =Fip- Fyj. (2.2)

Denote by & : £22 — G the composition £22— £ x g7 2*~2>G. By Fubini’s
theorem, (2.2) implies that for m-a.e. w, € £2, for m x m-a.e. (w1, w3)

D (w1, w3) = D (w1, @) - D (w2, w3) = (w1, @) - P (w3, w2) ™!
Fix such a generic w; € §2 and define ¥ : 2 — G by ¥(w) = D (w, w).
Then for a.e. [0, w'] € 2 xyg 2

-1

d)([a) a)/]) = cﬁ(a), a)/) =¥ (w) - l:l/(a)/) (2.3)

We proceed to construct a representation p : H — G. Equation (2.3) implies
that for every 4 € H and for a.e. w, 0’ € §2:

1 1

¥ (ho)¥ (ho')™ =@ (hw, ho) = (0, 0') =¥ (@)W (o),
and in particular, we get

W (hw) ™' W (@) = ¥ (he') " ¥ (o).
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Observe that the left hand side is independent of o’ € §2, while the right hand
side is independent of w € §2. Hence both are m-a.e. constant, and we denote
by p(h) € G the constant value. Being coboundaries the above expressions
are cocycles; being independent of the space variable they give a homomor-
phism p : H — G. To see this explicitly, for 4, h’ € H we compute using
m-a.e. w € §2:

p(hh') =¥ (ki o)~ ¥ ()
=¥ (hh'o) U (K o)W (o) ¥ ()
= p()p(h').

Since the homomorphism p is measurable, it is also continuous [63, Theo-
rem B.3 on p. 198]. By definition of p we have for # € H and m-a.e. w € §2:

W (hw) =¥ (w)ph)~". (2.4)
Since ¥ (w) = cﬁ(a), w?), it also follows that for g € G and m-a.e. w € £2
¥(gw) =r(g)¥ (). (2.5)

Consider the collection of all pairs (¥, p) satisfying (2.4) and (2.5). Clearly,
G acts on this set by x : (&, p) — (¥*, p*) = (¥ - x,x ' px); and we claim
that this action is transitive. Let (¥;, p;), i = 1,2, be two such pairs in the
above set. Then

B (0, 0) =¥ (@) (=12

are G x G-equivariant measurable maps £2 x £2 — G, which are invariant un-
der H. Hence they descend to G x G-equivariant maps @; : 2 x g 2* — G.
The assumption that G is strongly ICC relative to 77 (G), implies a.e. identities
&) = Dy, D = Dy. Hence for ae. w, o’

'] (a))_l U (w) =W (a)/) - ') (a)’) .

Since the left hand side depends only on w, while the right hand side only on
@', it follows that both sides are a.e. constant x € G. This gives ¥| = llfzx . The
a.e. identity

W (@)p1(h) =1 (h o) = ¥ (h ™ w)x = ¥a(w) pr(h)x = Pi(@)x " pa()x

implies p; = p; . This completes the proof of the first part of the theorem.
Next, we assume that Ker(rr) is compact and 77 (G) is closed in g, and will
show that the kernel K = Ker(p) is compact, the image H = p(H) is closed
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in G, and that G/H, m(G)\G carry finite measures. These properties will be
deduced from the assumption on 7 and the existence of the measurable map
v : 2 — G satisfying (2.4) and (2.5). We need the next lemma, which says
that £2 has measure space isomorphisms as in (1.1) with special properties. []

Lemma 2.7 Let p: H — G and ¥ : 2 — G be as above. Then there exist
measure space isomorphisms i : G X Y = Q2 and j: H x X =2 as in (1.1)
that satisfy in addition

w(i(g, ) =7(), W (j(h,x)) = p(h).

Proof We start from some measure space isomorphisms i : G X ¥ = £2 and
Jjo: H x X = £ asin (1.1) and will replace them by

i(g,y)=io(ggy, ), J(h, x) = jo(hhy, x)

for some appropriately chosen measurable maps ¥ — G, y — g, and X —
H, x — hy. The conditions (1.1) remain valid after any such alteration.

Let us construct y > g, with the required property; the map x — h, can
be constructed in a similar manner. By (2.5) for mg x v-a.e. (g1,y) € G X Y
the value

m(9) "W oin(ggr. y)
is mg-a.e. independent of g; denote it by f (g1, y) € G. Fix g1 € G for which

Woig(ggr,y) =m(g)f(g1,)
holds for mg-a.e. g € G and v-a.e. y € Y. There exists a Borel cross section
G — Gtom:G — G. Using such, we get a measurable choice for g, so that
m(gy) = f(g1,y) ' m(g1).

Setting i (g, y) = i0(ggy, y), We get mg X v-a.e. that ¥ oi(g,y) =mn(g). U

Lemma 2.8 Given a neighborhood of the identity V C H and a compact

subset Q C G, the set p~'(Q) can be covered by finitely many translates
of V:

o~ Q)CchVU---UhyV.

Proof Since w : G — G is assumed to be continuous, having closed image
and compact kernel, for any compact Q C G the preimage 7 ~!(Q) C G is
also compact. Let W C H be an open neighborhood of identity so that W -
W~1 c V; we may assume W has compact closure in H. Then 7~1(Q) - W
is precompact. Hence there is an open precompact set U C G with 7 ~1(Q) -
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W C U. Consider subsets A = j(W x X),and B =i(U x Y) of £2, where i
and j are as in the previous lemma. Then

m(A)=mg(W)-v(Y) >0, m(B)=mgU) - u(X) < oo.

Let {h1,...,h,} C p~'(Q) be such that ;W N W = @ for k #*1 €
{1,...,n}. Then the sets hxA = j(hxW x X) are also pairwise disjoint and
have m(hzA) =m(A) > 0for 1 <k <n. Since

Y (hiA) = p(hiW) = p(hi)p(W) C Q- p(W) C p(U),

it follows that i1z A C B forevery 1 <k <n.Hencen <m(B)/m(A). Choos-
ing a maximal such set {hy, ..., hy}, we obtain the desired cover. O

Continuation of the proof of Theorem 2.6 Lemma 2.8 implies that the closed
subgroup K = Ker(p) is compact. More generally, it implies that the contin-
uous homomorphism p : H — G is proper, that is, preimages of compact sets
are compact. Therefore H = p(H) is closed in G.

We push forward the measure m to a measure m on G via the map
¥ : 2 — G. The measure m is invariant under the action x — 7 (g)x p(h).
Since H = p(H) = H/ker(p) is closed in G, the space G/ H is Hausdorff. As
Ker(p) and Ker(;r) are compact normal subgroups in H and G, respectively,
the map ¥ : £2 — G factors through

(£2,m)—> (2, m") = (Ker() x Ker(p))\(£2, m) v, Gg.

Let G = G/ Ker(r). Starting from measure isomorphisms as in Lemma 2.7,
we obtain equivariant measure isomorphisms (£2’,m’) = (H x X, m g X W)
and (2, m') = (G x Y, mg x v). In particular, (£2',m’) is a (G, H)-coupling.
The measure 72 on G descends to the G-invariant finite measure on G/H
obtained by pushing forward . Similarly, m descends to the H-invariant
finite measure on G\G obtained by pushing forward v. This completes the
proof of Theorem 2.6. O

Proof of Theorem 2.1 Theorem 2.1 immediately follows from Theorem 2.6.
In case of L”-conditions, one observes that if (£2,m) is an L”-integrable
(G, H)-coupling, then 2 xpy £2* is an LP-integrable (G, G)-coupling
(Lemma A.2); so it is taut under the assumption that G is p-taut. O

2.3 Lattices in taut groups

Proposition 2.9 (Taut groups and lattices) Let G be a unimodular lcsc group,
G a Polish group, 7w : G — G a continuous homomorphism. Assume that G is
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strongly ICC relative to m(G) and let I' < G be a lattice (resp. a p-integrable
lattice).

Then G is taut (resp. p-taut) relative to w : G — G iff I' is taut (resp. p-
taut) relative to 7w\ : I’ — G. In particular, G is taut iff any/all lattices in G
are taut relative to the inclusion I' < G.

For the proof of this proposition we shall need the following.

Lemma 2.10 (Induction) Let G be a unimodular Icsc group, G a Polish
group, w : G — G a continuous homomorphism, and I'1, Iy < G lattices.
Let (§2,m) be a (I, I)-coupling, and assume that the (G, G)-coupling
2 =G xr, 2 xp, G is taut relative to ¥ : G — G. Then there exists a
Il x Iy-equivariant map 2 — G.

Proof Tt is convenient to have a concrete model for §2. Choose Borel cross-
sections o; from X; = G/I; to G, and form the cocycles ¢; : G x X; — [
by
ci(g.0) =0i(g.0) " 'goi(x) (=12

Then, suppressing the obvious measure from the notations, §2 identifies with
X1 x Xo x £2, while the G x G-action is given by

(g1.82) : (x1, x2, ) > (g1 . x1, 82 . X2, (¥1, ¥2)®)  where y; = ¢i(gi, xi).
By the assumption there exists a measurable map @ : 2 — G so that

D ((g1, 82)(x1, %2, )) =7 (g1) - P(x1, X2, 0) - 7w(g2) " (g1.82€G)

for a.e. (x1,x2,w) € 2. Fix a generic pair (x1, x3) € X1 X X2, denote h; =
o;(x;) and consider g; = yihi (= hiyihl._l), where y; € I; fori € {1,2}. Then
g . Xi =X, ci(gi,x;i) = y; and the map @' : 2 — G defined by &' (w) =
@ (x1, x2, ®) satisfies m-a.e.

@' ((r1, y2)w) = D((g1, g2)(x1, X2, ®)) =7 (g1) - D (w) - 7(g2) ™"
=7(y") @@ 7(r?) "

Thus @ () = w(h)) " @ (w)m(hy) isa I X I»>-equivariant measurable map
2 — G, as required. O

Proof of Proposition 2.9 Assuming that G is taut relative to 7 : G — G and
I' < G is alattice, we shall show that I" is taut relative to | : I" — G.

Let (£2,m) be a (I, I')-coupling. Then the (G, G)-coupling 2 = G x
£ xr G is taut relative to G, and by Lemma 2.10, £2 admits a I" x I'-
tautening map @ : 2 — G. Since G is strongly ICC relative to 7(G) < G,
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the map @ : £2 — G is unique as a I" x ["-equivariant map (Lemma A.8.(3)).
This shows that I" is taut relative to G.

Observe, that if G is assumed to be only p-taut, while I" < G to
be L7”-integrable, then the preceding argument for the existence of
I' x I'-tautening map for a L”-integrable (I", I')-coupling £2 still applies.
Indeed, the composed coupling 2 = G x £2 xr G is then LP-integrable
and therefore admits a G x G-tautening map @ : 2 — G, leading to a
I x I'-tautening map @ : £2 — G. Finally, G is strongly ICC relative to
(") by Lemma A.6, and the uniqueness of the I tautening map follows
from Lemma A.8(1).

Next assume that I" < G is a lattice and I is taut (resp. p-taut) relative
tow|p: " — G. Let (£2,m) be a (G, G)-coupling (resp. a L”-integrable
one). Then (£2,m) is also a (I', I')-coupling (resp. a LP-integrable one).
Since I" is assumed to be taut (resp. p-taut) there is a I" x I'-equivariant
map @ : 2 — G. As G is strongly ICC relative to 7 (G) it follows from (4)
in Lemma A.8 that @ : 2 — G is automatically G x G-equivariant. The
uniqueness of tautening maps follows from the strong ICC assumption by
Lemma A.8(1). O

Remark 2.11 The explicit assumption that G is strongly ICC relative to 7 (G)
is superfluous. If no integrability assumptions are imposed, the strong ICC
follows from the tautness assumption by Lemma A.7. However, if one as-
sumes merely p-tautness, the above lemma yields strong ICC property for a
restricted class of measures; and the argument that this is sufficient becomes
unjustifiably technical in this case.

3 Some boundary theory
Throughout this section we refer to the following

Setup 3.1 We fix n > 2 and introduce the following setting:

— G =Isom(H").

— I' < GY be a torsion-free uniform lattice in the connected component of
the identity.

— M = I'\H" is a compact hyperbolic manifold with I" >~ 71 (M).

— The boundary dH" is denoted by B; we identify it with the (n — 1)-sphere
and equip it with the Lebesgue measure v.’

— (£2,m) is an ergodic (I, I')-coupling.

7 Any probability measure in the Lebesgue measure class would do it.
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— For better readability we denote the left copy of I” by I7 and the right
copy by I'.. We fix a I;-fundamental domain X C 2, and denote by u the
restriction of m to X.

— Identifying X with I7\§2, we get an ergodic action of I} on (X, n). We
denote by « : I x X — I < G the associated cocycle.

Boundary theory, in the sense of Furstenberg [18] (see [7, Corollary 3.2], or
[42, Proposition 3.3] for a detailed argument applying to our situation), yields
the existence of an essentially unique measurable map, called boundary map
or Furstenberg map,

¢:X x B— B satisfying ¢(yx,yb)=a(y,x)¢(x,b) (3.1
forevery y € I" and a.e. (x,b) € X X B.

Proposition 3.2 Ler G < Homeo(B) be a closed subgroup containing I" and
denote the inclusion I' < G by . If for a.e x € X the function ¢ (x,-): B —
B coincides a.e with an element of G then 2 is taut with respect to the inclu-
sionwt: [ —G.

Proof Consider the set F(B, B) of measurable functions B — B, where two
functions are identified if they agree on v-conull set. We endow F(B, B) with
the topology of convergence in measure. The Borel o-algebra of this topol-
ogy turns F(B, B) into a standard Borel space [13, Sect. 2A]. By [32, Corol-
lary 15.2 on p. 89] the measurable injective map j: G — F(B, B) is a Borel
isomorphism of G onto its measurable image.

