
KYUNGPOOK Math. J. 51(2011), 77-85

DOI 10.5666/KMJ.2011.51.1.077

Integral Operator of Analytic Functions with Positive Real
Part
Basem Aref Frasin
Faculty of Science, Department of Mathematics, Al al-Bayt University, P. O. Box:
130095 Mafraq, Jordan
e-mail : bafrasin@yahoo.com

Abstract. In this paper, we introduce the integral operator Iβ(p1, ..., pn;α1, ..., αn)(z) of

analytic functions with positive real part. The radius of convexity of this integral operator

when β = 1 is determined. In particular, we get the radius of starlikeness and convexity of

the analytic functions with Re {f(z)/z} > 0 and Re {f ′(z)} > 0. Furthermore, we derive

sufficient condition for the integral operator Iβ(p1, ..., pn;α1, ..., αn)(z) to be analytic and

univalent in the open unit disc, which leads to univalency of the operators
z∫
0

(f(t)/t)α dt

and
z∫
0

(f ′(t))
α
dt .

1. Introduction and definitions

Let A denote the class of functions of the form :

f(z) = z +
∞∑

n=2

anz
n

which are analytic in the open unit disc U = {z : |z| < 1} . Further, by S we shall
denote the class of all functions in A which are univalent in U. A function f(z)
belonging to S is said to be starlike if it satisfies

(1.1) Re

(
zf ′(z)

f(z)

)
> 0 (z ∈ U)

We denote by S∗ the subclass of A consisting of functions which are starlike in U.
Also, a function f(z) belonging to S is said to be convex if it satisfies

(1.2) Re

(
1 +

zf ′′(z)

f ′(z)

)
> 0 (z ∈ U)
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We denote by K the subclass of A consisting of functions which are convex in U.
Let αi ∈ C for all i = 1, . . . , n, n ∈ N, β ∈ C with Re(β) > 0. We let Iβ : An →

A be the integral operator defined by

(1.3) Iβ(p1, ..., pn;α1, ..., αn)(z) =


z∫

0

βtβ−1 (p1(t))
α1 ... (pn(t))

αn dt


1
β

,

where pi(z) are analytic in U and satisfy pi(0) = 1 for all i = 1, . . . , n. Here and
throughout in the sequel every many-valued function is taken with the principal
branch.

Remark 1.1. Note that the integral operator Iβ(p1, ..., pn;α1, ..., αn)(z) general-
izes many operators introduced and studied by several authors, for example:

(2) For pi(t) =
Dm,γ

λ fi(t)

t ; 1 ≤ i ≤ n, we obtain the following integral operator
introduced and studied by Bulut [7]

(1.4) Im,γ
β (f1, ..., fn)(z) =


z∫

0

βtβ−1

(
Dm,γ

λ f1(t)

t

)α1

. . .

(
Dm,γ

λ fn(t)

t

)αn

dt


1
β

where Dm,γ
λ f( z) = z +

∞∑
n=2

(
Γ(n+1)Γ(2−γ)

Γ(n+1−γ) (1 + (n− 1))λ
)m

anz
n , m ∈ N0 = N ∪

{0} is the generalized Al-Oboudi operator [2].

(3) For pi(t) =
fi(t)
t ; 1 ≤ i ≤ n, we obtain the integral operator

(1.5) Iβ(f1, ..., fn)(z) =


z∫

0

βtβ−1

(
f1(t)

t

)α1

. . .

(
fn(t)

t

)αn

dt


1
β

introduced and studied by Breaz and Breaz [3].

(1) For β = 1 and pi(t) =
(fi∗gi)(t)

t ; 1 ≤ i ≤ n, we obtain the integral operator

(1.6) I(f1, ..., fn; g1, ..., gn)(z) =

z∫
0

(
(f1 ∗ g1)(t)

t

)α1

· · ·
(
(fn ∗ gn)(t)

t

)αn

dt

introduced and studied by Frasin [9].

