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Here is the story of how this paper was written.

(a) Independently, Alan and Joe discovered this easy theorem: if the “right hand
side” consists of integers, and if the matrix is “totally unimodular”, then the vertices
of the polyhedron defined by the linear inequalities will all be integral. This is easy
to prove and useful. As far as we know, this is the only part of our theorem that
anyone has ever used.

(b) But this was so easy, we each wanted to generalize it. Independently we
worked hard to understand the cases where there are no vertices, i.e., the lowest
dimensional faces of the polyhedron are 1-dimensional or higher. This was hard to
write and hard to read.

(c) At this point, Alan benefitted greatly from simplifications suggested by David
Gale and anonymous referees, but it was still not so simple.

(d) Independently, we both wondered: If the vertices were integral for every in-
tegral right hand side, did this mean the matrix was totally unimodular? This is
discussed in our paper, and also in References [1] and [2], especially the latter.

Harold Kuhn and Al Tucker saw drafts from both of us and realized that we were
working on the same problem, so they suggested that we start working together, and
that Alan should send his latest draft to Joe to take the next step. For Joe, this turned
out to be the most exciting collaboration he had ever experienced; and he still feels
that way today.
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We must have met casually before the collaboration, but we never saw each
other during it nor for a long time afterwards. Joe knew nothing about Alan’s work.
However Alan, who was working for the Navy, knew something about Joe’s work
through a Navy report on a real operations research project on which Joe and Bob
Aumann had gotten impressive results. (Many years later, in 2005, Bob won the
Nobel Prize for Economics.)

As it turned out, Joe merged our two papers—but did much more; Alan’s ideas
were very stimulating. When Alan got that version, he was also stimulated and made
substantial improvements. Then Joe made further improvements, and finally Alan
did the same. We could probably have made much more progress, but the deadline
for publication cut off further work.

(e) One of our discoveries when collaborating was a new general class of totally
unimodular matrices ... but several years later we were chagrined to learn from Jack
Edmonds that in the 1800’s Gustav Kirchoff (who was the inventor of Kirchoff’s
Laws) had constructed a class of totally unimodular matrices of which ours was
only a special case.

(f) The term “totally unimodular” is due to Claude Berge, and far superior to our
wishywashy phrase “matrices with the unimodular property”. Claude had a flair for
language.

(g) We had no thought about computational questions, practical or theoretical,
that could be influenced by our work. We also did not imagine the host of interest-
ing concepts, like total dual integrality, lattice polyhedral, etc. that would emerge,
extending our idea. And we never dreamed that totally unimodular matrices could
be completely described, see [3], because we didn’t anticipate that a mathematician
with the great talent of Paul Seymour would get interested in these concepts.

After we wrote the paper, we met once in a while (a theater in London, a meeting
in Washington), but our interests diverged and we never got together again pro-
fessionally. The last time we met was almost 15 years ago, when Vasek Chvatal
organized at Rutgers a surprise 70th birthday party cum symposium for Alan. Joe
spoke about this paper and read some of the letters we wrote each other, including
reciprocal requests that each of us made begging the partner to forgive his stupidity.
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INTHGRAL BOUNDARY POINTS OF CONVEX PCLYHEDRA
A. J. Hoffmen and J. B. Kruskal

INTRODUCTION

Suppose every vertex of a (convex) polyhedron in n-space has (all)

integral coordinates. Then this polyhedron has the integral property {L.p.}).
Sections 1, 2, and 3 of this paper are concerned with suc¢h polyhedra.

Define two pclyhedra':
P(b) = (x | Ax 2 b},

Q, e) = (x | Ax>b, x 2 ¢},

where A, b, and c¢ are integral and A 1s fixed. Theorem 1 states that
P(b) has the i1.p. for every (integral) b if and only if the minors of
A satisfy certain conditions. Theorem 2 states that Q(b, ¢) has the
i1.p. for every (integral) b and ¢ 1f and only if every minor of A
equals 0, + 1, or - 1. Sectlon ! contalng the exact statement of Theo-
rems ! and 2, and Sectlons 2 and 3 contaln proofs.

A matrix A 1s sald to have the unimodular property (u.p.) if it
satisfies the condition of Theorem 2, namely if every minor determinant
equals 0, + 1, or = 1. In Section 4 we glve Theorem 3, a simple suffi-
clent condition for a matrix to have the u.p. which 1s interesting in it-
self and necessary to the proof of Theorem 4. In Section 5 we state and
prove — at length — Theorem 4, a very general sufficlent condition for a
watrix to have the u.p. Finally, in Section 6 we dlscuss how to recognize
the unimodular property, and give two theorems, based on Thecrem k&, for
this purpose.

Our results include all situations known to the authors in which
the polyhedron has the integral property ilndependently of the "right-hand
sides" of the inequalitles (given that the "right-hand sides" are integral
of course). In particular, the well-known "integrality" of transportation

T Unless otherwise stated, we assume throughout this paper that the in-
equalities defining polyhedra are consistent.
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type linear programs and thelr duals follows Immedlately from Theorems 2
and 4 as a speclal case.

t. DEFINITIONS AND THEOREMS

A point of n-space 1z an integral point 1f every coordinate is an
integer. A (convex) polyhedron in n-space 1s said to have the integral
property (i.p.) if every face (of every dimension) contains an integral
point. Of course, this is true if and only if every minimal face contains
an integral polnt. If the minimsl faces happen to be verticese {that 1is,
of dimension ©), then the lhtegral property simply means that the vertices
of P are themselves all integral points.

Iet A bean m by n mabtrlx of Integers; let b and B' be
m-tuples (vectors), and ¢ and ¢' be n-tuples (vectors), whose compon-
ents are Integers or + =. We will let «(- ») also represent a vector
all of whose components are w(- e); this should cause no confusion. The
vector inequality b < b' means that strict lnequality holds at every
component. Let P(b; b!') and Q(b; bt; ¢; ¢') be the polyhedra in n-space
defined by

P(b; b') = {x | bgAx <D},
Qb; b'; ¢; ¢')=(x | bgAxgb! and cgxge'l .