The map ¢ gives rise to a measurable map f : X — F(B, B) defined for
almost every x € X by f(x) =¢(x, ) [13, Corollary 2.9], which can be re-
garded as a measurable map f : X — G. Equation (3.1) gives

moaly,x)=f(y.Omy)fx), (3.2)

thus by Lemma A.4, there is a tautening map 2 — G.

Note that by Proposition 2.3(2), Homeo(B) is strongly ICC relative to G. It
follows by Lemma A.6 that it is also strongly ICC relative to I". Therefore G
is strongly ICC relative to I", and by Lemma A.8(1) the tautening is unique. [

3.1 Preserving maximal simplices of the boundary

Recall that a geodesic simplex in H” = H" U 9H" is called regular if any
permutation of its vertices can be realized by an element in Isom(H"). The
set of ordered (n + 1)-tuples on the boundary B that form the vertex set of
an ideal regular simplex is denoted by X"°€. The set X8 is a disjoint union
xree = Z‘_r:g U X" of two subsets that correspond to the positively and nega-
tively oriented ideal regular n-simplices, respectively. We denote by v,y the
maximum possible volume of an ideal simplex.

@ Springer



U. Bader et al.

Lemma 3.3 (Key facts from Thurston’s proof of Mostow rigidity)

(1) The diagonal G-action on X8 is simply transitive. The diagonal G°-
action on X% and E_r:g are simply transitive, respectively.

(2) Anideal simplex has non-oriented volume vmax if and only if it is regular.

(3) Letn > 3. Let o, 0’ be two regular ideal simplices having a common face
of codimension one. Let p be the reflection along the hyperspace spanned
by this face. Then o = p(c”’).

Proof (1) See the proof of [53, Theorem 11.6.4 on p. 568].

(2) The statement is trivial for n = 2, as all non-degenerate ideal triangles
in H? are regular, and G acts simply transitively on them. The case n = 3
is due to Milnor, and Haagerup and Munkholm [27] proved the general case
n>3.

(3) This is a key feature distinguishing the n > 3 case from the n = 2 case
where Mostow rigidity fails. See [53, Lemma 13 on p. 567]. 0

We shall need the following lemma, which is due to Thurston [59,
p. 133/134] in dimension n = 3. Recall that B = 0H" is equipped with the

. ¢
Lebesgue measure class. We consider the natural measure m yree on X +g cor-
+

responding to the Haar measure on G° under the simply transitive action of
G%on X%
g

Lemma 3.4 Let n >3 and ¢ : B — B be a Borel map such that ¢"+' =
¢ X --- X ¢ maps a.e. point in E_rfg into ETg. Then there exists a unique
g0 € G° =1Isom (H") with ¢ (b) = gob for a.e. b € B.

Proof Fix a regular ideal simplex o = (bg, ..., b,) € Efg, and identify G°
with Z‘_r:g via g > go. Then there is a Borel map f : G — G such that for
ae ge Gl

(¢(8b0), ... ¢(gbw)) = (f(®)bo, ..., f(&)bn). (3.3)

Interchanging bg, b; identifies Z‘fg with X™¢ and allows to extend f to a
measurable map G — G satisfying (3.3) for a.e. g € G. Let pg, ..., pn € G
denote the reflections in the codimension one faces of . Then Lemma 3.3
(3) implies that

f(gp)=f(g)p forae.geG

for p in {po, ..., pn}. It follows that the same applies to each p in the count-
able group R < G generated by po, ..., p,. We claim that there exists gg € G
so that f(g) = gog for a.e. g € G, which implies that ¢ (b) = gob also holds
a.e.on B.

The case n = 3 is due to Thurston [59, p. 133/134]. So hereafter we fo-
cus on n > 3, and will show that in this case the group R is dense in G
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(for n =2, 3 it forms a lattice in G). Consequently the R-action on G is er-
godic with respect to the Haar measure. Since g — f(g)g~' is a measur-
able R-invariant map on G, it follows that it is a.e. a constant gog € G?, i.e
f(g) = gog a.e. proving the lemma.

It remains to show that for n > 3, R is dense in G. Not being able to find a
convenient reference for this fact, we include the proof here.

For i € {0,...,n} denote by P; < G the stabilizer of b; € dH", and let
U; < P; denote its unipotent radical. We shall show that U; is contained in the
closure R N P; < P; (in fact, R N P; = P; but we shall not need this). Since
unipotent radicals of any two opposite parabolics, say Up and Uj, generate
the whole connected simple Lie group G, this would show G° < R < G.
Since R is not contained in GV, it follows that R = G as claimed.

Let f; : 9H" — E"~! U {oo} denote the stereographic projection tak-
ing b; to the point at infinity. Then f; P; fi_1 is the group of similarities
Isom(E" 1) x RZ of the Euclidean space E"~!. We claim that the subgroup
of translations R"~! = U; < P; is contained in the closure of R; = R N P;.
To simplify notations we assume i = 0. The set of all n-tuples (z1, ..., zn)
in Fi”_1 for which (b, fo_l(z1), ey an, fo_l(zn)) is a regular ideal simplex
in H”" is precisely the set of all regular Euclidean simplices in E"~! [53,
Lemma 3 on p. 519]. So conjugation by fy maps the group Rp = RN Py to
the subgroup of Isom(E"~!) generated by the reflections in the faces of the
Euclidean simplex A = (z1,...,2,), where z; = fo(b;). For 1 < j <k <n
denote by rj; the composition of the reflections in the jth and kth faces of A;
it is a rotation leaving fixed the co-dimension two affine hyperplane L j; con-
taining {z; | { # J, k}. The angle of this rotation is 26,, where 6, is the dihedral
angle of the simplex A. One can easily check that cos(6,) = —1/(n — 1), us-
ing the fact that the unit normals v; to the faces of A satisfy vy +---+v, =0
and (v;, v;) =cos(f,) forall 1 <i < j <n.Thus w = exp(@n\/—_l) satisfies
w+ 1/w = —-2/(n — 1). Equivalently, w is a root of

@ =m—-D2+2z+0n—1).

This condition on w implies that 6, is not a rational multiple of . Indeed,
otherwise, w is a root of unit, and therefore is a root of some cyclotomic
polynomial

2mki

cm(z) = 1_[ (z—e™m)

ke{l.m—1|ged(k,m)=1}

whose degree is Euler’s totient function deg(c,;,) = ¢ (m). The cyclotomic
polynomials are irreducible over Q. So p,(z) and ¢, (z) share a root only if
they are proportional, which in particular implies ¢ (m) = 2. The latter hap-
pens only for m = 3, m = 4 and m = 6; corresponding to ¢3(z) =z +z + 1,
ca(@) =724+ 1, and c(z) =722 —z + 1. The only proportionality between
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these polynomials is p3(z) = 2¢2(z); and it is ruled out by the assumption
n>3.
Thus the image of Ry in Isom(E"~!) is not discrete. Let

7T:RNPy— Isom(E”_l) — O(R”_l)

denote the homomorphism defined by taking the linear part. Then 7 (r ;) is
an irrational rotation in O(R”~!) leaving invariant the linear subspace paral-
lel to L j;. The closure of the subgroup generated by this rotation is a sub-
group Cji < O(R"~1), isomorphic to SO(2). The group K < O(R"~!) gen-
erated by all such Cj; acts irreducibly on R"~!, because there is no sub-
space orthogonal to all L ;. Since RN Py is not compact (otherwise there
would be a point in E*~! fixed by all reflections in faces of A), the epimor-
phism 77 : RN Py — K has a non-trivial kernel V < R"~!, which is invari-
ant under K. As the latter group acts irreducibly, V = R"~! or, equivalently,
Uop < R N Py. This completes the proof of the lemma. O

3.2 Boundary simplices in general position

Definition 3.5 For 0 <k <n, a (k 4+ 1)-tuple of points in B, (zg,...,2k) €
B**1 is said to be in general position if the following equivalent conditions
hold:

(1) The k-volume of the ideal k-simplex with vertices {zo, ..., zx} is positive,

(2) The points {zo, ..., zx} lie on the boundary of a unique isometrically em-
bedded copy of HX in H”,

(3) The points {zo, ..., zx} do not lie on the boundary of some isometrically
embedded copy of H*~! in H”.

The set of (k + 1)-tuples in a general position in B¥*! is denoted B*+1D.

We shall use the term (k — 1)-sphere to denote the boundary of an isomet-
rically embedded copy of H¥ in H"; with 0-spheres meaning pairs of distinct
points.

Lemma 3.6 Consider the boundary map ¢(x,-) = ¢, from (3.1). For u x
vl ge. point (x, by, ...,by), the (n + 1)-tuple (¢x(bg), ..., dx(by)) is in
general position.

Remark 3.7 In fact we prove a more general statement. The only important
properties of our setting are the fact that « is Zariski dense (in particular, is
not measurably cohomologous to a cocycle taking values in a stabilizer of
HF ¢ H" with k < n) and that the diagonal measure class-preserving action

I'"(XXBXB,uxvxv)
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is ergodic, which, in our setting, follows from the Howe-Moore theorem.

Proof of Lemma 3.6 Denote by n, € Prob(B) the push-forward of v under
the map ¢y : B— B.Forke{2,...,n}and x € X let

Er= {x ex| n§+l(Bk+l \ B(k-‘rl)) - 0}

This is a measurable subset of X, which is [I'-invariant since 7, =
a(y, x)snx while B&TD is a Borel, in fact open, G-invariant subset of B!
Ergodicity of I" ~ (X, ) implies that u(Ex) =0 or u(Ex) = 1. The sets Ex
are also nested: Ex_1 C Ej, because any subset of a (k 4 1)-tuple in general
position, is itself in general position.

We claim that u(E,) = 0. By contradiction, let £ be the smallest in-
teger in {2,...,n} with u(Ey) > 0. Then, in fact, w(Ex) = 1 by the er-
godicity argument above. Since u(Ex_1) = 0 for p-a.e. x € X and v¥-ae.
(b1, ...,by) € B* the points (¢ (b1), ..., ¢x (b)) are in general position, and
therefore define a unique (k — 2)-sphere

Sy(b1,...,by) C B.
On the other hand, ((E%) = 1 means that for n-a.e. x € X
Vi (bo, ... br) | ¢ (bo) € Sx(br, ... i)} > 0.

By Fubini’s theorem, there is a measurable family of measurable subsets
A, C B* with vF(A,) > 0, so that for (b1, ..., by) € Ay

N (Sx (b1, ..., b)) > 0.
Denote by S the space of all (k — 2)-spheres S C B, and let
S ={S eS| (S >0}.
Using ng.x = a(g, x)«nx we deduce that
Syx=a(y,x)S,.
Hence the set {x € X x B | Sy # ¥} is measurable and [ -invariant. We
just argued above that this set has positive measure, hence by ergodicity of
I' ~ (X, u), it has full measure.
Our main claim is that S, consists of a single (k — 2)-sphere:

Sx = {8} (3.4
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This claim leads to a desired contradiction as follows: equivariance of Sy
becomes the p-a.e. identity a(y, x)Sy = S, x. Fix a (k — 2)-sphere Sy and a
measurable map f : X — G with Sy = f(x)Sp. Then the f-conjugate of «

ol (v, x) = fly. ) aly, x) f(x)

takes values in the stabilizer of Sp in G, which is a proper algebraic subgroup
Isom(H*) < Isom(H") = G. But this is impossible for an ME-cocycle.

It remains to show (3.4). Consider any two measurable families Sy, S € Sy
indexed by x € X, and let

F={xeX|S#S, and n(S:NS;)>0}

We claim that 4 (F) = 0. Indeed, for x € F the intersection Ry = S, NS, isa
sphere of dimension < (k — 3), and therefore k-tuples of points in R, are not
in general position. This implies

nt(BE\ B®) = nk (RY) = (ne(R0)* > 0

meaning that x € Ex_1. As u(Er—1) =0, it follows that u(F) =
We now claim that a.e. S, has at most countably many elements (spheres).
It suffices to show that for every € > 0 for p-a.e. x the set

S;¢= {S €Sy | nx(S) > e}

is finite. We will show that its cardinality is bounded by 1/€. Otherwise it is
possible to find a positive measure set ¥ C X and m > 1/€ maps S; y € S7°,
y€Y,1<i<m,sothatfori # j onehas §; , # §; . But this is impossible,
because for a.e. y € Y one has n,(S; , N S; ) =0 for every pair i # j, and
therefore

m m
1>n,y (U Si,y) = Zny(S,-,y) > me > 1.
i=1

i=1
Therefore, a.e. Sy is countable, and one can enumerate these collections by a
fixed sequence S, = {S; x}o"l of (k — 2)-spheres with S; , varying measur-
ably in x € X. For x € X let
tx - {(b b ) € B x B|¢x(b), ¢x(b,) € Si,x}-

‘We have vz(Pi,x) = 77,C(S,~,x)2 > (. The union
o0
U ') | 3ses, dx (b). ¢ (b') € S}
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satisfies a(y, x) P = P, . Therefore {(x,b, ') | (b,b’) € Py} is a measur-
able, I"-invariant set of positive © X v x v-measure. Hence from the ergodic-
ity of the measure-class preserving action I" ~ (X X B X B, t x v x v), this
set has full measure. In particular, for p-a.e. x € X, one has

an(si,x)z = ZVZ(PLX) = vz(Px) =1

while
an(si,x) = nx( U S) <l1.
i SeSx

This is possible, only if exactly one S; , has full n,-measure, i.e., if Sy con-
sists of a single sphere S, = {S)}, as claimed. This completes the proof of the
lemma. O

3.3 A Lebesgue differentiation lemma

Lemma 3.8 Fix points o € H" and by € 0H". Denote by d = d,, the visual
metric on OH" associated with o. Let {z(k)},fil be a sequence in H" converg-
ing radially to by. Let ¢ : B — B be a measurable map. For every € > 0 and
fora.e. g € G we have

kll)ngo v.w{be B|d(p(gh), dp(ghy)) >e}=0.

