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Abstract:" T ~ e  purpose of this paper is to present a rather comprehensive classifica­

tion of incompressible quantum Hall states.in the limit of large distance scales and low 

frequencies. In this limit, the description of low-energy excitations above the ground­

state of an incompressible quantWli Hall. fluid is intimately connected to the theory of ,,. 

integral quadratic forms on certain lattices which we call quantum Hall lattices. This 

connection is understood with the help of the representation theory of algebras of gap­

less, chiral edge currents or, alternatively, from the point of view of the bulk effective 

Chem-Simons theory. 

Our main results concern the classification of quantum Hall lattices in terms of 

certain invariants and their enumeration in low dimensions and for a limited range of 

values of those invariants. Among physical coIUlequences of our analysis we find explicit, 

discrete sets of plateau-values of the Hall conductivity, as well as the quantum numbers 

or q u a s i - p a r t ~ c l e s  in fluids corresponding to anyone among those quantum HalllaUices. 

Furthermore, we are able to predict transitions between structurally different quantum 

Hall fluids corresponding' to the same filling factor. 

Our'general results are illustrated by explicitly considering the following plateau­

values: UH =21:t:l'N = 1,2,3"·,, UH = 1
5s,1,I,l and tTH = ~ .  

•This paper will appear in the J. of Stat. Phys. 
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• t.Introduction 

The quantum Ball·effect (QBE) is observed in electron gases confined to aplanar 
• -+(0) ( -+(0) (0»

region n and.subject to a stro~g,  uniform magnetIc field B = Bn ,.B.1.· transver-

sal to 0, (i.e.,  with  B ~ )  :/=  O}.  Such systems of electrons  (and/or­holes) are realized, 

experimentally, as inversion layers which are formed at the intenace between a semicon-

ductor and an insulator, e.g.  in a MOSFETor in a heterostructure, such as  ~ n e  made· 

of GaAs/Alt:Gal­zAs, when an electric  field  (gate voltage)  is  a p p l i e ~  in the direction 

perpendicular to the interface.  The quantum mechanical motion of the electrons in the 

direction perpendicular to the interface is  then quantized ­ the electrons (or holes)  are 

bound to the interface by a  deep potential well.  At very low  temperatures,the gas' of 

electrons (or holes)  is therefore a very nearly two­dimensional system. 

The domain n to which the electrons are confined is chosen to he a bomtded subset 

of the (z, y)­plane,  typically  a  disk.  When tbe magnetic field  B(O) has been turned' on 

one tunes. the total electric  current in the y­direction  to a  value  I, and tben measures 

the  difference  in the  chemical­ potentials  of the electrons  (or  boles)  at  the  two edges 

of n transversal to thez­direction,i.e.,  the voltage drop,V., in the z­direction.  The 

Hall  resistance is defined as the ratio 

V. 
- y. ( ~ . l ), 

Similarly,  one can measure the longitudinal resistance 

RL = V, (1.2)
I, ' 

where V, denotes. the voltage drop in the y­direction. 

The surprizing experimental discoveries  made at the beginning of the eighties  by 

von Klitzing  et ale  [1] and Tsui et al.  [2]  can be summarized as follows:  Let  11 denote' 

the density of electrons  (minus the density of.holes),  e  the elementary electric  charge, 

h Planck's  constant,  and  t: the velocity  of light.  One  defines  the  filling  factor  II, a 

,dimensionless quantity, as 

II = (B~)  / ~c:)  ,  (1.3) 

where  "ec  is  the quantum of magnetic flux.  If thee1ectrons were free,  spinless fermions 

II would be thefractioD, of filled  Landau levels.  At  very low  temperatures, T ~  0,  the 

r e s i s t ~ c e s  RH and RL are functions of II with the following  remarbble properties 

(i)  The dimensionless quantity 

(1.4) 
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where R;/ is the Hall conductivity, is constat;lt on c e r t ~  mterva.Is,i.e., has pla-

teaux,  and the values  of UH on all o b ~ r V e d  plateaux are rational numbers.  The 

most pronounced plateaux have integer heights '(integer, QHE) which can be mea-

,sured with­extraordinary­precision (one part in 10·).  They serve as new standards 

for ,the  definition of e.  Most .plateaux have valuesuH = naldH, where"nH  and 

dH  are relatively  prime integers, and'dH is odd (odd denominator rule [3]),  but a 

plateau at  UH = t has been observed,  too  [4],  and, in double layer  s y s t ~ s ,  one 

has  o b s e r v e ~  a plateau at U H = ! [5]. 

(ii)  Whenever (v, UH) belongs  to a  plateau,  RL very nearly  vanishes.  Thus when UH 

has a  plateau value  t ~ e  system is free of dissipative processes, and conversely.  It is 

then called an  "incompressible quantum Hall  (OB) fluid". 

(iii)   The precision  of plateau  heights  (but, not  their  widths)  is  insensitive  to  sample 

preparation and geometry. 

There is  convincing  evidence  [6],[7]  thatwhenttH is  on a  plateau of non­integer 

height the system exhibits fractionally  charged excitations, the 'fractional charges being 

related to the denominator dH in the ­value,  7"', -of'uH. Moreover, when. the in­plane. ­

component  B ~ O )  of the magentic  field, is  v a r i e d ~  keeping  v fixed,  one  has  found  that 

,certain plateaux disappear to reemerge, in some cases,  ~ t  other values of D ~ O ) j  [8].  This 
\, 

strongly suggests that Zeeman energies, and thus electron spin, play an important role 

in a  QH fluid at certain values of U H ,su~  as U H-:- J,  t, ~,  I, etc.  . 

For illustration,  a  table ·ofobserved plateau values,  for  0,< UH < 1,'is given in 

Table 1, below.  More details  about, observed plateaux and their special properties will 

be discussed in Sect.  7. 

A variety of attempts at a theoretical explanation of these truly remarkable features 

of two­dimensional electron gases  h ~ v e  been made, for both, the integer QHE and •the 

fractional QUE [9].  In both cases,ideas.dueto.Laughlinhavebeen seminal; see ref..[10]. 

In this  paper,  we  further  develop  a  line  of thought  initiated  in [11],[12],[13].  In 

order to make this paper accessible  to readers not'familiar with the literature on the 

FQHE, we shall recall some of the key' ideas proposed in the, papers quoted above.  The 

novel  feature  of this  p ~ p e r  is that,  starting  from;basic  physical  principles,  it  retates 

the observed plateau 'va1uesof eTH to 'the" theory of integral quadratic forms on integral 

lattices which the reader may have  e n c o u n t ~ d  in·Lie group theory or Dumber theory; 

see  [15],[16].  The logics of this  r e l a t i o n ~ h i p . w i l l i n v o l v e a study of the algebras of cbiral 

edge currents in QH ftuids and their representation theory.  In order to give the reader a 

rudimentary idea of what is involved, we shall  . u m m ~  a few elementary facts about 

integral quadratic. forms and describe some basic results. 
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Table 1 

Observed:plateau values, for 0 < D'H = ~  < 1 

D'H 

1 
1  

2  
3 i 

1 
i  

J 4:
1 2 

5 i i i i 4: 15 1 2 J
7 "1 "1 "1 T i  

2 4: 5 
9  i i i  

2 J 4: 5 e '1
11 11 Ii 11 ·rr y

J 4: V 8 
13 IiIi 11 IS 1i 

.!.15  15  

." 

Let V be an N-dimensional, real vector space With an inner product (., ·).A basis  

{el, ... ,eN} of V is said to be integral iff its Gram. matrix is integral,i.e.,  

KIJ :=(er, eJ) E Z, for all 1, J. (1.5) 

Clearly KrJ =. X .11, so K =.(Kr .1) is a regular, symmetric'N x N matriX with integer  

matrix elements. We define a lattice r. by setting  

r := {q = Elel : t/ E Z, for all I}. (1.6) 
. 1;::::1 

Let {e1 , .. ·,eN} be a basis of V dual t'O the basis {el, 
.. 

... ,eN}, i.e., satisfying  

(el,e,,) = 6~,I,J  =1,.·· ,N. Here  

, The basis {el 
, ... ,eN} generates the dual lattice 

r* := {n = f, nr £1 : nl E Z, for all I}. (1.7) 
1=1 

N  
l 

Since eJ = E K Jle , with XI J E Z, we can view t h ~  lattice r· asa sublattice of its  

1=1  
dual r·, r c r*j and r is called se1fdual if r = r*.  

A vector tJ E V can be identified with a column ·vector fj = (VI, . .. ,vN)T, called  

a charge vector, 1V,ith 11
1 = (tJ,'e l 

), and with.a row vector v = (VI,··· ,VN), called a 
-+ . 
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• -c t; 
. At. J£ ,._~I.  " 

flux vector, with 111 = (t1,eI), 1= 1,··. ,N. Note that, in the. inner product h,) on .. 
v, " 

(q,q') - q-T. Kq- = ~.  qI KIJ q'J. I q q" , E rL..J ,J-or" (1.8)
I,J 

and 

(n, n') ~ .  "" (K- l )IJ- L..J flI flJ, forn,n' E r-. (1.9)
I,J 

By Kramer's rule, 

(K- l 
)IJ = !. iiIJ (1.10)A " , 

where .d=det K E Z, and j( = (j(IJ), with j(IJ" j(JI E Z.is the cofactor matrix. 

,Thus the matrix elements (K-l)IJ are rationalnun1~~.  . 

The set of vectorain r- modulo vectors in r, r-/r, is an abelian group, and it is 

easy to see that its order is given by 

"" (1.11) 

. " 

The lattice r" is called even iff' all scalar products (q. q') are even integers, i.e., iff 

Krr E 2Z, for.all I =1,·" ,N. Otherwise r is called odd. 

We call r Euclidian iff' the" inner product (".) is positive-definite, i.e., iff' K is. 

positive-definite. 

Linear transformationS of V mapping the lattice r onto itself form a group, denoted 

by GL(N, Z), which i' defined by" "" 

GL(N,Z) := {S = (SrJ): $IJ E Z, VI,J, det S=±l}. (1.12) 

It contains the subgroup, Ocr), of all those invertible transformations which preserve 

the length of e ~  l a t t i c e v e c t o r , . i . e . ~  

ocr) := {S E GL(N,Z) : STKS = K}. (1.13) 

H S E ocr) then S-1 E ocr), and hence 

(1.14) 

i ~ e . ,  ocr) = o(r-). Two integral quadratic forms, K l andK2 • are equivalent iff'there 

is some matrix S E GL(N,Z) such that 

(1.15)" 
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, The primary purpose of this paper is to d e r i v ~  the following basic c O J 1 D e c t i o n b ~  

. . 'bl (R .:-. 0) Q.H fluids and equivalence classes of integral .quadratlc 
tween mcompresS1 e L -

forms on lattices. 

Basic result. An incompressible QH fluid is characterized by a pair of integral, 

odd Euclidian lattices, f. and f", and two linear forms, Q. and Q", on these lattices, 

i.e., vectors Qz ~  «Q.)l,··· ,(Q.)N.) in r; with 
.-. 

satisfying the following two constraints: 

(.) Q .. CC· ·b'» ,--'" ·r··1 • 18 a ,VlS1 'Ie v~.or  m z' I.e., 

g.c.d. «(Qz}l,··· ,(Q.)N.) ,= 1, 

-, 

where g.c.d. denotes the greatest common divisor; 

(ii) Q. is, an "odd" functional on r a, i.e., 

mod 2, (1.16) 

(meaning that the parity of Qz(q) is the same as the one (q, q).), for e =e, h. 

The Hall conductivity tTH is given by 

(1.17) 

where 

N. 

tTz = (Qz, Q.) = Qz· X-I Q; - E(QZ)I(K;l)IJ(Qz)J,. (1.18) -....  .... 
r,J 

Clearly tT. and tTl, and hence tTH, are rational numbers.  Distinct vectorsQz belonging 

to  the  same orbit  denoted' [Qz),  under  the  orthogonal  group of the  lattice,  O(fz), 

specify the same geometrical data.  In all examples' that we will have to deal with orbits 

have just two ±Qz or four elements.  By (I.10), 

where,numerator,")'. = E(Q.)rK!J(Q.)J, and denominator, a., are integers.  Let  Iz 

be­ their greatest commQn divisor which we call the level of r z: 
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Then, 

with 

(1.19) 

z = e, h. It turns out that when dz is even then Iz must be e v ~ ,  too, -in fact a inultipl~  

of 4, and the'QH fluid will exhibit Laughlin,vortices of electric charge ±e/2dz, where e 

is the elementary electric charge; (see Theorem 6, Sect. 5). 

Let us pause to explain some fe-.tures of this result. The subscripts e and h stand 

for "electrons" and "holes", r e s p e c t i : v ~ y .  They indicate the nature of the basic charge 

carriers of the fiuid. Fluids for which r ~ . : I '  • ,and f" :F" are composite fluids containing 

both, electrons and holes, as basic charge carriers. The nature of the basic charge carriers 

can be, inferred, from the ,.chiralityH,(left -' ,or right), of ~ h e  edse currents in the sample, 

given the .direction of the extemalmagneticfield.' The chirality of edge currents is 

apparently experimentally measurable [46]. 