Of course Q(b; b'; =w, +o) = P(b; b')., If S8 13 any set of rows of A,
then define

0, 1f each minor determinant in 3 which
has as many rows as 3 equals O,

ged(3) = greatest common divisor (g.c.d.) of all
those minor determinants in 2 which
have as many rows as 3, othervise.

THEOREM 1. The followlng conditlons are equlvalent:

(1.1) P(b; b!') has the i.p. for every b, b';
(1.2) P(b; ») Thas the i.p. for every b;
(1.2') P(- »; b') has the 1.p. for every b';

if r 1is the rank of A, then for every
(1.3) set S of r linearly Independent rows
of A, ged(S) = 1;

2 1t 1s well known (and, incldentelly, is a by-product of our Lemma 1) that
all minimal faces of a convex polyhedron have the same dimension.
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(1.4) for every set S of rows of A, ged(8) =1 or ©O.

The main value of this theorem lles in the Ffact that condition (1.3) implies
condition (1.1). However the converse implication 1s of esthetic lnterest.
If 1t is belleved that {(1.3) does not hold, (1.4) often offers the easiest
way to verify this, for it may suffice to examine small sets of rows.

A matrix (of integers) 1s sald to have the unimodular property
(u.p.) 1f every minor determinant equals ¢, + 1, or - 1. We see lmmedlate-
ly that the entries in a matrlx with the u.p. can only be 0, + 1, or - 1.
THECREM 2. The following condltlions are equlvalent:

Q{b; b'; c; ¢!') has the i.p. for every

(1.5) b, b!, ¢, ¢';
for some fixed c¢ such that =-® < c < + =,
0.6) Q{b, »; c; ») has the 1.p. for every b;
for some fixed ¢ such that -« < c <=,
)
(-6t Q{- w; b'; ¢; w) has the i.p. for every b';
for some fixed ¢' such that - = < ¢! < =,
11
(r.60t) Q(b; =3 - =; c¢') has the i.p. for every b;
for some fixed c¢' such that - < ¢! < =,
1
(reertt) Q{- w; b'; - w; ¢') has the i.p. for
every b';
(1.7) the matrix A has the unimodular property (u.p.).

The main value of thils theorem for applications lies in the fact that con-
dition (1.7) implies condition (1.5), a fact which can be proved directly
(with the aid of Cramer's rule) without diff'iculty. However the converse
implication 1s alsc of esthetic Interest. The relationshilp between Thec-
rems 1 and 2 1s that Theorem 2 asserts the equlivalence of stronger prop-
erties while Theorem 1 asserts the equivalence of weaker ones. Condition
{1.5) is clearly stronger than condition (i.1), and condition (1.7) is
clearly stronger than condition (1.3).

For A to have the unimodular property 1s the same thing as for
A transpose to have the unimodular property. Therefore 1f a linear program
has the matrix A with the u.p., both the "primal" and the dual programs
lead to polyhedra with the i.p. This can be very valuable when applying
the duality theorem to combinatorial problems (for examples, see several

other papers 1n this volume).
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2. PROOF OF THEOREM 1

We note that (1.1) == (1.2) and (1.2') trivially. Likewise
(1.4) == (1.3) trivially. To see that (1.3) === (1.4), let S and '
be sets of rows of A. If S C 3', then the relevant determinants of 3’
are integral combinations of the relevant determinants of 3. Hence
ged(3) divides ged(S'). From this we easily see that (1.3) == (1.4)}.

As {1.2) and (1.2') are completely parallel, we shall only treat
the former in our proofs.

Let the rows of A be ) ﬁm and the components of b and
B! be Dy, sesy by and b, ..., br;l. Suppose that we know that (1.3) for
any matrix A, implies (1.2) for the correasponding polyhedra P, {b; «).
Also, suppose that (1.3) holds for the particular matrix A. Then setting

A
- A
we see immedlately that (1.3) holds for A,. Consequently

P,(by, -ex, b

mr T b-!ll LR —bél; ® )

hag the 1.p. But it 1Is easy to see that thls polyhedron is identical with
F(b; b'); hence the latter also has the i.p. Therefore if for every
matrix (1.3) implies (1.2), then (1.3) impliles (1.1) for every matrix.

Let P(b) = P(b; ») for convenience.

It only remains to prove that (1.2) is equivalent to (1 393, I
S is any set of rows Ai of A, we define

FS=FS(b)=[XIAX5b and Ayx = by 1f A; In 31,
GS = the subspace of n-space apanned by the rows Ai in 3.

If Fs(b) 1s not empty, it is the face of P(b) corresponding to S. (We
do not conslder the empty set to be a face of a polyhedron.)} We easily see
that Fs(b), 1f non-empty, corresponds to the usual notion of a face. Of
course Fy(b) = P(b), where # 1s the empty set. We shall use the letter
A to stand for the set of all rows of the matrix A. In general we will
use the same letter to dencte a set of rows and to denote the matrix formed
by these rows. (This double meaning should cause no confuslon.)

3 The authors ares indebted to Professor David Gale for this proof, which
is much simpler than the original proof.
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TEMMA 1. If S C8', and if Fs(b) and Fg,(b) are
faces {that i1s, not empty), then Fsu(b) 1s a subface
of Fglb}. If Fg(b) 1s @ face, then 1t is o minimal
face if and only if Gg = GA’ that 1s, I1f and only if
3 haes rank r, wksre r d1s the rank of A.

PROOF. The first sentence of the lemma follows directly from the
definitions. To prove the rest of the lemma, let 3' be all rows of A
which are In GS' Then GS = GS" and Aj is a linear combination of the
Ay In 3 1If and only if Aj is in 3'. Clearly Gg = Gy if and only 1f
S' = A.