(4) For β = 1 and pi(t) =
fi(t)
t ; 1 ≤ i ≤ n, we obtain the integral operator

(1.7) Fn(z) =

z∫
0

(
f1(t)

t

)α1

. . .

(
fn(t)

t

)αn

dt

introduced and studied by Breaz and Breaz [3].
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(5) For β = 1 and pi(t) = f ′
i(t); 1 ≤ i ≤ n, we obtain the integral operator

(1.8) Fα1,...,αn(z) =

z∫
0

(f ′
1(t))

α1 . . . (f ′
n(t))

αn dt

introduced and studied by Breaz et al. [5].

(6) For β = 1 and pi(t) =
Rkfi(t)

t ; 1 ≤ i ≤ n, we obtain the integral operator
introduced in [11]

(1.9) I(f1, ..., fn)(z) =

z∫
0

(
Rkf1(t)

t

)α1

. . .

(
Rkfn(t)

t

)αn

dt,

where Rkf(z) = z +
∞∑

n=2
Ck

k+n−1anz
n, k ∈ N0 is Ruscheweyh differential operator

[17].

(7) For β = 1 and pi(t) =
Dkfi(t)

t ; 1 ≤ i ≤ n, we obtain the integral operator
introduced and studied by Breaz et al. [4]

(1.10) DkF (z) =

z∫
0

(
Dkf1(t)

t

)α1

. . .

(
Dkfn(t)

t

)αn

dt,

whereDkf(z) = z +
∞∑

n=2
nkanz

n, k ∈ N0 is Sălăgean differential operator [18].

(8) For β = 1 and pi(t) =
Dk

λfi(t)
t ; 1 ≤ i ≤ n, we obtain the following integral

operator introduced and studied by Bulut [6]

(1.11) In(f1, ..., fn)(z) =

z∫
0

(
Dk

λf1(t)

t

)α1

. . .

(
Dk

λfn(t)

t

)αn

dt,

where Dk
λf(z) = z +

∞∑
n=2

[1 + (n − 1)λ]kanz
n , 0 ≤ λ ≤ 1, is Al-Oboudi differential

operator [2] .

(9) For β = 1 and pi(t) =
L(a,c)fi(t)

t ; 1 ≤ i ≤ n, we obtain the integral operator
introduced and studied by Selvaraj and Karthikeyan [19]

(1.12) Fα(a, c; z) =

z∫
0

(
L(a, c)f1(t)

t

)α1

. . .

(
L(a, c)fn(t)

t

)αn

dt,

whereL(a, c)f(z) := z +
∞∑

n=2

(a)n−1

(c)n−1
anz

n is the Carlson-Shaffer linear operator [8].
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(5) For β = 1, n = 1, α1 = α and p1(t) =
f(t)
t , we obtain the integral operator

(1.13) Fα(z) =

z∫
0

(
f(t)

t

)α

dt

studied in [13]. In particular, for α = 1, we obtain Alexander integral operator
introduced in [1]

(1.14) I(z) =

z∫
0

f(t)

t
dt

(6) For β = 1, n = 1, α1 = α and p1(t) = f ′(t), we obtain the integral operator

(1.15) Gα(z) =

z∫
0

(f ′(t))
α
dt

studied in [15] (see also [16]) .
In the present paper, the radius of convexity of the integral operator defined

by (1.3) when β = 1 are determined. In particular, we get the radius of starlikeness
and convexity of the analytic functions with Re {f(z)/z} > 0 and Re {f ′(z)} > 0
obtained by MacGregor [12]. Furthermore, we derive sufficient condition for the
integral operator Iβ(p1, ..., pn;α1, ..., αn)(z) to be analytic and univalent in U, which

leads to univalency of the operators
z∫
0

(f(t)/t)
α
dt and

z∫
0

(f ′(t))
α
dt obtained by Kim

and Merkes [10] and Pfaltzgraff [16].
In the proofs of our main results we need the following lemmas

Lemma 1.2([12]). Let p(z) = 1 + c1z + c2z
2 + · · · be analytic in U and satisfy

p(0) = 1 with Re{p(z)} > 0, then we have

(1.16)

∣∣∣∣zp′(z)p(z)

∣∣∣∣ < 2 |z|
1− |z|2

, (z ∈ U).

