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BY
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CHAPTER 1. INTRODUCTION

1. Objectives. We denote by Via,,---,a,] the number of variations of
sign of the sequence a,,---,a, of real numbers. Hence, for example,
V[-1,0,1]=1, V[1,0,1]=0, V[0,0,0]= —1. If f is a real function
defined for 0 < x < =, then V[f(x)|= Lu.b.V[f(x),--,f(x,)], taken over
allsets 0 <x << -+ < w,

Let H be a real-valued function of L'(— », »), ¢ a real-valued, continu-
ous function of L°(— o, ») and let

(1) Ho(x) = me(x— DB d, — o <x< .
H is said to be a variation diminishing *-kernel if and only if, for every
such ¢,
(2) VIH +¢(x)] = V[p(x)].
Let

1 ;= e
(3) G(t):Zf_mmds, e <<,
where
(4) E(s) = =it mI (1 — is—) e/,

k=1 a

the a,’s being real, with > ;.,(1/a}) < «, and b and ¢ real, with ¢ = 0.
In 1947, 1. J. Schoenberg proved that the kernel G defined by (3) is vari-
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INTEGRAL EQUATIONS AND HANKEL CONVOLUTIONS 331

ation diminishing and that, conversely, every variation diminishing kernel
is of the form (3); see [13].

The following analogous theory, generalizing the kernels of (3), was
developed by I. I. Hirschman, Jr. [5]:

Let v be a fixed positive number, and set

x21+1
© T Y
Define
(6) F(x) =272 (y + 1/2) 2277,y (),

where JJ,_,2(x) is the ordinary Bessel function of order v — 1/2. Replacing
the exponential factor of the integrand on the right of (3) by # (st), we set

A
Y] G(t) = o E® du(s), — o <t< ®,
where
=27 s*
®) E(s) = e H(1+—%),
k=1 a

the a,’s being real, ) ;. (1/a}) < =, and ¢ 2 0. Further, corresponding to

_ 1 [~ explisx]exp|isy]
9) G(x_y)—é;_[des’
we set

(" Asx) Flsy)
(10) G(x,y) = ) ——E(g)‘—dﬂ(s),
and define, for ¢ in L'(0, =),
(11) G # ¢(x) =J; G(x, t)o(t) du(t), 0<x< o,

A general definition of ¢ # ¢(x) for any two functions ¢ and ¢ of
L'(0, »;du(x)) will be given in II, §2. Hirschman proved that a # -kernel
G is variation diminishing if and only if it has the form (7). We note that
in the special case where vy =0, #(x) = cosx, and we have Schoenberg’s
theorem for an even kernel.

In 1955, I. I. Hirschman, Jr. and D. V. Widder showed that the »*-
convolution transform f(x) = G *¢(x) can be inverted by the differential
operator E(D):
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N
EMD)f(x) = }]im eI 1 <1 - a%) e f(x) = ¢(x),
- k=1

where D stands for differentiation with respect to x. Further, they ob-
tained a corresponding representation theory, {10, pp. 120-169].

These results suggest that we may develop a parallel inversion theory
for the # -convolution of (11). Our primary goal will be to derive such a
theory under the least restrictive assumptions and to establish an analogous
representation theory. Our main inversion theorem will be the following:

Let ¢ be a function integrable on every finite interval and let

F(x) = f G oM du(), 0<x< o,

where

Gx.3) =ﬁ I,f((xi)f(;'t;

k=1

the a,’s being real, 0 <a, < --- < o, with ) i ,(1/a}) < ». Then

tim I (1= %) 9 = ot
where Ah(x) = h”(x) + 2vh’'(x)/x, if lim,_ l/h LM e(t) — ¢(x) ]du(t) =0,
a condition which holds a.e.

Correspondingly, we prove that necessary and sufficient conditions for
a function f to be represented by f(x) = /7 G(x,¢) dy(t) with ¢(t) T are
that f(x) €C*, 0=x< o, [[Fi(1 —Aa/ad)f(x) 20, 0Sx<®,1=N,
<N, < -+, f(x) =0(Plax)), x— », where _P(ax) is defined in III,
§3, (3).

Examples which serve to illustrate these results are given in the fol-
lowing table:

v | E@® G(x,y)

, coshrxcoshry

t v
0 | cosh(t/2) (27) cosh’rx + sinh’ry

sinh =t (r/2)1? coshxcoshy 4 1
wt N (cosh x + coshy)?

(27)'? sinh rxsinh=y
xy sinh’rx + cosh’ry

1 cosh(t/2)

sinh xt (/2?1 sinhxsinhy
it xy (cosh x + coshy)?
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Note that the Stieltjes transform
0]
F(x) = —dt
0o x4+t
becomes, after exponential changes of variables,

A0

—w x—t
2cosh

hi(x) = dt,

where h(t) = F(e) "%, y(t) = e"*d(e").
Hence, if ¢ is an even function, we have

1 ® 1 1
h(x) = & f + oy
2Jo t
COS

x+t X —
h 5 coshT

y(2xt) dt,

f > cosh wx cosh «t
o cosh’rx + cosh’nt

or

cosh rx cosh =t

- - t) dt,
cosh’rx + coshzwtd’( )

Fx) = (@/m)" f " 2nv

where f(x) = h(x) /7, ¢(x) = ¢(2xx). Thus we find that the Stieltjes trans-
form for ¢ satisfying ®(1/x) = x®(x) is the special case of the # -convolu-
tion illustrated by our first example above. The inversion theorem enables
us to conclude that, in this case,

y “’[1 1 d’
im 11 1= gty ] 0 = o

see [10, p. 69].

2. Formal approach. Before proceeding to a rigorous development, let us,
by way of illustration, derive the inversion theorem formally. We consider
a real-valued function f defined on (0, ») and set

W ) = f T O del),  0<x<

so that, by inversion, as in the case of the Fourier transform, we have

@ f(x) = ﬁ " A0 f ) duld).

We define the linear differential operator A, by
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x dx

3) (A,f)x=[d2+2’d]f()

By an application of Bessel's equation, we may show that, for t fixed,

(4) A, f(xt) = — 82 Flxt);

see [5, p. 317]. Note the analogy to the Fourier transform where the deriva-
tive operator D applied to the exponential gives D(e") = ite’”. Next, let

®) E(s) = knl[u ]

where the a,’s are real and ) ;_,(1/a}) < ». Further, for a real-valued
function ¢ defined on (0, =), let

() fx) = ﬁ "G5, 9)60) du(3), 0<x< o

where G(x,y) is defined in §1, (10). It then follows formally that

fl= J; “fo A xt) dut)
- [ enao [ 6enemrdu

_ f " o) du(3) f " A6, ) du)

S (xy)
f 60) T du)
_+@
T E(x)°

Hence

t
f(x) = f Ftf (0 du(t) = f /(xt)‘g((t)) du(®).

We thus find that
é[l——]fn—f{ﬁ[l——ﬁ—]ﬂ t)}‘g((t‘)’dw
f Fxt)e (0) de0).

11 [reg]
k= N+1
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It, therefore, follows that

N Y ~
im 1T [1-% [ = [ L2220 g
Newo =) ag 0 © tz
lim H [1 + —2]

New Nl a;

= ﬁ ) Fxt)e (1) du(t)

= ¢(x),
which is the inversion we seek.

CHAPTER I1. DEFINITIONS AND PRELIMINARY RESULTS

1. Basic definitions. We begin by developing the theory of the Hankel

transform and by establishing some of the properties analogous to those
of the Fourier transform. For fixed v > 0, we define

s

TG £ 172

We denote by L?(0, ), 1 < p < «, the space of all real-valued, measurable
functions f defined on (0, ») with norm

@ 11, =| flf(x)lpdu(x)]w< -,

whereas L*(0, ») denotes the space of those functions f for which

@) Hl - = e%s;’l‘.g;b.lf(x)l < o,

(1 du(x) =

Let A(x,y,2) be the area of a triangle with sides x, ¥,z if such a triangle
exists. Set

237—5/2[11(7 + 1/2) ]2
F(’y)rlﬂ

(4) D(x,y,2) = (xyz) "+ A(x,y,2) ]2

if A exists and zero otherwise. We note that D(x,y,2) = 0 and that D(x,y,2)
is symmetric in x,y,z. Further, we have the following basic formula:

5) ﬁ Dy, 2 du@) = F(xt) £,

(17, p. 411], from which it follows immediately, on setting ¢ =0, that
® [ peyade -1

Using (5), we may show that
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(7 | f(©)] =1, 05x< w;
see [5, p. 310].