If 3' # A, there is at least one row A, In A - 3'. Then
there 18 a vector y such that Aiy = 0 for Ai in 3, Aky < 0. Let
X be In Fg. As AX > Db, there 1s a number 3, > 0 for which
A €x + aT) = by, For every Aj in A - 3' such that Ajy < 0, the
equation Aj (x+2ay) =13 3 has a non-negative scolution. Let A j be that
aolution. Define a = minimum A., and let J' be a value such that
A= hsge As Me exists, there 18 at least cne )‘j’ g0 A exists. By
the definition of &,

Alx + ay) 2 b,
Alx o+ xy) = by
Aj,(x +Ay) = byy

[0Y;

for A in 8,

Thus FSUA.! is not empty, and 1s therefore a subface of FS' Further-

more as A‘l, is not a linear combination of the A:L in 8, FSUA is a
a

proper subface of Fg. Therefore Fq 1s not minimal. J

On the other hand, 1if FS is not minimal it has some proper sub-
face FSUAk' Then there must be X, and Xy 1n FS such that Akx1 = bk

and Akx2 > by Therefore Akx varies as x ranges over Fg. But for
A:L in 3, Aix = bi is constant as x varles over FS‘ Hence Ak can-
not be a linear combination of the Ai in 8, =0 Ak is In A - 3.
Hence 8! # A, This proves the lemma.

If b, as usual, ls an m-tuple and 8 1s a set of r rows of
A, then by 1s the "sub-vector" consisting of the r components of b
which correspond to the rows of 8. Let b always represent an (integral)
r-tuple. The components of b and bS will be indexed by the indices
used for the rows of 3, not by the integers from t to r. Let

Ly(b) = (x | 8% = B} .
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ILEMMA 2., Suppose B 1g a get of r linearly inde-
pendent vows of A. Then for any b there 1s a b
such that

(2.1) by = b ;
(2.2) FS(b) 1s a minimal face of P(b).

PROOF . As 3 1s a set of linearly independent rows, the equa-
tion Sx = b has at least one solution: call 1t y. Define b as follows:

By if 4, in 8,
A7) i1f Ay not in 3 .

Clearly bg = B, so (2.1) is satisfled. Obviously b is integral. PFurther-
more ¥y 1s seen to be In Fglb), so Fg(b) 1s not empty, and hence is a
face of P(b). By Lemma 1, Fq(b) is a minimal face, so (2.2) 1s satisfied.

LFMMA 3. Suppose 3' 1is a set of rows of A of rank
r, and S C S8' 1is a set of r Ilinearly independent
rows. For any b such that FS,(b) is a face (that
is, not empty),

Fgi(b) = LS(bS).

PROOF. let ¥y be a fixed element in FS,(b), and let x be
any element of Lg(b). As Fg,(b) C Lglbg) 4is trivial, we only need show
the reverse inclusion. Thus 1t suffices to prove that x 1s In FS,(b).

As 3 has rank r, any row Ak in A can be expressed as a
linear combination of the rows Ay in S:

By = T by

Then

for Ai In 3, se

A = Zop AgX = Toa My o= AT .

Then as y 18 in FS,(b), x must be alsc. This completes the proof of
the lemma.
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LEMMA 4. Any minimal face of P(b) can be expressed
in the form Fgq{b)} where 8 is a set of r linearly
independent rows of A.

PROCF. Suppose the face s Fgy(b). By Lemma 1, S' must have
rank r. Let 8 be a set of r linearly independent rows of S!. Then
by applying Lemme 3 to both FS'(b) and Fg(b), we see that

Fs|(b) = Ls(bs) = Fs(b)-
This proves the lemma.

LEMMA 5. If 3 1s a set of r linearly lndependent
rows of A, then the followling two conditions are
equivalent:

(2.3} LS(E) contains an integral polnt for every (integral) b ;

(2.4) ged(s) = 1.

PROOF. We use a basic theorem of linear algebra, namely that any
integral matrix S which 1 r by n can be put into the form

5 = DV

where D 18 a (non-negative integral) diagonal matrix, and U and V are
(integral) unimodular matrices. (Of course U 1s r by r, V is

n by n, and D is r by n.) As U and V are unimodular, they have
integral inverses. Furthermore ged(3) = ged(D). (For proofs of these
facts, see for example [3].)

Let the diasgonal elements of D be dy,. Clearly ged(D) =
d“dQ2 drr' Therefors condition (2.4) is equivalent to the condition
that every dii = 1. Now we show that (2.3) 1s also equivalent to this

same condition.

Suppose that some dlagonal element of D 1s greater than 1. For
convenlience we may suppose that thils element is clH =k >1. Let & be
the r~tuple (1, 0, ++s, 0), and let b = US. Then LS(E) contains no
integral point. To see this, let x be in LS(E). Then

S5x = UDVx = b = Ue ,

80 INx = 8§ . Clearly the first component of y = Vx 1s 1/k, 80 y 1is
not integral. Hence x cannot be integral. This shows that (2.3) cannot
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hold if scme d:Li 1s greater than 1.
Suppose every d;y = 1. let x be in LS(E) and set

Vx = (yw cves Fpr Tppgr voes yn)-
Then

-1

UB = vk = (3, s 7o)

and 80 y;s +++, ¥, are integral. ILet y = (y1, cess Fpr 05 weuy 0).
Then V™ 'y 1s integral, and since Dy = DVx,

s(v'ly)=Uwv(v'y) - UDy = UDVx = b -

Thus V_1y is in LS(S). Thils shows that (2.3) does hold if every dii =1,
and completes the proof of the lemma.

Now it 1s easy to prove that (1.2) === (1.3). First we prove
== . ILet S be any set of r 1linearly Independent rows of A. Let b
be any (Integral} r-tuple. Choose a b which satlsfies (2.1) and (2.2).
By (1.2), Fg(b) must contain an Integral point x. By Lemma 3 and (2.t),

Fg(b) = Lglbg) = Lg(b) .

Hence LS(‘E) contains x. Therefore (2.3) 1s satlsfied, so by Lemma 5,
ged(3) = 3. This proves =—.

To prove —=—, let FS,(b) be some minimal face of P(b). By
Lemma 4 this face can be expressed as Fs(b) vhere 3 consists of r
linesrly independent rows of A. By Lemme 3, Fg(b) = Lg(bg). 3By (1.3),
ged(S) = 1, and by Lemma 5 LS(bS) must contaln an integral point x.
Hence FS' (b) contains the integral point x. Therefore every minimal
face of P(b) contains an integral point, and hence also every face. This
proves ===, and completes the proof of Theorem 1.

3. PROOF OF THEOREM 2

The role of (1.6) and its primed analogues are exactly similar,
80 we treat only the former in our proofs. For convenlence we let

Qlb; ) = Qb; =; c; =).