Given' the Basic Result, described above, the task arises to classify incompressible 

QH fluids by classifying pairs of odd, integral, Euclidian lattices together ~ t h  orbits of 

visible odd vectors in the dual lattices. ,Clearly, the classification problems for z = e 

and h ar~  identical, so that we may focus. e.'g. on the classification of (fe, Q c) and -

hen,ceforthdropthe subscript e.  We define a  quantity, Lm..c., by setting 

Lma,c. := min(.  m,=  (qu, 9U»)' , . (1.20)' 
{il} l U:::d.···.N 

where the minimum is taken over all possible bases  {ql, · . ·,qN} ofr with the property 

that  Q(qJ) = 1, for' all J= 1,··· ,Ni (such bases existl).  Physically,  Lma,... has the 

following  interpretation:  If a  state  of the  QH  fluid  is  prepared which  describes  two 

electrons excited  above  the  g r o u n d s t a t ~ of the system one may consider the minimum 

of the modulus of their  r ~ a t i v e a n g u . 1 a r m o m e n t u m in that state.  For a  proper choiCe 

of the quantum numbers of the 'state that minimum'is at least Lm...... From the physics 

of Coulomb systems it is plausible that Lm&c. satisfies an "bsolute upper bound, e.g. 

(1.21) 

(in units where 1i = 1). 

The dimension, N, of the lattice f is thenumberofindependentU(I)­edge currents 

of fixed  chirality exhibited by the QHfluid.The discriminant, 6,'of the Gram matrix 
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~  basis of r is related to the number of distinct fr.actionally charged Laughlin vortices 
Ox a .' . f . .. th 
of the fluid. It is plausible that for samples with a positive density 0 unpuntle&. e 

possible ·values.of N ..·and A ~  bounded by. finite, positive 'numbers (which depend on 

the density of i m p u r i t i ~ ) ' "  . , 

The, q u a n t i ~ i e s  N, A and LfAGz• are invariants. Thus the problem is to. classify 

equivalence c1&sses of odd, integral, Euclidian lattices, r, andO(r)-orbits rqlof visible 

vectors Q E r •.··satisfying condition (1.16) with the property that the values'of the 

invariants N A and L are bounded. Pairs of such data (for ~  = e, h) then. classify 
. , fAGz

• . 

incompressible QH fluids and determine the possible values of the Hall conductivity t1H, 

'via eqs. (1.17) 'and (1.18). 

This classU1cation problem is a very diftieult, but finite problem in the "geometry 

of natural numbers" . 

We shall see that the structure of the lattices r., r" and of the orbits [Q.]. and [Q,,] 

will 'determine much more than the value of (TH. It will determine quantum numbers of 

quasi-particle excitations of the type ofLaughJin vortices, certa1n i properties of the spin 

wave functions of electrons or holes and possible transitions, as the values of components 

of the magnetic field or of the electron density are varied, for' a fixed value of the filling 

factor. 

The reader may wonder why odd, integral, Euclidian lattices appear in the analysis 

of incompressible QH fluids. We· shall see that such lattices describe the, structure of 

all p h y s i c ~ y  realizable representations of leve11c = 1 Kac-Moody a l g e b r a s o ~ " c b i r a l  

edge currents .describing the boundary degrees of,"freedom of an incompressible· QH 

fluid. The existence of such algebras of chiral edge currents can be derived from the 

electrodynamics of incompressible QH fluids by invoking a mechanism of gauge anomaly 

cancellation; see [11],[12]. 

~  Sect. 2, we recall the basic facts concerning the electrodynamics of incompressible 

QH fluids and some features of their quantum mechanics; (see [12] for more details). 

In Sect. 3, we show that the edge degrees of freedom of an. incompressible QH fluid 

which are related to the chiral b ~ u n d a r y  currents first described by Halperin [21] are de-

scribed by a quantum theory ofchiral currents thatexbibits an abelian gauge anomaly 

exactly  cancelled  by an abelian  gauge  anomaly of the bulk degrees of freedom.  This 

mechani.mof gauge anomaly cancellation leads to a concept of b'oundary­bulk duality 

which is made precise by describing the theory of conserved bulk currents, in the .lim­

i t ~ g  regime of large distance seales and low frequencies  (scaling limit),  in terms of an 

abelian Chern­Simons gauge theory.  The analysis of the space of physical states of the 

Chern­Simons theory, combin­rd with natural assumptions on the, spectrum of integraJIy 

charged quaai­paniclesof an incompressible QH fluid. and their statistics,  then leads' to 
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a proof of the "Basic Result" described above. .. 

In Sect. 4, we present additional details concerning boundary-bulk duality and 

rederive the "Basic Result" by s t u d y i n g t h ~ a 1 g e b r a s of chiral edge currents describing 

the ' b o ~ d a r y  degrees' of f r e e d ~ m  ofanincoUlpressible QH ftuid and their representation 

theory. W e . i ~ e ~ t i f y  the.physical states of the C h ~ - S i m o n s  theory describing the bulk 

currents with .so-called conformal bloCks Qfthe algebras of chiraledgecurrents and 

derive some consequences for QH fluids on 'surfaces withollt boundary (of interest in the 

analysis of numerical eXperiments). 

In Sect. 5, we begin with the main task set for this paper., the classification of 

integral, odd Euclidian .lattices r and .. visible vectors Q e r* describing the physics 

in 'thescating limit of incompressible QB fluids. A pair (r, Q) of an integral,. odd 

Euclidian lattice r ·and a visibl~  vector Q E r* is· ca.1led aQB lattice. We discuss 

some b ~ c  invariants of QB lattices and their. physical meaning, arithmetic congruences 

.between these invariants and implications for the. physical properties.of incompressible 

QH fluids. Our analysis is organized in .twelve short paragraphs, ~ d  the main results are 

snmmarized in seven theorems. Taking the'"Basic Result" described. above for granted, 

the material. in Sects. 5 and 6 can be read without being familiar w i ~ h  Sects. 2, 3 and 4. 

We say this to eB.courage theoreticians and eXperimentalists, who are not familiar with 

current algebra and Chem-Simons gauge theory to' proceed directly to Sect. 5 where 

they will find results which they may or should :find relevant. 

In Sect. 6, we present a constructive appro8.chto findingQH lattices and deriving 

the value of the HaJI' conductivity U H a,.nd the spectrum of quasi-particles (Laughlin 

vortices) and their quantum numbers. Our methods are fairly efFective in constructing 

the QH lattices corresponding to "elementary" QH fluids with (TH < 2 which generalize 

the QH fluids with UH = 1,1,1,···. For-a large class of such fluids, we present an 

ADE-O classification, where A, D and E refer. to the Lie algebras .u(n), .0(2n + 4), 

n = 2,3,··, ,Eeand ET,respectively,.and 0 stands for one- or two-dimensional, integral, 

odd Euclidian lattices which have been'classified by Gauss. 
. ­

These results enable us toassociateQH lattices with all observed plateau values of 

trH and predict p r o p ~ r t i e s o f  the corresponding QH fluids, including phase transitions. 

Sect. 7 summarizes our results on the construction of· QH lattices in the form of 

explicit tables. 
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2. The eledrodynamicsolincompressible QHfluids 

We consider a two-cijmensional gas of eleCtrons (or holesJin a uniform, external 

magnetic field D(O) =.(D~O),  B~»,with  B~>,  the component of jj(O) perpendicular to 

the, plane of the system, non-lero. In linear response theory, t h ~  connection between the 

,electric field, E= (Ee , E.), mthe plane of the .system and the electric current density' 

ic: is given by the Ohm-Hall law 
... .. 

E == pic, (2.1) 

where 

p - (~;-~:)  (2.2) 

is the resistivity tensor. In two dimenSions, 

- 
and; for a rectangular sample with edges of length Ie and I., Pu = RL(t./I.) and  

. P•• = RL(I./I.). Inpanicular, 

RL = 0 # Pu - Pn - 0, (2.3) 

(2.4) 

(Hall law), (2.5) 

wherezi is thek"" component of the vector z= (ze,z,) -:- (ZI,Z2)' and .e =(e·') = 
(-~  ~).  

The' conservation of electric charge is expressed, as usual, in the form of the conti- 

nuity equation for charge­ and current denSity, i.e.,  

lJt
8 

Pc  + 
~  
v· 

;f

Ie  = 0,  ,  (2.6) 

where Pc  is  the electric  charge density,  and  i:: = (i:, in, (with i: = 0,  as there is no  

current flowing in the direction perpendicular to the plane of the system).  

Faraday's induction law for E = (E., E,l ~ d  B!" ,the total  z ~ c o m p o n e n t  of the  

magnetic field,  is. the equation  

1 8B~'·  
~  8t + V A  E - O.  (2.7) 
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.. Assuming tempora.rily that the spins of the e l e ~ t r o n s ' i n the sample are frozen in the 

direction parallel or antiparaUel to that of 8(0), we may ignore electron spin and treat 

the electrons as spinless fermions whose classical and quantumdynamics is insensitive to 

n" and E,J.. In this situation, eqs. (2.5) through (2.7) summarize the main features ofthe 

electrodynamics of QHfluids in the limit of large distance scales and small frequencies. 

Combining eqs. (2.5) ,through (2.7), one easily finds that 

8 1 8 Bt;.t.· (2.8)
8 t Pc = (1H ~  .8 t . 

We define i ~  = cepe-en) as ctimes the difference between the charge density pc and the 

uniform background density en of the system. By B we denote the dHferencebetween 

the actual ~ - c o m p o n e n t ' of the ,magnetic field, B~j·,  and the ~ - c o m p o n e n t , B ~ ) ,  of the 

uniform background magnetic neld, D<O). Then eq. (2.8) can be integrated in t to yield 

'e·0 = tlH 
B

• (2.9) 

Faraday's induction law implies that the electromagnetic field (E,S) can be derived 

. from a vector potential A= (Ao,A), A = (Az , A,): 

~  

E == - VAo + ~  ~~,  
~ ~  

B - V 1\ A. (2.10) 

The vector potential A is determined by(E, B) up to gauge transformations Ao -+ 

Ao + ~  ~,  A --+ ..4+ VX, where X is a scalar function. Setting ie = (i~,te),we  can 

summarize the Hall law (2.5) and eq.(2.9)inthe equations 

(2.11) 

or, using differential Jorms, 

i e = * (TH dA, (2.12) 

where * denotes the Hodge ••operation and tl denotes exterior dift'erentiation. Setting 

J =*ie, i.e., JplI = ep~>.  i~,  (2.12), becomes 

J = -(TH dA. (2.13) 

This equation can be derived from the action functional 

S(A) - .~  f AAdA - 2~  JAAJ + B.T. 

- ~:  Je''''>' A,.8"A>. - 2~  JA,. i~  JSz + B.T. (2.14) 

13  



' .. 
• 

by setting the variation of SeA) with respect toA to .zero, [14]. In (2.14), the integrations 

extend over the three-dimensional space-time, the cylinder· •A ={} x'R, of the system, 

and B.T. stands f o r " b o u n d a r y ~ e r m s » , i.e., terms o:01y depending on the vector potential 

A restrictedtothebound~,8n  x R,of the spaee-time of the system. . 

Treating electrons ,as non-interacting, classical panicles, of chaI"ge -e, one easily 

~ d s  (by equating electr08tatic- 'and,Lorentz force) that, . 

cen e2 

\ (TH = .Bl. - h lI. '(2.15) 

This equation is not far from what is actually observed in very pure samples, where the 

widths of the plateaux of tTH are tiny, as l ~ n g  as II is not too big. The important point 

is that when RL is measured to vanish in, some interval, 1, of ~ g  factors then tTH 

remains constant over that interval, with a value that is some rational multiple of f. 
The classical'law is fqllowed only in so far, as (TN" ~  ~ , f o r  all", in I, where'i: is 

a rational number in ·theinterval' I. Steps towards a theoretical understanding of this 

remarkable "quantization" of the values of' tTH 'under the condition' (that RL vanishes 

have been described in [9]-[13], andrers. given there. Some ofthese steps will be recalled 

briefly, below. But the main objective, of this paper is to provide an understanding of 

which rational multiples of ~ c o r r e s p o n d to plateau values of (TH, and, given a plateau 

value of tTH, ,to predict the spectrum of q u a s i - p ~ i c 1 e s  found in the .ystem and to 

determine their electric charge,their statistics and their spin. In tlying to reach this . 

objective we shall encounter the theory of integral quadratic forms on lattices [15],[16]. 

But before we can understand how this 'happens, we must combine the e 1 ~ t r o d y n a m i c s  

of QH systems, as s u m m ~ e d  in eqs. (2.11) and ( ~ . 1 4 ) ,  with quantum mechanics. In 

the remainder of this paper we sh~  employ units such that e =1;, , 1'(unless mentioned 

otherwise). 

There are different approaches 'towards" quantizing· a two-dimension81, system of 
.... 

electrons coupled to an external vector potential A = (Ao,A). One is to work with 

Feynman path integrals. !nthis approach one introduces a Grassmann algebra with 

generators 1/1.(z), 1/1.(z)* , where & == ±i denotes the ..-component, (}f the electron spin 

and z = (:i, t) is a spac~time  point belonging to A = () x R. The action functional, 

SA(,p· ,,pj A), is taken to be the'usual action functional of n o n - r e l a t i ~ s t i c  many-body 

theory where the fields ,p and "'. are coupled toA in the, way familiar from the Pauli 

equation. All this is explained in much detail e ~ g .  in [12]; see also [17]. 