Proof For the domain of ¢, it is convenient to represent JH" as the boundary
R" = {(x1,...,%n,0) | x; € R} U {oco} of the upper half space model

H" ={(x1,.... Xp41) | Xp11 > 0} c R,

We may assume that 0 = (0, ...,0,1) and b =0 € R" C R". The points a2
lie on the line / between o and by. The subgroup of G consisting of reflec-
tions along hyperplanes containing / and perpendicular to {x,1; = 0} leaves
the measures v,« invariant, i.e. each v_« is O(n)-invariant. Since the prob-
ability measure v, is in the Lebesgue measure class, the Radon-Nikodym
theorem, combined with the O(n)-invariance, yields the existence of a mea-
surable functions Ay : [0, co) — [0, co) such that for any bounded measurable
function /

o0 1
Jravso = [ (@75 Juo e
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holds® and
o0
/ hp(rydr =1.
0

Since the v« weakly converge to the Dirac measure at 0 € R", we have for
every ro > 0

o0

lim hig(r)dr =0. (3.5)

k—o0 ro

For the target of ¢, we represent B = dH" as the boundary "' ¢ R" of
the Poincare disk model. The visual metric is then just the standard metric of
the unit sphere. Considering coordinates in the target, it suffices to prove that
every measurable function f : R — [—1, 1] satisfies

tim [ 1760) = £(g0)|dvo ) =0
k—o00 Rn

for a.e. g € G. By the Lebesgue differentiation theorem the set L s of points
x € R" with the property

|f) = f)]dy=0 (3.6)

lim ——
r—0 VOI(B(O, 7‘)) B(x,r)

is conull in R". The subset of elements g € G such that g0 € L y and g0 # oo
is conull with respect to the Haar measure. From now on we fix such an
element g € G. By compactness there is L > 0 such that the diffeomorphism
of R" given by g has Lipschitz constant at most L and its Jacobian satisfies
|[Jac(g)| > 1/L everywhere on R" C R". Lete > 0. According to (3.6) choose
ro > 0 such that for all » < rg

L

€
vol(B(0. 1)) — f(g0)]dy <. 3.7
Vol(B(0, r)) B(go,L,)‘f(y) f(80)|dy <3 37)

According to (3.5) choose kg € N such that

o0 €
h d -
/r r(r)dr < 2

0

8v01(B(O, r)) is here the Lebesgue measure of the Euclidean ball of radius r around 0 € R”.
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for every k > ko. So we obtain that

/@n | f(gx) — f(g0)| dv,w

ro 1 .
</0 vol(B(0, r)) B(O’r)‘f(gx)—f(go)wx hk(r)dr+§
</m - 1) = f(g0)|dy hx(rydr +

vol(B(0, 1)) - rydr+ =
~Jo vol(B(0,7) Jen(0.r) Y 80)|dy hy 3

for k > ko. Because of gB(0,r) C B(g0, Lr) and (3.7) we obtain that for
k > ko

/]R |f(gx) - f(80)|dvz(k) <e. O

4 Cohomological tools

The aim of this section is to prove that the boundary map ¢, = ¢ (x,:): B —
B, which is associated to a (I', I')-coupling with I < Isom(H") and in-
troduced in Setup 3.1, satisfies the assumption of Lemma 3.4. This will be
achieved in Corollary 4.13. The conclusion of Lemma 3.4 is a crucial ingre-
dient in the proof of Theorem B. To prove Corollary 4.13 we have to develop
and rely on a fair amount of cohomological machinery. For the reader’s con-
venience a brief introduction to the subject of bounded cohomology is given
in Appendix B.

4.1 The cohomological induction map

The cohomological induction map associated to an arbitrary ME-coupling
was introduced by Monod and Shalom [43].

Proposition 4.1 (Monod-Shalom) Let (2, m) be a (I", A)-coupling. Let Y C
§2 be a measurable fundamental domain for the I'-action. Let x: 2 — I'
be the measurable I'-equivariant map uniquely defined by x (w) " 'w € Y for
w € 2. The maps

Co(x): Cp(I",L®(£2)) — Cp(A,L*(£2))
CEOO) oy -, ) = Fx (g y))s oo x (A7 Y) )

defines a I' x A-equivariant chain morphism with regard to the following
actions: The I x A-action on Cy(I',L>°(£2)) = Lot x 2) is induced
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by I' acting diagonally on I'**' x 2 and by A acting only on 2. The I x A-
action on C3(A,L*(2)) = L®(A*t! x ) is induced by A acting diago-
nally on A*T! x £ and by I' acting only on 2.

The chain map C}(x) induces, after taking I x A-invariants and identify-
ing L®(I'\§2) with L® ()" and similarly for A, an isometric isomorphism

HY(x): Hy (I, L®(A\£2)) > HE (A, L°(I\2)).

in cohomology. This map does not depend on the choice of Y, or equivalently
X and will be denoted by Hy (§2). We call H}(§2) the cohomological induc-
tion map associated to 2.

Proof Apart from the fact that the isomorphism is isometric, this is exactly
Proposition 4.6 in [43] (with § = §2 and E = R). The proof therein relies
on [41, Theorem 7.5.3 in §7], which also yields the isometry statement. [

Proposition 4.2 Retain the setting of the previous proposition. Let oc: A X
Y — I' be the corresponding ME-cocycle. Let Br and B 5 be standard Borel
spaces endowed with probability Borel measures and measure-class preserv-
ing Borel actions of I' and A, respectively. Let ¢: By x I'\S2 — Br be
a measurable a-equivariant map (upon identifying Y with I'\§2). Then the
chain morphism (see Appendix B.1 for notation)

Ch(¢): BX(By R) — Lo (BST, L™ (2))
CEA (P biv )@ = f(oo x @) (b [0]), ...

is I' x A-equivariant with regard to the following actions: The action on
BOO(B}H, R) is induced from I' acting diagonally B**' and A acting triv-
ially. The action on L?,,‘;(BZH, L®(2) = LC’O(B;‘+1 x §2) is induced from
A acting diagonally on B;‘H X §2 and from I" acting only on S2.

Proof Firstly, we show equivariance of Cp(¢). By definition we have

Co@A (. V)b )@ = f(...y  x (@ (bi. [w]),...).

By definition, I"-equivariance of y, and a-equivariance of ¢ we have
CoD (O (- A by ) (v I o)
=y 'x (T 0)a (A [w]) o (b, [@]), - ).
It remains to check that

X(A_lw)a(k_l, [a)]) = x(w).
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Since both sides are I -equivariant, we may assume that w € Y, i.e.,
X (w) = 1. In this case it follows from the defining properties of x and @. [

Remark 4.3 The map Cp(¢) cannot be defined on L°°(B}+l, R) since we
do not assume that ¢ preserves the measure class. The idea to work with the
complex B> (B}+1 , R) to circumvent this problem in the context of boundary
maps is due to Burger and lozzi [4].

4.2 The Euler number in terms of boundary maps

In this subsection we retain the notation in Setup 3.1. In Burger-Monod’s
functorial theory of bounded cohomology [6, 41] the measurable map

dvol,: B"H1 5> R 4.1)
that assigns to (by, . .., b,) the oriented volume of the geodesic, ideal simplex
with vertices by, ..., b, is a I'-invariant (even G -invariant) cocycle and de-

fines an element dvol, € Hy (I, R) (Theorem B.4). The forgetful map (com-
parison map) from bounded cohomology to ordinary cohomology is denoted
by

comp®: Hp(I',R) — H*(I", R).
We consider the induction homomorphism
HE(2): Hy (17, L¥(5\82)) > Hy (17, L®(17\82))
in bounded cohomology associated to §2 (see Sect. 4.1). Let
Hy(j%): Hy(17, R) — Hy (17, L¥(17\92))
Hy (I°): Hy (I, L>(I7\82)) — Hy (17, R)
be the homomorphisms induced by inclusion of constant functions in the co-

efficients and by integration in the coefficients, respectively. Inspired by the
classical Euler number of a surface representation we define:

Definition 4.4 (Higher-dimensional Euler number) Denote by [[I'] €
H,(I",R) = H,(I"\H", R) the homological fundamental class of the man-
ifold I"'\H". The Euler number eu(£2) of £2 is the evaluation of the cohomol-
ogy class comp” oHy (I*) o Hy (£2) o Hy(j®)(dvol,) against the fundamental
class [I']

eu(£2) = (comp” o H{ (I*) o H (£2) o H (j*) (dvol,), [I]). (4.2)

@ Springer



U. Bader et al.

In a recent paper [3] Bucher-Burger-lozzi use a related notion to study
maximal (in a similar sense as in Corollary 4.12) representations of SO, 1. In
the Burger-Monod approach to bounded cohomology one can realize bounded
cocycles in the bounded cohomology of I" as cocycles on the boundary B.
However, it is not immediately clear how the evaluation of a bounded n-
cocycle realized on B at the fundamental class of I"\H" can be explicitly
computed since the fundamental class is not defined in terms of the bound-
ary. Lemma 4.6 below achieves just that. Let us now describe two important
ingredients that enter the proof of Lemma 4.6.

The first ingredient is the cohomological Poisson transform which is ex-
pressed by the visual measures on B = 0H".

Definition 4.5 For z € H" let v, be the visual measure at z on the boundary
B = 0H" at infinity, that is, v, is the push-forward of the Lebesgue measure
on the unit tangent sphere T;H” under the homeomorphism T; H" — oH"
given by the exponential map. For a (k 4 1)-tuple o = (zo, ..., zx) of points
in H" we denote the product of the v;, on B! by v,.

The measure v, is the unique Borel probability measure on B that is in-
variant with respect to the stabilizer of z. All visual measures are in the same
measure class. Moreover, we have

ve: =g, = v;(g7'_) forevery g € G.

The cohomological Poisson transform (see Definition B.5 for its general for-
mulation) is the I'-morphism of chain complexes PT® : L*(B**! R) —
Co(I', R) with

PT"(H) (0, ., y) = / FOb. b g
Bn

= f(bo,...,by) dv(yoxo ..... YnX0) 4.3)

Bn+1

where xop € H" is a base point. The map PT* is independent of the choice of
xo (see the remark after Definition B.5).

The second ingredient is Thurston’s description of singular homology by
measure cycles [59]: Let M be a topological space. We equip the space
S (M) = Map(Ak , M) of continuous maps from the standard k-simplex to
M with the compact-open topology. The group C;(M) is the vector space of
all signed, compactly supported Borel measures on Sx(M) with finite total
variation. The usual face maps 9; : Sg (M) — Sk—1(M) are measurable, and
the maps CI'(M) — C_, (M) that send 1 to 3_F_o(—1)* (8« turn CP(M)
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into a chain complex. The map
Do: Co(M) — CIN(M), 0+ 8,

that maps a singular simplex o to the point measure concentrated at o is a
chain map that induces an (isometric) homology isomorphism provided M is
homeomorphic to a CW-complex [37, 60].

Next we recall Thurston’s smearing construction, which describes an ex-
plicit representative of the fundamental class of a closed hyperbolic manifold
M =T\H".

For any positively oriented geodesic n-simplex o in H", let sm(o) denote
the push-forward of the normalized Haar measure on G° = Isom(H")? under
the measurable map

'\G® — Map(A", I'\H"), g pr(go).

Let p € G be the orientation reversing isometry that maps (zg, 21, .- ., Zn) tO
(z1,20,---,2n). By [53, Theorem 11.5.4 on p. 551] the image of the funda-
mental class in H,, (/"\H”, R) under the map H,(D,) is represented by the
signed measure’

vol(I"\H")

2volon) (sm(c9) — sm(p o 6p)) 4.4)

for any positively oriented geodesic n-simplex o in H”.

Lemma 4.6 Let I’ C G be a torsion-free and uniform lattice. Let oo =
(20, ...,2n) be a positively oriented geodesic simplex in H". Let [I'] €
H,(I',R) = H,(I'\H",R) be the fundamental class of '\H". Let f €
L®(B"t! R be an alternating cocycle. Then

(comp” o H (PT*)(L£1), [I])

vol(I"\H")
=—\/ / f(gbo, ..., gbn)dvs,dg.
VOI(UO) Bn+1 F\G()

Proof Fix a basepoint xg € H". Consider the I"-equivariant chain homomor-
phism ji: Ci(I") — Cx(H") that maps (), ..., ) to the geodesic simplex
with vertices (yoxo, ..., YkXxo). Let B®(S,(H"), R) C C*(H", R) be the sub-
complex of bounded measurable singular cochains on H". From (4.3) we see
that the Poisson transform PT* factorizes as

L2(B*H R) 5 B (s, (HY). R) & e )

9The reader should note that in loc. cit. the Haar measure is normalized by vol(I"\H") whereas
we normalize it by 1.
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where

PE(l)(0) = /

I(by, ...,by)dvs foroeSk(H”), and
Bk+1

RE(f) = f o ji.

For every k > 0 there is a Borel section s : Sp(I"\H") — Sx(H") of the
projection [37, Theorem 4.1]. The following pairing is independent of the
choice of s; and descends to cohomology:

. m: BX(S.(H"),R)" @ CI(I"\H") > R
Githn= [ ) duto)
Se(I"\H")

One sees directly from the definitions that for every x € H, (I, R)
(comp” oH" (PT®)([ f1), x) = (comp” o H"(R*) o H" (P*) (f), x)
= (H"(P)(Lf]). Hy(Du 0 j)(¥)) . (4.5)

Now we plug in x = [I"]. Since the homology class H; (De o j,)([I]) is rep-
resented by the measure cycle (4.4) and f is alternating, the assertion is im-
plied. O

Theorem 4.7 is known to experts; we prove it for the lack of a good refer-
ence. Although it can be seen as a special case of Theorem 4.8 we separate
the proofs. The proofs of Theorems 4.7 and 4.8 are given at the end of the
subsection.