It 1s not hard to see that (1.7) ==>(1.5). For suppose that A
has the u.p. (that is, satisfies (1.7)). Then
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A
- A
A =
* I
-1

satisfies (1.3). By Theorem 1, the assoclated polyhedron
Pubs eeey Dy - Bl, vesy = Bl Cps eexp Gy -Gl wesy - cl)

has the 1.p. But it 18 easy to see that this polyhedron 1s identical with
Q(b; b'; c; ¢')s Therefore the latter has the 1.p., 8o (1.7) == (1.5).
(An alternate proof of thls can easlly be constructed using Cramer's Rule.}
Clearly (1.5) === (1.6)}. Hence 1t only remains to prove that
(1.6) == (1.7). We shall prove this by applying Theorem 1 to the matrix

NS
A
Let 4 be any (integral) (n+m)-tuple, and let

cUb = {c;s ooy Cpys Dys aves bm) .

Then P (c Ub) = Qlb, c).

To verify eondition (1.2) for A", we need to show that P (d)
has the i.p. for every d. Condition (1.6) yields only the fact that P (d)
has the 1.p. for every 4 auch that dI = ¢. To £i1]1 thils gap, note that
A has rank n as 1t contains the n by n i1dentity matrix, and let
Fg, (d) be any face of ?"(d). This face contains some minimal face, which
by Lemma & can be exprissed as Fg(d) where 3 consists of n linearly
Independent rows of A . By Lemma 3,

* #*
Fgld) = Lg(dg) = {x | 8x = dg} -

As S 1s an n by n matrix of rank n, Fg(d) consists only of a single
point. Call this point x. We shall show that x 1is iIntegral.

Let I1 be the rows of I 1n 5, 12 the rows of I not in 83,
Ai the rows of A in 3, and A2 the rows of A not in 3. We wish to
pick an integral vector g such that

Y Tne authors are Indebted to Professor David Gale for this proof, which
is much simpler than the original proof.




Alan J. Hoffman and Joseph B. Kruskal

232 HOFFMAN AND KRUSKAL
(3.1) X +q2ec,
(3.2) (x + ql =er -

let ¢ =c¢ -dy. Then q satisfles these requirements, for
I

i1f the i-th row of
Xyt day di*'(ci"di)-"-ci I is in I
otherwise.

n

Define d' = ¢ U (dA + Aq) Then d' is integral, and dI = ¢, 8¢ by
(1.6} the polyhedron P *(d@") nhas the 1. P

Now Fs(d') is not empty because it contains (x + g), as ve
may easily verify:

n

A*(x+q) I(x+q)UA(x+q)3cU(dA+Aq)=d.’,

Sx+ @) =T, x+aq) VA +aq)-= °I1 u (dA +A1q) = dé.

Therefore F‘S(d') must contain an integrel point. However F’S(d' can con-
tain only a single point for the same reasons that applied to F‘S(d) Hence
X + ¢ must be that single point, so x + q must itself be integral. As

q is Integral, x must be integral alsc. Thus Fs(d), and a fortiori
Fs.(d), contains the integral point x. This verifies condition (1.2)

for A .

By Theorem 1, (1.3) holds for A". As the rank of A" is n,
ged(S) = |S{ = 1 for every set S of n linearly independent rows of A%,
From this we wish to show that A has the u.p. Suppose E 1is any non-
singular square submatrix of A. Let the order of E be a. By choosing
8 to consist of the rows of A" which contain E together with the proper
set of (n - 8) rows of I, and by rearraenging columns, we can easily
insure that

F B

where I 1s the ldentity matrix of order (n - s), F 18 some s by
(n - 8) matrix, and 0 1s the (n - s) by s matrix of zeros. Then
I8| = |E| # 0, s0 8 1s non-singular. Therefore S consists of n
linearly independent rows, so

IE| = I8] = ged(8) =
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This completes the proof of Theorem 2.
k. A THEOREM BY HELLER AND TOMPKINS

In thils and the remaining sections we glve various sufficient con-
ditions for a matrix to have the unimodular property.

THEOREM 3. (Heller and Tompkins). Iet A be an m
by n matrlx whose rows can be partitioned into two
dlsjoint sets, T, and T,, such that A4, 7,» and

T2 have the following properties:
(4.1) every entry iIn A 1s o0, + 1, or - 1;
(4.2) every column contalns at most two non-zero entries;

if a column of A contains two non-zero entries,
(%.3) and both have the same sign, then one is in T,
and one is in T2 ;

1f a column of A contalins two non-zZerc entries,
(L.4) and they are of opposite sign, then both are in

T1 or both in '£'2.

Then A has the unlmodular property.

Thls theorem is closely related to the central result of the paper
by Heller and Tompkins in this Study. The theorem, as stated above, is
glven an Independent proof in an appendix' to thelr paper.

COROLLARY.? If A 1is the incidence matrix of the
vertices versus the edges of an ordinary linear graph
G, then in order that A have the unimodular prop-
erty it 1s necessary and sufficient that G have no
loops with an odd number of vertices.

PROOF. To prove the sufficiency, recall the following. The con-
dition that G have no odd loops 18 well-known to be equivalent to the
property that the vertlces of G can be partitlioned into two classes so
that each edge of G has one vertex in each classz. If we partition the
rows of A correspondingly, 1t i1s easy to verify the conditions (4.1)-(4.%).
Therefore A has the u.p.

If A has an odd loop, let A' be the submatrix contained in the
rows apd columns correspending to the vertices and edges of the loop. Then

5 The authors sre indebted to the referee for this result.
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i1t is not hard to see that [A'| = + 2. This proves the necessity.
5. A SUFFICIENT CONDITION FOR THE UNIMODULAR PROPERTY

We shall consider oriented graphs. For our purpeoses an oriented
graph @ 1s a graph (a) which has no circular edges, (b) which has at
most one edge between any two glven vertices, and (¢) in which each edge
has an orientation. Let V denote the set of vertices of G, and E
the set of edges. If (r, s) 1s in E (that is, if (v, 8) 1s an edgs
of G), then we shall call (s; r) an inverse edge. (Note that by (b),
and inverse edge cannot be in E;
thus an inverse edge cannot be an Diagram 1
edge. This slight ambiguity in ter-
minology should cause no confusion.)