Let A(0) d e n o ~ e  the vector potentialof the, uniform background electromagnetic field, 

E~O)  =0, B ~ ) ,  and'let A be the, vector potential of a small pe:turbing electromagnetic 

field E, B, as in eq. (2.10). [We set the components .El. and BII to zero and work. in a 
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..  

three-dimensional space-time, as before; see eqs. (2.5) through (2.14)1. If EJ. and .811 

do not vanish one must interpret them as components of an SU(2) gauge field coupling 

to the spin current, as explained in [18]. ~e  shall not repeat. these matters here.] A 

quantity of considerable interest is the partition function 

(2.16) 

where 

NA.(A) =: J1>IP-1>IP exp [i SA("'-,,pi A)]. (2.17) 

As long as space {} is bounded and the.density of electrons in {} is finite, the path integral 

(2.l7) is just a slick notation· f o ~ a n  object that has a perfectly p ~ e c i s e  mathematical 

status, for a large class of physically realistic model systems including t l ~ o s e  considered 

in this ·paper, (assuming that· Alis e.g. uniformly bounded and smooth). 

The important facts about the partition function Z,A(A) are thefollowing ones: 

(1) As long as Zi :F. z;, for i :F;, (non-coinciding arguments) 

(2.18) 

where the right side.denotes the connected, time-ordered Green function of n quantUIll 

mechanical current density operatorsi"l(zl),'" ,i"-(2',,) in a two-dimensionalsystem 

of electrons coupled to an external vector potential A + A(O). [Thus InZA(A) is the 

generating functional of the connected current· Green functions.] In particular, defining 

the electric current density ·i:(z) at a spac~time  point Z (as measured experimentally) 

as the expectation value of the quantum mechanical current qensity i"(z), we have 

that 

(2.19) 

.The functional 

(2.20) 

is customarily called the effective action of the system. Eq. (2.19) then reads: 

(2.21) 

The second important fact about the partition fUtDction is its. gauge invarianee. 

lSpin..orbit interactions are neglected; but see [18]. 
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..  

(2) 

ZA(A+ dX)- ZA(A), or 

S ~ J f ( A  +dX):::' S ~ / J ( A ) ,  (2.22) 

for an arbitrary function X on A. Eq.(2.22).ummarizes the Ward identities for a gas of 

electrons. It expresses the fact that all physical quantities of such a system are invariant 

under gauge transformations of A: A -+ A+dX (i.e., Ao -tAo + ~  ~,  A -t A+Vx). 

In other words, a system of nonrealistic charged p&rticlesin a bowided region of space 

and at·. a finite d ~ s i t y  does not , ~ b i t , any gauge anomalies. 

Next, we compare eq. (2.21) to eq. (2.11) - the Hall law - to find thateq.(2.21) 

implies (2.11) if and only if 

H 
- tT

4 
1 e""" A,. 8" A~  + W(A ISA)

11' JA 

_tT r.A AdA + W(A ISA)' (2.23)
4

H

wk . 

where W(A ISA) stands for the boundai'ytenns, B.T." in eq. -(2.14) which will be 

discussed in the next section. . 

One should ask whether the form of S1/J(A) given in (2.23) can be derived 

from the microscopic quantum mechanical dynamical laws of a t~o-dimensiona1  electron 

gas, under the condition that the longitudinal resistance RL vanishes, and what an . ' 
, ' , 

appropriate quantum mechanical reformulation of the equation RL = 0 is. This question 

has been studied in [18], where' it h ~  been proposed that the vanishing of RL be 

interpreted as certain cluster decay properties of the conneCted current Green f u n c t i ~ n i .  

Then one is able to show that the term * fA A AdA" the so called ,Chern-Simons term", 

is the leading contribution to the effective action S ~ J J ( A )  in the regime of large distance 

scales and low frequences. Moreover,' it, is the 'only contribution to' the bulk effective 

action which violates gauge invariance,'- in the ~ o r m  of eq.(2.22). This violation of gauge 

invariance essentially determines the boundary term W(A Lu) which must cancel it 
exactly. 

Thus, the hard analytical problem arising in the theory of the quantum Hall ~ e c t  

is to prove a certain, kind' of cluster' decay 'properties of the connected current Green 

functions, for certain values of the filling factor II. Although this problem has been 

studied analytically and numerically in much detail (see [19],[20] and refs. given there), 

it has not founda,mathematical1y rigorous801ution, so far - not even for systems where 

the interactions between e l e c t r ~ n s  can'be ignored; but with disorder, which exhibit an 

integer QHE. 
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In this paper, we study an easier. and yet quite .non-trivial problem: Assuming that 

the analytical problem-just described can be solved, i.e., that it is justified to use- the 

.effective action g i v e n i n ( 2 ~ 2 3 ) in Ii description of the system in the limit of large distance
,-, 

scales -- and--low•frequencies - -in accordance with the phenomenology of the QH effect, 

eqs.(2.13),(2.14) - what can we say about the possible values of the coefficient tTH; can 

we understand why it is quantized? To this question we find some surprizing answers 

which, incidentally, also -shed some light on the analytical problem described above. 

Our analysis is analogous to a group-theoretical analysis of symmetnesof a quan.. 

tum. mechanical system, leaving the question open how one can solve its SchrOdinser 

equation - except that in our problem we encounter Kac-Moody algebras of chiral cur.. 

rents, rather than ordinary groups and ~ t e - d i m e n s i o n a 1 Lie algebras. It is explailied in 

the next section .how Kac..MOody algebras aqae in the study of quantum Hall systems. 

For details see [21],[11],[12]'[13]. 
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- 3. Anomaly cancellation and U(l)-current algebra-

In this section,weshall first-determine the form of the all-imporlant,bound&ry' term 

W(A 18A) in theeft'ective ~ a c t i o n S : f / ( A )  given in eq. (2.23). It turns out that this 
- , ­

form is essentially determined by the gauge invarianee (2.22) of the efFective action. Let 

X(z) be a gauge function not vanishing at the- boundary 8A = 80 xR of the space-time 

~ e g i o r i  to which the electron gas is confined. Then ' 

(3.1) 

where we have used that ~  =0, along with Stokes' theorem. Thus 

W«A +dX) 18A) ~  -W(A 18A) = tT
H I- dX A A. (3.2)

411' J8A 

This equation determines the general form of W, up to gauge-invariant -terms. To see 

this, let us assUl11e, for simplicity, that the system is confined to a region 0 of the (z, 71)­

plane with the ~ o p o l o g y  of a disk. Let' L denote the lenith ofthe circumference of 80,­

It is co~venient  to p a r a m e t ~  80 by an angle'" E [0,211') and to introduce light-cone 

coordinates u± on 8A: 

u± = ~  (l1t ± #; ",), (3~3)  

where 11 is some velocity. Interpreting the gauge field A ISA as a one-form a, we have 

that 

(3'.4) 

In light-cone coordinates the right side of ( 3 ~ 2 )  can be written as 

(3.5) 

With this, the gener&solution of eq. (3.2) is foUJidto be 

Weal = tTe Wt(a) - tTl WR(a) + G(a) (3.6) ­

whereG(a) is a gauge-invariant functional of a, 

WL/R(a) - 4~  1..: [a+(u)a-:(uj.,..;2a'!'(u)~  a'!'(u)] 4'u_ (3.7) 
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-, 

and 

(3.8) 

In (3.7),8:1: = 8jlJu±andD = 28+8_ is the two-dimensional d'Alembertian in light­

cone coordinates. For further details see e.g. [18). 

The problem we are now confronted with is to find out what eqs. (3.6) through 

(3.8)te1l us about t h ~  dynamics of boundary charge density waves in two-dimensional 

.systems of electrons and holes in a transversal magnetic field. The answer is known from 

current algebra: WL/R(a) is the generating functional of the connected Green functions 

,of'left moving I rig~t  moving chiral U(l)..currents localized on 8A. 'These. currents 

describe charged boundary'density waves of the ,two-dimensional electron and hole gas. 

The study of charged excitations in the two-dimensional electron gas. is closely related to 

the study of the representation theory of left- and right moving U(l)-current algebras. 

We have prejudices from physics concenUng the charged low-energy excitations in an 

incompressible QB fluid, and these p r e j u d i ~ s  select a class of representati()ns of the 

U(l)-current algebras which can be realized in such a fluid. Knowledge of this class of 

representations will imply knowledge of t1.le possible values ofuH • 

The theory of chiral current algebras is perfectly symmetric under exchanging left 

movers (L) with right movers (R).We shall focus on left movers, drop the subscript L 

and set 1.1 := 1.1+ and 0' := 0'•• Let J(u) be a left moving current on fJA. By (3.6) and 

(3.7), we have that the connected two-point current. Green function in the groundstate 

(vacuum), i.e., the second derivative of W(a) with respect to a_, is g i v ~  by 

2-('J(1.1) J(u'»" = 2-. "(1.1'- u'+ Ie..!:.)' -2. (3.9)
411'2 ' 411'2 LJ ' v'2

lJez 

All other connected Green functions vanish (at Q =0). We conclude that the commu­

tator between. two currents. is given by 

[J(u), J(u')] = iO' 6'(1.1 -u'). (3.10) 

From these facts it follows that J is a derivative of a massless, chiral free field. The 

most general s o l ~ t i o n  has the form 

J(u) = (Q,8tj)(u» - Q.8J(u) - L 
N

QI8t/J1 
(u), (3.11) 

-+ 
1=1 

where 

Q - (Ql,···, QN) (3.12) 
.-+ 
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and 

(3.13) 

is an N-tuple of musICss, ch.U-al free fields, for some N = 1, 2, 3, . .. . The commutation 

relations of the fields ql(u), 1== 1,··· ,N, have the form 

, (3.14) 

for some positive-definite matrix a = (OIJ). This matrix defines a scalar product (.,.) 

on the space RN of vectors tP and q. COmbiningeqs. (3.10), (3.11) and (3.14), we find 

,the relation 

N 

(T = (Q,q) =. Q. 0-IQT , E Ql (O-I)lJQJ. (3.15) 
.... .... I,J=1 

By choosing ,appropriate coordinates in field space R N we can ahtays transform a 
into the identity matrix. 

The currents 

Jl(U) : = 8 , ~ 1 ( u ) J  1 = 1,··· ,N, ( 3 ~ 1 6 )  

generate a Kac-Moody algebra isomorphic to an N-fold tensor product of coupled chUa! 

1£(1)-current algebras. 

In a QH fluid with negligible electron-electron interactions, every filled Landau level 
~  

gives rise to a separate chiral u(l)-current algebra at level 1 describing the edge cur­

rents first studied by' Halperin [21]; see also [18]. The'system is free of dissipative' 

processes,with RL = 0, precisely when the density of electrons is chosen such that 

the extended' states of an integer number, N, of Landau levels ,are,completely filled 

with electrons, in the groundstate of the system. In that case, there are ,N independent 

u{i)-current algebras of edge currents. Choosing the sign of B ~ )  appropriately, these - '" 

u(I)-current algebras are generated ,by left'!moving currents, for Landau levels filled with 

electrons, and right-moving currents, for Landau levels filled with holes. 

For N Landau-levels filled with electrons, 'the 'vector Q is given by Q = (1,··· ,1), 
I .... 

the total electric edge current operator, J, is given by 

N 

J(u) =E 8 ~ 1 ( u ) ,  (3.17) 

1=1 

and the matrix ,0 is given by 

so that 

IT = N. (3.18) 
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Formulas ( 3 . 9 ) t h r o ~ h  (3.16) generalize what o n ~  knows from the integral quantum 

,Hall effect [21] to general QH fluids of interacting electrons [18]. 

The theory of chiralU(l)-currents described;by formulas (3.9) - (3.16) has a La-

grangiandescription in­ terms of­functional integrals.  In this form, they can be coupled to 

external U(1)­vectorpotentials.  The resulting theory exhibits a gauge anomaly given in 

terms of the actions WL and WR of e q ~  (3.7).  Since the theories ofleft­ and right­movers 

,  are isomorphic, we shall focus  on left­movers and omit the corresponding subscripts. 

Let  a = (al' . .. ,aN) be an N -t~ple  ot U(1)­gauge fields  on  t h ~  "cylinder",  /JA = .... 
80 x  R.We consider an action functional 

1 8 A ( 1 , ~ )  := 4 ~  LA 8_P(u). 0 8+I(u) tf'u 

­ 2
1  1  [a_(u). 8+I(u) ­ o +(u)(8_1­ 0-10~)(U)]  tf'u 
71' lsA. ....  ....  .... 

(3.19) 

.1 fa  ,,';"'1 T J2+  -4, a_(1£)" a o+(u) (1- U, 
'Ir  SA..... ' .... 

where  1£  := (u+,u_) and a = (OIJ) is  a  positive­definite  N x  N matriX.  Since  the 

non­chiral fields  q,1, ..,. ,q,N are coupled  to extemal U(1)­gauge fields  01,· ... ,aN, the 

constraint  that says that the, physical degrees of freedom are described by left­moving 

components cannot be formulated by 

8_ j(u) = .0,  (3.20) 

:(i.e.,  j(1£) independent of u_), since (3.20)  is  notga~ge-invariant.  The correct gauge-

invariant generalization of (3.20) is the equation 

(3.21) 

For, under U(1)­gauge transformations, the fields  it transform like angles, 

i(u)  ......  Xi(u) :=i<u) +O-I'XT(u), (3.22).... 
while 

o(u)  .....  Xa(u)  := a(u) + tl X(u),  . (3.23)....  ....  ....  .... ' 

as  usual,  where  ....X  = (Xl,···  ,'XN) is  an  N ­tuple  of scalar  functions.  Thus  (3.21)  is 
, 

gauge­invariant.  