Theorem 4.7 Let I' C G° be a torsion-free and uniform lattice. Then
{comp” (dvolp), [I"]) = vol (I"\H").
Equivalently, this means that comp” (dvolp) = dvol.

Theorem 4.8 Let (£2,m) be an ergodic (I', I')-coupling of a torsion-free
and uniform lattice I' C G°. Let

¢: X xB—>B

be the a-equivariant boundary map from (3.1), where a: I' x X — I is a
ME-cocycle for 2. If o = (20, ..., 2n) wWith z; € B is a positively oriented
ideal regular simplex, then the Euler number of §2 satisfies

1(I"\H"
eu(§2) = M/F\GO/Xvol(¢x(gZ()),---,%(gzn))01;L()C)dg,

Umax
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where vmax 1S the volume of a positively oriented ideal maximal simplex in
B"t1 and the quotient I'\G° carries the normalized Haar measure.

Note that the function
X

in the previous statement is I '-invariant by «-equivariance of ¢, G°-
invariance of the volume, and I'-invariance of u. So the integral in Theo-
rem 4.8 makes sense.

The following immediate corollary, which we will not use in this paper,
can be viewed as a higher-dimensional cocycle analog of the Milnor-Wood
inequality for homomorphisms of a surface group into Homeo. (S'). We will
present an independent stronger result, valid under an integrability assump-
tion, in Corollary 4.12.

Corollary 4.9 (Higher-dimensional Milnor-Wood inequality) In the setting
of Theorem 4.8 we have |eu(§2)| < vol(I"\H").

We shall need the auxiliary Lemma 4.10 before we conclude the proof
of Theorem 4.8 at the end of this subsection. We retain the setting of Theo-
rem 4.8 for the rest of this subsection.

Lemma 4.10 If 0 = (20,...,2n) with z; € H" is a positively oriented
geodesic simplex, then the Euler number of 2 satisfies

vol(I"\H")

vol(o)

Xf / /V01(¢x(gb0)a---»¢x(gbn))dﬂ(x)dgdv(r-
B+l GO/F X

eu(§2) =

Proof For better readability, we keep the notational distinction between 17
and I from Setup 3.1 and denote the copy of B on which I acts by By;
similarly for B,.

Consider the diagram below. The unlabeled maps are the obvious ones,
sending a function to its equivalence class up to null sets and inclusion of
constant functions.

All the maps are I'; x I'--equivariant chain morphisms as explained now.
On Lg,?k(Bl' H, R) and C} (17, R) we have the usual I7-actions and the trivial
I'--actions. The Poisson transform in the lower row is then clearly I x I-
equivariant. The actions on the domain and target of the maps Cp(x) and
Ci(¢) are defined in Propositions 4.1 and 4.2, and is proved there that these
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maps are I} x I-equivariant. The Poisson transform in the upper row, which
is I'.-equivariant, is also Ij-equivariant, since I acts only by its natural ac-
tion on 2.

1 G @) PT*
BX(BT Ry — L, (B! L®(R2)) — Ch(I7, L®(2))

J/ GO0

L2.(B T R) G U1, R) Co(I7,L>(£2))

The diagram describes two I x I,-equivariant chain morphisms
¢, v B (B} R) > Gy (I, L*(£2)

for which we want to prove, using Theorem B.1, that they are I; x [}-chain
homotopic. By Proposition B.3 the source B°°(B; TRy is a strong I} X
I';-resolution of R. It is shown in [43, Proof of Proposition 4.6.] that the
target Cp (17, L°°(£2)) is a relatively injective and strong I x I-resolution
of L*°(£2). Both ¢ and v as the lower map make the diagram

R L*°(£2)

| |

Cy([. LX(2)) —= Co(I3.L¥(R)

where the upper map is the inclusion of constant functions, commutative, that
is, ¢ and i are morphisms between the augmented resolutions. By Theo-
rem B.1, ¢ and v are equivariantly chain homotopic. Taking invariants and
cohomology, this means that the following diagram is commutative:

H"(¢) H'(PT")
H (B (B! R)M) —— H (LS, (B! L= (11\82))) —— Hy (17, L (171\2))
J/ HY(©2)
H" (PT*) Hy ()
H' LS B B = My (1L R) = H (1], LX(1\82)

The volume cocycle dvoly,, which we defined as a cocycle in L35, (Bt R),
is everywhere defined and everywhere [ -invariant and strictly satisfies the
cocycle condition; hence it lifts to a cocycle in B°°(B"*+!, R) which we de-
note by dvolgyic. Now we have

eu(£2) = (comp” o Hjy (I°) o H (£2) o Hi (ji*) o Hp (PT®) (dvolp), [I])
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= (comp” o H},(I*) o Hj; (PT*) o Hi: (¢) (dvolgyrico), [17])
= (comp” o Hp: (PT*) o H{! (I*) o Hjs (¢) (dvolguict), [I71).

Here the first equality is just the definition of the Euler class as in Defini-
tion 4.4; just be aware that there we denoted Hg (PT*)(dvolp) by the same
symbol dvol, since Hy (PT®) is a canonical isomorphism between two reso-
lutions computing bounded cohomology in the functorial approach. The sec-
ond equality follows by the commutativity of the above diagram. The third
equality is true since the cohomological Poisson transform is natural in the
coefficients, hence the integration Hy (I*) in the coefficients and Hy (PT*®) in-
terchange. We invoke Lemma 4.6 with [f] = Hg I*) o Hg (¢) (dvolgyict) to
conclude the proof. O

Proofs of Theorems 4.7 and 4.8 We start with the proof of Theorem 4.8. For
every i € {0,...,n} we pick a sequence (ka))keN on the geodesic ray from
a basepoint o € H" to z; converging to z;. Let o be the geodesic simplex
spanned by the vertices z(()k), ey z,(f). By Lemma 4.10,

vol(I"\H")
vol(o)

X/ / /VOl(d)x(gbO)»---,¢x(gbn))dﬂ(x)dgdvo-
Bn+1 F\GO X

eu(2) =

We now let k go to co. Note that the left hand side does not depend on k. First
of all, the volumes vol(o) converge to vol(o) = vpax. By Lemma 3.8,

kligolo Vak{(bOa cevs D) |d(¢x(gzi)a¢x(gbi)) < E} =1

forevery e >0 and a.e. (x,g) € X x G.

It is shown in [53, Theorem 11.4.2 on p. 541] that the volume, vol, is a
continuous function on the open set B+ of all (n 4 1)-tuples in general
position (see Definition 3.5). Thus, by Lemma 3.6, vol is continuous at a.e.
(¢x(820), ..., $x(gzn)), and therefore

lim | V01(¢x (gbo), ..., ¢« (gbn)) dvg, = V01(¢x (820)s -+ - s Hx (an)),

k—o00 J gn+

for a.e. (x, g) € X x G, which finally yields Theorem 4.8 by the dominated
convergence theorem. The proof of Theorem 4.7 is even easier since it does
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not require Lemma 3.8. One obtains from Lemma 4.6 that

(comp" (dvolyp), [I” ]>

vol(I"\H")
=—F— vol(gbo, ..., gbn) du(x)dgdvs,
VOI(O') Bn+1 F\GO X

which converges for k — oo to vol(I"\H") by continuity of the function vol
at a.e. point (¢, (gbo), ..., Px(gbn)) € B"*! (Lemma 3.6) and the weak con-
vergence of v to the point measure at z; forevery i € {0, ..., n}. O

4.3 Adding integrability assumption

In this subsection we appeal to a general result from our companion paper [1],
which relies on the integrability of the coupling. We get that, in the pres-
ence of such an integrability assumption, the Milnor-Wood inequality given
in Corollary 4.9 becomes an equality, see Corollary 4.12 below.

Theorem 4.11 ([1, Theorem 5.12] and [1, Corollary 1.11]) Let M and
N be closed, oriented, negatively curved manifolds of dimension n. Let
(82, ) be an ergodic, integrable ME-coupling (2, ) of the fundamental
groups I' = (M) and A = m(N), and set ¢ = Zgﬁig; Suppose that

xﬁl € Hy(I",R) is an element that maps to the cohomological fundamental
class xr e H'(I',R) ZE H" (M, R) of M under the comparison map. Define
x4 € H* (A, R) analogously. Then the composition

- ( )

Hp (I',R) —— Hp(T, L°°(A\.Q)) H”(A L®(I\R2))

H (1°)

— Hp(A, ]R) H" (A, R) (4.6)
sends xﬁl to c - x 5. Furthermore, if ' = A, then ¢ = 1.

Corollary 4.12 (Maximality of the Euler class) Retain the setting of Theo-
rem 4.8. If, in addition, the coupling S2 is integrable, then

eu(£2) = = vol(I"\H"). 4.7)
Proof We apply Theorem 4.11 to M = N = I"'\H" and A = I". One has
dvol =vol(M) - xr

because the top degree cohomology is one-dimensional, and the evaluation
against the homological fundamental class gives the equality. By Theorem 4.7

dvol = comp” (dvolp).

@ Springer



Integrable ME-rigidity of hyperbolic lattices

Thus, xfl = xz = dvol, / vol(M) satisfy the conditions of the theorem. Since

in this case ¢ = 1, we conclude that dvol, is mapped to = dvol under (4.6).
Equation (4.2) of Definition 4.4 gives

eu(£2) = (comp” o Hy (I*) o HY, (£2) o H (/) (dvoly), [I])
= (£dvol, [I"]) = £ vol(I"\H"). 0

Recall that Efg (resp. X"°%) denotes the set of positively (resp. negatively)
oriented regular ideal simplices (see Sect. 3.1). We think of Efg and X' as
subsets of B"T!—the (n + 1)-tuples of points on the boundary B = dH".
Since Efg (resp. X°®) is a single GC-orbit, terms like a.e. point on Efg
refer to the Haar measure on G°.

Corollary 4.13 Retain the setting of Theorem 4.8. If, in addition, the coupling
§2 is integrable, then the Borel map

¢;+1:¢XX"'X¢XZB”+1—>B}1+1

either maps a.e. point in Efg into Efgfor u-a.e x € X, or a.e. point of Efg
is mapped into X" for p-a.e x € X.

Proof Fix (2o, ...,z,) € Z*. Combining Corollary 4.12 with Theorem 4.8
we get

/ /V01(¢x(gZ0)»---’¢x(an)) dp(x) dg = £vmax.
r\GoJx

By Lemma 3.3 (2), an ideal simplex has an oriented volume vy iff it
is in X1* and —vmay iff it is in X°°. Combining this with the fact that
the absolute value of the integrand on the left hand side in the above for-
mula is a priori at most vpax implies that either for a.e. (g, x) € G x X,
(éx(820), -+, Px(82)) € ZF or for ae. (g,x) € GO x X, (¢x(g20); - -,
o (gzn)) € > But by Lemma 3.3 (1), GO acts simply transitive on 38
thus for the set of g € G© satisfying the above generic condition, the set of
ideal simplices of the form (gzo, ..., gz,) is of full measure in Efg . The
proof now follows by an application of Fubini’s theorem. U

5 Proofs of the main results
5.1 Proof of Theorems B and C

Proof of Theorem B We aim to show that the group G = Isom(H") is 1-taut
for any n > 3. Fix a cocompact torsion-free lattice I" < G in the connected
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component of e € G. By Proposition 2.3 G is strongly ICC, thus Proposi-
tion 2.9 applies and it is enough to show that I" is 1-taut relative to G (note
that a cocompact lattice is integrable). By Lemma A.5 (applied to I') it is
enough to show that every integrable ergodic (I”, I")-coupling is taut relative
to G.

Let (£2,m) be an integrable ergodic (I, I')-coupling. We adopt the
Setup 3.1 and consider the boundary map (3.1) ¢ : X x B — B. Let
E_r:’g, 3™ ¢ Bt denote the sets of positively and negatively oriented reg-
ular ideal simplices, as defined in Sect. 3.1. Then Corollary 4.13 implies that
either for p-a.e x € X, qﬁ;‘“ = ¢y X --- X ¢, maps a.e. point in Efg into
X8, or for p-a.e x € X, ¢7! maps a.e. point in X into X%

We now use the assumption that n > 3, and apply Lemma 3.4 to deduce
that for a.e x € X there exists a unique g, € G with ¢, (b) = g,b for a.e.
b € B. Proposition 3.2 applied to G being the image of G in Homeo(B) yields
that £2 is taut with respect to G. U

We now set the stage for the proof of Theorem C which deals with the
case n = 2. If we normalize the volume cocycle (4.1) by the volume vy of a
non-degenerate positively oriented ideal 2-simplex in H? U H>—they all have
the same volume—we obtain the orientation cocycle c¢ defined on triples of
points on the circle S! = B = dH? by

c(bo, b1, b3) = vpay - Vol(bo, by, b2).

max

It takes values in {—1,0, 1} with c(bg, b1, by) = 1 if the triple (bg, b1, b2)
consists of distinct points in the positive orientation/cyclic order, c = —1 if
the cyclic order is reversed, and ¢ = 0 if the triple is degenerate. Let v denote a
probability measure in the Lebesgue class, and suppose that ¢ : (', v) — S!
is a measurable map so that for vi-ae. (bo, b1, by):

c(p(bo), ¢ (b1), ¢(b2)) = c(bo, b1, ba).
It follows from [30, Proposition 5.5] that the following conditions on such
measurable orientation preserving ¢ : (S', v) — S! are equivalent:

(1) The push-forward measure ¢, v has full support;
(2) ¢ agrees a.e. with a homeomorphism f € Homeo(S!).

Let I' < G = Isom(H?) be a lattice. Let o : I" x X — I" be the ME-cocycle
associated with an ergodic (I, I")-coupling (£2,m) and an identification
i:I''x X — 2. Let ¢ : (Sl,v) — S!, x € X, be the boundary map 3.1
associated to o as in Sect. 3.