Lemma 1.3([14]). Let β ∈ C with Re(β) > 0. If f ∈ A satisfies

(1− |z|2Re(β))
∣∣∣∣zf ′′(z)

f ′(z)

∣∣∣∣ ≤ Re(β),

for all z ∈ U, then the integral operator

Fβ(z) =

β

z∫
0

tβ−1f ′(t)dt


1
β
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is in the class S.

2. Convexity of I1(p1, ..., pn;α1, ..., αn)(z)

In this section, we obtain the radius of convexity of the integral operator
Iβ(p1, ..., pn;α1, ..., αn)(z) defined by (1.3) when β = 1.

Theorem 2.1. Let pi(0) = 1 and Re{pi(z)} > 0 for all i = 1, . . . , n. Then the
integral operator defined by

(2.1) I1(z) =

z∫
0

n∏
i=1

(pi (t))
αi dt

is convex in |z| = r <

√(
n∑

i=1

αi

)2

+ 1−
n∑

i=1

αi; where αi > 0 for all i = 1, . . . , n.

Proof. From (2.1), it is easy to see that I1(0) = I ′1(0)− 1 = 0 and

(2.2) I ′1(z) =
n∏

i=1

(pi(z))
αi .

Differentiate (2.2) logarithmically with respect with z, we obtain

zI ′′1 (z)

I ′1(z)
=

n∑
i=1

αi

(
zp′i(z)

pi(z)

)
or, equivalently,

(2.3) 1 +
zI ′′1 (z)

I ′1(z)
= 1 +

n∑
i=1

αi

(
zp′i(z)

pi(z)

)
.

Now, using the estimate (1.16) in Lemma 1.2, from (2.3) it follows that

Re

{
1 +

zI ′′1 (z)

I ′1(z)

}
= 1 +Re

n∑
i=1

αi

(
zp′i(z)

pi(z)

)

≥ 1−

∣∣∣∣∣
n∑

i=1

αi

(
zp′i(z)

pi(z)

)∣∣∣∣∣
≥ 1−

(
2 |z|

1− |z|2

)
n∑

i=1

αi, (|z| < 1).

If |z| <

√(
n∑

i=1

αi

)2

+ 1 −
n∑

i=1

αi, then Re
{
1 +

zI′′
1 (z)

I′
1(z)

}
> 0 . Therefore, I1(z)

is convex in |z| <

√(
n∑

i=1

αi

)2

+ 1−
n∑

i=1

αi. This proves the theorem. 2
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Letting n = 1, α1 = 1 and p1 = p in Theorem 2.1, we have

Corollary 2.2. Let p(0) = 1 and Re{p(z)} > 0. Then the integral operator
z∫
0

p(t)dt is convex in |z| <
√
2− 1.

Letting p(z) = f(z)/z and p(z) = f ′(z) in Corollary 2.2, we get the following
interesting results due to MacGregor [12].

Corollary 2.3. Let f(z) ∈ A. If Re {f(z)/z} > 0 for |z| < 1, then f(z) is starlike
in |z| <

√
2−1. The result is sharp for the extremal function f(z) = (z+z2)/(1−z2).

Corollary 2.4. Let f(z) ∈ A. If Re {f ′(z)} > 0 for |z| < 1, then f(z) is convex in

|z| <
√
2−1. The result is sharp for the extremal function f(z) =

z∫
0

(1+ t)/(1− t)dt.

Remark 2.5. Taking different choices of pi(z) as stated in Section 1, Theorems
2.1 leads to new radius of convexity for the integral operators defined in Section 1
when β = 1.