Now, one checks by quadratic completion that  

jtf-l f vi e i l l A ( i . ~ )  6(8_1 c  0-1~~)  

. . ~  

= eJtP{4
'  I ,[0+(1')' 0­la !:(U) ­ 2a_(u). 0-1 0+  a!:(u)]~u},J  
'Ir  lsA. ....  ........  ....(3.24)  
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where N is a (divergent) normalization constant. The r.h.s. of (3.24) exhibits a U(l)-

gauge anom81y cancelled by the one of a  Chern­Simons action on A which depends on 

an N­tuple A ofU(1)­vector  p o t e n t i a 1 s ~ u p l e d . t h r o u g h t h e matrix 0-1. 
-+ ", 

Next we 'set 

o(u)  :;::  Qo(u),.with  0  :=' A 18~'  (3.25) 
,-+ '-+ 

where A is an external electromagnetic vector potential, and Q is an N ­tuple of electric 
, -+ 

charges.  Furthermore, we set 

,(3.26) 
-+ -+ 

J 
.. 

Comparing eqs.  (3.22) and (3.7), we find that  

il'4CI,Oa)  ..  . 
X-;1 V;e  . ­ 6(8_;-0-1'!.7'a_) 

= exp  itrWL(a). (3.27) 

. The r.h.s.  of (3.27) exhibits a  U(I)­anomaly which is cance11edbythe U(I)­anomalyof 

(3.28)exp  i l: LA" tlA. 

Except  for  relative  minus signs,  the formulas for  right  movers (L --+ R) are identical. 

For a suitable choice of.the direction of the uniform external magnetic.field  jjCG),  left-

moving edge currents are observed if the basic charge' carriers are electrons,  and right-

moving ones  are observed if the charge earners are'  ~oles.  Reversing  the direction 'of 

DCO
) exchange~  left with right. 

These findings  are quite  important.  We  know  from  [18)  that  the  Chem­Simons  ' 

term 
trH

i . . 
f AAdA

47t JA 

is  the only  anomalous bulk term in the effective  .~tion  '9111(A) of" an inCompressible 

QH fluid.  Apparently, we learn from this  that the degrees of freedom located near the 

boundary of such  a  fluid  are  described  by  N left­moving  U(l)­currents with  electric 

charges  (Qe1, ... QeN) and coupled  through a positive­definite  matrix oe,  and by M 

right­moving U(l}­currents with electric charges (Ql1,· .,. ,Q1M) and coupled through. . 

a positive­definite matrix 01, for  certain, as yet undetermined positive integers N and 

M. By (3.26) ­ (3.28), we have that 

trH = tr. ­ tTl, with! 

tr. ­ Q•. a;1Q;, trl - Ql· O ; ~ Q r .  (3.29) 
-+ -+ -+ -+, 
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, . 

'rhe dynamics of the left-moving currents is described by a (1+1)-dimensional, anoma­
,- ! .. . 

lottsLagrangian field theory with action [SA (q" a) given by (3.19)i (a similar field theory 
.. '. .­

(L'-+ R). describes the right movers). 

Sofar,theonly constraints on the still undetermined quantities N,M, Q., Q,,, O. 
'. -. ­

and 0" are the ones described in eq. (3.29). From the physics of incompressible QB. . 

:ftliids we shan derivefunher constraints on theBe quantities. Again, the arguments for 

left- and right-overs are similar, and we focus our attention on left-movers and drop 

s u b s ~ p t s .  

The gauge-invariant U(l)-current operators 

(3.30) 

permit us to define N U(l)-charge operators: Let. = ~(u+  -u_), t = j,,(u+ + 

U-)i see (3.3). A gauge-invariant expression, for the U(l)-charge operators Q = 

(Ql, ... ,QN)T at' time t is given by 

(3.31) 

/ 

. .. .. 
In a Feynman path integral,like the one appearing ineq. (3.24), the fieldstK.,t) can 

be chosen to be periodic in the space.variable • with period L. We wish to consider 

a Feynman integral describing a' transition of the boundary .yitem from a state with 

U(l)-charges it at time tl to a state with U ( l ) ~ c h a r g e s  q; at time t2. Byeq. (3.31),and.. , " 

since the integration variablesq, are periodic in., such a transition occurs if the external 

U(l)-gaugefields a are chosen as follows: a=a+du+ + a_du~  = aodt + alcU, 'and' 
. ...... .... -to ~  ..... ..... 

the spatial components, ai, of a are constrained to have the circulations 

(3.32) 

.' H the boundary system consists of l e f t ~ m o v e r s  only then we must impose the chiral 

constraint 

8-i(u) - 0-1 0 :(u) == 0' (3.33)-
which, by periodicity of i in ., implies that a _ can be gauged away. Then we have 

. -. . 

that 

with 

(3.34) 
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.', 7"'/F .......;--: .,'.' '.,..  

for 1= 1,2. From (3.34),(3.33); (3.30) and (3.31) we finally obtain 

~  ' 

Qt, = q; ,fori = 1, 2~  (3.35) . 

Let us suppose thlLt the gauge fields -a are the restrictions of N U(i)-gaugefieldB 

A' = (AI,'·· , A~ ) defined on the bulk space-time A = 
' 

0 X R of the QH :fluid to the-
boundary 8 A ~  Then, by Stokes' theorem, , 

' 

1 a 1tb = " dA =", ' (3.36)'J80- 10 - -
,where the ph component, "I, of" is the tota1:flux of the  " m ~ e t i c  field"  Br ,= dAr 

,

-
'­

through'sp8.ce O,for 1 = 1,,·, , N. By (3.32),  "  and the U(I)­charges qare related by 
,

the equation 

,if = 0..,..1 "T. (3.37)­
We shall call  the vectors  "  ":flux vectors" , while  the q'. are called  "charge vectors". ­Thechiral theory described by the action (3.19)  and ihe Feynmanintegral (3.24) 

can  be  e q u i v a l ~ t l y  described  by  a  topological Chern­Simons theory ona space­time 

A = 0 x  R.  ThiB  fact  is called boundary­bulk duality  [18l.To understand boundarr-
, , 

bulk duality, we introduce N U(I)­gauge field. 

~  ( 1  N)Th= 6,··.,6  '  (3.38) 

and N external vector potentials A =(AI, .. ~ "  AN) and 'define the Chern...Simons action " '... , 

~  l1i'T ~  i 1 ' ~  ' 
SA(6,A) = ­4'hAOtlb + ­2'  'dA A6  + B.T., (3.39) 

­ 7rA  1('A-

~  

where  B.T.  stands for  (gauge...dependent)  boundary terms.  We  note  that  SA(h, ­A) is 

quadratic in b. It is  therefore not hard ,to  .how ­ ,modulo  lome subtle  ties  related  to 
' 

gauge fixing  [26]  ­ that

'" ­ IiSACi',A) ~  

e ­ 'Ph ,.f.J 
= N exp­i,'(' 41/,AAC~ldAT- WL (OJ A leu»'  (3AO) 

,  1(' lA ­ ­ -
whereN is a normalizationfaetor, and  ' 

I 

1  ~,  . 
WL(Oj a)  = 4 ,  [a+(~l·  0­la !(u) ­ 2 a_(u) .0-1 0+  a!(u,)]  ,flu,  (3.41) 

­ 7r  l8A ­ ­ ­ ­, , 
and where  "g.f."  indicates some gauge fiXing for  t h ~  degrees of freedom located at 8A, 

[26],[27].  Formally,  eq.  (3AO) follows  from  (.3.39)  by. quadratic  completion.  Thus the 
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partition function of an incompressible, QH fluid 'in the 
) 

limit of large distance scales 

and low freqttencies is obtained form a Chern-Simons theory for a certain number of 
~  , 

abelian gauge fields bcoupled to external vector potentials A = QA, where A is an ..... ' ..... 
electromagnetic vector potential. The Hall condlJctivity, tT, is given by tT =Q. a-1QT. 

..... ..... 
The 'gauge fields II 

~  

can be interpreted as the vector potentials of conserved currents 

the total electric current density operator, in a description of the QH fluid valid, asymp­

totically, on large d i ~ t a n c e  scales and at low frequencies. This has been discussed in 

detail in [27). 

The U(l)-charge operators associated with a' current distribution t at time ., are 
given 'by 

12, == L'[O(i, t) ,p Ill, 

and the electric charge operator Qt is given by 

The, quantum-mechanical equations of motion obtaiped by varying the Chern-Simons 

a c t i o ~  (3.39) with respect to bare given by / 

db = a-
1dAT

, or i = a-I * FT
, (3.44)..... ..... 

where F - dA. Integrating these equations over all of space n"we obtain that ..... ..... 

Qt = a-1 n;, (3.45)..... 

where 

f&., = ,IdA(i,t) (3.46)..... In ..... 
is the flux vector at time .,. 

Let us consider,a state of the system with U(l)-charges,given by. a charge vector" 

corresponding toa vector of eigenvalues of Q.Then (3.45) implies that' 

i=0-1 n T. (3.47)..... 
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This equation coincides with (3.37),&8 ~ n e  would. expect. The eleCtric charge of the 

state, (assuming that the e l e c t ~ c  charge of,the groundstate is set to Zero) is then given 

by 

f.r. =Q .q = .Q. 0-1 "T. (3.48)... .... .... 
In particular, if A = ·QA, where A· is an external .. electromagnetic vector potential with .... .... 
magnetic fluxm = In dA, then 

. 

f.1. = C1m, C1 = Q . 0-lQT. (3.49).... ..... 

Let us consider a state of an incompressible QB fluid describing .k electrons and " 

holes excited from the groundstate by coupling the QB fluid to suitable external vector 

potentialsA. Suppose this state is ·described by a' charge vector q. Then we clearly have ..... 
that 

f.1. = Q. q = ,- k. .... 
We set A (0) =QA(0), where A(0) is a fixed background electromagnetic vectorpotentialj .... .... 
see eqs. (2.16), (2.17). ThenQAtot = A(O) + A, and the vector potentials A forman .... ........ .... . 

additive group. Bence the flux veCtors " and, by eq. (3.47), the charge vectors i of.... 
physical states of an incompressible QH fluid form. an additive group. We d e n o t ~  the 

group of charge vectors (of physical states by r1'''... .. This group· contains a lattice, 

denoted by r, of q..vectors with integer electric charge, i.e., 

r = tiE r p 1&,•• : q.l. =Q. qEZ}. (3.50) 
-+ 

Now, the physics of incompressible QH fluids motivates us to require the following 

Basic Hypothesis: 

(AI) An arbitrary localized'cluster ofquasi-particle excitations of an i n c o ~ p r ~ s i b l e  

QH fluid of electric charge q E Z can be interpreted' as • tphysical state of the s y s t ~  

composed of I + q holes and I electrons, for some I ~  0, 1, 2, . .. . 

(A2). Electrons and holes satisfy Fermi statistics. Thus,. cluster of quasi-particles ' 

of electric chargeq e Z is 

a fermion if q is an odd integer;} 
(3.51)

• boson if 'q. is' an even integer 

Wave functions of physical states of an incompressible QH fluid are single-valued in the 

positions of electrons or holes. 
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0(0)  
I  

(0) (I) (2 ) 

Fig. 1 

Let us explore the consequences of hypotheses (AI), (A2). For this p u r p o ~ e ,  we 

consider histories of states of an incompressible QH fluid describing an excitation with 

charge vector qi localized in a disk D 1 and an excitation with charge vector q2 localized 

in a disk D 2 disjoint from D1 .We- suppose that D1 and' D 2 sweep out spacetime tubes 

T1 and T2, as depictedin-Fig.-·l; {OJ, (1) -and (2),··above. f\ccordingto eqs. (3.44) and 

(3.47), such histories are described by coupling the gauge fields b to external vector 

potentials A(m), with-

with 

(dA(m» _ ..'I' = 0, unless i= l,i = 2, or i = 2,i = 1, (3.52) 

and 

f dA(m)T (i,to) - C if..,a = 1,2, (3.53)
J D ~ - )  ­
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for m = 0,1,2, as follows from eqs.(3.46), (3.47). We let 

...t )" J, -iSA (f.A<-» , -,
,.J.1,m:= e. - 7) b ' (3.54) 

be given by (3.40), with A(m) as described ahove, for m = 0,1,2. We consider the... 
two ratios [<1)/[<0) and [<2)/[<0>. In theserati08 we can pass to the limit 0/ R2,

I ' I . 