Proposition 5.1 [f the orientation cocycle is preserved by ¢y a.e., that is,

C(d’x (bo), P (b1), Px (bz)) =c(by, by, by) Vi-ae.
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for a.e. x € X, then the map ¢, agree a.e. with a homeomorphism fy €
Homeo(Sl)for ae xe€X.

Proof We prove that the measurable family of open sets U, = S \ supp(¢,v)
satisfies a.e. Uy = {J. The fact that v is I"-quasi-invariant and the identity

by.x(yb) =y, x)¢x(b)
imply the following a priori equivariance of {Uy | x € X}
Uyx=a(y,x)U,. (5.1

Since U, # S for every x € X, the proposition is implied by Lemma 2.5 and
the fact that the action of G = PSL,(R) and of its lattices on the circle S! is
minimal and strongly proximal [19, Propositions 4.2 and 4.4]. 0

Proof of Theorem C We fix a cocompact torsion-free lattice I < G° (a sur-
face group) in the connected component of G = Isom(H?). We identify S!
as B = 9H? and embed G in the Polish group G := Homeo(S') accordingly.
Exactly as at the start of the proof of Theorem B (n > 3 was not needed for
that) one sees that it suffices to show that I" is 1-taut relative to G.

By Lemma A.5 it is enough to show that every integrable ergodic (I, I")-
coupling is taut relative to G. Let (£2, m) be such a coupling. We adopt the
Setup 3.1 and consider the boundary map (3.1) ¢ : X x B — B.

Corollary 4.13 implies that there is o € {1, —1} such that for p-a.e. x € X
and a.e. triple (b1, b, b3) € (S1)3:

¢(¢x(b1), px (b2), P (b3)) = 0 - c(b1, b2, b3).

That is, either a.e. ¢, preserves the cyclic order of a.e. triple, or a.e. ¢,
reverses the cyclic order of a.e. triple. In either case, by Proposition 5.1
we conclude that for a.e. x € X, ¢, agree a.e. with a homeomorphism
f« € Homeo(S"). It follows with Proposition 3.2 that the ergodic integrable
(I", I')-coupling 2 is taut relative to G = Homeo(S h. Il

5.2 Measure equivalence rigidity: Theorem D

Let G =Isom(H"), n > 3. Let I < G be a lattice, and A a finitely generated
group which admits an integrable (17, A)-coupling (§2, m). By Lemma A.2
the (I, I')-coupling §2 x 4 £2* is integrable.

By Theorem B and Proposition 2.9 the lattice " is 1-taut relative to the
inclusion I" < G. Hence the coupling §2 x 4 §£2* is taut. By Proposition 2.3
the group G is strongly ICC relative to I" < G. Applying Theorem 2.6 we
obtain a continuous homomorphism p : A — G with finite kernel F, image
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A = p(A) being discrete in G, and a measurable idj x p-equivariant map
v:2—G.

To complete the proof of statement (1) of Theorem D and case n > 3 of
Theorem A it remains to show that A is not merely discrete, but is actually a
lattice in G. This can be deduced from the application of Ratner’s theorem be-
low which is needed for the precise description of the push-forward measure
W,.m on G as stated in part (2) of Theorem D. Let us also give the following
direct argument which relies only on the strong ICC property of G.

Consider the composition (G, A)-coupling 2=Gx r §2, and the (G, G)-
coupling 2 x 4 £*. Since I' is an integrable lattice in G (Theorem 1.9) by
Lemma A.2 both £2 and 2 x 4 £2* are integrable couplings. Theorem B pro-
vides a unique tautening map

D:Q x4 02— G.

Applying Theorem 2.1 (a special case of Theorem 2.6 with G = G), we obtain
a homomorphism p : A — G with finite kernel and image being a lattice in
G. There is also a Idg x p-equivariant measurable map

lIf\;:ﬁszF.QHG.

We claim that p, p : A — G are conjugate representations. To see this observe
that since G is strongly ICC, there is only one tautening map §2 x 4 2* — G.
This implies the a.e. identity

~ ~ 1 1 —
V(g1 1 ])¥([g2. @2]) =g1¥ (@)W (2) g5 "
Equivalently, we have a.e. identity
W (w) gy ' (g1, w1]) = ¥ (w2) " gy ' ¥ (Ig2, w2]).

Hence the value of both sides are a.e. equal to a constant gg € G. It follows
that fora.e. ge G and w € 2

g*1l17([g, a)]) =V (w)go.
Finally, the fact that &, ¥ are p-, p- equivariant respectively, implies:
P =gop(gy ' (€.
In particular, A = g0 15(A)go is a lattice in G.
We proceed with the proof of statement (2): given the Idf x p-equivariant

measurable map ¥ : £2 — G we shall describe the pushforward ¥,m on G.
(We shall use the discreteness of A = p(A), but the fact that it is a lattice will

@ Springer



Integrable ME-rigidity of hyperbolic lattices

not be needed; in fact, it will follow from the application of Ratner’s theorem.)
Recall that the measure ¥, is invariant under the action x — yxp(1)~ I and
descends to a finite I"-invariant measure 4 on G /A and to a finite A-invariant
measure v on I'\G. Assuming m was I" x A-ergodic, u and v are ergodic
under the I"- and A-action, respectively. One can now apply Ratner’s theorem
[54] to describe w, and thereby W, m, as in [15, Lemma 4.6]. For the reader’s
convenience we sketch the arguments.

Let A= AN GY so either A°= A or [A: A°] = 2. In the first case
we set u’' = u, in the latter case let ' denote the 2-to-1 lift of p to G/A°.
Let ' =" N G and let 1 be an ergodic component of x’ supported on
GY/A°. We consider the homogeneous space Z = G°/I' x G°/A° which is
endowed with the following probability measure

~0 __ 0
I _/GO/FOSgFO X gxp-dmgo,ro.

Observe that 1° well defined because u” is I'°-invariant. Moreover, 0 is

invariant and ergodic for the action of the diagonal AGY c G° x GY on
Z. Since G is a connected group generated by unipotent elements, Ratner’s
theorem shows that ¥ is homogeneous. This means that there is a connected
Lie subgroup L < G° x G° containing A(G®) and a point z € Z such that the
stabilizer L, of z is a lattice in L and ji° is the push-forward of the normalized
Haar measure m /p, to the L-orbit Lz C Z. Since GY is a simple group, there
are only two possibilities for L: either (i) L = GY x GY or (ii) L = A(GY).
In case (i), i is the Haar measure on G /T 0% GO / A%, and 10 is the Haar
measure on GO/AO. (In particular, AQ is a lattice in G, and A is a lattice in
G.) The original measure  may be either the G-invariant measure m ; /4> Or

a G'-invariant measure on G/A. In the latter case, by possibly multiplying
@ and conjugating p with some x € G \ G°, we may assume that y is the
GY-invariant probability measure on G%/A.

In case (ii), the fact that L. is lattice in L = A(G?), implies that ©° and
the original measure p are atomic. Since I acts ergodically on (G/A, ),
this atomic measure is necessarily supported and equidistributed on a finite
I -orbit of some ggA € G/A. It follows that I" N 8o 1/igo has finite index
in I". (This also implies that A is a lattice in G.) Upon multiplying ¥ and
conjugating p by go € G, we may assume that @.m is equidistributed on the
double coset I"e A and that I", A are commensurable lattices. This completes
the proof of Theorem D.

5.3 Convergence actions on the circle: case n = 2 of Theorem A

Let I be a uniform lattice in G = Isom(H?) & PGL;(R). The group G is a
subgroup of Homeo(S') by the natural action of PGL,(R) on S' = RP!.
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Consider a compactly generated unimodular group H that is L!-measure
equivalent to I". We will prove a more general statement than in Theorem A,
which is formulated for discrete H = A. Since I is uniform, hence inte-
grable in G, we can induce any integrable (I”, H)-coupling to an integrable
(G, H)-coupling (Lemma A.2). Let (£2, m) be an integrable (G, H)-coupling
(£2,m).

From Theorem 2.6 we obtain a continuous homomorphism p : H —
Homeo(S!) with compact kernel and closed image H < Homeo(S') and, by
pushing forward m, a measure 77 on Homeo(S') that is invariant under all
bilateral translations on f +— gfp(h)~! with g € G and h € H and descends
to a finite H-invariant measure i on G\ Homeo(S') and a finite G-invariant
measure v on Homeo(S') / H.

The next step is to show that A can be conjugated into G. To this end, we
shall use the existence of the finite H-invariant measure ;. on G\ Homeo(S b,
which may be normalized to a probability measure. We need the following
theorem which we prove relying on the deep work by Gabai [20] and Casson-
Jungreis [8] on the determination of convergence groups as Fuchsian groups.

Theorem 5.2 Let u be a Borel probability measure on G\ Homeo(S'). Then
the stabilizer H,, = {f € Homeo(S') | fup = p} for the action by the right
translations is conjugate to a closed subgroup of G.

Proof We fix a metric d on the circle, say d(x,y) = £(x,y). Let Trp C
S' x 8! x S! be the space of distinct triples on the circle. The group
Homeo(S') acts diagonally on Trp. We denote elements in Trp by bold let-
ters X € Trp; the coordinates of x € Trp or y € Trp will be denoted by x;
or y; where i € {1,2, 3}, respectively. For f € Homeo(S!) we write fx)
for (f(x1), f(x2), f(x3)). We equip Trp with the metric, also denoted by d,
given by

d(x,y) = max d(x;, y;).
(x,y) el 53 (xi, yi)

The following lemma will eventually allow us to apply the work of Gabai-
Casson-Jungreis. O

Lemma 5.3 For every compact subset K C Trp and every € > 0 there is
8 > 0 so that for all h,h' € H, andy € K Nh™'K andy' € K N W'~'K one
has the implication:

d(y.y) <8 and d(h(y),h'(y')) <8 = supd(h(x),h'(x)) <e.

xeS!
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Proof For an arbitrary triple z € Trp and x € S'\ {z3} consider the real valued
cross-ratio

(x —z1)(z2 — 23)

(x —z3)(z2 —21)

In this formula we view the circle as the one-point compactification of the
real line. Denote by [z1, z2];, the circle arc from z; to z2 not including z3. As
a function in the first variable, [_, z1; z2, z3] is @ monotone homeomorphism
between the closed arc [z1, z2];; and the interval [0, 1]. For f € Homeo(S 1)
and z € Trp we define the function

[x,z1; 22, 23] =

Frypila, 22l > (0,11, Fop() =[f(x), f(z1): f(z2), f(z3)].

Since the cross-ratio is invariant under G [53, Theorem 4.3.1 on p. 116],
we have F o7 (x) = Fy r(x) for any g € G. Hence we may and will use the
notation Fz gr(x). We now average Fz gy (x) with regard to the measure u
and obtain the function F3 : [z1, z2];; — [0, 1] with

Fylx) = / Fp.67 () du(Gf).
G\ Homeo(S1!)
The H,-invariance of x implies that
Fiy(h(x)) = Fy(x) (5.2)

for every h € H, and every x € [z, 22];;. Let us intrgduce the following
notation: Whenever K C Trp is a subset, we denote by K the subset

f(:{(x,l)|Z€K,x€[z1,Z2]z3}CS1 x St x s x st

Next let us establish the following continuity properties:

(1) For every compact K C Trp and every € > 0 there is n > 0 such that:

_ - €
Vis.20..2)ek (\Fz(r) — Fy(s)| <n=d(t,s) < §>.
(2) For every compact K C Trp and every n > 0 there is § > 0 such that:
- - U
Vi tmek (d(y, ) <8 = |Fy(1) — F,(1)| < 5).
Proof of (1): Let K C Trp be compact and € > 0. Let f € Homeo(S 1), The

family of homeomorphisms F; Gr: [z1, z2];; — [0, 1] depends continuously
on z € Trp. The inverses of these functions are equicontinuous when z ranges
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in a compact subset. Hence there exists (G f) > 0 such that for every z € K
and all 7, s € [z1, z2];, We have the implication

|Focr(t) — Fogr(s)| <0(Gf) = d(t,s)<§.

The set G\ Homeo(S!) is the union of an increasing sequence of measurable
sets

Ap = {Gf € G\H |0(Gf) > %}

Fix n large enough so that u(A,) > 1/2. We claim that n = (2n)~! satis-
fies (1). Suppose that z € K and ¢, s € [z1, 22];, satisfy d(z,s) > €/5. Up to
exchanging ¢ and s, we may assume that [s, z1; 22, 23] > [¢, 21; 22, 23]. Then
Fu.Gr(s) > Fyr(t) forall f € Homeo(S!), and

n 2 1
F,(s) — Fy(1) Z/ (Fz,Gf(S) — Fz,Gf(t)) du > (Ap) - - > 7.

n

Proof of (2): Let K C Trp be compact, and let 7 > 0. Let f € Homeo(S!).
Since K is compact, F,(x) as a function on Kis equicontinuous. Hence there
is 8(Gf) > O such that for all (x,y) € K and (x,z) € K withd(y, z) < 8(Gf)
we have

|Fy,6r () = Fpar ()] < g

The set G\ Homeo(S!) is the union of an increasing sequence of measurable
sets

B, = {GfeG\H|<S(Gf) > %}

We choose ne N with u(B,) > 1—n/2 and set§ = n~1. Then for (x, y) € K
and (x,z) € K with d(y, z) < § we have

‘Fy(X) — Fz(X)‘ S/B ‘Fy,(;f(x) — Fz,Gf(X)‘dM(Gf) + g <,

proving (2).
We can now complete the proof of the lemma. Let K C Trp be a compact
subset. Let € > 0. We can choose r > 0 such that

K C{xeTrp|d(x1,x2),d(x2,x3),d(x3,x1) > r}.
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For the given € and K let n > 0 be as in (1). For the given € and K and this n
let 5 > O be as in (2). We may also assume that

€ r
< —<—.
5 3

Consider h,h’ € H, and y,y' € K where z = h(y), Z = h'(y') are also
in K A, and assume that d(y,y’) < 8 and d(z,z') < §. There are several
possibilities for the cyclic order of the points {y1, y{, y2, y5, y3, ¥}, but
since the pairs {y;, y;} of corresponding points in the triples y,y’ are closer
(d(yi, y}) <8 < r/3) than the separation between the points in the triples
d(yi,y;).d(], y}) > r), these points define a partition of the circle into
three long arcs L;; separated by three short arcs Sy (possibly degenerating
into points) in the following cyclic order

S1:L12USQUL23US3UL31US1.