2. Preliminary results. For each f in L'(0, »), it is clear, by §1, (7), that
the integral S5 F(xt)f(t) du(t) exists, so that we may define the Hankel
transform f of a function f in L'(0, ») by

M @ = [ A1 du.
LEMMA 2.1. Let f be a function of L0, »). Then f (x) is bounded and
continuous for 0 £ x < .
Proof. Since
1) f | £GOf O] du®) <111,

we have

@ Lub. |10 =11l

and the transform is clearly bounded.
Further, the continuity of f (x) for 0 < x < » may be established by
noting that, for any real x and &, 0 < x < », we have

1+ B gf | £(x+ m0)| |£O)] dutt).
Now | A((x+ M| f@)] = O] and limeo| £((x+h)0)| = | £z,

0 =t < =, so that the Lebesgue convergence theorem may be applied and
the result follows.

LEMMA 2.2. Let f,f,f,, --- be a sequence of functions of L*(0, ) such that
lim,..|f. — flli=0. Then lim,,ﬁa,f::(x) = f(x), uniformly for 0 < x < w.

Proof. By Lemma 2.1, (2), we have
[fo(x) = f D] =W fa= Flu

DEFINITION 2.3. The associated function f(x,y) corresponding to a func-
tion f(x) of L'(0, =) is given by

fx,y) = f T @)Dy ) du(w),  0<zy< .

The following lemma justifies the definition.

LEMMA 2.4. Let f be a function of L'(0, »). Then the integral

L fw)D(x,y,u) du(u)
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converges for almost all y for each fixed x, and, for x fixed, | f(x, )|, = || fh:

Proof. We have

j:l J;m f(w) D(x, y, u) du(u)

< f " du(y) f "1 Fw) | Dix,y, u) du(w)
0 0

du(y)

= [(176 14t [ D30 duty
—Ifl,

and hence f(x,y) exists for almost all y, for each fixed x, and vice versa.
DEFINITION 2.5. Let f and g be any two functions of L0, »). Then

f#g(x)=ﬁmf(x,y)g()’)du(y), 0<x< o

We find that the properties of the # -convolution parallel those of the
x-convolution, as illustrated by the following lemmas.

LEMMA 2.6. Let f and g be functions of L'(0, ») and let

f#8x) = J;mf(x,y)g(y) du(y), 0<x< .

Then the integral defining f # g(x) converges for almost all x, 0 < x < », and

N7 #gh=|fllgl.
Proof. We have

f|f#g<x)|du<x> =f0°d,,(x)

- f " du(x)
(1]

éJ;md#(x)j;mlg(t)l du(t)J;wlf(u)I D(x,t, u) du(u)

ﬁ " Fx, 08(0) du®)

ﬁ " o0 du®) f " fW)D(x, 8, u) du(w)

- f " 10| dult) f " fw) | duw) f " Dix, b, u) du().

The change in order of integration follows by Fubini’s theorem. It is thus
clear that

N7 # gl <lFllsgl.
LeMMA 2.7. If f and g are functions of L'(0, =), then

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



338 D. T. HAIMO [April
(f#8 D) =fxg (), 0<x<o.
Proof. We have

(1480 = [ £ #20 dut)
- f " #at) dut) f " At w)gu) du(w)
(4 0
- [, AGdu) [ 2w duted [ 0D 0 due

- ﬁ " g(4) du(w) ﬁ " £0) du(o) ﬁ " £()D(t, u,v) du(d),

the change in order of integration follows by Fubini’s theorem. Thus, by
§1, (5), we have

(F#8) @ = L g dut@) [ £ f0) duto)

= f (28 (2).
The following lemma may be found in [5, p. 315]. It enables us to establish
the commutativity and associativity of the # -convolution in L'(0, ).

LEMMA 2.8. Let f be a function of L'(0, =). Then
f(x) = ,1,1_1.2 | f Ok Fat)du(t) a.e.,

where the k. (t), n=10,1,2, ..., are a sequence of functions such that

() k(1) 20,0<x< o,

() S5 ka(8) du(®) = 1,

(iii) im,_. S" k.(t) du(t) = O for every 5§ >0,

(iv) k.(®) € L'(0, »),

(V) ks (%) = ku(2).
An example of a sequence of functions k, satisfying the above properties is
given by

______1____ y—1/2 2y+1 _—nx
k.(x) = e 2 My + 1/2)n* " ™.

COROLLARY 2.9. Let f and g be functions of L'(0, ») such that f (x) = g (x),
0<x< ». Then f(t) =g(t) a.e.

CoroLLARY 2.10. Let f be such that f and [ belong to L0, ). Then
(f) (x) =f(x) a.e
LEMMA 2.11. Let f, g and h all be functions of L'(0, »). Then (f # g)(x)
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=@#f)(x)aeand (f#g #h)(x)=(f# @g# h)(x) a.e

Proof. We have (f# g) (x) =f(x)g" (x) =g (x)f (x) = (g # ) (x) and
hence, by Corollary 2.9, (f# g)(x) = (g # f)(x) a.e. and similarly for
associativity.

We conclude the section by including, without proof, the following general

theorem on the application of linear differential operators to integrals.

THEOREM 2.12. Let r,(x), m = 0,1, --., M be functions continuous in (a, b),
ry(x) > 0. Define the linear differential operator
M

Ly= 2 ra(x)(d/dx)".

m=0
If f(x) = S5 Qx,5)¢(y)duly) converges for 0<x< «, and if q(x)

= fo Ly|Q(x,¥) |¢(y) du(y) converges uniformly for 0 <x<A < « for
every real number A, then Ly[f(x)]= q(x).

CHAPTER II1. VARIATION DIMINISHING # -KERNELS

1. Introduction. In this chapter, we study properties of the variation
diminishing # -kernels G(x) and of their associated functions G(x,y) de-
fined by G(x) = S0 (_# (xt)/E(?)) du(t) and

Gl(x,y) = ﬁ G(u)D(x,y, u) du(u).

We propose, first, to establish inequalities on E(x) in order to verify the
existence of basic integrals. We then construct the variation diminishing
kernels G(x) as convolutions of elementary, basic variation diminishing
kernels. We examine variation diminishing matrices and explore properties
of the associated functions G(x,y).

2. Inequalities for E(s).
LEMMA 2.1. Let 0 <a, Zay £ --- < o, With Z ,:°=1(1/af) < o, and let E(s)
=] [izi[1 + s%/ai]. Then |E(s + i7)| = | E(ir)].

The proof follows immediately from the product representation of E(s).
Note that if a, = « for k=n+1,n+2,-.., then E(s) becomes a poly-
nomial of degree 2n, but the result holds nonetheless.

THEOREM 2.2. Let E(s) be the function defined in the preceding lemma.
Then, for any positive numbers p and R. 1/|E(s + i1)| = O(1/|¢]?), | o] — =,
uniformly for |7| < R.

The proof follows from the definition of E(s) and the preceding lemma.
Note that if E(s) is a polynomial of degree 2n, the theorem holds for p < 2n.

The following results will all be based on the assumption that E(s) is an
infinite product.
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3. Generation of variation diminishing kernels. We propose to show that
the kernels G(x) referred to in the Introduction may be generated from
an infinite number of # -convolutions of elementary basic variation dimin-
ishing kernels g.(x), a > 0, given by

(D gai(x) = a¥ ™ % (ax),
where
(2) S (x) = x"PTK,p(x),

K, _,,2(x) being the Bessel function of the second kind. In our development
we also need the function

(3) F(x) =27V 0 (y + 1/2)x"* 7Ty p(x),

where I, _,5(x) is the Bessel function of imaginary argument of order y — 1/2.
LemMA 3.1. Let g.(x) be defined by (1). Then g.(x) =1/(1+ x*/a®.
Proof. See [17, p. 410].
LEMMA 3.2. Let _P(ax) and % (ax) be defined by (3) and (2) above. Then

A, 1 df ,d ()
(1 B a_2> flx) = - a’x* _P(ax) d—i[ "(Fan) ](ax)]

1 d d f(x) ]

2y 2
T T a%® % (ax) E}[ (e )) x % (ax)

Proof. Each of the identities may be verified by straight computation of
the right-hand side, making use of Bessel’s equation.

LEMMA 3.3.

2 ’r(y + 1/2)
P

,%(ax)% Plax) — Flax) dix #(ax) =

Proof. See [17, pp. 79, 80].
LEMMA 3.4. Let

t
glx,) = f £ /(y)d .

1+

Then
&l(x,y) = a"*' % (ay) FPlax), x=v,
= a®*! % (ax) F(ay), x=y.
Proof. See [17, p. 429].
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LEMMA 3.5. Let g,(x,y) be the function defined in Lemma 3.4 and let ¢(x)
be a continuous function of L=(0, »). Then

1-2) 7 gux 3)60) du) = o).
0

a

Proof. By Lemma 3.4, we have

J; (%, 3)6() du(y) = L 2%, 9)6(5) du(y) + f (%, 9)6() du ()
= a2’+1[ % (ax) j; Play)o(y) du(y)

+ Plax) f " #(ay)90) du(y)] .

Applying the operator (1 — A,/a%) to each side and using Leibniz’s rule,
we have, because of Bessel’'s equations,

(1—%) f £:(%,9)6(5) du(y)

¢(x) 21/2—7x27
% 1)
I" —

<7 t3

Hence the result follows by Lemma 3.3.