We shall often use the phrase direct r
edge to denocte an ordinary edge.

A path is a ssquence of dis-
tinct vertices r,, ..., Iy, such 2
that for each i, from 1 to k - 1,
(rys ry,,) 1s either a direct or an v r, £ Ty
inverse edge. A path is directed 1if X Al+ =)
every edge is oriented forward, thet A g;gﬁCt
is, if every edge (ry, r1+1) in the
path 1s a direct edge. A path is
alternating 1f successive edges are
oppositely oriented. More preclsely,
o path is alternating if 1ts edges are
alternately direct and inverse. An
alternating path may be described as Ty
being (++), (+-), («+), or (--).
The first sign indicates the orienta-
tion of the first edge of the path,
the second sign the orientatlon of the
last edge of the path. A  + dindlcates
a direct edge; a - Indlcates an In-
verse edge. A loop 1s a path which
closes back on itself. More precise-~
1y, a loop is a sequence of vertices
Prs oese, T in which ry= Ty but A slternati e
which are otherwise distinct, and such (aprows omitted - all ngﬁldpbe upward )
that for each i (ri, ri+1) is either
a direct or an inverse edge. A loop
is alternating if successive edges are

alternating path
T, T, T

Ty

An alternating loop




3 Integral Boundary Points of Convex Polyhedra 65

INTEGRAL BOUNDARY POINTS 235

oppositely oriented and 1f the first and last edges are oppositely orlented.
An alternating lcoop must obvlously contain an even number of edges.

A graph is alternating if every loop in it is alternating. Let

V= [v1, ey vm) be the vertices of G, and let P = (p], veu, pn] be

some set of directed paths 1n G. Then the incldence matrix A = ”aij
of G wversus P 1is defined by

toLf vy is in p

j)
agy =
o if vy is not in pj.
We let A.v represent the row of A corresponding to the vertex Vv and
AP represent the column of A corresponding to the path p. We often
P
write B instead of aij for the entry common to 1\, and AY.

THEOREM 4. Suppose G 18 an oriented graph, P is
some set of directed paths in G, and A 1s the in-
cildence matrix of G versus P. Then for A to have
the unimodular property it 1s sufficlient that G be
alternating. If P consists of the set of all
directed paths of G, then for A to have the uni-
modular property it 1s necessary and sufflcient that
G be alternating.

This theorem does not state that every matrix of zeros and ones
with the u.p. can be cobtalned as the incldence matrlx of an alternating
graph versus s set of directed patha. Nor does it give necessary and
sufficlent condltlions for a matrix of zeros and ones to have the unimodular
property. (Such conditions would be very interesting.) However 1t does
provide a very general sufflclent condltion. For exzample, the coefficlent
matrix of the 1 by J transportatlon problem (or its transpose, depend-
ing on which way you write the matrix) is the incidence matrix of the
alternating graph versus the set of all dirscted paths. Hence this matrix
has the u.p., from which by Theorem 2
follows the well-known i.p. of
transportation problems and thelr duals.
The extent to which alternating graphs
can be more general than the graph
shown to the left is a measure of how
general Theorem 4 is.

S0 that the reader may follow
our arguments more easily, we describe
here what alternating graphs look like.

Dlagram 2
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(As logically we do not need these facts and as the proofs are tedious, we
omit them.) An integral helght function h{v) wmay be defined in such a
way that (r, s) 1s a direct edge only when (but not necessarily when)
hi{r) + t = h{(s). If we define r g 8 to mean that there i1s a directed path
from r to 8, then g 1s a partiasl order. Then (r, s} is a direct
edge 1f and only if both r < s and there is no element t such that
r<t<s.

PROCF OF NECESSITY. We consider here the case in which P 1is
the set of all directed paths in G, and we prove that for A to have the
u.p. 1t is necessary that G be alternating. It is easy to verifyy that
the matrix (shown below) of odd order which has ones down the main diagonal
and sub-diagonal and in the upper right-hand corner, and zercos elsewhere,
has determinant + 2.

We shall show that if G 1s not alternating then it contains this matrilx,
perhaps with rows and columns permuted, as a submatrix.

Let £ Dbe a non-alternating loop in G. If ¢ has an odd number
of distinct vertices, consider the rows in A which correspond to these
vertices, and conaider the columns in A which correspond to the one-edge
directed paths which correspond to the edges in 2. The submatrix contain-
ed in these rows and columns is clearly the matrix shown above, up to row
and column permutations. Hence in this case A does not have the u.p. If
£ has an even number of distinct vertices, then find in it three successlve
vertices r, s, t such that (r, s) and (s, t) are both direct (or both
inverse) edges. (To find 7r, s, t it may be necessary to let s be the
initial-terminal vertex of 2, 1n which case r, 3, t are successive only
in a c¢yclic sense.) Consider the rows of A which correspond to all the
vertices of £ except -s. Consider the colums of A which correspond to
the following dlrected paths: the two-edge path r, s, t (or t, s, r) and
the one-edge paths using the other edges in #. The submatrix contained in
these rows and columms 1s the sguare matrix of odd order shown above, up to

row and column permutations. Hence In this case also A does not have the

u.p. This completes the proof of necessity.
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The proof of' the sufficiency condition, when P may be any set
of directed paths in G, occuples the rest of thils section. As thils
proof is long and complicated, 1t has been broken up into lemmas.

Ir Tys osees T 1s a loop, then Tys ness Dy I cees Ty 1s

2)
called & cyclic permutation of the loop. Clearly a loop ls alternating if

and only 1f any cyclic permutation is alternating.

LEMMA 6. Suppose A 1s the incldence matrix of an
alternating graph G versus some set of directed
paths P 1n G. For any submatrix A' of A, there
1s an alternating graph G' and a set of directed
paths P' in G' such that A' 1is the Incidence
matrix of G'!' wversus P'.

PROCOF. Any submatrix can be obtalned by a sequence of row and
column deletions. Hence it suffices to consider the two cases In which A'
1s formed from A by delsting a single column or a single row. If A!
1s formed from A by deleting the column Ap, let G' =G, and
Pt = P - {p)}. Then A' 1is clsarly the incidence matrix of G' versus P!,
and G' is indeed an alternating graph.