A .l'Rs. Using the explicit expression on the r.h.s.ofeq. (3.40), we can then calculate 

the limiting ratios explicitly. For qi = q; =it we find that 

(3.55) 

whereVJ. is a phase only depending on A 1...1_>, for e= 1,2; m = 0,1. For arbitrary ji... :l. 
and q;, we find that 

(3.56) , 

, where 1/1. is a phase only depending on ~  I ~ _ ) ,  for.£ =1,2; m = 0,2. [For suitable 

choices of ~ I T j _ ) '  £ =1,2, m = 0,1,2, the phasesVJl,VJ2,1/11 and 1/12 actually v a n i s ~ . ]  

The Aharonov-Bohm phases, exp,.,wi«(1' ·'0 qj,'and exp 211'i«([·0 92), describe the 

statistics of the quasi-particle excitations. 1'hus, if qi = q; = it with gel. =Q. q=±i,... 
the two excitations are holes' or electrons and thus.satisfy Fermi statistics. Hence, by 

eq. (3.55), expi1f(q. a qj = -1, i.e., q. O'qis an odd integer. More generany, by . 

hypothesis (A2), two excitations with charge vectors qi = q2. = q E rJ'•••. are identical 

bosons if ,gel. = Q. if is an even integer and identical feI'lJlions'u gel. = Q . if is an odd..., ...  
integer. Thus, using eq. (3.55), we conclude that if gel.= Q. iis an integer then (I'. Oif... 
is an integer, and the parity of Q.qequalS the parity of (1'. 0 it i.e., 

' ... 
Q . i == (l' . 0 i. mod 2 · (3.57) 

Among the quasi-particles appearing, in an incompressible QH flUid there are single 

electron' and hole. Thus 

Q.. qi = 1, for lOme vector qi E r. (3.58) 

We conclude that r is an integral lattice contained inRN, the ,matrix C dete~es  an , 

integral quadratic form, C·, .)" on r, and Q isa vector with components Q in' the dual,...
r*, of r. By (3.40),(3.19) and (3.14),0 is positive-definite and hence r is a Euclidian 

lattice. By (3.58) and (3.57), r contains ·a· vector il such that 

Q. iI = 1 and hence([ . a ~  is odd. (3.59)... 
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Thus r is an odd, intecral Euclidian lattice, and Q ,is a visible vector in the dual lattice 

r·, (i.e., the open line segment from. the origin of.r· to Q does not contain any points 

of r·): 

g.C.d.(Ql,··· ,QN} = 1. 

Next, let··us consider a 'state describing a. cluster. of quasi-particles with charge 

vector 9i e r localized.in a disk D1 and a clQter 'of quasi-particles with an arbitrary 

charge vector i E rpA... localized in a disk D2 • If the cluster with charge vector ii 
PJ,akesa round trip round the cluster with charge vector i, as depicted in Fig. 1, (2), 

then the state is multiplied l>y an Aharonov-Bohm phase factor 

exp 21ri if ·ai, 

see (3.56). Since it e r, Q •it e Z, hence.the cluster of quasi-particles with c h ~ g e  .... 
vector it corresponds to electrons and holes.· Then hypothesis (A2) implies that 

exp 2w i ([ . C ft = 1, 

i.e., 

(3.60) 

It fonows that 

(3.61) 

By (3.49), and since the quadratic form (., .) is integral on r and Q E r·, it follows 

that 

u=(Q,Q)= Q · O-lQT Isa rational number. (3.62) 
-+ .... 

.H an incompressible QH fluid is composed of two such fluids with the property that 

the basic charge carriers of one fluid are electrons while the basic charge carriers of the 

other one are holes then the entire story told, 80 far, must ~ e  repeated with (e,L, -, ... ) 

replaced by' (h, R, +, ... ). We then conclude that. such a fluid is characterized, asymp­

totically on large distance scales and at low frequencies, by two integral, odd Euclidian 

lattices, f e and r., integral quadratic forms, (., o)e on Fe and (., .). on fA, and visible 

vectors, Qe e r: and.QA E rt, such that 

(3.63) 

with 

(3.64) 

It follows that UH is a rational number. 

Comparing these conclusions witheqs. (1.12) through (1.15), we find that we have 

established a mst part of the "Basic Result" announced in Sect. 1. 
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.. 
4. A crash course on the representation theory , 

.............. '\,'  

ofchiral v(l) current, algebras 

In this section, we reconsider the main results of Sect. .3, from the point of view of-,
the representation theory of chiral u(l)-current algebras. 

.' 

In eqs. (3.14) and (3.16) we found th.at an incompressible QH fluid in'a uniform 

background magnetic field B (0), with electrons as basic charge carriers, exhibits chUal 

edge currents, 

(4.1) 

'localized near the boundary 80 of the system." For an appropriate 'choice of the direction . 

of B(0), these currents are left mOvers, and v= ~  (tit + 2L.w t9) is alight-cone 

coordinate on 8A = 80 x Rjsee ( 3 . ~ ) .  The commutation relations of the currents J1 

are given by 

(4.2) 

where 0 is a positive-definite N x N matrixj see (3.14). By choosing a suitable basis in . 

field space, (q,1 ,... ,q,N), we( can always achieve that 0 is the identity matrix. 
I ~  • 

All unitary representations of these v(l )-current -.Igebras can be constructed with 

the help of verlex operators [22, 23] 

(4.3) 

The verlex operatots generate the operator (product) algebra 

VL(Vj n)VI.(~'j  n') . - (v _V')4"-4-4' VL(V; n+ n') (4.4)- - ---'. ... ­
where 

A = 2
1 

(R,R) 

A' 1 ( , ') (4.5)u -2 R,R, 

While the currents JI(v) are periodic operator-valued distributions of the light-cone 

variable u with period ~ ,  see eqs. (3.3),(3.9), the verlex operators V L ( U ; ~ )  are in' 

general not periodic in v, but shoUld be viewed as operator-valued distributions on the 
" ' , ' ,

covering space of the circle of circumferenceL, i.e., on the real line. By (4.2) and (4.3), 

they satisfy the quadratic Weyl algebra 

(4.6) 
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---

for: u ~u',  where t ~ e  phase B(n, n') is given by........  

(4.7) 

... 
The U(l)-charge operators Q are given by 

with 

QI ;:: ~  IJI(u)du. (4.8) 

Eqs. (4.1) - (4.3) yield the commutation relations 

(4.9) 

where 
N 

ql = E (O-l)IM nM. (4.10) 

M=l 

Let {/I}I:EZ be the Fourier coefficients of JI(u), i.e., 

11(u) = Eli e2,n1: .q».. (4.11) 

I:EZ 

The vacuum state I0) of the u(1)-current algebras is characterized by the property that 

Ii I0) = 0, for 1C =0,1,2,··· .. (4.12) 

A dense set of states with vanishing U(t)-charges is obtained by acting with polynomials 

in the operators II, Ie < 0, on the Vacuum 10). Let t/J be such a state. Then, formally, 

(4.13) 

isa state2 with U(t )-charges q{ n)t where ql = ql(n) is given by eq. (4..10). This follows ..... . ...... 
from (4.9) and the fact that Q,p= o. .. 

. 

---Every charge vector q ofeigenvalue& of Q labels a distinct, unitary irreducible 

The representationrepresentation of the tensor product of N u(t)-current algebras.  

space is spanned by the vectors (4.13), with itn) = q. Thus the vertex operators  .... 
VL(Uj n) play the role of Clebsch-Gordan operators in the representation theory of.... 
u(1)-current .algebra. 

.  

2Smearing (4.13) ill. u with a test function, one obtains a wel1defined normalizable state.  
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Comparing eqs. (4.9), (4.10), (4.13) with. eqs..(3.24), (3.31) - (3.35), we conclude 

that applying.a vertex operator VL(Uj n) to some state "p at time O' corresponds, in a 
-+ .

- ... 
Feynman path integral formalism, to coupling the integration variablesq,.in the. path 

integral (3.24) to external gauge fieldsQ.with the following properties: a is the re­
. -+., -+ 

striction to the boundary of N U(l ) ~ g a u g e f i d . d s  A = (At, .... , AN) on A that describe 
-+ 

.a vortex tube in A carrying :fluxes n and contained in the ha1:C-space at positive time 
-+ 

which ends,at time 0, in a magnetic monopole with magnetic charges n located in the 

point (1',0) E 8A. 
-+ 

,Repeating the discussion at the end ofSect.-S, after eq. (3.49), we must ask which 

family of vertex operators VL(ujn) create physical states of the algebras of chiral edge
-+ 

currents of an incompressible QH fluid when applied to states of chargeO. Clearly, 

w ~  want these vertex' operators to generate a closed operator' algebra, for the operator 

product specified in (4.4). Thus the charge vectors q= C-1nT,(see eq. (4.10», labelling 
. . -+. 

physical represent'ations of the· algebr2l,S of chiral edge currents form an additive. group 

r1'''... .T~e  electric charge of a state' with .. U(l)-charges i is given by 

~  '9.'" =Q. q, (4.14) 
-+ 

since, by e q ~  (3.11), the electric edge 
-

current density, J, is given by 

... ... 
J = Q·8q,= Q.Jj (4.15)" 

-+ -+ 

.see also eqs. (S.48) and (4.9), (4.10). The charge vectors i with integer electric charge 

g.I. = Q · i form. a lattice r c r""••.. Bypotheses(A1) and (A2)pf Sect. 3, after 
-+ , 

. eq. (3.50), can be reformulated asfotlows: 

(AI ') A vertex operator VL(uin) with gel. = Q . q{n) = Q.0-1 n T = 9E Z creates 
-+ -+ -+ -+ -+ 

a boundary excitation of the system composed of I.+ q holes- and I electrons, 

1=.0,1,2,···. 

(A2') A vertex operator VL(Uj n) must satisfy 
-+ 

Fermi. statistics if q.I. = Q.q{n ) is an 
. ...-+ 

odd integer; and. (4.16) 

Bose statistics if gel.= Q .q{n ) ii even. 
. -.- -+ 

H gel. = Q . q{n) is an integer and i' == ifn') belongs' to rph••. then 
. - -+ . -) 

(4.17) 

(independently of the'sign of U -1"). 
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Combining (A2') with the Weyl relations (4.6») we conclude, in view of (4.17), that 

ifQ ·iis an odd integer, with i= 0-ln T, then 
-. -. 

(4.18) 

if Q. i is an even integer,with i - 0-1 nT, then 
-. -. 

iT . Oq = n· 0-1nTis an even integer . (4.19) 
-+ ­

Furthermore, 

if Q. q is an ~ t e g e r  and i ' E rpA... then 
-+ 

qT ~  Oi' = n. 0-1 n'T is an integer , (4.20)
-. .... 

as follows from (4.17), (4.6) and (4.7). 

This, as in Sect.·3,wefind.that r .isanintegral, odd Euclidian lattice in RN, 0 

defines a positive-definite, integral quadratic form on r, andf,A••. is a lattice contained 

in or equal to the lattice r* dual to.r. 
Next, we wish to make the connection between the two descriptions (boundary-bulk 

duality) of an incompressible QH fluid, 

(i) in terms of atopological Chem-Simons theory, and 
I ~ ~  

(ii) in terms of the repre8entation theory of u(l)-current algebras 

'more precise. This connection has been described in the literature, starting with [24]; 

see also [25],[26],[27]. A key fact concerning this connection is the following one (see 

[25]): In the Chern-Simons theory describe4in Sect. 3, (3.39) - (3.44), a physical s t ~ t e  

with U(l)-charges q. concentrated at points (Za,lI.) of O,G - 1,·· .,p, is described 

by a conformal block [36],[37], 

(4.21) 

-
of the chiral conformal field theory introduced in (3.19), (3.21)- (3.24) which describes 

......--. 
the representation theory of N u(1)-current algebras. Here 

(4.22) 

.. and the .:O.ux vectors n. satisfy the equations
. ,-+ 

-. - q- T C.. (4.23)
-.r. -. • 

33  



..  

..  

The gauge fields a(O) are chosen to be the vector p ~ t e n t i a 1 s  of N uniform, neutralizing 
-+ 

background "magnetic fields", with 

'PI ~(O)  '" L: ~ •.  (4.24) 

80 .=1 

The conformal blocks in "(4.21) are given by branches of the generally multi-valued 

functions' 

(4.25) 

I 

where fa(o) ' are single.valued functions on (}XP, imd (q.,q.) - q. T. Cq&; see e.g. [31]. 

Note.-that the monodromy phases of the functions'in (4.25) are precisely given by 

the phases 

(4.26) 

where 8 is given in eq. (4.7). This makes the connection between hypotheses (A2) of 

Sect. 3 and (A2'), above, precise. 

The function in (4.25) describes the asymptotic behaviour at large distances of an ' 

, amplitude describing a state of the QHfluid,' where localized quasi-particle ~ ~ t a t i o n s  

of charge vectors/ if. ,are present at the points,(z.,1/.) of 0, for a = 1, . .. , P. By (4.25) 

and (4.26), the quantities 

(4.27) 

are apparently the values of the relative angular momentumof the excitations at (z.,1/.) 

and at (:-'.,1/,); 1 < a,b < P. H Q. q. ,= Q. it -1- the two excitations describe two 
....  -+ 

single electrons. Then the relative angular momentum between these two electrons is 

given by 

(4.28) 

The total,. orbital angular momentum of the state described -by the amplitude in 

(4.25) is then given by; 

L,o,.  = L (q.,q,,). (4'.29) 

lS·<6SP 

We shall see later that in a tensor product of N -u(l)-current algebras one can imbed, in- ,

general in many different and inequivalent ways, an .u(2)-current algebra, see [31],[38]. 

This will enable us to describe electron spin which has been neglected, so far; see Sect. 6. 

So far, we have assumed that the QH fluid is confined to a ,domain () in the (z,1/)-

plane.  The connection· between states of Chern­Simons theory and conformal blocks ,of 
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mass~s,  chiral free .fields expressed in (4.21) enables .us to study incompressible QH 

fluids on arbitrary surfaces,E, e.g. surfaces without boundary and of arbitrary genus. 

Although such systems cannot be realized in the laboratory, their study is of some 

interest, e.g. for purposes of numerical simulations. 