— aZ‘y+l

[ F(ax) dix % (ax) — }{(ax)% P(ax) ] .

THEOREM 3.6. g,(x), a > 0, is a variation diminishing kernel.

Proof. See (5, p. 322|.

LEMMA 3.7. Let g,(x),84(x),---,8,(x) be a sequence of variation dimin-
ishing kernels. Then, if

g(x) = (g # g # - # g} (x),
g(x) is variation diminishing.
Proof. See [5, p. 323].
THEOREM 3.8. Let
© 2
Ew =T1(1+%),
k=1 @k
where 0 <a,<ay,< --- and Y ;> ,(1/a}) < «, and let

© K (xt)

G0 =}, Ew

dy(x) .

Then
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. @ 1
G = ﬁ GO du®) =

and G(t) is a variation diminishing # -kernel.

Proof. See [5, p. 323].

4. Matrix transformations.

DEFINITION 4.1. A real matrix A = |g;] (1 £i<m;1sj<n) is called
totally non-negative if all its minors of any order are non-negative.

DEFINITION 4.2. Let A = |a;| (1 Si<m;1 <j<n) be a real matrix of
order R. Then A is called minor definite if all the following of its minors

have the same sign:
(a) those which are of equal order r < R;
(b) those which are of order = R and which belong to the same combina-

tion of columns.

DEFINITION 4.3. A real matrix A = [a;](1 Si<m;1<j<n) is said to
be variation diminishing if and only if for any set of real numbers x,, - - -, x,,
it follows that

yi=zaijxj; i=11"'7ma
j=1
implies that
V[yl) M ',ym] é V[xla . "xn]'

The associated function of a variation diminishing # -kernel will be re-
ferred to as variation diminishing. An approximation argument readily
shows that if G(x,y) is variation diminishing, so is the matrix [G(x;y;)]
1=izn1=jsm).

THEOREM 4.4. [G(x;,¥,)],5ij<n is totally non-negative.

Proof. Consider the quadratic form

Z G(x‘-, x,-)t,-t,-= Z": t,'tj X %fﬂ du(U)

Lj=1 Li=1

- f [ >t flxw) /(x,-u)] 0 W

ij=1

. -
- ﬁ [ > /(x.u)t.-] E

2z 0.

By a theorem on quadratic forms (see [2, Vol. I, p. 306]), it follows that
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det[G(x;, x) }ij=1,...> 0. Now let 0 < x, < x,< ... <%, < 0 and 0 S y, < ¥,
< ... <y, < o, and consider the set consisting of all the x’s and y/s.
Arrange these in increasing order, denoting the numbers of the combined
setby wj, j=1,--.,r, where 0 2w, <w, < --- <w, with n =r g 2n. Con-
sider the n X r matrix A = [G(x;,w)](i=1,...,n;j=1,...,r). By the re-
mark preceding the theorem, A is a variation diminishing matrix and hence,
by [10, p. 101] A is minor definite. Since A has rank n, all n X n minors
have the same sign, and since det[G(x;x))]ij-1....20, we also have
det[G(xi, y,~) ]i,j=1,-~~,n = 0.

THEOREM 4.5. G(x,y) > 0.

Proof. By the preceding theorem, with n = 1, it is clear that G(x,y) = 0.
Suppose G(x,y) = 0. Then we may appeal to IV, Theorem 3.2 (the proof
of which, though independent of the preceding results, is more conveniently
included in IV) to note that there exists a number y, > y such that G(x,y,)
> 0. Similarly, since G(x,y) = G(y,x), there exists a number x, > x such
that G(x,,y) > 0. Now, applying the preceding theorem once more, with
n =2, we find that

G(x,y) G(x,y)

v
<

G(x,y) Glxy, 1)
or
= G(x,y) G(x1, ) 2 0,
a contradiction.
5. Properties of Gn(x,y). Let

- r
B = I (1+5),
k=N+1 Tk

where 0 <a; <a, < --., with D_n;; (1/a}) < =, and let Gy(x) be the vari-
ation diminishing kernel whose Hankel transform is the reciprocal of Ey(x),
and Ga(x,y) be the function associated with Gy(x). We write G(x) and
G(x,y) for Gy(x) and Gy(x,y), respectively.

The following theorems will be stated for G(x, y), though they hold equally
well for Gy(x,y) with N any integer.

THEOREM 5.1. If G(x,y) is the function associated with G(x), then

= Alat) Fyt)

EQ) du(t).

Gx,y) =

Proof. By definition, we have
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Glx,y) = L " GW)D(x, v, w) du(w)

=L D(x,y,u) du(u)f éﬁt)) du(?)

_ ﬁ ﬁ du(t) ﬁ F(w)D(x,,u) du(w),

where the change in order of integration follows by Fubini’'s theorem.
Applying 11, §1, (5), we have the required result.
Note that G(x,0) = G(x).

COROLLARY 5.2. (3™*"/ax™3y") G(x,y), m,n=0,1,2, --., is bounded and
continuous for 0 £ x,y < =».

THEOREM 5.3. S, G(x,y)du(y) =1, 02 x < .
Proof. We have

ﬁ Glx, y) duly) = f e f " GODG, y, 8 dult)
_ f G(®) du(t) f " D(x,y,) du(y)

=];QDG(t) du(t) = 1.

THEOREM 5.4. Let G(x,y) be the function associated with G(x). Then, for
x fixed,

(a) S 8G(x, ) du(t) = x* + 2(2y + 1) A,,

(b) S5 t'G(x,t) du(t) = x* + 4x*(2v + 3)A, + 8(2y + 1)(2y + 3) (A2 — 4,),

(¢) S5 (& — x)7G(x,t) du(t) = 8x°A; + 4(2y + 1) (2y + 3) (A3 — A)),
where Ay=Y i .(1/a}), A,=Y isic;j(1/akd).

Proof. We have

M [ o0 sonaun = 222
(¥)
The definitions of #(xy) and E(y) give us the following Taylor expansions:
x'Z ) 4
@ = s e e
6)) EG) =1+ Ay + Ay + -
Hence
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2
LN S

E®) 22y + 1)
4 x* x? . .
+[8(2‘y+1)(27+3) +2(27+1)A2+A2“A‘]y t+-

Substituting (2) and (4) in (1), we find that
t4

4_
——[L_*_A] 2
2@y + 1 717
+[ x4 + x2 A+A2_A] 4+'.
827+ (27 +3) 2@y y1 2T AT MY

Equating coefficients of y* and y‘, we obtain (a) and (b), respectively,
whereas (¢) is a direct result of (a), (b) and Theorem 5.3.

] du(t)

COROLLARY 5.5.

ftZGN(t)du(t)=2(27+1) > (i>

p)
k=N+1 \Qi

COROLLARY 5.6. For any 6> 0,
lim f Gn(t) du(t) = 0.
Now 8

Proof. We have, for fixed 6 > 0,

[Tewdn <] | #oun auo

_2@2y+1) Z“’: 1

2 3
) E=N41 ai

and the result is immediate on letting N — «.

THEOREM 5.7. For x fixed, 0 < x < ,

b
IlvgnﬁGN<x,y>d#<y>=1, 0Sa<x<b= o,
=O, 0§a§b<x<oo,
=0, 0<x<asgbhzg .

Proof. Suppose 0 <a <b<x< w. Let b=2x—45, 6> 0. Then we have
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[ ' Galx,3) du(y) S ! " Gz, ) du(y)
_ f ) ﬁ " Gy D(x, y, 1) du(u)
< ﬁ " du(y) ﬁ " Gu(w) Dz, y, u) du(w)
_ f " Galw) du(w) ﬁ " D(x,5,1) du(?)

- f " G(w) duu).

The result we seek follows directly on letting N — «» and taking note of
Corollary 5.6. The proof for 0 < x <a b < » is similar, and that for
0=a<x<bsg « follows from the first two cases and Theorem 5.3.

Let us define a frequency function as any non-negative function ¢(f)
for which /7y #(t) du(t) = 1. The mean, m,, and the variance, V,, of the

frequency function ¢ are defined by

m? ﬁ " 2a(0) dutt),

v, - f T (= m)%(0) du®).

We note that the associated functions Gn(x,y) are frequency functions,
and, by Theorem 5.4,

A |
m2GN=x2+ 2(27+1) Z )
k=N+1 Gk
2 w— 1
VGN = 8x Z: -
k=N+1 Gk

@ 2 @
+4(2'y+1)(27+3)|:< > —1—) - X aziaz]

2
k=N+1 Gk N+lsi<j
where x is fixed. It follows that as N — «», mg,—x and Viey—0.
CHAPTER IV. CONVERGENCE OF THE CONVOLUTION TRANSFORM

1. Introduction. In this chapter, we develop asymptotic estimates for the
variation diminishing kernel and its associated function. This leads us to
the establishment of the convergence behavior of the # -convolution trans-
form. We find, in fact, that G # ¢(x) converges for all x > 0 if G # ¢(x)
converges for some x, > 0. Hence, we may refer to G # ¢ as convergent or
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divergent. In this respect, we note that G # ¢ behaves like the Stieltjes
transform.