The end points of the arc S; are {y;, y}; and if (i, j,k) = (1,2,3) up to a
cyclic permutation, then

Lij =Ly, yily N [, y;]yl{
Note that for any x € L;; we have
h(x), h'(x) € [zi, 21z, O [z} Z/J']ZL'
Using (2) and (5.2) we obtain
| Fo(h(x)) = Fy(h' ()| < | Fo(h(x)) — Fy (' ()]
+ |Fy (h'(x)) = Fo(h' (0)|
- = n
< |F(h(0) = (W' @)| + 3
- = n
= |Fy(x) — Fy/(x)| + > <.
By (1) it follows that d(h(x), h'(x)) < €/5 for every x € L1, U Ly3 U L3;. It
remains to consider points x € S;, i = 1, 2, 3, which can be controlled via the
behavior of the endpoints y;, y; of the short arc ;.

First observe that the image h(S;) of S; is the short arc defined by
h(yi), h(ylf ). Indeed, on one hand the two points are close:

2
d(h(y). h(y])) =d(h(y). 1 () +d (B (). h(57)) <6 + g =5©
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On the other hand, S' \ S; of S; contains a point yj with j € {1,2,3}\ {i};
therefore h(y;) ¢ h(S;). Since h(y) € K we have

d(h(yi),h(yj)) =r > 2€/5.

Hence /(S;) is the short arc defined by 2¢/3-close points £ (y;), h(ylf ), imply-
ing

2
d(h(x), h(y)) < s€ (xes.

Similarly, A’(S;) is the short arc defined by 2¢/5-close points h'(y;), h'(y}),
and

/ / 2
d(h (). () < Ze (x € 8)).
Since y; € L;j, d(h(y;), h'(yi)) < €/5. Therefore for any x € S;

d(h(x), h'(x)) <d(h(x), h(y)) +d (R (i), h' (%))
+d(h'(x), 1 (i) <e. O

Continuation of the proof of Theorem 5.2 We claim that H,, < Homeo(S$ 1y is
a convergence group, i.e., for any compact subset K C Trp the set

H(p,K)={heH,|h"'KNK #0}

is compact. In particular, the Polish group H, is locally compact. Let us fix
a compact subset K C Trp. Since H (i, K) is a closed subset in the Polish
group Homeo(S 1), it suffices to show that any sequence {hn};’f’: pin H(p, K)
contains a Cauchy subsequence. Choose triples y, € h,; 'K N K. Upon pass-
ing to a subsequence, we may assume that the points y, converge to some
y € K and the points z, = h, (y,) converge to some z € K. Let € > 0. For the
given € and K let § > 0 be as in Lemma 5.3. Choose N € N be large enough
to ensure that d(y,, ym) < 6 and d(z,,z,) < § for all n,m > N. It follows
from Lemma 5.3 that 4, and 4, are e-close whenever n, m > N. This proves
that H,, is a convergence group on the circle.

Finally, it follows that H, is conjugate to a closed subgroup of G. For
discrete groups this is a well known results of Gabai [20] and Casson—
Jungreis [8]. The case of non-discrete convergence group H, < Homeo(S b
can be argued more directly. The closed convergence group H), is a locally
compact subgroup of Homeo(S'); the classification of all such groups is
well known, and the only ones with convergence property are conjugate to
PGL,(R) [24, pp. 345-348, 16, pp. 51-54]. 0

We return to the proof of Theorem A in case of n = 2. Starting from an
integrable (G, H)-coupling (£2, m) between G = PGL,(R) and an unknown
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compactly generated unimodular group H a continuous representation p :
H — Homeo(S!) with compact kernel and closed image was constructed.
Theorem 5.2 implies that, up to conjugation, we may assume that

H = p(H) < G =PGLy(R).

Since H is measure equivalent to G = PGL;(IR), it is non-amenable.

Case (1): H < G = PGL,(R) is non-discrete. (This does not occur in the
original formulation of Theorem A, but is included in the broader context of
lcsc H adapted in this proof.) There are only two non-discrete non-amenable
closed subgroups of G: the whole group G and its index two subgroup G° =
PSL,(R). Both of these groups may appear as H; in fact, direct products of
the form H = G x K or H = G° x K with compact K and certain almost
direct products G’ x K'/C as in [16, Theorem A] give rise to an integrable
measure equivalence between H and G (cf. [16, Theorem C]).

Case (2): H is discrete. We claim that such H is a cocompact lattice in G.
Indeed, every finitely generated discrete non-amenable subgroup of G is ei-
ther cocompact or is virtually a free group ;. The latter possibility is ruled
out by the following.

Lemma 5.4 The free group F is not L' -measure equivalent to G.
Note that these groups are measure equivalent since [ forms a lattice in G.

Proof Assuming I, is L!'-measure equivalent to G, one can construct an
integrable measure equivalence between G and the automorphism group
H = Aut(Tree4) of the 4-regular tree, which contains F, as a cocompact
lattice. By Theorems C and 2.6 this would yield a continuous homomor-
phism H — Homeo(S') with closed image. This leads to a contradiction,
because H is totally disconnected and virtually simple [58, Théoréme 4.5],
while Homeo(S!) has no non-discrete totally disconnected subgroups [24,
Theorem 4.7 on p. 345]. O
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Appendix A: Measure equivalence

The appendix contains some general facts related to measure equivalence
(Definition 1.1), the strong ICC property (Definition 2.2), and the notions
of taut couplings and groups (Definition 1.3).

A.1 The category of couplings

Measure equivalence is an equivalence relation on unimodular Icsc groups.
Let us describe explicitly the constructions which show reflexivity, symmetry
and transitivity of measure equivalence.

A.1.1 Tautological coupling

The tautological coupling is the (G x G)-coupling (G,mg) given by
(81,82): 8+ 8188, ! It demonstrates reflexivity of measure equivalence.

A.1.2 Duality

Symmetry is implied by the following: Given a (G, H)-coupling (£2, m) the
dual (£2*, m*) is the (H, G)-coupling §2* with the same underlying measure
space (£2, m) and the H x G-action (h, g) : ©* — (g, h)w*.

A.1.3 Composition of couplings

Compositions defined below shows that measure equivalence is a transi-
tive relation. Let G, H, G» be unimodular Icsc groups, and (£§2;,m;) be a
(Gi, H)-coupling for i € {1,2}. We describe the (G1, G;)-coupling 21 x g
.Qi“ modeled on the space of H-orbits on (21 x 22, m1 x my) with respect
to the diagonal H-action. Consider measure isomorphisms for (§2;, mi) as
in (1.1): For i € {1, 2} there are finite measure spaces (X;, u;) and (¥;, v;),
measure-preserving actions G; ~ (X;, u;) and H ~ (Y;, v;), measurable co-
cycles o; : G; x X; > H and 8; : H x Y; — G;, and measure space isomor-
phisms G; x Y; = £2; = H x X; with respect to which the G; x H-actions
are given by

(gi,h): (W, x) > (hWai(gi, x) 7", gi . x),
gi.h): (g y) > (gig' B, )™ h.y).

The space 21 x g .Q;‘ with its natural G| x G»-action is equivariantly isomor-
phic to (X1 x X2 x H, u1 X uy x my) endowed with the G; x G;-action

(g1,82) : (x1, X2, k) > (g1.x1, g2 %2, a1(g1, x1)haa(g2, x2)7').
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To see that it is a (G, G2)-coupling, we identify this space with Z x G
equipped with the action

(81,82 : (8. 2) > (g18'c(g2.2) " g2.2) (¢ €G1, z€2)

where Z = X» x Y1, while the action Gy ~ Z and the cocycle ¢ : Gy x Z— G
are given by
g2:(x,y) > (g2.x,2(82.%) . y), A
c(g2, (x, ) = B1(2(g2, %), y).

Similarly, 21 xy 25 =W x G, for W = X x Y».
A.1.4 Morphisms

Let (£2;,m;), i € {1,2}, be two (G, H)-couplings. Let F : 21 — 2> be a
measurable map such that for mi-a.e. w € £21 and every g € G and every
heH

F((g, h)w) = (g, h)F ().
Such maps are called quotient maps or morphisms.
A.1.5 Compact kernels
Let (£2,m) be a (G, H)-coupling, and let

{1} > K—>G—G— {1}
be a short exact sequence where K is compact. Then the natural quo-
tient space (£2,m) = (§£2,m)/K is a (G, H)-coupling, and the natural map
F:02 — 2, F:owr~ Ko, is equivariant in the sense of F((g,h)w) =

(g, h)F(w). This may be considered as an isomorphism of couplings up to
compact kernel.

A.1.6 Passage to lattices

Let (£2,m) be a (G, H)-coupling, and let I" < G be a lattice. By restrict-
ing the G x H-action on (£2,m) to I' x H we obtain a (I, H)-coupling.
Formally, this follows by considering (G, mg) as a I' x G-coupling and con-
sidering the composition G X §2 as §£2 with the I" x H-action.
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A.2 LP-integrability conditions

Let G and H be compactly generated unimodular Icsc groups equipped with
proper norms | - |g and | - |g. Let ¢ : G x X — H be a measurable cocycle,
and fix some p € [1, o0). For g € G we define

1/p
||g||c,p=< /X \c<g,x>|i,du(x>> .

For p = 0o we use the essential supremum. Assume that || gl|,, < oo for
a.e. g € G. We claim that there are constants a, A > 0 so that for every g € G

lglle.p < A-lglc +a. (A2)

Hence c is LP-integrable in the sense of Definition 1.5. The key observation
here is that || — ||, , is subadditive. Indeed, by the cocycle identity, subaddi-
tivity of the norm | — |y, and the Minkowski inequality, for any g1, g2 € G
we get

1/p
llg281llc.p < (/X(|C(82,g1 )|y + |C(81,X)|H)pdu(x))

p 1/p » 1/p
E(L‘C(gz’_)"’d“> +(/X\C(g1,—)\Hdu)

= ||g2||c,p + ||gl ”c,p-

Fort > 0 denote E; ={g € G: ||gllc,p <t}. We have E; - E; C E;, for any
t,s > 0. Fix ¢ large enough so that mg(E;) > 0. By [11, Corollary 12.4 on
p. 235], E»; O E; - E; has a non-empty interior. Hence any compact subset of
G can be covered by finitely many translates of E»;. The subadditivity implies
that ||g||¢,» is bounded on compact sets. This gives (A.2).

Lemma A.1 Let G,H,L be compactly generated groups, G ~ (X, u), H ~
(Y, v) be finite measure-preserving actions,and o : G x X — H and B : H x
Y — L be LP-integrable cocycles for some 1 < p < o0o. Consider Z=X xY
and G ~Zbyg:(x,y)— (g.x,a(g,x).y). Then the cocycley : G X Z —
L given by

(g, (x, ) = B(alg, x), ).

is LP-integrable.
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Proof For p = oo the claim is obvious. Assume p < oco. Let A,a, B, b be
constants such that ||k||g,, < B - |h|g + b and ||gll¢,p < A - |glG +a. Then

||g||£’,,,=/x Y!ﬂ(a(g,X),y)\fdu(X)dV(y)

< [ (B+Jate. 0l +8)" duco)
X
<max(B,b)? - ligle.p < (C gl +¢)”
for appropriate constants ¢ > 0 and C > 0. U

Lemma A.2 Let G, H, G, be compactly generated unimodular lcsc groups.
For i € {1,2} let (£2;,m;) be an LP-integrable (G;, H)-coupling. Then
21 XH .Q; is an LP -integrable (G, G2)-coupling.

Proof This follows from Lemma A.1 using the explicit description (A.1) of
the cocycles for £2| xp £25. O

We conclude that for each 1 < p < oo, L”-measure equivalence is an
equivalence relation between compactly generated unimodular Icsc groups.

A.3 Tautening maps

Lemma A.3 Let G be a lcsc group, I' a countable group and ji, jo: I' — G
be homomorphisms with I'; = j;(I") being lattices in G. Assume that G is taut
(resp. p-taut and I are LP-integrable). Then there exists g € G so that

pW=gheg' (yel).

If 7 : G — G is a continuous homomorphism into a Polish group and G is
taut relative to w : G — G (resp. G is p-taut relative to w : G — G and T;
are LP-integrable) then there exists y € G with

7 () =yr(i)y™" rel).
Proof We prove the more general second statement. The group
A={(ji»). 2(») €GxG|yeT]
is a closed discrete subgroup in G x G. The G x G-space 2 = (G x G)/A
equipped with the G x G-invariant measure is easily seen to be a (G, G)-

coupling. It will be L”-integrable if I"] and I are L”-integrable lattices. Let
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@ : £2 — @G be the tautening map. There are a, b € G and x € G such that for
all g1,820€G

P ((g1a, g20)Af) =7 (gn)xm(g2) ™"
Since (a, b) and (j1(y)%a, jz(y)b b) are in the same A-coset, where gh =
hgh~!, we get forall g, g» € G andevery y € I'
_ . . —1 _
m(gDxm(g) " =m(gDm (1)) xm (a()’)” m(g) .

This implies that j; and j, are conjugate homomorphisms. O

The following lemma relates tautening maps @ : 2 — G and cocycle
rigidity for ME-cocycles.

Lemma A.4 Let G be a unimodular Icsc group, G be a Polish group, w :
G — G a continuous homomorphism. Let (§2, m) be a (G, G)-coupling and
¢:GxX—G,B:GxY — G be the corresponding ME-cocycles. Then
there is a tautening map §2 — G iff the G-valued cocycle 7w o a is conjugate
to m, that is,

moa(g,x)=f(g.x) 'm(g) f(x).