. A groundstate of Chern-Simons theory with an action given by (3.,39) on a space-

time A =Ex R is given by a conformal block of the conformal field theory corresponding 

to (3.19),  (3.21) on t'he  ~urface  E  without any punctures.  These conformal blocks span 

a linear space of dimension 11', whereg is the genus of the surface E, and 11 is the order 

of the abelian group r*If which is equal to the discriminant of the integral quadratic 

form on r given by (q, q') = qT .Cq',q, q' E rj see [29].  Thus, if r pl••.  = r* then 

the QH fluid  on a  surface Eof genus g, described by theChem­Simons theory (3.39), 

has 

11'  .degenerate groundstatell, with  11  = Ir*/r I. (4.30) 

This result has previously been noticed in [30]. 

It is a widely accepted 'heuristic idea that conformal blocks, like those in (4.21),. are 

likely to capture some of the main features of electronic groundstate wave ~ c t i o n s  ofan 

incompressible QHfluid of N electrons, provided that  q.l. = Q.q. = Q c­t n :  = -1, 
.  ­+  ­+  ­+ 

for  II = 1,··· ,Pj see  e.g.  [31].  Of course,  this  idea  does.  not  logically  follow  from 

our analysis.  However,  for  the Laughlin  QH fiuid  at  tTH = i and other simple fluids, 

it  has  been  quite  successful,  see  [28],  for  reasons  that  are  not  entirely  understood.  ' 

Taking the idea seriously and studying an incompressible QH fluid on a  closed surface 

of genus g, ~ n e  can make thefonowing prediction of interest to people, who do numeric8J 

simulations:  We  consider a  gas of electrons on the surface .E..Let  •  denote  the total 

flux of the external magnetic field,  B(O), through E.  ·For simple topological  reasons • 

is  an integer,  in unites where  ~  = 1.  We imagine that there are 'N different  species of 

electrons corresponding to charge vectors q(I}, • •. ,q(N} which are a basis of the lattice 

r.  Let I, be the number of electrons of type q<i}on E.  Let us assume that the energies 

.of eigenstates of the quantum­mechanical Hamiltonian of the fluid  w ~ c h  are orthogonal 

to aU the groundstates of the system are separated from  the groundstate energies  by 

a  fairly  large gap, for  a  given  value of •  and for  given It,··· ,IN. It is  then tempting 

to imagine that· a groundstate wave function of this system is described bya conformal 

block of the conformal field theory with an action  IE(i, a) as given in eq. (3.19), where 
­+ 

a = Q(A+O), (4.31) 
­+  ­+ 

where  A is  the  vector  potential  whose  field  strength is  the  given  external  magnetic 

field  B(0),  and n is  the Levi­Civita  spin  connection  on  E  in  the representation with 
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conformal spin !' corresponding to the fact that electrons have spin i.By the'Gauss-­

Bonnet theorem, the integral of the curvature of the spin connection n over E is given 

by 1 - g. Standard neutrality conditions for ·the conformal blocks of the field theory 

with action IE(i, a), withaa& in (4.31),implythat 
, ,-. -. 

N

E'i q(i) - O-lQT(. + (1 - g» (4.32) 
-.

i=l 

and hence, by multiplying with Q, 
-. 

(4.33) 

where N. is the total number of electrons in the system. ' Eqs. (4.32) and (4.33) are 

necessary conditions for the groundstate wave 'functions of an incompressible QH fluid 

on, a surface E to be related' to cOnformal blocks of an aSsociated conformal field theory. 

Eq. (4.33) reproduces'the "shift formula" of ref. [32]. 

Whatever we have said about QH fluids composed of electrons applies also to QH 

fluids composed of holes, 'after exchanging "e'" and "h" ("left" and "right"). In our' 

effective description, valid on large distance scales and at low frequencies, subsystems 

composed of electrons and subsystems composed of h o l ~  are .independent of each other. 

The main result established so far is the fact that the. physics of an incompressible 

QH fluid in the scaling limit is coded into a pair of integral, odd Euclidian'lattices, r. 
and r". The purpose of the next section is to summarize our results concerning a partial 

classification of such lattices, and .to apply these results to the analysis of ·iJJ.compressible 

QH fluids corresponding to experimentally observed plateaux. 
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IS. General results on the. classification of QH lattices 

We start this section by recaJlingthe notation already introduced in Sect. 1 and 

summarizing the main results of Sects. 3 and 4. 

~t  V be an N-dimensional, real vector space with inner product (., .). Let {:DI}f=l 

be a basis of V and {(I}?=l the basis dual to {ZI}t'=l. A vector V E V can be ' 

represented as a column vector fj = (vI, ... , 11N )T, with 1 1 ~  = (v, (I), or as a row vector 

11 =(111,··· ,11N), with 111 = (V,ZI), 1= 1.··· ,N. Then-
N' N 

V - ~l1l:DI  _ ~111(1,  (5.1) 

1=1 1=1 

and 

N 

(v,v') - 11 . fj' - ~11lfJ'l  ­ ~  vI OIJ 11'J _ ~ VI(0-1)1J 11J, (5.2)- 1=1 I.J ' I.J 

where 

(5.3) 

are the matrix elements of the Gram matrices corresponding to the bases {ZI} and, 

{(I}. 

A basis {el}f=1 of V is called integral if its Gram matrix, henceforth denoted K, 

with matrix elements 

KIJ = (el,eJ), (5.4) 

is integral. It determines an integrallatticer C V given -by 

r = {q =' ~  q1el : ql E Z, for all I}. (5.5) 

I 

Let {e I }f::1 be the basis of V dual to {el}f=l. Its Gram'matrix is given byK-1," with 

It generates the dual lattice 

lr* = {n = ~  "'Ie : "'1 E Z, for all I}. 



- -
--

- -

frequencies, an incompressibleQH fluid is charactePzed by two integral, odd Euclidian 

lattices, r. and r" with integral quadratic forms, (., ·).on r. and (., .), on r" and 

visible vectors Q.er: andQ, E ri, with t h e p r o p e r t y t h a ~ , for every vector q er", 

(Q", q)" = (q, q)" mod 2. (5.6) 

The Hall cQnductivity UN is given by 

with 

(5.7) 

for z = e,h. 

Vectors in r. label multi-electron-hole configurations. Configurations of a r b i ~ r a r y  

quasi-particles are labelled by vectors in. a lattice ( ~ , , ) p ' J •.,with 

(5.8) 

see (3.50). With each vectorm e (r"),,,•. one can associate the electric charge of 

the corresponding state (normalized such that the ·charge of the groundstate vanishes) 

which is given by 

f.,. =. (Q., m) (5.9)' 

and a st~tistical  phase 'exp i7r8,,(m, m), with' 

8.(m,m) == (m,m)" mod 2Z. (5.10) 

Our purpose is to summarize some of our main results -concerning the classification 

of these data. Since our entire analysis· is .symmetric under interchange of z = e with 

\ z = h, we shall drop the subscript z wherever possible. 

Thus, let (r, Q e r*) beanN-dimensioIJ,al "QHlattice", with r C r* c V ~  RN. 

L i n e ~  transformations of RN mapping r .ontoitseH form a group, denoted by GL(N, Z), 

which consists ofall integral NxN matrices S = (SIJ) of determinant det S =±1. 

Hence two pairs, (Kl , Ql) ud (K2,'Q2) ofpomtive-definite, integral NxN matrices and 

visible vectors in r* describe the same QH'fluid iff 

T . . .' .
K l = S K2 S, Ql = Q2 S, for some S e GL(N,Z). (5.11) 

. 

This will be a b b r e v i a ~ e d by writing (Kl,Ql) '"'J (K2,Q2).The group GL(N,Z) contains 
'

the subgroup Ocr) of all those transform.atioDS S that preserve the quadratjc form on 

, r, i.e., 

(5.12) 
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in a given basis. 

Every integral, odd lattice r has a basis {qIIf=t'' called "syInmetric", such that 

(Q,qI) = 1, for all 1= 1"" ,n, (5.13) 

and hence Kll = (ir,ii) is odd, for all I. In ,the dual basis, Q has c o m ~ o n e n t s  

Q = (1"" , 1). Furthermore, there always exists a basis {q, el , . .. , eN-1}, called...  
"=n..........·~al="  ,such that orm

(Q,q) - 1, Cq,eI) - 0, 1= 1"" ,N-1 (5.14) 

and hence 

Kit - (q,q) is odd, XII - (eI,eI) is even, (5.15) 

for 1= 1"",N -1. 

By aQB lattice we henceforth mean a pair of an integral, odd, Euclidian lattice r 
and a visible vector q E r* satisfying the parity constraint (5.6). Given a basis in r, 
a QH fluid. is characterized by a pair (K, Q) of.a positive-definite, .integral matrix'K...  
and a row vector Q, with.g.c.d. (Ql," ·,QN) =1, where QI ate the componentsofq...  
in ~ h e  dual basis. Our aim is now to find; invariants for pairs (K, Q) that enable us to...  
distinguish certain, inequivalent QH lattices and are useful fora partial classification of 

QB lattices. Details of our results will appear in a separate article [40]. 

Among··the most· elementary invariants of QB . l ~ t t i c e s  are the following ones: 

(1) The dimension N of the lattice' r. 

(2) The oddness of r, (i.e., r is/of type I, in the nomenclature of [15); even lattices 

are'said to be of type II and can apparently not describe QH :ftuids). 

(3) The discriminant J1 of the quadratic form (', .) on' r. It can be defined as the 

determinant of the Gram matrix K associated to a given basis of r. By (5.11), det X 

is an invariant. 

Note that the space r*/r ()f cosets of r* modulo r is an abelian group. Its order 

is denoted by I r*/r I. It i. easy to derive from (5.9) that 

a =detK =Ir*/rl., (5.16) 

As pointed out in (4.30), a is the groundstate degeneracy of the QB fluid described by 

(r, q)on a torus.. ',' 

Lattices with 1:1 == +1 are called. unimodular,or self4ua1, and appear only in the 

deilcriPtion, of QH 11m.·ds with integer Ball conductivity <lQHE), Whil,'e QB fluids ex-

hibiting a fractional quantum Hall effect  (FQHE) are alwafys described by non­se1fdual 

lattices.  I 
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(4) An invariant L mac is defined by setting 

'Lmac = .m,.·n (··.mu. (qJ,qJ»), (5.17) 
, {}N J=l,•.. ,N 

I ql 1_1 

where the minimum is taken over all symmetric bases of r. Let q #be a basis vector 

for which (q #', q #) = Lmac . Since (q "I. is an element of a symmetric basis, it, follows 

that q.,. = (Q, q #) = 1 corresponds to a state of the qH fluid, where one electron with 

quantum numbers '-q # has been created from the groundstate. By (4.28), Lmac is the 

minimum of the modulus of the angular!momentum ofa state'describing two electrons 

with quantUm numbers -q:# created from the groundstate. 

Since the matrix K - (KrJ), defined by Kr.1== (qr,qJ), for a basis {qr} minimiz-

ing  maz  (qJ, qJ), is positive­definite, Hadamard's inequality implies that 
J=l,···,N 

(5.18) 

In a  real, incompressible QH fluid,  Lmac  satisfies a universal upper bound 

(5.19) 

,  with  L. ~  9.  To understand this,  we  recall that  the  suppression of relative  angular 

momenta, I, between pairs of electronswithf .11< Lm • c is due to the C o u l o ~ b repulsion 

between the electrons.which has a finite strength.  Furthermore, if Lmac were very large  ' 

the el:ectron  density of thesysteln would  be; so small  that  the formation ofa Wiper 

lattice would lower the energy of the system.. However, the formation of a Wigner lattice 

destroys the incompressibility of the system. 

It is easy tO,see  [40]  that the bound (5.19) on Lmac  and a bound on the dimension 

N of the lattice r yield  upper bounds on the numerator and denominator of the Hall 

conductivities'uH of incompressible QH'ftuids.Thus, if Lma.c 'and N are bounded above 

the possible values of the Hall conductivity of incompressible QH ftuids form a finite set 

of rational numbers. 

We should ask whether one can find a universal upper bound on the dimension N 

of QH latticeS.  Unfortunately, we  do not know any method of determining an explicit 

bound on N. However, heuristica1ly,.itis clea.r  that N c8.nnot be arbitrarily large in a 

real QH fluid.  There are two reasons for  that:  A  r~  QH  fluid  has a  finite  density of 

impurities.  These impurities tend to cause miXing between·different cbiral edge currents, 

so that the number of independently conserved edge currents ­ which is the dimension of 

the QH lattice ­ is limited by the strength and density of impurities.  F u r t h e r m o ~ , t h e  

specific heat of the edge degrees of freedom of an incompressible QH fluid is proportional
; , 
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to the dimension N of the lattice r (which is equal to the central charge of the conforinal 

field theory describing the edge currents). Thus, finiteness of the specific heat of aQH 

iluidimpJies an upper·· bOUild· on, the dimension N. [These issues deserve,however, a 

more careful analysis.] 

We may now state our first general result concerning the classification ofincom-

pressible·QH fiuids. 

Theorem 1.  Consider an incompressible QH fiuid  described by two integral,  odd 

Euclidian lattices,  r e  and r., of dimensions N(e) and N(·), respectively.  Assume that 

(5.20) 

and that the value of the invariant Lmo.c satisfies the bound (5.19), for both lattices r e 

and r•. 
Then the number of inequivalent pairs of lattices, r e  and r., satisfying (5.19) and 

(5.20)  is finite.  (It  is  bounded by a  number, depending on L. and N•.] Moreover,  the 

set of values of the Hall conductivity 

tTH ­ tTe  ­ tT. 

is a  finite  set of rational· numbers. 