2. Residues.

THEOREM 2.1. Let z=a,i be a zero of order m,+ 1 of E(2). Then the
residue R of

22 HWY, o(2y) S (zx)
E(2)

at z=a,l is

[ (i) '19(@) P@0)K, 1) }] ,

da a=aq
where y(a;) # 0.
The proof, involving only direct computation, is omitted.
CoROLLARY 2.2. With the notation of the theorem, for x fixed, 0 £ x < «,
R~ C Plax)ym e ™, yow,
where C, a constant independent of x and y, is positive.

Proof. By the theorem, we have

d\™ ,
R=[ (3) tv@ @K, )]

a=ajy

On carrying out the differentiation, we note that the dominant term in y,
for fixed x, is of the form

B P(ax)y™K, 13 m(ay), B>0.
Since, by [17, p. 202|,

1,2 1
K7-1,2~rm1(aly) = <2:y) eiuly[ 1 + 0(;)] ’
i

the result follows.

3. Asymptotic estimate for G(x,y).
LEmMmaA 3.1.

F (xt)
¢ E@)

G(x,y) = yl = e ZH;{’I 2(yt) dt,

where C is the contour
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Proof. The definitions of #(z) and du(z) give
F oty du(®) =y E g () dt,

and since
(T &) Fy)
Gx,y) = T du(t),
we have

o 7 F(xt)
— A l2—y 172+~
Glx,y) =y , EQ) S Ty a(yt) dt.

By (17, p. 75],

t ) )
G(x, y) = yl/Z‘T éitx) ) t1/2+7 [H(I) 1/2(yt) 8(7_1/2)"H.(,1_)1/2(yte") ]dt

© g1/24y (xt)
=yw—v[ L __._Eé H® () dt

_ e(*r—l/2)rif_ " (te™™)VHY L(xte ™V H,_,5(yt)e " dt:l
0 E(te"")

- = Ayt H®D, () At HY (1)
a2 :
= [ : 0] ‘”*f-m 0] d‘]

since # and E are even functions.

THEOREM 3.2. Under the assumptions of Theorem 2.1, with x fixed,
0=x< =,

G(x,y) = ce *y™ ™" _?(a,x) [1 + 0<§>] , Yo e,

where ¢ > 0.
Proof. Let a be such that a; < a < a,, and let C be the indicated contour:

R-ai —— ¢ T
ali
r
g ) _
-R -r r R

By the residue theorem, we have
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z=ayi

_21/2+7 /(xz)Hilll/z(yZ) _ { 2l /(xz)Hﬂ_’l,z(yz) }
J; 5 dz = 27i{ Res Q)

We may apply I1I, Theorem 2.2 and routine estimates of Bessel func-
tions to get, on letting R— » and r—0,

21/z+~,/(xz)H(1) 1/2(¥2)
E(2)

f‘” £ () HY (1)

0 } v + S(x,y),

dt = 21ri{ Res

where |S(x,y)| = O(y "% ),y — «. An appeal to Lemma 3.1 and Corol-
lary 2.2 leads to the desired result.

4. Convergence property.
THEOREM 4.1. Let ¢ be a function integrable in every finite interval, and let

» T
[, 6eonem ) = tim [ 6o dut),  wzo0,

converge conditionally. Then f;~ G(x,y)¢(y) du(y) converges conditionally for
all x and uniformly for x in any finite interval.

Proof. Let 0 < s, <s and 0 £ ¢, <t Then, by I1I, Theorem 4.4, we have
that

v

, G(si, t) G(sy, )
0,

G(s,t) G(s, )
or, by III, Theorem 4.5, G(s,t)/G(s,,t) = G(s,¢t)/G(s,,4). Let
G(x,y)
G( 0, )
Then, clearly, g(y) > 0, and if x,> x, g(y) | . Hence
G(x,0)  G(x)
G(x5,0)  G(xg)’

and g(y) is uniformly bounded for all x < x,. On the other hand, if x, < x,
g3 1 and, by Theorem 3.2, g(y) = G(x,¥)/G(x0,y) ~ Plax)/ Hla,x,),
y— «. Hence, in this case, g(y) is uniformly bounded for all x, x, < x < A4,
for every real number A = x,.

Now

gW) =

0<gly) =g(0) =

f Glx, )9 () du(y) = f g((" ) Glx)6(3) du(y)
()7

_ f £(3)G(xo, )6 (¥) du(y).
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Using the second mean value theorem, we find that

TZ
L Gl 1)) du()
1

w 1,
= |e(Ty)| J;l Glxg, y)9(y) du(¥) |+ |8(T | IL *Gra 1)) du() |,

where T, = w < T). Since g(y) is uniformly bounded, and since, by hypoth-
esis, we know that given ¢ > 0, there is a 7> 0 such that for 7, T.> T,
each of the integrals on the right is less than ¢, the theorem follows.

CHAPTER V. INVERSION FOR CONTINUOUS FUNCTIONS

1. Intreduction. In this chapter, we derive the inversion theorem under
general hypotheses. Since the behavior of Gy(x,y)/G(x,y) and of Gu(x,y)
plays a significant role in the development, we give a detailed study of the
essential properties of these functions.

2. The changes of trend of Gu(x,y)/G(x,y).
LeEmMMA 2.1. Let A(s) = 1 — |s]| for|s| <1, As = 0, otherwise. Then

I(y+1/2) A< x~;s>

21/2—78‘1.7’1

Ga(x, ) = lim f G, y) du(s).

Proof. We have

Iy 4 1/2) A( "—;s>

I= ﬁ GN(S,}’) 21/2‘7327}! dﬂ(s)

{5

= f Gr(s,y) — ds.
x—h

Letting s = x — s’h, we get
1
I = f 1GN(x — s’h,y)A(s’) ds’.
Now
lhim Grx — s'h,y) = Galx, y),
—0

and
|Gn(x — s’h, y) A(s)| < || Gl -
Hence, by Lebesgue’s limit theorem, it follows that
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1
liml = GN(x,y)ﬁlA(s’) ds’ = Gp(x,y).

h—0

LEMMA 2.2. Let

o EO e
Ex) =gy =11 <1 + aﬁ) ’
and let /
. = Fltu)
¢ =ﬁ B W)
Then

Glx,y) = f " Gax, $) G5, ) duls).
Proof. We have
ﬁ Glx,5)Gi(s, ) du(s) = (G # GE(-,9)) ().

But
(Gn # GX(-, ) (%) = Gu(®)GH( -, y) ()

1 Axy) fay) )
" Enxx) E}x) E(x) =G(-,y) (x).

The lemma thus follows by inversion.

THEOREM 2.3. For any real number a, and x fixed, G(x,y) — aGnx(x,y) has
at most two changes of sign for 0 £y < .

Proof. By Lemmas 2.1 and 2.2, we have
G(x,y) — aGp(x,y)
al(y + 1/2)A(x;s>
h
QY2 v pg ] du(s).

Since Gn(x,y) is a variation diminishing kernel, it follows that, for x fixed,

—tim | Gy,9) [G;c(x, 5) —
h—0 [¢]

al{y + 1/2)A<x;s) }

® h
V[ ﬁ Gn(, 9) { Gi(x,s) — ST du(s)]

al(y + 1/2)A<"—_—1

P) |
2lr2~')hy2'y ’

< V[ Gi(x,y) —
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so that, by [10, p. 81], for x fixed,

al(y + 1/2)A(x—;—z)
21/2—7hy21 ] .

V[G(x,y) — aGn(x,y) ] < lim i-Pf V[ Gi(x,y) —

h—0
Since, for all sufficiently small h, and x fixed,

al(y + 1/2)A<"—;1)

2 l/2—‘yhy27

GK’(x; y) -

has at most two changes of sign, so does G(x,y) — aGn(x,y).
THEOREM 2.4. For x fixed, lim,_ ., Gp(x,y)/G(x,y) = 0.

Proof. Let a;i be a zero of order m;+1 of E(t). If m;+ 1> N, then
a,l is a zero of order m{ = m;+ 1 — N of E\(t). Hence by IV, Theorem 3.2,

Gn(x,y) ~ Cy Pla,x)e *vy™

so that Gy(x,y)/G(x,y) ~ Cyy™", and lim,_.. Ga(x,¥)/G(x,y) = 0. If m, + 1
< N, then a,i is not a zero of E\(t), and, by the proof of IV, Theorem 3.2,

it follows that
Gn(x,y) = 0@y e™™), a>a,.
Thus, using IV, Theorem 3.2 for G(x,y), we again find that

lim Gz, y) _
y—= G(x,Y)

THEOREM 2.5. For x fixed, Gy(x,y)/G(x,y) has at most one change of trend.

0.