Suppose now that A' 1s formed from A by deleting row A
Def'ine

V' =V - (&1,

Et = {{v, w) { v, v In V' and elther
(v, v) in E or (v, &)
and (t, w) in E} ,

G' = the graph with vertices V' and edges E',
Pr=(p-(ti]|p in P} .

Clearly A' 1s the incidence matrix of G' versus P!. We shall prove

(a) that P' 1s a collection of di- Diagram 3
rected paths and (b) that G' 1is \F( \*J/ U
alternating.

The proof of (a) is quite
simple. Suppose vV, W are succeg-
sive vertices of p' =p - (£t} 1In
P*'. It mway or may not happen that p 3
contains t. In elther case, how- Solid edges - G and G'
ever, 1f v, w are successive ver- Dashed edges - G only

tices in p, then (v, w) is a Dotted edges - G' only
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direct edge in G, 80 (v, w) 1s a direct edge in G'. If v, w are
not successlve vertices in p, then necessarlily v, t, w are successlve
vertices in p. In this case (v, t) and (t, w) are direct edges in G,
so (v, w) 1s a direct edge in G'.

The proof of (b) 1s more extended. Define

S=14s | (s, t) in E}
U=1{u] (t, u) in E} .

Then each "new" edge in E', that 1s, each edge of E! - E, 1s of the
form (s, u) with s in S and u in U. Let £ be any loop In G'.
If ¢ contains no new edge, then 2 1s also a loop in G and hence
alternating. If £ contains a new edge, 1t contalns at least two ver-
tices of 3 U U. Hence the vertices of S U U break 2 up into pleces
which are paths of the form

P=Vs Ty cres Tpo v!

where v and v' are in S U U and the r's are not.

CASE (U, U): both v and v' belong to U. In this case

t, v, r cerr Ty v, t

11
is a loop in G, hence alternating. Therefore p 1s an alternating path.
As (t, v) 1s a direct edge and (v', t) 1s an inverse edge in G, p
must be a (- +) alternating path in G'.

CASE (8, 8): both v and v' belong to 8. In this case dual
argument to the above proves that p must be a (+ -) alternating path
in G'.

CASE (U, 8): v belongs to U and v' belongs to 5. In this
case p must be exactly the one-edge path v, v'. For if not, p con-
sists solely of edges in E, so the loop which we may represent symbolically
v, £, p is a loop In G. But as (v', t) and (t, v) are both direct
edges 1n G this loop 1s not alternating, which is impossible. As (v, v')
1s an inverse edge in G', p 1s a (- -) alternating path In G'.

CASE (3, U): v belongs to S and v' belongs to U. In this
case dual argument to the above proves that p wmust be exactly the one-
edge path v, v' and hence a (+ +) alternating path in G'.

Using these four cases, we easily see that the pieces of 2 are
alternating and fit together in such a way that 2 1itself is alternating -
except for one technical difficulty, namely the requirement that the
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initial and terminal edges of £ must have opposite orientations. How-
ever, 1f we form a cyclic permutation of £ and apply the reasoning above
to thls new loop, we obtain the necessary information to complete cur proof
that ¢ is alternating. This completes the proof of (b) and Lemma 6.

In view of Lemma 6, the sufficiency condition of Theorem % will
be proved 1f we prove that every square incidence matrix of an alternating
graph versus a set of directed paths has determinant, o0, + 1, or - 1.
We prove this by a kind of Inductlon on two new varisbles, c¢(G) and
d(G), which we shall now define:

¢(G) = the number of unordered palrs {st] of distinct
vertices of G which satlsfy

there is a vertex u such that (s, u)
(5.1) and (t, u) are direct edges of G;

d(G) = the number of unordered pairs (st} of distinet
vertices of G which satisfy

there 18 no directed path from s %o t
nor any directed path from t to s.

(5.2)

Though not logically necessary the following information may help
orient the reader to the significance of these two variables. Assume G
is alternating. Then using the partisl-order g introduced informally
earlier, 4&(G) 1is the number of pairs of vertices which are incomparable
under <. Any pair (st} which satisfies (5.1) also satisfies (5.2), so
c(@) £ 4(@). If c¢(G) = 0, then each vertex of G has at most one
"predecessor”, and @ consists of a set of trees, each springing from a
single vertex and orlented outward from that vertex. If d(G) = 0, then
G 1s even more special: 1t consists of a single directed path.

LEMMA 7. If G 418 alternating, and (st) satisfles
{(5.1), then 1t also satisfies (5.2). Hence
c(G) < d4(@).

PROOF. Let u be a vertex such that (s, u) and (t, u) are
direct edges of G. Suppose there is a directed path

85 Tyy rees T .

If none of the =r's 1is u, then

8y Ty sves Tps t, u, 8
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1s a loop, hence elternating. As (t, u) 1s a direct edge, (rk, t) 1is
an Inverse edge, so the path 1s not directed, a contradiction. If one of
the r's 1s wu, take the plece from u to t. By renaming, we may call
this directed path

Uy Tys eony T t .

Then

t, u, Tys =ees Pps t

1s a loop, hence alternating. As (t, u) 1s a direct edge, (u, r.l) must
be an Inverse edge, so the path is not directed, a contradiction. There-
fore, there can be no directed path from s to t. By symmetrical argu-
ment, there can be no directed path from t to 8. Therefore (st}
satisfies (5.2). It follows trivially that c(G) g d(G). This completes
the proof of Lemma 7.

The induction proceeds in z slightly unususl menner. The "in-
itial case" consists of all graphs G for which ¢(G) = 0. The inductive
step conslsts of showlng that the truth of the assertion for a graph G
such that ¢(G) > 0 follows from the truth of the assertion for a graph
G! for which d4(G') < d(G). It 1s easy to see that by using the induc-
tive step repeatedly, we may reduce to a graph g* for wnich either
c(@”) or d@") 1s o. But as 4(@") = o implies ¢(G') = 0 by the
inequality between ¢ and d, we are down to the initlal case either way.

We now treat the initilal case.