Remarks.  Details  of the proof of this  theOrem will be presented in  [40];  see also 

[15],[16].Unforlunately, as N.and ~ .  grow 80mewhat large, the number of inequivalent 

pairs of lattices becomes unmanageably large.  As long as N <  8 and J1  <  13, a complete 

Jist  of QH lattices: is  known for 0< tTH < 2.  Fairly exhaustive tables will be given in 

Sect.  7,  (see also  [37]). 

Our bounds on the number of possible values of tTii grows exponentially in N•. 

From. now on, we focus our attention on the classification of pairs  (re, Q E r:) of 

incompressible QH fluids  composed of electrons, and we drop the subscript "e". 

(5)  A lattice r  is  called decomposable iff 

(5.21) 

for  two sublattices r 1  andr2  with the property that ' 

(5.22) 

Otherwise,it is called indecomposable. 

If r  is  decomposable  then r·is decomposable.  A  QH  fiuid  is  called  composite 

iff  the ·associated  latticer is  decomposable.  Otherwise,  it  is  called elementary.  Let 
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r = r 1 e r 2 e ... e r.be the decomposition of a lat~ice  r intoindecomp08able 

sublattices, and let r ~  = fie·· ·ert .andq= q"t with Qi E r::, be the corresponding 

decompositions of r* and, q. U UH denotes the Hall conductivity of a composite QH 

fluid with lattice r then 

• 
UH = (q,q) = ~ ( Q i , Q i )  (5.23) 

i=l . 

wher~  uil is the Hall conductivity of the elementary QH fluid with lattice rio 

A pair (r, (J) of a decomp08ablelatti~  r and a vector Q E r· is called improper 

iff, in the decomposition orQ = ql +... + Q. associated with· the decomposition of 

f='r1 e .. ~  er.,. . 

Q i = 0, for at least one i. (5.24) 

)Obviously, an elementary QH fluid with lattice fi !LDd vector Qi = 0 has a vanishing 

Ball, conductivity. Moreover, it does not mix with any other components of a given QH 

fluid. ,We may therefore, discard unproper'QHlattices (f, Q) throughout our analysis 

and focus on the classification of indpmposableQH lattices. 

.Next, we discuss sOme further invariants of QH lattices (f, q). 

(6) In' the basis of r* dual to a given basis of f ,thevector q has integer com­

ponents, Q = (Ql,'" " Q,,). The onlyGL(N,Z)-invariant associated with an integral-
-

.'� 

v ~ o r  Q is the greatest common divison (g.c.d.) of its components,� 

(5.25) 

Geometrically, q - 1 is the number of points in. f* on the open; straight line segment 

joining the origin of f* to Q: Physically, ±q is the electric' charge or the particles of 

which the QH f l u i d i s c o ~ p o a e d , , { i n . u n i t s  wheree = I). For ,a .QH fluid composed of' 

electrons or holes, we have that q =1 which ~ .  equivalent to requiring that Q be a 

visible vector in f*. Since q is the only GL(N,Z)-invariant associated with Q, visibility 

of q implies that one can always c h ~ s e  symmetric bases of r for which Q = -(1,····,1) 
. . ' -+ 

and normal bases of r for which Q = (1,0,'" ,0), see eqs. (5.13) - (5.15). Given a 
, .-

fixed integral matrix K, the ambiguity in choosing a basis in r with Gram matrix·K 

is described by the group O(f); see (5.12). An O(r)-invariant associated with q is 

its o ~ b i t ,  [q], under Ocr). It is an"experimental fac;t" ab~ut  lattices of not too large 

dimension and not too large discriminant that the orbit [Q] of the shortest odd.visible 

vector q is unique, and inmost cases the orbit, [Q], contains only ±Q, i.e., Q is a 

"face vector" in the terminology of reference [44]. 
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(1) Let K= (KIJ) be the Gram matrix ofabasis {ell?=l of f, andK-1 the 

Gram matrix of the basis {ell?=l of f* .dual to the basis {elIf=l. By'Kramer's rule, 

K-1 = /1-1K, (5.26) 

where /1 = det K is the discriminant of th<7 quadratic form (.".) on f andK is the 

matrix of cofactors obtained f r o ~  Kj clearly Kis a positive-definite integral matrix, 

and 4 is an integer,80 that the matrix elements of K-1 are rational numbers.. By 

eqs. (3.15) or (5.7), 

(TH = (Q,Q) = E QI(K-1 )IJ QJ = /1-1 EQI KIJ Q J ~  (5.27) 
I,J 'I,J 

Clearly, the lenph.sguared, (Q,Q), of the vector Q is an invariant of a QH lattice 

(f, Q)j (generally coarser than the orbit[Q] of Q under O(f) discussed in (6». Since 

/1 is an invariant of f, 

7 := b.(Q,Q)=E QIK
IJ 

QJ (5.28) 
I,J 

is a numerical invariant of (f, Q). It is a positive integer. Although 7 is, a priori, an 

invariant of the pair (f, q), it is actually often ~ t e d  to a numerical invariant of the 

lattice r alone. 

. Theorem 2. Let·f be an integral, odd lattice with an odd discriminant 4, and. let 

.Q be an· arbitrary odd vector of r* (i.e., (Q,q) == (q,q) mod 2, for arbitrary q e r). 
Let 

7 - /1(Q, q). 

Then 7 modulo 8 is an invariant of f .. 

The proof is an easy exercisej but see [40]. 

In general 7 = 4(q, q) need not be coprime to 4. 'We defuie 

I = g.c.d. (7,4). (5.29) 

The integer I is called' the level of a QH · l a t t i c ~  (f, Q). Writing (TH asa fraction of two 

coprime integers 'nH and dH , we have that 

(5.30) 

An indecomposable QH lattice. (f,Ql of level I = 1 is called a minimal QH lattice. 

(8) Next, we attempt to characterize the lattice r ~ " , ~ .  ~  f· of vectors in r· which 

are quantum numbers of configurations of quasi..particles created from the groundstate 
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of an incompressible QH fluid described by the Qn lattice(r, Q);Bee eq. (3.61) or the 

remark after (4.20). Obviously 

(5.31) 

or 

(5.32) 

The discussions of the inclusions .(5..31) and (5.32) determines. four abelian groups, 

r;hv•./r whlch is, isomorphic to r*/fpIaVf.' rplav•. /r;Ia,•. , and r*/r.The orders of 

these groups are denoted, by 1',1';.,. and 4, respectively. Then (5.32) implies that 

(5.33) 

This simple equation limits the possible choices of r pia,•.. 

(a) H a is ,square-free then 

(5.34) 

In a 'system of non-interacting electrons, one obviously has that rpla,•. = f. 

However, in this case, f =IN =ZN is seIfdual. But if electrons interact with 

each other and (TH is fractional (FQHE) .then if :F f*, and one qpects that 

r plav•. = r*, as suggested by the. analysis of the simplest f r ~ t i o n a l  QH fluids, 

such. as the Laughlin flUids [10]. 

(b) H d=p2 then 

either r ph,•. = r, or r c r ,A,•. = r;Ia,•. C r*, or rpia,.. " r* . (5.35) , 

The altemative r c rpA••. , = r;.v.. c r* can sometimes ~ e  excluded by 

showing that there are, no selfdual lattices between r and f*. In this case, 

rphv'. == r* i s t h ~ a l t e r n a t i v e which is most likely realized in an actual QH 

fluid ofinteracting electrons. 

(c) H dH = 1=1'2.,., for some l' = 2,3,···, then if rphv•. properly contains r one 

can prove that there are quasi-:p-.r1;icles of fractional. electric charge satisfying 

Bose- or Fermi statistics (see [40]). If rpA,•./r has order l' then these quasi­

particles,are, iIi fact, local re1ative to aU other quasi-particles of the system. A 

QH ftuid with such a spectrum'of quasi-particles would be somewhat .exotic, 

and we expect that, again, r phv•. = r*. 
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It should be emphasized, however,that the i s ~ u e  of whether r p 1&••• prop'erly con-
I ' 

tains f, or whether r p1&w.. =r*, lies beyond the scope of the present.analysis and can 

only be decided on the basis of, a detailed understanding of, the .quantum mechanics of 

incompressible QH fluids. Moreover, it is worth remembering that the Basic Hypothesis 

(A2) ofSect. 3 or (A2') of Sect. 4 puts non trivial constraints on the charge-statistics 

relation for arbitrary quasi-particle excitation in r 1'1&,... As a consequence, it is not al­

ways possible to set r p 1&,•• =r* in the general case of non minimal QH lattices. We will 

not pursue here those issues" referring the interested reader to, [40] for further details. 

(9) Let us now assume that we consider a QH fluid described by • QH lattice 

(r, q)and with r p 1&,•• == r*. A qU&lltity of considerable theoretical and experimental' 

interest is the smallest, non-zero, fractional electric charge ofa quasi-particle appearing 

in ,this system. We define 

q* - min I(Q,n)l. (S.36) 
ner· .(Q.n):Fo 

Let n == qrK be the flux vector ,corresponding toa charge vector,qof a quasi-particle .... 
n E r* (n gives the components of n in the ,basis of r*). Since.... 

(S.31) 

and QXnTis an integer, for arbitrary n, q* is an integer multiple of d ~ l .  In general.... .... .... 
q* is not equal to d -I, and we may define an invariant, g, of (f, q) by ~ t t i n g  

(S.38) 

By (S.37), 

9 = g.c.d. «Q X)I,··· ,(Q X)N), (S.39).... .... 
where (QX)i is the it

1& component of QK. Since QKK = dQ, where Q is visible, 'and .... ............ ....� 
since K is an integral matrix, it follows that 9 divides d. The in,ariant 'Y is given by 

'Y = QKQT, see (S.28). By (5.39), 9 thus divides 'Y. Hence gdivides the g.c.d. of 'Y ........� 
andd which is the level I of the QH lattice. This allows u's to define, an integer ~ , t h e  

"charge parameter" of the QH lattice by setting 

l = ! _ g.e.d. (7, ~ )  . (5.40) 
9 g.e.d. (Q K).... 

The invariant ~  determines the value of thesmallest,non-zero fractional electric charge 

q* in terms of the denominator, dH,. of the'Hall condudivitytTH: 

1 
q* (S.41)

= ldH ' 
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smce q. = gti.-1 =gl-ld1l = ).-ldIl, by (5.38) and (5.40). 
, . 

The numerical invariants of QH lattices found so far can be arranged in the 'form 

of a symbol 

N(f;lH)' ," (5.42)
" dH- ~  

~ t h  1=g.). (the level), ti. = IdH-1 r·/fl, 'Y =1",", and tTH = ~~  For minima! QH 

lattices, 1=1 and hence ). =g =1 and l!t. =dil. 

(10) Next, we define a more subtle invariant of QH lattices (f, Q) related to their 

spectrum of Laughlin vortices and theu,- statistical phases: the ~ .  of a lattice f (see 

e.g.,[15],[16])~  The abelian group f· If is determined by N positive integen d1,'" ,dN, 

some of which may be equal" to 1. They have the propertiei that 

_tit divides tit+1,' and 

l!t. = det K =dl~  ... dN. (5.43) 

Geometrically, there is a basis {rrIf=10f f IUch that {d1
1r r}:=1 is abasia off·. 

Thus the group f·If has the following factorization into cyclic subgroups Z"s: 

(5.44) 

The p ~ y s i c a l  interpretation of (5,.44) is that if f p.,•• = r· then the number of fac­

tors in (5.44) for which dr > 1 is the number of diHerent elementary quasi-particles, or 

Laughlin vortices, of the QH fluid. 

QH lattices always involve an odd lattice 'f. Thus all vectors n + f of f·If have 

the same length (n, n) mod Z: 

(n+q,n+9)� = (n,n)+2(n;q)+(q,q) 

== (n,n) mod Z, . 

, 

for all q E f. Hence (".) defines a quadratic form I on f·If with values in Q mod 

Z. By (5.6), the squares of the statistical phasesexpiw8(n, n), i.e., the monodromies, 
,� " 

associated with vectors ,n E" f· uniquely fix" the quadratic form -D on f· If, and con­

versely. 

Definition ot the genus of a lattice. Two lattices, f 1 and f 2 , have the sarne genus 

iff they have the same dimension, the· same parity (or type), and there is an isomorphism" 

between fi/f1 and f;/f2 which preserves t h ~  quadratic form I, (i.e., the Dlonodromy 

phases of the vectors in f·). 
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Transc:ribed in physical jargon, two odd lattices r 1 and r 2 with equal dimension 

have the same genUs iff they have isomorphic families of Laughlin vortices. with identical 

monodromy phases exp i21rB. 

It should be emphasized t h ~ t ,  in g e n e r ~ ,  there can be several inequivalent lattices 

in the same genus. In fact, the n u x n b e r o f e q u i v a 1 e n c ~ classes in a given genus tends to 

00, as N -+00, [16]. For fairly small values of N (e.g. N< 7) and of 4 (e.g. 4 < 25), 

the situation is, however, much less discouraging than suggested by this general result, 

80 that the genus is a very useful invariant for the c\aBsification .of QH lattices which 

has a fairly direct physical interpJretation. 