Proof. Consider, for some real number a,

1 Galx, y)] .

G(x,y) — aGn(x,y) = aG(x,y) [5 BeTrRY)

Since G(x,y) > 0, it follows that

V|[G(x,y) — aGpl(x,y)] = V[é - Cg;(;yy))] :
If Gu(x,y)/G(x,y) were to have more than two changes of trend, there
would, necessarily, exist a real number a for which V[G(x,y) — aGn(x,y)]
> 2, contradicting Theorem 2.3. Suppose then that Gy(x,y)/G(x,y) has two
changes of trend. We have Gy(x,y)/G(x,y) > 0. Suppose Gy(x,y)/G(x,y)
is increasing in the neighborhood of the origin as in Figure a. If the quotient
had two changes of trend, it would have to decrease once and then increase
for all large values of y, contradicting. Theorem 2.4. Hence in this case,
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Ga(x,y)/G(x,y) must have exactly one change of trend. On the other hand,
suppose the quotient is decreasing in the neighborhood of the origin as in

Figure b. Then since lim,_. .. (Gy(x, y) /G(x,y)) = 0, if there were two changes
of trend, there would exist a real number a for which V[G(x,y) — aGu(x, )]
= 3, contradicting Theorem 2.3. Hence in this case Ga(x,y)/G(x,y) has no

change in trend.

I
]
I
|
' | l i A

x) x-114 x=24 ¥ w2

x=2A x  x+2A x+11A ¢, (x) n
FI1GURE a Fi1GURE b

THEOREM 2.6. Let x be fixed and & any positive number. Then, for N suffi-
ciently large, Gn(x,y)/G(x,y) has exactly one change of trend in the interval
(x —6,x+9).

Proof. Let A be a number such that 0 < A < 1. We note first that there
must exist a y in the interval (x — 4,x — §/2) for which Gn(x,y)/G(x,y)
< A; for, otherwise, we have Gy(x,y)/G(x,y) 2 Afor all y, x — 6 <y<x
— /2. By III, Theorem 5.7, it then follows that

x—8,2
0 = lin f Ga(x,) du(y)
y— X--&
. V2 G, )
= lim

bm ) Gy G(x,y) du(y)

X—6,2
24 6wnd) >0,
-5
a contradiction. Similarly, we may show that in the interval (x + 6/2,x + é),
there must exist a y for which Gy(x,v)/G(x,y) < A. Finally, in the interval
(x—6/2,x + 6/2), there must exist a y for which Guy(x,y)/G(x,y) > A, for,
otherwise, we have Gn(x,y)/G(x,y) < A for all y in the interval. But then

X+, 2 i
lim Ga(x,y) du(y) = lim Gax,y)
2 Newo Jx—6.2 G(x’y)

N—w Jx—3,

G(x,y) du(y)

X156 2
< Af G(x, ) du(y) £ A < 1.
x-6 2

On the other hand, 111, Theorem 5.7, gives
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x+6,2
lim GN(x} y) d#(y) =1,

Noow Jx—5/2

a contradiction. This result in conjunction with Theorem 2.5, proves the
theorem.

THEOREM 2.7. For x fixed and & any positive number,

im GN(x)y) _
Now G(x:y)

for0sysx—6x+6sys .

Proof. By Theorem 2.6, we know that for N sufficiently large, Ga(x, y) /G(x, ¥)
has one change of trend in the interval (x — /2, x + 4/2). It therefore follows
that Gy(x,y)/G(x,y) T for 0 =y < x — é/2. Hence

2 Ga(x, y) Gux,x —0) (*7**
£~o G(x,y) ) 2 G(x, x — 9)

Further, G(x,y) > 0 so that 1/G(x,y) is bounded. Hence

du(y).

x—82 GN(x y) fx 82
.[r—a Glx,y) ) = x- 5l<ly15bx 52 G(x ) Gn(x,y) du(y).
Thus
x—6/2
Gvxx—9 _ yp f Gz, ) du)
G(x,x - 6) = Xx—0SySx+b G(x y) fj:s/zd#(y) s

and by III, Theorem 5.7, we have limy_.(Gy(x,x — 8)/G(x,x — 8)) = 0.
Similarly, we may show that limy_... (Gy(x,x + 8)/G(x,x + 8)) = 0, and the
theorem follows.

3. The change of trend of Gy(x,y).

THEOREM 3.1. Let

h(x, )_f L) L 0 y< e,

I

and let
Guli,3) = [ Guls Ihx, ) due), 055 y <,
Then
. GN,((xyy) _
l‘lf‘lgm—l, 0=x, y<ow.
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Proof. We have

h(x,y) =

1)
f(xe) F 1) du(t)

=277 (y + 1/2) (xy) "2 f te™ ", i a(xt) J,_1,a(y0) dt,

so that, by [17, p. 395],

ht(x’ y) _ ( 2> 7+1,2e ,(Zuzﬂfz’/“]' ( %y) .

N ™

Thus

]’( f‘!)
h(x,y) 2 —2pP-x?),4

h(x,2) ](i) ’ !
2

and, since _#(0) = 1, it follows that

lim h(x,y)
e—0 h‘(x, x)

=1, 0x, y< .

Now we have

Gy(x,y) (7 h(x,s)
) —ﬁ Gr(s,y) hx) du(s).

It is clear that
h(x,s)
h(x, x)

Further, for 0 < x < a, the inequalities 1 £ # (x) < e” readily follow from
the power series expansion for . ¥ (x). Hence

]<e2xs>
— zzz e ez(sz—xz)A
7 ﬁ)
(5

s, ze— (2(32—’ x2) /4

lim Gn(s, ) = Gn(s,y).

h(x,s)
h(x,x)

Ze

222

22 9 _25-p2 :
=ex¢,ze (s x),4<e :

where the last inequality holds for all s and for every ¢ < 1. Thus we may

apply Lebesgue’s limit theorem to get

lim Gy (x,y)
—0 h(x,x)

f Gn(s,y) du(s) = 1.
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THEOREM 3.2. For x fixed and a any real number,
V|GMx,y) —a] = 2.
Proof. We have, by Lemma 2.1, and by the definition of Gy (%,y),
GMx,y) — aGn.(x,Y)

. rer+ 128( 20
= tim [t ) | g~ ah(x) | duo)

so that a proof entirely analogous to that of Theorem 2.3, leads to the con-
clusion that

V[GMx,y) — aGu (x,y)] = 2.

Since x is fixed and a is arbitrary, we take a = a’/h(x,x), a’ any real
number. Then

V[ Guwy - o GBI o
h(x, x)

By Theorem 3.1 and [10, p. 84], it follows that

A

, GN,.(x,y)] 9

V[Gy(x,y) —a’] £ limi _ g’ 2NAB I
[Gn(x,y) a]fllr&l()an[GN(x,y) a h(x.2)

THEOREM 3.3. For x fixed, lim,_,.Gn(x,y) = 0.
Proof. The conclusion is a direct result of IV, Theorem 3.2.

THEOREM 3.4. For x fixed, and for any 6 > 0, Guy(x,y) has a variation of
trend in (x — 6,x + 8) for N sufficiently large.

Proof. We proceed in a manner entirely similar to the proof of Theorem
2.6. Let A be a positive number such that 0 < A SEtutdu(y) < 1. Within
the interval (x — 8,x — 6/2), if N is large enough, there must exist a y for

which Gn(x,y) < A; for, if not, G,(x,¥) 2 A for all y in the interval. But
then, applying III, Theorem 5.7, we find that

x—6/2

0= lim Gn(x,y) du(y)
Nowo JO
x—b8 x—6;2
- lim f G(x,y) du(3) + lim Galx, ) du()
N—w JO N—w Jx—i
xX—6,2
= lim | = Gyx,y)duly)

x—b2
> Af du(y) > 0,
xX—é
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a contradiction. Similarly, we may show that in the interval (x + 4/2,x + §),
there must exist a y for which Gu(x,y) < A.

Moreover, in the interval (x — 6/2,x + 8/2), Ga(x,y) must exceed A at
some point y; for, otherwise, we have Gy(x,y) < A for all ¥ in the interval.
But then

X+6,2 X+6,2

lim | G o) 54 [ d) <1,

Now X—b:

by the definition of A; whereas, using 111, Theorem 5.7, we have
X162

lim ) Ga(x,y) du(y) = 1,

N Jx—o

a contradiction. It thus follows that for large N, Gy(x, y) has a change of
trend in the interval (x — 5, x + 4).

THEOREM 3.5. For x fixed and N sufficiently large, Gn(x,y) has exactly one
change of trend at £5(x), 0 < £y < ®, and [x — &n(x) | < c(sy)'? wherec is a
constant depending only on v, and sy = ;_n..(1/ad).