LEMMA 8. TLet A be the lncidence matrix of an alter-
nating graph G versus some set of directed paths P.
Suppose that P contains as many directed paths as G
contains vertices, sc A 1s square. Suppose that
c(G) = ©. T™en |[Al =0, +1, oPr - 1.

PROOF. If {r, s) 1s a direct edge of G, we call r a
predecessor of 8 and 8 a successor of r. The fact that o(G) = ©
means that each vertex of G has at most one predecessor. If V' is a
subset of V, and r is in V' but has no predecessor in V', then »r
is called an initial vertex of V'.

Every non-empty subset V' of V has at least one inltial ver-
tex. For if V' has none, then we can form In V! a sequence T, rg,
of vertices such that for every 1, Ty is a predscessor of Ty Let
r-j be the first term in the sequence which 1s the same as a vertex plcked
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earller, and let ry be the earlier name for this vertex. Then Ty
Pigqs *r0s T2 is & loop all of whose edges are inverse. As G 1s alter~
nating, this 1s impossible.

Let U{r}- (s | & is a successor of r). Let r, be an in-
itial vertex In V. Recursively, lst Ty be an Initial vertex of
V- (rys Py «uss vy _ ). Then define matrices B(i) recursively:

B(O) = A,
B{1} = B(1 - 1)

with the row B, (1 - 1) replaced by
1

B, (1-1)- > B (1 - 1),

Ty
8 in Ulry)
Let B be the final B(1l). We see immediately that |4 = |[B{1)] = ... =
|Bl. Thus we only need show that |B| = 0, + 1, or - 1.

We claim that each column BF of B consists of zeros with
elther one or two exceptions: If w 1s the final vertex of the directed
path p, then bwp =1, and if v 1s the unique predecessor to the in-
1tial vertex of p, then b, , = - 1. As the initial vertex of p may
have no predscessor at 811, the - t may not occur.

We shall not prove in detall the assertlons of the preceding
paragraph. We content ourselves with considering the column corresponding
to a fixed path p durlng the transition from B(1 - 1) to B(i). Only
one entry is altered, namely br_ip(i - 1). There are four possible cases.

CASE (1): nelther r; nor any of its successors is in p.

CASE (11): ry 1s not in p but one of its successors is in p.
CASE (111): both r; and one of 1ts successors is In p.

CASE (iv): r; 1s in p but none of 1ts successors is in p.

At most one successor of a vertex can be in a directed path be-
cause G 1s alternating, so these cases cover every possibllity. In case
(i), the entry we are consldering starts as 0 and ends as 0. In case
(i1), 1t starts as 0 and ends as « 1. In case (1i11), it starts as 1
and ends as 0. In case (1lv), it starts as 1 and ends as 1. From these
facts, 1t is not hard to see that B satisfles our assertions.

From our assertions about B it 1s trivial to check that B

satisfles the hypotheses of Theorem 3. It 1s only necessary to partition
the rows of B into two classes, one class belng empty and the other class
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containing every row. Then by Theorem 3, B has the u.p. Therefore,
|IBl = 0, + 1, or -1. As |A] = |B|, this completes the proof of Lemma 8.

We now prove the lnductlve step.

LEMMA 9. Suppose that A 1s the square incidence matrix
of an alternating graph G versus & set of directed paths
P. Suppose that c(G) > 0. Then there 1s a square matrix
A' such that |A!']| = {A] and such that A' 1s the
square incidence matrix of an alternating graph G°

versus a set of directed paths P!, where d{G') < A(Gd).

PROOF. As ¢{(G) » 0, G contains a vertex u which has at
least two distinct predecessors, 3 and t. Define

A" = A with row At replaced by As + At,'

Clearly |AT] = |A}l. Define

vt =19,

By = (s, w) | (s, w) in E},

B, = (t, w) [ (s, w) in E),

E' =EUE U ((s, t)) - B,

G' = the graph with vertices V! and edges E' ,
p if p does not contain s,

p! = p with t 1inserted after s 1f p does
contain 8,

P'=(p'|p in P} .

We shall prove (a) that G' i1s alternating, (b) that P' is a set of
directed paths of @', (c) that d(G') < d(¢), and (d) that A' 1is the
incidence matrix of G' versus P'.

Diagram 4

Graph G Graph G!
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The proof of (b) 1s simple. If p does not contain s, then
every edge In p!' = p 1s in E', so p' 1s a directed path in G'. If
p does contain s, wrlte p thus:

Pys sees Tpp 85 Prygs eees Tioo
Then p' 1s
Tys eees Pys 8, t, Tyoqs +ees rj .

¥ach edge of p except (s, ri+1) is also In Bt!'. Hence to show that p!
is a directed path in G', we only need show that (s, t) and (t, ri+1)
are In E'. The former is in E' by definition, and the latter is in Et
because (s, :r-i_H) must be in E. This proves (b).

To prove {c¢), let r, and T, be any palr of vertices such that
there 1s a directed path p from one to the other in G. Then p' 1is a
directed path from cne to the other in G'. Hence every pair of vertices
which satisfies {(5.2) in @' also satisfies (5.2) in G. PFurthermore,
{st]} does not satisfy (5.2) in G' because (s, t) is in E', while
{st)} does satisfy (5.2) in G by Lemma 7. This proves that d(G') < 4(G).

To prove (d), we first show that A' consists entirely of zeros

and ones. The only way in which this could fail to happen is if As and
both contalned ones in the same column. But if this were the case,

then the directed path corresponding to this column would contain both s
and t, which cannot happen by Lemma 7. To see that A' 13 the desired
incidence matrix, consider how P' differs from P. ERach directed path
which did not contain s remeins unchanged; each directed path which did
contaln s has t inserted in it. Thus the change from A to A' should
be the following. Each column which has a zero in row As should remaln
unchanged; each column which has a one in row Ay should have the zero in
row A changed to a one. But adding row A, to A, accomplishes ex-
actly this. Therefore (d) 1s true.