Moreover, 2 is taut relative to w if such a measurable map f : X — G
is unique. This is also equivalent to w o B being uniquely conjugate to 7 :
G—G.

Proof Let o : G x X — G be the ME-cocycle associated to a measure space
isomorphism i : (G, mg) x (X, u) — (£2,m) as in (1.1). In particular,

(g1, 82) (g, x) > i(g2ge(g1, x) 7', g1.x).

We shall now establish a 1-to-1 correspondence between Borel maps f :
X — G with

woa(g,x)=f(g.x) 'w(g)f(x)
and tautening maps @ : £2 — G. Given f as above one verifies that
P:2->G  ®(igx)=f®)m(g)"

is G x G-equivariant.
For the converse direction, suppose @ : £2 — G is a tautening map. Thus,

1P (g0, x)g; ' = ®((g1,£2)(20, X)) = P (g2802 (g1, )", g1.%).

For p-a.e. x € X and a.e. g € G the value of @ (g, x)g is constant f(x). If we
substitute go = g1 = g and g» = gar(g, x)g~ ! in the above identity, then we
obtain a(g, x) = f(g.x) ' gf(x). O
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Lemma A.5 Let G be a unimodular lcsc group, G be a Polish group,
7w . G — G a continuous homomorphism. Then G is (p-)taut, that is every
(p-integrable) (G, G)-coupling is taut relative to m, iff every ergodic (p-
integrable) (G, G)-coupling is taut relative to .

Proof We give the proof in the p-integrable case, the case without the inte-
grability condition being simpler. We assume that every ergodic p-integrable
(G, G)-coupling is taut relative to m and let (£2,m) be an arbitrary
p-integrable coupling. We fix a fundamental domain (X, ) for the second G
action such that the associated cocycle o : G x X — G is p-integrable.

Let n = fu,dn(t) be the G-ergodic decomposition of (X, u). By [15,
Lemma 2.2] it corresponds to the (G x G)-ergodic decomposition of (£2, m)
into ergodic couplings (§2, m;), so that m = fm, dn(t).

Let |_|: G — N be the length function associated to some word-metric
on G. The p-integrability of « means that

//Xia(g,x)V’dut(x)dn(r):fX|a(g,x>|”du<x><oo

for every g € G. By Fubini’s theorem fx la(g, x)|P dus(x) < oo for n-a.e. t.
Hence (£2, m;) is p-integrable for n-a.e. m;, and in particular it is taut relative
to 7r, by our assumption. It follows by Lemma A.4 that the cocycle 7 o « is
conjugate to the constant cocycle m over n-a.e. (X, i¢). Then by [13, Corol-
lary 3.6]'° 7 o « is conjugate to 7 over (X, 11). Again, by Lemma A.4 we
conclude that (2, m) is taut relative to 7. Il

A.4 Strong ICC property

Lemma A.6 Let G be a unimodular Icsc group, G a Polish group, 7w : G — G
a continuous homomorphism. Let I' < G be a lattice. Then G is strongly ICC
relative to w(G) if and only if it is strongly ICC relative to w(I").

Proof Clearly if G is strongly ICC relative to r(I") then it is also strongly
ICC relative to 7w (G). The reverse implication follows by averaging a 7 (I")
invariant measure over G/I". 0

Lemma A.7 Let G be a unimodular lcsc group, G a Polish group, 7w : G — G
a continuous homomorphism. Suppose that G is not strongly ICC relative to
7 (G). Then there is a (G, G)-coupling (§2, m) with two distinct tautening
maps to G.

10The target G is assumed to be locally compact in this reference but the proof therein works
the same for a Polish group G.
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Proof Let u be a Borel probability measure on G invariant under conjuga-
tions by 7(G). Consider £2 = G x G with the measure m = mg X u where
mg denotes the Haar measure, and measure-preserving G x G-action

(81.82) 1 (8. %) > (31885 ", m(g2) x m(g2) ™).

This is clearly a (G, G)-coupling and the following measurable maps @; :
2 — G,ie{l,2}, are G x G-equivariant: @1(g,x) = (g) and D,(g, x) =
m(g) - x. Note that @ = @, on a conull set iff u© = §,. O

Lemma A.8 Let G be a unimodular lcsc group and G a Polish group. Assume
that G is strongly ICC relative to w(G). Let ($2,m) be a (G, G)-coupling.
Then:

(1) There is at most one tautening map & : 2 — G.

(2) Let F: (82, m) — (820, mg) be a morphism of (G, G)-couplings and sup-
pose that there exists a tautening map @ : 2 — G. Then it descends to
20, i.e., ® = @y o F for a unique tautening map ®g : 29 — G.

(3) If I, I3 < G are lattices, then @ : 2 — G is unique as a I'y X I5-
equivariant map.

&) If I, I3 < G are lattices, and ($2, m) admits a 'y x I»-equivariant map
D : 2 — G, then @ is G x G-equivariant.

5) If n: 2 — Prob(G), w — ny, is a measurable G x G-equivariant map
to the space of Borel probability measures on G endowed with the weak
topology, then it takes values in Dirac measures: We have 1, = 8¢ (w),
where @ : 2 — G is the unique tautening map.

Proof We start from the last claim and deduce the other ones from it.
(5). Given an equivariant map 7 : §2 — Prob(G) consider the convolution

Vo = o * No,
namely the image of 7, x 7, under the map (a, b) — a~! - b. Then
Vemeo =Ve® (g, heG),
where the latter denotes the push-forward of v,, under the conjugation
a>ad™® =x(g) lan(g).

In particular, the map o — v, is invariant under the action of the second
G -factor. Therefore v,, descends to a measurable map v : £2/G — Prob(G),
satisfying

Tox=® (xeX=2/G, geG).
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Here we identify §£2/G with a finite measure space (X, u) as in (1.1). Con-
sider the center of mass

_ 1 -
V= m /;( Vy du(x).

It is a probability measure on G, which is invariant under conjugations. By the
strong ICC property relative to 7w (G) we get v = .. Since J, is an extremal
point of Prob(G), it follows that m-a.e. v(w) = §,. This implies that n, =
3o (w) for some measurable @ : 2 — G. The latter is automatically G x G-
equivariant.

(1). If @1, &, : 2 — G are tautening maps, then n,, = %((S@](w) + 805 (w))
is an equivariant map §2 — Prob(G). By (5) it takes values in Dirac measures,
which is equivalent to the m-a.e. equality @ = @».

(2). Disintegration of m with respect to mg gives a G x G-equivariant
measurable map 20 — M(£2), w — m,,,, to the space of finite measures
on £2. Then the map n : 29 — Prob(G), given by

Ny = 1M | ™1 P

is G x G-equivariant. Hence by (5), 14, = do,(w) for the unique tautening
map g : 20 — G. The relation @ = @q o F follows from the fact that Dirac
measures are extremal.

(3) follows from (4) and (1).

(4). The claim is equivalent to: For m-a.e. w € 2 themap F,,: GXG - G
with

Fo(g1,8) =m(g) " ®((g1, g2)w) 7 (g2)

is mg X mg-a.e. constant @o(w). Note that the family {F,,} has the following
equivariance property: For g1, g2, h1, ho € G we have

Finy hmo(g1, 82) = (g) " @ ((g1h1, g2h2)w)m(g2)
= (h) ' Fo(gih1. g2h)m (ha).

Since @ is I x I»-equivariant, for m-a.e. w € §2 the map F, descends to
G/I't x G/I3. Let ny € Prob(G) denote the distribution of F,,(-, -) over the
probability space G/I"y x G /I, that is, for a Borel subset £ C G

nw(E)=mg;r X mgry{(g1.82) | Fu(g1, 82) € E}.

Since this measure is invariant under translations by G x G, it follows that 7,
is a G x G-equivariant maps §2 — Prob(G). By (5) one has 1, = § 7(«) for
some measurable G x G-equivariant map f : 2 — G. Hence F, (g1, g&2) =
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f(w) for a.e. g1, g2 € G; it follows that

®((g1, g2)o) = 7 (g1)P (W) (g2) " (A3)

holds for mg x mg x m-a.e. (g1, g2, w). O

Corollary A9 Let w : G — G be as above and assume that G is strongly
ICC relative to w(G). Then the collection of all (G, G)-couplings which are
taut relative to w : G — G is closed under the operations of taking the dual,
compositions, quotients and extensions.

Proof The uniqueness of tautening maps follow from the relative strong ICC
property (Lemma A.8.(1)). Hence we focus on the existence of such maps.

Let @ : 2 — G be a tautening map. Then ¥ (0*) = @ (w)~! is a tautening
map 2* — G.

Let @; : 2; — G,i =1, 2, be tautening maps. Then ¥ ([w1, w2]) = @ (wy) -
@ (wy) is a tautening map 2] xXg 22 — G.

If F:(£21,m) —> (§22,mp) is a quotient map and & : 21 — G is a
tautening map, then, by Lemma A.8.(2), @ factors as @ = &, o F for
a tautening map &@» : £2o — G. On the other hand, given a tautening map
@y : 29 — G, the map @ = @, o F is tautening for £2. O

Appendix B: Bounded cohomology

Our background references for bounded cohomology, especially for the func-
torial approach to it, are [6, 41]. We summarize what we need from Burger-
Monod’s theory of bounded cohomology. Since we restrict to discrete groups,
some results we quote from this theory already go back to Ivanov [31].

B.1 Banach modules

All Banach spaces are over the field R of real numbers. By the dual of a Ba-
nach space we understand the normed topological dual. The dual of a Banach
space E is denoted by E*. Let I" be a discrete and countable group. A Ba-
nach I'-module is a Banach space E endowed with a group homomorphism
7 from I” into the group of isometric linear automorphisms of E. We use the
module notation y - e = (y)(e) or just ye =nw(y)(e) fory e " ande € E
whenever the action is clear from the context. The submodule of I"-invariant
elements is denoted by E' . Note that E" C E is closed.

If E and F are Banach I'-modules, a I"-morphism E — F is a I'-
equivariant continuous linear map. The space B(E, F') of continuous, linear
maps E — F is endowed with a natural Banach I"-module structure via

(v-He=vf(y'e). (B.1)
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The contragredient Banach I'-module structure E* associated to E is by def-
inition B(E, R) = E* with the I'-action (B.1). A coefficient I"-module is a
Banach I'-module E contragredient to some separable continuous Banach
I'-module denoted by E”. The choice of E” is part of the data. The specific
choice of E” defines a weak- topology on E. The only examples that appear
in this paper are E = L°°(X, u) with E’=L"(X,pu)and E = E’=R.

For a coefficient I'-module E let C{;(F, E) be the Banach I'-module
L®(I'**1 E) consisting of bounded maps from I'**! to E endowed with
the supremum norm and the I"-action:

- D) =v-Fy v, v ). (B.2)

For a coefficient I"-module £ and a standard Borel I"-space S with quasi-
invariant measure let L), (S, E) be the space of weak-s-measurable essen-
tially bounded maps from S to E, where maps are identified if they only
differ on a null set. The space L35, (S, E) is endowed with the essential supre-
mum norm and the ['-action (B.2). For a measurable space X the Banach
space B (X, E) is the space of weak-x-measurable bounded maps from X

to E endowed with supremum norm [4, Sect. 2] and the I"-action (B.2).
B.2 Injective resolutions

Let I" be a discrete group and E be a Banach I'-module. The sequence of
Banach I"-modules C{;(F, E), k > 0, becomes a chain complex of Banach
I'-modules via the standard homogeneous coboundary operator

k
ALYV - Vi)=Y (=D FG0s s Do Vi) (B.3)

i>0

The bounded cohomology Hy (I, E) of I" with coefficients E is the co-
homology of the complex of ["-invariants CZ(I', E )!". The bounded coho-
mology Hp (I, E) inherits a semi-norm from C} (I, E): The (semi-)norm of
an element x € H’g(F, E) is the infimum of the norms of all cocycles in the
cohomology class x.

Next we briefly recall the functorial approach to bounded cohomology
as introduced by Ivanov [31] for discrete groups and further developed by
Burger-Monod [6, 41]. We refer for the definition of relative injectivity of a
Banach I'-module to [41, Definition 4.1.2 on p. 32]. A strong resolution E*®
of E is aresolution, i.e. an acyclic complex,

0>E—>E'SE' S E>— ...

@ Springer



U. Bader et al.

of Banach I"-modules that has a chain contraction which is contracting with
respect to the Banach norms. The key to the functorial definition of bounded
cohomology are the following two theorems:

Theorem B.1 ([6, Proposition 1.5.2]) Let E and F be Banach I"-modules.
Let E® be a strong resolution of E. Let F*® be a resolution F by relatively
injective Banach I'-modules. Then any I"-morphism E — F extends to a I -
morphism of resolutions E®* — F*® which is unique up to I"-homotopy. Hence
E — F induces functorially continuous linear maps H’(E'F) — H'(F'F).

Theorem B.2 ([41, Corollary 7.4.7 on p. 80]) Let E be a Banach I -module.
The complex E — Cy(I', E) with E — Cg(F, E) being the inclusion of con-
stant functions is a strong, relatively injective resolution.

For a coefficient I"’-module, a measurable space X with measurable I"-
action, and a standard Borel I"-space S with quasi-invariant measure we ob-
tain chain complexes B> (X*t!, E) and Ly (S**!, E) of Banach I"-modules
via the standard homogeneous coboundary operators (similar as in (B.3)).

The following result is important for expressing induced maps in bounded
cohomology in terms of boundary maps [4].

Proposition B.3 ([4, Proposition 2.1]) Let E be a coefficient I'-module. Let
X be a measurable space with measurable I'-action. The complex E —
B>®(X**t!, E) with E — B> (X, E) being the inclusion of constant functions
is a strong resolution of E.