3. Univalency of Iβ(p1, ..., pn;α1, ..., αn)(z)

Next, we obtain the following sufficient condition for the integral operator
Iβ(p1, ..., pn;α1, ..., αn)(z) to be analytic and univalent in U.

Theorem 3.1. Let αi ∈ C for all i = 1, . . . , n and β ∈ C with Re(β) = a. If

(3.1)
n∑

i=1

|αi| ≤
{

a/2 if 0 < a ≤ 1/2
1/4 if a ≥ 1/2.

Then the integral operator Iβ(p1, ..., pn;α1, ..., αn)(z) defined by (1.3) is analytic and
univalent in U, where pi(z) are analytic in U and satisfy pi(0) = 1with Re{pi(z)} >
0 for all i = 1, . . . , n.

Proof. Define

h(z) =

z∫
0

n∏
i=1

(pi(t))
αidt,

so that, obviously,

(3.2) h′(z) =
n∏

i=1

(pi(z))
αi .

Making use of the logarithmic differentiation on both sides of (3.2) and multiplying
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by z, we have

(3.3)
zh′′(z)

h′(z)
=

n∑
i=1

αi

(
zp′i(z)

pi(z)

)
.

From (1.16) and (3.3), we obtain

(1− |z|2a)
∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ (1− |z|2a)
n∑

i=1

|αi|
∣∣∣∣zp′i(z)pi(z)

∣∣∣∣
≤ (1− |z|2a)

(
2 |z|

1− |z|2

)
n∑

i=1

|αi| .

Since 2|z|
1−|z|2 ≤ 2

1−|z| for z ∈ U, we have

(1− |z|2a)
∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤
(
2(1− |z|2a)

1− |z|

)
n∑

i=1

|αi| .

Define the function Ψ : (0, 1) → R by

Ψ(x) =
2(1− x2a)

1− x
, (a > 0, x = |z|).

It is easy to show that

(3.4) Ψ(x) ≤
{

2 if 0 < a ≤ 1/2
4a if a ≥ 1/2.

We thus find from (3.4) and the hypothesis (3.1) that

(1− |z|2a)
∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ a, (z ∈ U).

Applying Lemma 1.3 for the function h(z) with Re(β) = a, we prove that
Iβ(p1, ..., pn;α1, ..., αn)(z) ∈ S. This evidently completes the proof of Theorem
3.1. 2

Letting n = 1, α1 = α, p1 = p in Theorem 3.1, we have

Corollary 3.2. Let α ∈ C and β ∈ C with Re(β) = a. If

(3.5) |α| ≤
{

a/2 if 0 < a ≤ 1/2
1/4 if a ≥ 1/2.

Then the integral operator Iβ(p;α)(z) =

{
z∫
0

βtβ−1 (p(t))
α
dt

} 1
β

is analytic and uni-

valent in U, where p(z) is analytic in U and satisfy p(0) = 1, Re{p(z)} > 0.
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Letting β = 1 in Corollary 3.2, we have

Corollary 3.3. Let p(z) be analytic in U and satisfy p(0) = 1, Re{p(z)} > 0.

Then the integral operator
z∫
0

(p(t))
α
dt is analytic and univalent in U, where |α| ≤

1/4; α ∈ C.

Letting p(z) = f(z)/z in Corollary 3.3, we get the following result obtained by
Kim and Merkes [10].

Corollary 3.4. Let f ∈ S, and α ∈ C; |α| ≤ 1/4. Then the integral operator
z∫
0

(f(t)/t)
α
dt is analytic and univalent in U.

Letting p(z) = f ′(z) in Corollary 3.3, we get the following result obtained by
Pfaltzgraff [16].

Corollary 3.5. Let f ∈ S, and α ∈ C; |α| ≤ 1/4. Then the integral operator
z∫
0

(f ′(t))
α
dt is analytic and univalent in U.

Remark 3.6. Taking different choices of pi(z), where pi(z) as stated in Section 1,
Theorem 3.1 leads to new sufficient conditions for the integral operators defined in
Section 1 to be analytic and univalent in U.
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