Proof. That Gu(x,y) has at least one change of trend for N sufficiently
large is proved in Theorem 3.4. That Gy(x,y) has at most one change of
trend follows from the proof of Theorem 2.5 on replacing G(x,y) by 1. Thus
it follows that for large N, Gy(x,y) has exactly one change of trend at some
point ¢y(x), and it remains for us to establish the bound for its distance from
x. To this end, let
(1) A= (2(2y + Dsp "2

and consider

1+24 - 24 -
@ f L Gue ) duy) = 1- f Gal 3) du(y) — f  Gute ) dul).
Now

x—24 x--2A @
ﬁ Gu(x, ) du(y) = f du(3) f Gu(w) D3, y, ) du(w)
X--24 2x—-24
< f du() f 6w Dy, w) du(w)

2x--2A @
< ﬁ G dutw) f D(x,y,u) du(y)
1 2x--24

. 1
— z —
< el y uGy(u)du(u) < T

where the change in order of integration is justified by Fubini’s theorem,
and the last inequality follows by I1I, Theorem 5.4 (a). Similarly,
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f _ GN(x,y) duly) = f _du(y) f mGN(u)D(x.y,u) du(u)
x+24 1424 2A

1 s 1
= 47‘];‘4 u'Gn(u) du(u) < i
Applying these inequalities to (2), we have
x+24A 1
®) [, avsna 2,
~24 2
or

1. 1 fHMG( )y*'d
2527V (y+1/2) Je-2a &Yy ey

(x + 24)*
S g T g A, keb. | Gx),

so that

I'(y +1/2) 1
(4) l-u-b- GN(x:y) ; 21/2—7 A(x+ 2A)27 *

1-2A5ysx+24A

Suppose now that |x — £n(x)| > 11A.
1

Gn(x, y) Gn(x, y)
G, ) [\ Gz,
1/8

7N 7

1/a

» Y -

FIGURE a FIGURE b

Then Gu(x,y) | within the interval (x — 24,x + 11A4) if x < £p(%), as in
Figure a, and Gn(x,y) | within the interval (x — 114, x + 24) if x > £x(x),
as in Figure b. It therefore follows that (4) holds for y in (x + 24,x + 114)
and (x — 11A4,x — 2A4). Hence

ﬁ " Guix,y) duly)

1 x+11A .
TG F 1) j:m Gnlx, y)y* dy

1 [ 'y +1/2) 1
274 (y 4+ 1/2) 2bEr A(x 4 24)7

v

[\%

b

] (x+24)994 =

oo
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a contradiction. Similarly,

ﬁ " Gu(x,y) du()

Gn(x,y)y*" dy

iv

1 x—2A
2 (y 4+ 1/2) J:—IIA

1 [I‘('y—i- 1/2) 1
=27Vr(y 4+ 1/2) 2V A(x + 24)%

_g<x—11A)”’
8\x+24/ "

\Y

](x ~ 114)94

and
. ” 9
liminf | Gu(x,y)du(y) = _,
N—= Jo 8
These contradictions imply that our assumption must be false, so that for

N sufficiently large, |x — ¢éx(x)| < 11A, and the theorem holds.

THEOREM 3.6. For N large and all x and y, Gy(x,y) < A(x)/(sn)"?, where
sv= D i-n+1(1/a}).

Proof. We have

® Fxt) £yt
0 Enx®)

B 1 b E(xt) £y o gy
T2 (y 4 1/2) Jo EN)

Ga(x,y) = au(t)

J~, —1y2(xt) J‘y— 12(t)

tdt.
En® dt

42y 4 1/2) (xy) f ’
1

Now

- tt =1\ . - 1
Enxit) = <1++)=1+< —.)t‘+< f>t4
N k=INI+1 a; k§+l aj; N+lz=/<lz afafz + ’
where the coefficients of powers of ¢ are all positive. Hence Ep(t) = 1 + syt
Further, for 0 <u < », | #(u)| £1, and the asymptotic form for J. (),
see [17, p. 194], gives, for u > 0, |, -12(u)| Sc¢/(u)"?, where cis a con-
stant. Using these inequalities in the integrals defining Gy(x, y), we find that

oodt T dt
<< -y
Gulx,y) < klﬁ Trs + ky(xy) ﬁ s
dt < K(x,y)

= [kl“f‘kz(xy).—’]]; T+ spt? = (s 2 "
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For N large, if ty(x) is the maximum point of Gy(x,y), it follows that

K(x, tn(x) _ Alx)
(s T (sWM*’

the last inequality following by Theorem 3.5.

Gur(x,y) £ Gu(x, En(x)) =

4. Application of the differential operator.
LEMMA 4.1. For fixed y,

N

11 (1 - —) G(x.3) = Gy(x.).

Proof. We have

= Fxt) Fyt)

Gy = |, T g dul®

and

t t
Gz, y) = f/(’;)(t/;(y)du(t).

Applying the operator []i.,(1 — A./ai) to G(x,y) and noting that, by I,
§2, (4),

_ %) Ft) = kINI (1 + %) ),

x>
1t Z
NN

we find that
A A, a = Fat) £yt
E,(l‘a—) Glx,y) = }}1(1‘52) o T E@  *0

1(1-3) A fon]

- f ) ["=‘ du(t)
0

E(t)
N 2
I (1+;—%) St £
- f 5 du(t)
= Fxt) F o)
_ ﬁ g k() = Ga(x,y),

where Theorem 2.12 of II justifies moving the operator under the integral
sign.
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THEOREM 4.2. Let ¢(x) be integrable in every finite interval, and let

flx) = ﬁ " Glx, y)6 () du(3),

where the integral converges. Then
N Az ©
I1 (1 - 3> fx) =ﬁ Gn(x, Y)¢(¥) du(y).

k=1

Proof. By Lemma 4.1,

N Ax
I1 (1 - _z> G(x,y) = Ga(x,y),
k=1 Qi
and hence, by Theorem 2.12 of II, it is sufficient to show that

ﬁ " Gz, )9 () du(3)

converges uniformly for x in a finite interval. Now, Gp(x,y)/G(x,y) is posi-
tive, has one change in trend for N sufficiently large, and —0 as y— .
Hence for y large enough, (Gn(x,y)/G(x,y)) | . By the second mean value
theorem, we have

T2 GN(xJ y)

T,
[ uta. 0801 duo) = [ * TED 602, 005) duty)
_ GN(x) Tl) ¢
=G T) J;l G(x,y)¢(y) du(y)
GN(x, Tz) T2
+ m j; G(x, y)o(y) du(y),

where T, < w = T,. It then follows by Theorem 2.4 and by IV, Theorem
4.1, that
r
. 2
lim |} Gu(x,y)¢() du(y) =0,
T, Ty9— = n
uniformly for x in any finite interval, and hence the theorem is proved.
5. Inversion.

THEOREM 5.1. Let ¢(t) be a function integrable on every finite interval, and let
flx) = f Guix, 06 du(), 0 <z< o,

converge. If
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. 1 x+h
lim 1 f [6(0) — o(x) ]du(®) = 0,

then

. A,

i [T (1- %) o) = ota).

Proof. Let
M In= |, Gre ) 60) ~ 8()Jduty).
The proof will be complete if we can show that limsupy_.|Iy] = 0. Let
y
@ 10) = [ 1600 — o )auts,
so that
(3) vV ()dy = [6(y) — ¢(x) |du().
From the hypothesis, it follows that for a given ¢> 0, there is a 4> 0
such that
Yy

@ o)l s | [ 1o — s@lduty | <y -,

for |y — x| < 8. With x and 6 fixed, é < x/2, choose N so large that Gy(x,y)
has its one change of trend at ¢y(x) within the interval (x — 5/2, x + 4/2).

Now let
= ( [+ [0+ ]) oo - 61wy

=L+ L+ 1

Since Gn(x,y) T in (0,x — §), we have, by the mean value theorem,

()

L= f 7 G, 3) [60) — 9(x) |du(3)

= Gulx,x — 9) fy _ [6(y) — ¢(x) ]du(y),

where 0 <y < x — 6. Hence, by Theorem 2.7,

(6) lim I, = 0.

Nowo

Also, using the mean value theorem again, we find that
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I= f " Mz 90) ~ 92 ]duty)

= ‘; GG"E(:;;) G(x,y)¢(y) du(y) — ¢(x)£°:G~(x,y) du(y)
GN(x,x+6)f G(x, y)(y) du(y) — ¢(x)f Gn(x,y) dp(y),
G(x,x + 9)
where x + 6 £ ¢ < ». By Theorem 2.7, and by III, Theorem 5.7, we have
o fim =0,
Further,

x+38
L= [ 6w 160) - 90l

x+é
- [ v oray
= Gn(x,x + 0)Y(x + 8) — Gul(x, x — d)y(x — o)
x+é d
— [ w05 Gtz d.
Hence, by Theorem 2.7,

x+é d
[ 1] <0(1) +j;_6 v ] IEGN(-’C,J’)

as N— «. By (4),

146 d
Bl S0+ [ ly-1l | Guwy)

-+
<o(l) + f (Iy — £x®) | + |en(x) — x]) GN(x,y>

@) §o<1>+e{ f e D GN(x »dy

£,,(x) d
e i [ [ £ Guwmnay

X+6 d
f " d—GN(x y) dy] }

Now, on integrating by parts, we have, as N — «,
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L ™ e — ) dinN(x, y)dy

-8

x+é
=0(1) +J;_‘s Gn(x,y) dy

r 1/2) (* 1
=o(1) +%—?,LT_,/—) . FGN(x,y) du(y)

9) I'(y +1/2)
<o(1) + '2'1/777,(—{:—;5')7,

I'(y+1/2)
So(l) +W

x+4
[ 6w duty

=o(1) + K(x),
where the last inequality follows since 4 was chosen < x/2. Also,
‘N d e d
S gemmaay = [ Lo ndy

10
(10) = 2Gn(x, Ex(®) +0(1), N— .