The proof of (a) is more com'plicated.6 Define 3' to be the
set of successors of s 1In @ which are not also successors of t. Note
that every edge In G' which 1s not In G terminates elther in t, or
in a vertex of S'. Let £ be any loop of G'. If ¢ is already a loop
of G, then 1t 1s slternating. If not, it must contain either the edge
(s, t) or an edge (t, s') with s' in 8'. (0Of course, £ might con-
taln the Inverse of one of these edges Instead. If so, reversing the order
of ¢ brings us to the situatlon above.) Ignoring trivial loops, that is,

3 We are indebted to the referee for this proof, which replaces a con-
siderably more complicated one.
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loops of the form aba (which are alternating trivially), ¢ must have
the form

stry «.. r,8

or
ts'r] rkt, with st in 3¢,

The first form is impossible. To prove this, first suppose that no Ty

is in S' U (u}. Then sutr, ... s is a loop of G, hence alternating.
Thus (ry, s) 1s an inverse edge and belongs to both G and G', which
is impossible. Now suppose that some ry 1s in S8' U {ul}, and let r.
be the last such ry» Then sr. ... 1.8 is & loop of G, hence alter-
nating. Hence (rk, s) 1s inverse, which is impossible as before.

We may now assume that £ 1s ts'r, ... rt.e No ry can be s.
Clearly r, cannot be s, and if ry=s, j > 1, then ss'r'l rj_1s
is a loop of G, hence alternating, soc (r._“ 8) 1is inverse and belongs
to both G and G', which is impossible. Thus Ty eeey T 8BTS distinct

from 8. Suppose that Ty is in 3'. Then ss'r] ses Ty8 is a loop of
G, hence alternating. Consequently, so 1s £. Suppose that T is not
in S' and that no ry is u. Then ss'r1 r'ktus is & loop of G,
hence alternating. Thus s'r1 PN rkt is a (- ~) alternating path in G

and also in G'. Hence 4 1s alternating. Finally, suppose that Ty is
not in 3' and that »; 1s wu. Then ss'r, ... rj_1us and tur-'j+1 ses Tt
are loops of G, hence alternating. Thus s'r1 cer T is a (- +)
alternating path, and uer cee bt 1sa (- -) alternating path. Fitting
these prths together and adjolning t at the beginning, we see that 4

1s alternating. Thils completes the proof of (a), of Lemma 9, and of the
sufficiency condition of Theorem 4.

6. HOW TO RECOGNIZE 'I'HE UNIMODULAR PROPHERTY

To apply Theorem 3 1s easy, although even there one polnt is
important. To say that A has the unimodular property is the sames thing
as to say that AT, the transpose of A, has the unimodular property.
However the hypotheses of Theorem 3 or % may quite easily be satisfied for
AT but not for A. Consequently 1t 1s desirable to examine both A and
AT when using these theorems.

To apply Theorem 4 13 not so easy: how shall we recognize whether
matrix A (cr matrix AT) 1s the incidence matrix of an alternating graph
versus some set of directed paths? We point out that in actual applications
the graph G generally lies close at hand. Por example, it was pointed
out in Bection 5 that the coefficient matrix A of the 1 by j trans-
portation problem is the incidence matrix of the alternating graph shown
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in Dlegram 2 (at the beginning of Section 5) versus all its directed paths.
This graph 1s no strange object - it portrays the 1 "producing points",
the j "consuming points", and the transportation routes between them.

In e glven linear programming problem there willl often be one
(or several) graphs which are naturally associated with the coefficient
matrix. Whenever the problem can be stated in terms of producers, con-
sumers, and intermediate handlers, this is the case. It may well be possible
in this situation to identify the matrix as a suitable incidence matrix.

However it 1s still useful to have criterla available which can
be applled directly to the matrix A and which guarantee that A can be
obtained as a sultable incldence matrix. The two following theorems give
such conditlons. Esach corresponds to a very special case of Theorem 4.
Theorem 5, historically, derives from the integrality of transportation-
type problems, and finds application in [2]; Theorem 6 from the integrality
of certaln caterer-type problems (see [1]).

We shall write A; 2 Aj to indicate that row A, 1s component-

wlse 2> row Aj'
THEOREM 5. Suppose A 1s a matrix of 0O's and 1's,
and suppcse that the rows of A can be partitioned
into two disjolnt classes V, and YV, with this
property: if Ai and Aj are bﬁth in V1 or both in
V,» and if there 1s a colum A~ in which both Ai
and Aj have a 1, then either A, g Aj or Ay 2 Aj'
Then A 'has the unimodular property.

Thls theorem corresponds to a generalized transportation situa-
tion, in which each upper vertex of the transportation graph has attached
an outward flowing tree and each lower vertex has attached an inward flow-
ing tree. Only directed paths which have at least one vertex in the or-
iginal transportation graph can be represented as columns of the matrix A.

PROOF. Briefly the proof is this: Let vertices vy in vV
caorrespond to the rows Ay of A. Define a partial-order g on the
vertices:

vy SV if A in vV, and Aj in vV

or Ai’ Aj in V1 and Ai

or Ai’Aj in V, and A 2

A
]

e

J

J

Let G Dbe the graph naturally assoclated with this partlally-ordered set.
We leave to the reader verlficatlon of the fact that & 1s alternating,
and that the columns of A represent directed paths in P.
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Say that two column vectors of the same size consisting of 0's
and 1's are 1n accord if the portions of them between (in the inclusive
sense) their lowest common 1 and the lower of their highest separate 1's
are identical.

THEOREM 6. Suppose A 1s a matrix of 0's and 1's,
and suppose that.the rows of A c¢an be rearranged in
such a way that every pair of c¢olumns 1s in accord.
Then A has the unimodular property.

This thecrem corresponds to a situation in which ¢{(G) = 0, that
is, every vertex has at most one predecessor (or to the dual situatlion in
which every vertex has at most one successor). The columns of A wmay
represent any directed paths in the graph.

PROOF. Let vertices vy in V correspond to the rows Ai in
A. Assume that the rows are already arranged as described above. Deflne
E as follows:

(Vi‘ vj) is in E kif‘ 1 >3 and if there 1s a
column A" of A such that 84 and
By BF® both 1 while all intervening
entries are 0's.

Let & be the graph with vertices V and edges E. We leave to the read-
er verification of the fact that G 1s an alternating graph 1n which every
vertex has at most one successor, and that the columns of A represent
directed paths in G.
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