The next theorem is one of the main results of the functorial approach to
bounded cohomology by Burger-Monod:

Theorem B.4 ([6, Corollary 2.3.2, 41, Theorem 7.5.3 on p. 83]) Let S be a
regular I'-space and be E a coefficient I"-module. Then E — Ly (S*t!, E)
with E — Ly« (S*T!, E) being the inclusion of constant functions is a strong
resolution. If, in addition, S is amenable in the sense of Zimmer [41, Defi-
nition 5.3.1], then each LW*(Sk+1, E) is relatively injective, and according
to Theorem B.1 the cohomology groups H® (Ly« (ST, E)T) are canonically
isomorphic to HY (I', E).

Definition B.5 Let S be a standard Borel I"-space with a quasi-invariant
probability measure . Let E be a coefficient I"-module. The Poisson trans-

form PT® : Lu«(S*TL E) - Co(I', E) is the I'-morphism of chain com-
plexes defined by

PT* () (Yo oo 1) = /S L FO00, s dintso) ).
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If S is amenable, then the Poisson transform induces a canonical isomor-
phism in cohomology (Theorem B.4). By the same theorem this isomorphism
does not depend on the choice of p within a given measure class.

References

1. Bader, U., Furman, A., Sauer, R.: Efficient subdivision in hyperbolic groups and applica-
tions. Groups Geom. Dyn. (2013, to appear). arXiv:1003.1562

2. Bridson, M.R., Tweedale, M., Wilton, H.: Limit groups, positive-genus towers and
measure-equivalence. Ergod. Theory Dyn. Syst. 27(3), 703-712 (2007)

3. Bucher, M., Burger, M., lozzi, A.: A dual interpretation of the Gromov-Thurston proof
of Mostow rigidity and volume rigidity for representations of hyperbolic lattices (2012).
arXiv:1205.1018

4. Burger, M., lozzi, A.: Boundary maps in bounded cohomology. Appendix to: “Continuous
bounded cohomology and applications to rigidity theory” [Geom. Funct. Anal. 12(2), 219-
280 (2002)] by Burger, and N. Monod. Geom. Funct. Anal. 12(2), 281-292 (2002)

5. Burger, M., lozzi, A.: A useful formula in bounded cohomology. In Seminaires et Congres,
nr. 18, to appear. Available at http://www.math.ethz.ch/~io0zzi/grenoble.ps

6. Burger, M., Monod, N.: Continuous bounded cohomology and applications to rigidity
theory. Geom. Funct. Anal. 12(2), 219-280 (2002)

7. Burger, M., Mozes, S.: CAT(-1)-spaces, divergence groups and their commensurators.
J. Am. Math. Soc. 9(1), 57-93 (1996)

8. Casson, A., Jungreis, D.: Convergence groups and Seifert fibered 3-manifolds. Invent.
Math. 118(3), 441456 (1994)

9. Corlette, K.: Archimedean superrigidity and hyperbolic geometry. Ann. Math. (2) 135(1),
165-182 (1992)

10. Corlette, K., Zimmer, R.J.: Superrigidity for cocycles and hyperbolic geometry. Int. J.
Math. 5(3), 273-290 (1994)

11. Fell, JM.G., Doran, R.S.: Representations of *-Algebras, Locally Compact Groups, and
Banach *-Algebraic Bundles. Vol. 1. Pure and Applied Mathematics, vol. 125. Academic
Press, San Diego (1988). Basic representation theory of groups and algebras

12. Fisher, D., Hitchman, T.: Cocycle superrigidity and harmonic maps with infinite-
dimensional targets. Int. Math. Res. Not. (2006). doi:10.1155/IMRN/2006/72405

13. Fisher, D., Morris, D.W., Witte, K.: Nonergodic actions, cocycles and superrigidity. N.Y.
J. Math. 10, 249-269 (2004) (electronic)

14. Furman, A.: Orbit equivalence rigidity. Ann. Math. (2) 150(3), 1083-1108 (1999)

15. Furman, A.: Gromov’s measure equivalence and rigidity of higher rank lattices. Ann.
Math. (2) 150(3), 1059-1081 (1999)

16. Furman, A.: Mostow-Margulis rigidity with locally compact targets. Geom. Funct. Anal.
11(1), 30-59 (2001)

17. Furman, A.: A survey of measured group theory. In: Geometry, Rigidity, and Group Ac-
tions. Chicago Lectures in Math., pp. 296-374. Univ. Chicago Press, Chicago (2011)

18. Furstenberg, H.: Boundary theory and stochastic processes on homogeneous spaces. In:
Harmonic Analysis on Homogeneous Spaces, Williams Coll., Williamstown, Mass., 1972.
Proc. Sympos. Pure Math., vol. XXVI, pp. 193-229. Am. Math. Soc., Providence (1973)

19. Furstenberg, H.: Rigidity and Cocycles for Ergodic Actions of Semisimple Lie Groups
(after G.A. Margulis and R. Zimmer), Bourbaki Seminar, Vol. 1979/80. Lecture Notes in
Math., vol. 842, pp. 273-292. Springer, Berlin (1981)

20. Gabai, D.: Convergence groups are Fuchsian groups. Ann. Math. (2) 136(3), 447-510
(1992)

@ Springer


http://arxiv.org/abs/arXiv:1003.1562
http://arxiv.org/abs/arXiv:1205.1018
http://www.math.ethz.ch/~iozzi/grenoble.ps
http://dx.doi.org/10.1155/IMRN/2006/72405

U. Bader et al.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

Gaboriau, D.: Coit des relations d’équivalence et des groupes. Invent. Math. 139(1), 41—
98 (2000)

Gaboriau, D.: Invariants [% de relations d’équivalence et de groupes. Publ. Math. Inst.
Hautes Etudes Sci. 95, 93—150 (2002) (French)

Gaboriau, D.: Examples of groups that are measure equivalent to the free group. Ergod.
Theory Dyn. Syst. 25(6), 1809-1827 (2005)

Ghys, E.: Groups acting on the circle. Enseign. Math. (2) 47(3—4), 329407 (2001)
Gromov, M.: Asymptotic invariants of infinite groups. In: Geometric Group Theory, Vol.
2, Sussex, 1991. London Math. Soc. Lecture Note Ser., vol. 182, pp. 1-295. Cambridge
Univ. Press, Cambridge (1993)

Hjorth, G.: A converse to Dye’s theorem. Trans. Am. Math. Soc. 357(8), 3083-3103
(2005) (electronic)

Haagerup, U., Munkholm, H.J.: Simplices of maximal volume in hyperbolic n-space. Acta
Math. 147(1-2), 1-11 (1981)

Ioana, A.: Cocycle superrigidity for profinite actions of property (T) groups. Duke Math.
J.157(2), 337-367 (2011)

Ioana, A., Peterson, J., Popa, S.: Amalgamated free products of weakly rigid factors and
calculation of their symmetry groups. Acta Math. 200(1), 85-153 (2008)

Tozzi, A.: Bounded cohomology, boundary maps, and rigidity of representations into
Homeo4 (S 1) and SU(1, n). In: Rigidity in Dynamics and Geometry, Cambridge, 2000,
pp- 237-260. Springer, Berlin (2002)

Ivanov, N.V.: Foundations of the theory of bounded cohomology. Zap. Nauchn. Semin.
Leningr. Otd. Mat. Inst. Steklova (LOMI) 143, 69-109 (1985), 177-178 (Russian, with
English summary)

Kechris, A.S.: Classical Descriptive Set Theory. Graduate Texts in Mathematics, vol. 156.
Springer, Berlin (1995)

Kida, Y.: The mapping class group from the viewpoint of measure equivalence theory.
Mem. Am. Math. Soc. 196(916), vii+190 (2008)

Kida, Y.: Orbit equivalence rigidity for ergodic actions of the mapping class group. Geom.
Dedic. 131, 99-109 (2008)

Kida, Y.: Measure equivalence rigidity of the mapping class group. Ann. Math. (2) 171(3),
1851-1901 (2010)

Kida, Y.: Rigidity of amalgamated free products in measure equivalence. J. Topol. 4(3),
687-735 (2011)

Loh, C.: Measure homology and singular homology are isometrically isomorphic. Math.
Z.253(1), 197-218 (2006)

Margulis, G.A.: Non-uniform lattices in semisimple algebraic groups. In: Lie Groups and
Their Representations, Proc. Summer School on Group Representations of the Bolyai
Janos Math. Soc., Budapest, 1971, pp. 371-553. Halsted, New York (1975)

Margulis, G.A.: Discrete groups of motions of manifolds of nonpositive curvature. In: Pro-
ceedings of the International Congress of Mathematicians, Vancouver, B.C., 1974, vol. 2,
pp. 21-34. Canad. Math. Congress, Montreal (1975) (Russian)

Margulis, G.A.: Discrete Subgroups of Semisimple Lie Groups. Ergebnisse der Mathe-
matik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 17.
Springer, Berlin (1991)

Monod, N.: Continuous Bounded Cohomology of Locally Compact Groups. Lecture
Notes in Mathematics, vol. 1758. Springer, Berlin (2001)

Monod, N., Shalom, Y.: Cocycle superrigidity and bounded cohomology for negatively
curved spaces. J. Differ. Geom. 67(3), 395-455 (2004)

Monod, N., Shalom, Y.: Orbit equivalence rigidity and bounded cohomology. Ann. Math.
(2) 164(3), 825-878 (2006)

Mostow, G.D.: Strong Rigidity of Locally Symmetric Spaces. Annals of Mathematics
Studies, vol. 78. Princeton University Press, Princeton (1973)

@ Springer



Integrable ME-rigidity of hyperbolic lattices

45.

46.

47.

48.

49.

50.

51.

52.
53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

Pansu, P., Zimmer, R.J.: Rigidity of locally homogeneous metrics of negative curvature on
the leaves of a foliation. Isr. J. Math. 68(1), 56—62 (1989)

Popa, S.: On a class of type II] factors with Betti numbers invariants. Ann. Math. (2)
163(3), 809-899 (2006)

Popa, S.: Strong rigidity of II; factors arising from malleable actions of w-rigid groups. I.
Invent. Math. 165(2), 369-408 (2006)

Popa, S.: Strong rigidity of II factors arising from malleable actions of w-rigid groups.
II. Invent. Math. 165(2), 409-451 (2006)

Popa, S.: Cocycle and orbit equivalence superrigidity for malleable actions of w-rigid
groups. Invent. Math. 170(2), 243-295 (2007)

Popa, S.: Deformation and Rigidity for Group Actions and von Neumann Algebras. Inter-
national Congress of Mathematicians, vol. I, pp. 445-477. Eur. Math. Soc., Ziirich (2007)
Popa, S.: On the superrigidity of malleable actions with spectral gap. J. Am. Math. Soc.
21(4), 981-1000 (2008)

Prasad, G.: Strong rigidity of Q-rank 1 lattices. Invent. Math. 21, 255-286 (1973)
Ratcliffe, J.G.: Foundations of Hyperbolic Manifolds. Graduate Texts in Mathematics, vol.
149. Springer, New York (1994)

Ratner, M.: Interactions Between Ergodic Theory, Lie Groups, and Number Theory,
Ziirich, 1994, vol. 2, pp. 157-182. Birkhauser, Basel (1995)

Shalom, Y.: Rigidity, unitary representations of semisimple groups, and fundamental
groups of manifolds with rank one transformation group. Ann. Math. (2) 152(1), 113-
182 (2000)

Shalom, Y.: Measurable Group Theory. European Congress of Mathematics, pp. 391-423.
Eur. Math. Soc., Ziirich (2005)

Stroppel, M.: Locally Compact Groups. EMS Textbooks in Mathematics. Eur. Math. Soc.,
Ziirich (2006)

Tits, J.: Sur le groupe des automorphismes d’un arbre. In: Essays on Topology and Related
Topics (Mémoires dédiés a Georges de Rham). Springer, Berlin (1970)

Thurston, W.P.: The geometry and topology of three-manifolds (1978). Available at
http://www.msri.org/publications/books/gt3m

Zastrow, A.: On the (non)-coincidence of Milnor-Thurston homology theory with singular
homology theory. Pac. J. Math. 186(2), 369-396 (1998)

Zimmer, R.J.: Strong rigidity for ergodic actions of semisimple Lie groups. Ann. Math.
(2) 112(3), 511-529 (1980)

Zimmer, R.J.: On the Mostow rigidity theorem and measurable foliations by hyperbolic
space. Isr. J. Math. 43(4), 281-290 (1982)

Zimmer, R.J.: Ergodic Theory and Semisimple Groups. Monographs in Mathematics, vol.
81. Birkhéuser, Basel (1984)

@ Springer


http://www.msri.org/publications/books/gt3m

	Integrable measure equivalence and rigidity of hyperbolic lattices
	Introduction and statement of the main results
	Introduction
	Basic notions
	Measure equivalence of locally compact groups
	Taut groups
	Measurable cocycles
	Integrability conditions

	Statement of the main results
	Organization of the paper

	Measure equivalence rigidity for taut groups
	The strong ICC property and strongly proximal actions
	Tautness and the passage to self couplings
	Lattices in taut groups

	Some boundary theory
	Preserving maximal simplices of the boundary
	Boundary simplices in general position
	A Lebesgue differentiation lemma

	Cohomological tools
	The cohomological induction map
	The Euler number in terms of boundary maps
	Adding integrability assumption

	Proofs of the main results
	Proof of Theorems B and C
	Measure equivalence rigidity: Theorem D
	Convergence actions on the circle: case n=2 of Theorem A

	Acknowledgements
	Appendix A: Measure equivalence
	The category of couplings
	Tautological coupling
	Duality
	Composition of couplings
	Morphisms
	Compact kernels
	Passage to lattices

	Lp-integrability conditions
	Tautening maps
	Strong ICC property

	Appendix B: Bounded cohomology
	Banach modules
	Injective resolutions

	References