Applying (9) and (10) to (8), we find that
| I} <0(1) + e{o(1) + K(2) + |ex(x) — x| [2GMx, En(x)) +0(1) ]}, N— =.
By Theorems 3.5 and 3.6,

Lu.b. |&x(x) — x| Galx, Ex(x)) = B(x)
N=0,1,-.

is finite. If we select, for arbitrary ¢ > 0,

f,

P L E—
~ K(x) +2B(x)’
it follows that
(11) lixg,lsupllzl ¢,
and hence, combining (6), (7) and (11), we have limsupy_.|Iy| £ ¢, and
the theorem follows.
CHAPTER VI. REPRESENTATION

1. Introduction. In this chapter, we develop a representation theory corre-
sponding to the inversion theory. We find that we must consider the

Stieltjes integral 4~ G(x,y)dy(y) rather than 5~ G(x,y)¢(y)du(y). Our
major preceding results, however, may be established equally well for the
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Stieltjes integral. In particular, if
M ) = [ 6t avy

converges conditionally for any value of x, 0 £ x < =, then it converges
for all such x and uniformly for x in any finite interval. Further, by the
Stieltjes form of V, Theorem 4.2, f(x) is infinitely differentiable for 0 < x
< » and

N A, ®
@I (1-5)i0 = [ Guenae),  0sx<a, N=o1,...

Note that if y(y) T, since Gy(x,y) > 0,

N A,
@) H(l——z)f(x)go, 0Sx<w, N=0,1,-...
k=1 ai

It is our aim to show that necessary and sufficient conditions for a function
f to have the representation (1) with y(y) ] are that f(x) be infinitely
differentiable for 0 < x < », that (3) hold and that f(x) = o( Plax), x> ».

2. Behavior at infinity. If the *-convolution transform
fx) = f G(x — t) da(t)

converges for some value of x, where G is a variation diminishing *-kernel,
it has been shown, (10, p. 147]that f(x) = 0(¢*),x — ». We derive an anal-
ogous result for the # -convolution.

THEOREM 2.1. Let f(x) = £~ G(x,t) dy(t),0 S x < o, converge. Then f(x)
=0(P(a;1)),x— o,

Proof. Let s(y) = /£,°G(0,u)dy(u) and t(y) = G(x,y)/G(0, y). By hy-
pothesis, it follows that, for a given ¢ > 0, there exists a ¥o such that
|s®)| <&y 2= yo. Further, by III, Theorem 4.4, t(y) 1, and by IV, Theo-
rem 3.2, lim, ..#(y) = #(a,;x). Now let f(x) = fi(x) + fo(x), where f,(x)
= JG(x,y) dy(y) and fi(x) = £ G(x,y) dy(y). Since (G(x,¥)/G(0,y)) T,
on applying the mean value theorem, we have

_ [ Gx,y)
filx) = o mG(O,y) dy(y)
— G(xr yO)
G(OyyO)

where 0 < 5 < y,. Then IV, Theorem 3.2 implies that, as x — «, f,(x) = o(1).
Further,

f 0600, 3) dy(y),
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" G(x,y)

folx) = G(O y)

G 0, ) dy(s)
=—ftmam

n
= tygs(y) + L " s(3) dt(y)

< ety + ¢ L "dt) 5 o (),

so that f(x) = o( #(a,x)),x— .

3. A basic representation theorem. In this section we develop a funda-
mental representation theorem which will be needed to derive our major

result.
LEMMA 3.1. Let
H(x, )—f /(x)/(y)du(t), 0=x y< .
1+_
k
Then

Hy(x,y) = a2 Iy + 1/2) P(ax) P(ay) f if x5y,

W
= a2V (y + 1/2) P(ax) ](ay)f W if xz2y.

Proof. We have by III, Lemma 3.3,
27V (y + 1/2)

xZ'yaly -1

d _. . d
(1) % (ax) Zx Plax) — P(ax) e #(ax) =
Dividing both sides by [ -#(ax)]* and integrating from y to «, we have,
since lim,_.. (_%¥(ax)/ Plax)) =0,

K@y 27 r(y+1/2) (*  dx
Flay) a®! y [ Plax) ]

But, by III, Lemma 3.4,
Hi(x,y) = a**' ¥ (ay) Plax), x=y,
=a""*! %(ax) Play), =x2y.
Substituting (2) in (3), we have the desired result.

()

()
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LEMMA 3.2. Let &(t) be a function integrable in every finite interval and
non-negative for 0 £ x < «. Then

© «© 2]’ u .
ﬁ H(x, 09(t) du(t) = f -1‘217[78—3?@ ﬁ & Playe(t) dt,

whenever either side is finite.
Proof. Since, clearly, H(x,y) = H(y, x), we have, on applying Lemma 3.1,

ﬁ " Hix, () du()
t2dt
27y +1/2)
tdt
Ty 1 1/2)

n o = du
- [ tmowar 2an Faan [ e

= j:H(t, x)®(t)

+ f Hy(z 0900 5

+ f wtz’é(t)azf'(ax) Plat) dt '

du
[ Plaw) -

By Fubini’s theorem, the order of integration may be inverted to give the
desired resulit.

LEMMA 3.3. Let f(x) € C40 £ x < »; f(x) = 0( Plax)),a > 0,x— »; ["(x)
= 0(P(ax)),x— ». Then f (x) = o( Plax)).

Proof. On integrating by parts, we may verify that for any real number 6,

flx+6) — f(x)

f(x) = P

+ %f+ (t— x— 0)f"(t) dt.

Since f”(x) 2 O( #(ax)),x— «, there exists a non-negative number A such
that

f/(x)2 —APlax), 0=2x<,
and hence
f(x) £ o( Plax)) + A9 _Pla(x + 6)), X— o, §>0,
2 o( Plax)) + A9 _Plax), x— o, §<0.
Since 8 may be chosen arbitrarily small, it follows that
f(x) =o(HAlax)), z2— =,

as was to be shown.
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LEMMA 3.4. Let
QD) = qu(x)D"+ g () D" ' 4 .+ gy(x), 0<x< w,

be a linear differential operator of degree n with coefficients such that the
q%(x),j=0,1,..-,i, i=0,1,..-,n are all bounded for Xo < < o for any
Xo>0. If f(x) EC", 0= x< »; f(x) =0(Flax)), a>0,x— =; QD)f(x)
2 0( Hlax)), x— =, then f®(x) =o( Plax)), x— o, k=1,2,---,n — 1.

Proof. 1t is sufficient to prove the theorem for k = 1. For, suppose the
theorem holds for & = 1, so that with the given hypotheses, we have f'(x)
=0(Aax)), x— ». Let @*(D) = ¢(x)D"' + --- + ¢qi(x). Then

Q*(D)D(f(x)) = Q*(D)f'(x)
= Q(D)f(x) — go(x)f(x).

Since g¢(x) is bounded, this implies that @*(D)f (x) = O( P(ax)), x— .
But, applying the theorem, which we assume holds for & =1, to f'(x) and
the operator @*(D), it follows that f”(x) = o(_#(ax)), x— ». Proceeding
in this way, we may clearly conclude that f“(x) =o( #(ax)), x— o,
k=2,...,n — 1. It thus remains for us to establish the theorem only for
k = 1. To this end, set

(1) F(x)=L(x—t)"“Q(D)f(t)dt, x5 > 0.

On integrating by parts, we find that
F(x) = P,_,(x) + (n — 1)!q,(x)f(x)
(2 n «
3 (- f L(x — 0" qu(t) [F(t)
k=0 x

where P,_;(x) is a polynomial of degree n — 1. Since the ¢\, j=0,---,1,
i=0,...,n are bounded for x, < x < = and since f(x) = o( Plax)),x— o,
it follows from (2) that

3) F(x) = o( Plax)), I o,

Further, differentiating (1) twice, we have
4) F(x)=@n-1{n - Z)L (x — )" QD) f(¢) dt,

and since Q(D)f(x) = O( H#(ax)), we find that
6)] F(x) 2 O( Hlax)), x— .

F(x) thus satisfies the conditions of Lemma 3.2 and hence
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(6) F(x) =0o( Alax)), x— .
But, on differentiating (2), we find that
(N F(x) = (n — D!'g(x)f (x) + o( Flax)), x— =,

and since g,(x) is bounded, it follows that f'(x) = o( P(ax)), x— =, and
the lemma is proved.

LEMMA 3.5. Let (a) f(x) €EC% 02 x < =, (b) f(x) = o( Plax)), x— .
Then

(" a Aax) Y A
f(x) _J; e ] d“ﬁ t ](alt)[ (1— a—?) ]f(t) dt.

Proof. Note that the assumption that |1 — A,/a}]f(0) is defined implies
that f(0) = 0. By III, Lemma 3.2, we have

(1) [1—A—;] fa) = ath}(alx) :x[ | Pam £ ( }sz))]

V4 h

Multiplying each side of (1) by aix*" _#(a,x) and integrating with respect
to x from O to u, then dividing both sides by u*| _#(a,u)]* and integrating
with respect to u from 0 to x, we find that

@ 9= Faw {10 - [ ﬁ}a‘—m | GECIR —g‘—] Foa).

As a result of hypothesis (b), it is clear that

@ [ = ﬁ }%2 ﬁ " ](alt)[ (1 ——) f(t)]

and hence

@ fw=[ u—“[“;z—%;] du [t Fan | (1-%) o] a

THEOREM 3.6. Let (a) f(x) EC~, 0 £ x < », (b) f(x) = o( H(a)x)), x— =,
© I —Aa/ad)f(x) 20, 0Sx< o, N=1,2,.-.. Then

P N
f(x)=ﬁ G;s(x,w[k_ll(l——) f(y)] i), OSx<w N=1,2 -

where
t t
Gi(x,y) = /(x)/(y)dy(t) 0<x, y<w, N=1,2,....
4] tl
1(1+3)
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Proof. We note that by Lemma 3.4,

(1) f(k)(x)=0(](01x)), X— o, k=1’2’"°
Now if
N A,
2) fo):klll(l_E) f(x), 0£x< o,
then clearly
®) fot) = (1= 22 fu@).
Since, as a result of (1), fv_,(x) satisfies the conditions of Lemma 3.5,

we have

[ akPlayx)

frn-1(x) —]: m du f £t Planty) [alty) ditn.
Now writing
fua = (1- 22 ) fuato

and repeating the argument, we find that

[ ax_, Play_x) f 2y
fr-a(x) —J; By [P @n st D]zd t (Plan_itn-Dfn-1(tn-) din_,

* a%_, Play-x) f“N—l 2
= —dun_ tir, Plan_itn_) din_
J: u}‘v 1[](0N—1UN—1)]Z UN-1 o v Plan_itn Dditn_,

f ) _@Zﬂt_‘_"_l)_d f te Plantw) alty) di.

IN—1 uN [ F (aNuN)

Proceeding in this manner, we finally express f(x) in terms of 2N iterated
integrals

= a? #lax) J‘ “ f ° ai Plat)
9= [ i Fa e Jy 700 |, G e

u ® 2
. f 20 Play) dty - - - f wduN ﬁ N Blanta)
0

IN-1 ufv[](aNuN) ]‘

(4)
N
11 (1 - A(;—g)f(tN) dty.

k=1

Condition (c) now enables us to apply Lemma 3.2 repeatedly with the
result that
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f(x) = ‘l;m Hl(x) tl) dﬂ(tl) ‘[; ) HZ(tl’ t2) dﬂ(tZ) te ‘I;m HN—l(tN_z, tN—l) d“(tN_]_)

O s [T (1~ 2000 ] dute,

k=1
where
® t
®) Hyxy) = | /("—){(yﬁ’ du(t).
an

By V, Lemma 2.2, and Fubini’s theorem, it now follows that

) f = [, it [INI (1- :—é)f(t)] du(t),

k=1
where G¥(x,t) is defined as above.

CoROLLARY 3.7. Let (a) f(x) €EC™, 0sx<w, N=1,2,..., (b) f(x)
=o( A7), x— o, (¢) [[M.(1-4/aDf(x)20, 0sx<=», 1=N,
<N,;<....Then

© N;
f(x)=ﬁ Gﬁ,(x,y)ﬂ(l—-i—i)f(y)du(y), 0Sx<e, 1=Ny<N <.
k

k=1

Proof. With the weaker conditions of the corollary the proof of the theo-
rem may be followed to the point where f(x) is expressed by the iterated
integrals (4). Lemma 3.2, in this case however, can be applied only for those
values of N in the sequence Ny, N, --. and lence f(x) has the representa-
tion given above.

4. Representation.

LEMMA 4.1. Let GX(x,y) be defined as in Theorem 3.6. Then limy_...G¥(x, y)
= G(x,y) uniformly for x fixed, 0 < x < «, and for y in any finite interval.

Proof. Consider
|GX(x,y) — G(x,y) |

= [ £ o - " | dutt
t

éj;w ~ L T 1 ; du(t).
(v D05
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Now

lim 1 _ 1 —0,

N t2 £ tZ
0(1+g) O(+3)
and, for £t =1 and all N = 2y + 1, we have

1 1 2
<

( t2) m( ¢ = N £

H(8) A0+9| f(eD)

T+g) HO+gz) | T+
2

< <
S14c®N T 14ttt

(3]

¢ <0, so that Lebesgue’s limit theorem may be applied to obtain

lim 1 — 1 du(t) = 0,
Noo JO N t2 @ t2
H(1+—2) H(1+—2)
k=1 a; = a;

k=1

whence the result.
Helly’s first and second theorems are proved in {11, Vol. I, pp. 222, 233].
We find it useful to combine and restate them in the following forms:

THEOREM 4.2. Let f(x) be a continuous function defined for 0 < x < «
and such that f(») exists. Let g,(x) be a sequence of functions, defined on
0 £ x < =, which are uniformly bounded and which are of total variation
uniformly bounded by K. Then there exists a subsequence g,(x) of the sequence
&.(x) converging to a function g(x) at every point of continuity of g(x). g(x)
is of total variation bounded by K and

im [ f(x) dgu(x) = f " f(x) dg(®) + cf(=).
0 0

nj— ®,
We are now in a position to derive our main representation theorem.

THEOREM 4.3. Necessary and sufficient conditions that

f(x) = ﬂ " Glx, ) dy (),

with y(t) 1 are that
(a) fwel*, 02x< =,
) [14, (1 - a/a) f(x) 20, 0Sx< =, LS No<Ni< -,
(c) f(x) = o( Flax)), x— .

Proof. The necessity of conditions (a) and (b) have already been dealt
" with in the introduction to the chapter, and of condition (c¢) in Theorem
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2.1. It thus remains to establish the sufficiency of the conditions. By Cor-
ollary 3.7, we have

fx) = ﬁ " G x0) [fl (1-%) f(t)] du(t)

(1
0 g::ﬂ,t; G0, [,.II:II (1 - —) f(t)] du(t).
Now let
) () = N5
' G%.(0,9)
and

¢ N;

® a0 = [ G100 [g (1-2) 1o ] awo.

Then (1) becomes

@ flx) = f " an 1) dBn ().

Note that since the integrand defining gy (t) is non-negative, gy(f) T and
[, st = (=) = 0.

This implies that the gy(f) form a sequence of uniformly bounded func-
tions which are of uniformly bounded total variation. Further, if we set

G(x,t)

5) a(x,t) = m,

then, for each x, a(x,t) T by 1II, Theorem 4.4. Also, a(x,t) is a continu-
ous function of ¢ for each x, and

(6) a(x, ») = Plax).
The hypotheses of Theorem 4.2 are thus satisfied by a(x,t) and the 8x/(t),
so that
(7 Nhgl a(x, ) dﬂN,»j(t) = J; a(x,t) dB(t) + ¢ P(ax),
where
(8) B(t) = lim By, (1)
N"j—ow J
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for every t which is a point of continuity of g(¢). Clearly g(¢) =0 and
B(t) 1. For N sufficiently large, the an/(x,f) are also continuous functions
of t, an(x,t) T for fixed x and ay,(x, ») = #(a;x). Further, by Lemma 4.1,
we have that hmy_.an(x,?) = a(x,?) uniformly for x fixed and for ¢ in
every finite interval. Hence limy_.|an(x,t) — a(x,8)]|.=0 for each x.
Now consider

o) — [ ats,0 a0 = [ lan (5,0 — a0}, 0,
so that
) — [ (e, do, 0 ’ < [ lawn0) — as,0] dan 0

= Jlan(x,8) — a(x, 9] - £(0).

Thus

f@) = tim | atx,0) dgi (9,

[ — @
i

or by (), (7) and (8),

f) = f " a(x,0) d8() + ¢ Fla)

= ﬂ . G(x,t) dy(t) + ¢ Ala,x),

where

¢ 1
v(?) =j; Gco.w dg(u).

Theorem 2.1 establishes the fact that
ﬁ G, dp(d) = o Plap), 1o o,

and hypothesis (c), that f(x) = o( #(ax)), x— =, whence ¢ =0, and we
have f(x) = £~ G(x,t) dy(t), with ¢(t) | .
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