(11) In the followin_, we summarize some interesting congruences between the 

various invariants ofQH lattices discussed so far. Proofs' of our ,results will appear in 

[40]. A first example of such a congruence is the one stated in Theorem 2, i.e., if(r, Ql) 

and (r, Q2) are two QH lattices with the same r then 

(5.45) 

A second example is 

Theorem 3. Let ( r ~  Q) be a QH lattice, and assume that I:J. and 'Y = 4(Q, Q) 

are odd integers. 

Then the dimension N of r is odd, and 

'Y -' N mod4. (5.46) 

Eq. (5.46) generalizes the equationtTH = 'Y - N valid in QH fluids of non­

interacting electrons. For m j D j m ~ Q H lattices (i.e., I = 1), Theorem 3 can be sharpened. 

Theorem 4. Let (r, Q) be a minimal QH lattice, (so, that 'Y = ftH, 4 = dH). Then 

(a) dH is odd, and r*/r ~ Z c l .  ; 

(b) it ftH ii .even then the dimension N is even; 

(c) if ftH is odd then N is odd, and ftH == N mod4. 

Theorem 5. H (~,  Q) is a, QH lattice with an ~  charge parameter A. then the 

. invariant 9 = i ~s  even, too, if either dRis even and ftH is odd,or dH is odd and ftH 

is eVen. H A= 9 =2 then 

(5.47) 

Proofs of these results will appear in [40]. 
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As indicated in. part (a),of Theorem 4, there a r ~  apparently no minimal QH lattices 

corresponding to a Hall conductivity tlH ='i:, with an even denominator. Since this 

is a fundamental result fOf the analysis of plateaux at ;'H = I, observed in double 

layer systems [S], we· state it in a separate theprem.. 

Theorem 6. The charge pararrieterX'of aQH lattice (r, Q) of arbitrary dimension 

N, corresponding to a Hall (:onductivitytTH = (q, Q) =i: with an ~ denominator 

dH, is even. 

By'TheoremS, we have t,hat the invariant 9 defined in (S.39) is then even, as well, 

and hence, by (S.40), the level I of s ~ c h  a QH lattice isa multiple of 4. Thus there 

are no minimal (I = 1) QHlattices with even denominator dR. However, in view of 

Theorems S and 6, there are stili some, distinguished QH lattices (r, q) corresponding 

to a Hall conductivity,UN with an ~  denominator, namely those with level I = Xg is 

4, i.e., 

X=g ~  2. (S.48) 

In this case, eq. ( S ~ 4 7) implies that r*/r "J Z.td•• 

These results have the following interesting consequences: Il (r, ,Q) is a QH lattice 

corresponding to a Hall conductivity O:H= ~  with even denominator dH, and if 

rph,•. ·= r*,then there are quasi-particles of electric charge q* = ~~,;  (see (5.4», 

where X is even. In particular, for UH = lor UN = I, one predicts the existence of 

quasi-particles of charge ±i, where e is the elementary e1ectriccharge. This theoretical . 

prediction could be tested, experimentally. 

We recall that one ()f the basic physical hypotheses on. which our analysis of in­

compressible QH fluids is based is that a cpnfiguration of quasi-particles described by 

q E r with odd electric charge is,' a fermion, while if t ~ e  electric charge is even it is 

a boson. This expresses a relation between electric charge and statistics. It is natural 

to ask whether there is such a relation between charge and statistics for configurations 

Corresponding'to arbitrary vectors n E r*. In the following, we answer this question in 

the aftirmative for minjmal QH'1attices with an odd denominator dH. 

(12) A charge-statistics theorem. The purpose of this paragraph is to show that, 

for any minimal QH lattice (r, Q)corresponding to a Hall conductivity uil = i: with 

an odd denominator dR, the statistical phase 6(n, n) - see eq. (5.6) - of an arbitrary 

vector n E r* is fixed by its electric charge qel. ~  (Q,n). This is a theorem on the 

connection between charge and statistics. We shall see that this connection is fixed by 

UH alone. This is due ,to, the fact that the genus (see paragraph (10» of a minimal QH 

lattice with odd dH is fixed by UH. 
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SpeciaIcases of ~ u r  general theorm have. been noticed before. It isweU known that 

there is a charge-8t~tisticsconnection  for the Laughlin fluids corresponding to (/'H = i;;, 
with dH odd. 'For certain hierarchy.QH fluids, a charge-statistics connection has. been 

found by BloCk and Wen [41]. 

Our first observation is that,for a minimal QH lattice (r, q) with an odd dH,­

(5.49) 

( i . ~ . ,  d1 = .... = dN-l =: 1, dN = dH, in eqs. (5.43), (5.44». A generator of r·/r is 

the vectorQ. For, the multiples rQ, r =0,1,2,···, of Q form a subgroup of r·/r, 

whose order we denote by r ~ .  Hence r.Q! E r, and t h e r ~ f o r e  

(r.Q,n) = r.QK-1nT = r. QKnT E Z, 
, ...... dH-+'" 

for arbitrarY n E,r·. Since the invariant 9 = I, for a minimalQH lattice,.1:; must be 

an integer. Hence r. =dH' .and r·/r = {rQ} ~ O l  ~ .  ZtlB (this proves part of Theorem...� 
4.a). In this s i t u a t i ~ n ,  nH = dH(Q, Q) fixes the genus of the lattice r, i.e., it fixes 

the quadratic form I(n) == Cn, n) mod Z, n· E r·, introduced in paragraph (10). For, 

thanks to (5.49), every nE r· can be written as n= rq +q, q E r. Then 
-+� . 

l(rQ+r) = r2 (Q,Q) - r2TmodZ.� _(5.50) 
_� H 

This shows that I is fixed by the quadratic class of nH modulo t/,H, which thus fixes the 

genus of r. In particular, the monodromy phases,·exp2i1rB(n, n), of all-vectors n e r· 
•� are fixed by r, which is fixed by the electric charge of nmod Z,andbynH anddH. We 

would like to show that, not only the monodromy phases, but the. statistical phases, or 

half-monodromies, expi1rB, are fixed by the electric' charges. The key idea, here, is -to 

use the parity constraint 

(Q,q) = (q,q)mod2, for aU q E r,� (5.51) 

see (5.6). Thus for n =r Q + q, q E r, the statistical phase is 

"'5:) := 6(n,n) = (n,n) =,.2 (Q,Q) + (q,q) mod 2 

r 2 (Q, Q) + (Q, q)mod 2, (5.52) , 

while the' electric charge is 

e(n) _ Q' q Q QdB (,n) = r(·, ) + (.,q),� (5.53) 
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an~  hence 
~ ( n ) =  r 

2 
RH +IIH(q,q) mod2dH,} 

(S.S4)
£(n) = ' ,- nH+ dH (q, q). 

Now, if-nH- is odd 

(S.SS) 

and since g.c.d. (nH' 2dH) = 1, 'AH is invertible modul02dH. Its inverse mod 2dH is 

denoted by (nH )-1. Then eq. (S.SS) implies 

Theorem 7. (Charg~statisticsconnection)  

9.,.(n) - (Q, n) - .~:)  => B(n, n) =(nH)-l .(::,)2 mod 2 

(S.56) 

1-- - _ . 

which is the desired connection between charge and s t a t i s t ~ c 8 ,  providednH is odd. If 

nH is ,even then it is not invertible mod2dH, anymore. Defining 

(S.S7) 

where (2nH)-1 is the inverse of 2nH modulo dH, we find that the charge-statistics 

connection (S.56) still holdsj see [40]. 

If (r, Q) is a minimal QH lattice with an even denominator dH, and hence l ­

9 = 2, it is tem.pting to. think- that charge and spin of a vector n E r* determine its 

statistical pha.e. (We realize that -we have not defined the "spin" of vectors- in r*j 

but see [40]). For non-minimal QH lattices, -the electric charge does, in general, not 

determine the statistical phase (except for vectors in r). For more details, see [40]. 

This completes our survey of general results on the classification of QH lattices. It 

should be remarked that a com.plete classification of one- and two-dimensional QH lat­

tices, based on results of Gauss, is known, and that the classificatipn of three-dimensional 

QH lattices with smaJ1 L m ... isp08sible; (see [37],[40]). 
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a.The ADE-O. classiflcationof QH lattices 

'In this ,section we·complementthe general results discussed in Sect. 5by presenting 

a more constructive analysis of QH latticeS. 

An N-dimensional, illtegral Euclidian lattice r contains a distinguished (N - k)-­

dimensionalsublattice, rw,the soca11ed Witt sublattice, (k =0,1,··· ,N), 

(6.1)1 

rwis defined to be the' sublattice of r generated by all vectors of length squared 1 

and 2. One shows that 

rw - r,.""., ED I" (6.2) 

where I, is an I-dimensional, simple hypercubic lattice generated by I orthonormal basis 

vectors of length 1, and r ,.""., is a direct sUDlof root lattices of the Lie algebras Am - 1 = 

. ,u(m), Dm +2 = ..o(2m +4), m = 2,3,···, Ee,Br and E•. 

Since r is integral, it· also contains a maximal sublattice Ole of dimension 

k = N-dimrw (6.3) 

generated by vectors of length squared 3,4, ... and orthogonal to rw. .Thus we have 

the inclusions 

(6.4) 

The sublattice rw e Ole is called the Kneser shape of r, [15]. The' Witt sublattice rw 
can be further decomposed: 

o

'rw =r.eI erw, (6.5) 

where r .eI is the direct sum of I, and of all the E. root lattices contained in rw. Clearly 

r.4 == r:eI is selfdual.� 

Thus (6.4) can be sharpened by writing .'� 

o . 0 

r." e rw e Ole g; r g;r* g; r.4 e r we Oi, (6.6) 

and hence 
o 0 

r - r.eI mr g; r.eI e r* = r*. (6.7) 

IT (r, q) is a QH lattice then, by (6.7), the corresponding QH fluid is composite: In 

accordance with (6.7), 

Q = Q.eI+Q', 

and 

- tTH = (Q, Q) = (Q.eI, Q.eI) + (Q', Q') = tTH.eI + DiN • (6.8) 
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By construction, 

(6.9) 

where rEa is a direct sum·of Ea"root lattices. A c c o r ~ g 1 y , Q . "  = Q, + QB., and 

(rB., Q B.) would have to be a QH sublattice. But rB. is an ~ .lattice and does 

therefore not correspond to an incompressible'QH flujd of electrons or holes. [It might 

however appear in the' study of a QH effect for surface layers of superfluid Bes, as 

studied in [18].] Thus,for QH lattices (r,Q), r does not contain arB. sublattice. The 

QH sublattice(I" Q,) describes,ofcourse, a QHftuid exhibiting an integer ,quantum 
I ' 

Hall effect. 

In the folloWing we may always assume that r is indecomposable, and then I, = 0, 

i.e., 1=0. Thus, 
o 

rw ..... ·rw (6.10) 

does not contain any rB.- or I,-sublattices. 

Returning to the decomposition (6.4), wenote'that r /(rwe01;) ~  (rwe 0i)/r­

is a finite abelian group, h e n c e f o r t ~  denoted by 0 and called the glue group. Clearly 

, (6.11) 

-where P1, .•. ,Pr .are numbers > 1, with Pi 1 Pi+1, i ==1,··· ,r - 1, and r< N. The 

generator of ZJ'i can be interpreted, geometrically, as a coset gi + (rw + 01;), for some 

vector 9i E r.' If we like to work with a unique gi, we maydtoose 9i to be the shortest 

vector in its coset. This vector is called a gluing vector. It then follows that 

r = (91,··· ,9r, rw e·ol;) . (6.12) 

Returning to (6.4), and recalling that 1r*/rl= A, we find that 

1r;V/rw 1. 10,101;1 :;:::A 1012 = A II
r 

P: . . (6.13) 
. i=1 

The order of 1 rw/rw I is easy to calculate if we know which root lattices appear in 

rw. It iswe1l known (see e.g. [42]) that 

Irwlrw 1= det 0, (6.14) 

where a is the Carlan matrix (I.e., the Gram matrix ofa basis of simple roots) of the 

root lattices appearing in rw, .with ~ w ..the direct sum of the, corresponding weight 

lattices. Then 

, det OA__ 1 = m, det OD_+2 - ~,m  =.2,3,···., (6.15) 
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and 

det Os, = 3, det Os., = 2. (6.16) 

Inacordance with (6.4), every glue vector 9 can be written as a + 'V, where ae rw 
and 'V E 0,. Following [15], we introduce the following notations: 

(a) H rw, is the root lattice of Am-I, we choose a basis in rwconsisting of elemen­

tary weights dual to a basis of simple roots of rw. The elements {n-}:'==i1 

of such a basis can be labelled by their m-ality G, and we abreviate n- by [G]. 

The O-vector is the weight·vector of the trivial representation and is denoted 

by [0]. We have that 

([Gl, [Gl) - (a-, a-) == G{m - G).� (6.17) 
m 

(b)� If rw is the root lattice of Dm , m > 4, then .[0] stands for the O-vector 

(weight of trivial representation), [1] stands for the weight vector of the spinor 

representation, '[2] for· the·weight -vector of the -vector representation, .and [3] 

. for the weight vector of the conjugate spinor representation. It is known that . 

m 
([1], [1]) = ([3], [3]) = 4' ([2], [2]) = 1. (6.18) 

(c)� For rw the root lattice of ET,there is only one weight vector to be specified, the 

one corresponding to the 56--dimensional fundamental representation, which is 

. denoted by [1] and has length squared 

3
([1],[1]) = 2.� (6.19) 

(d)� If rw is the root lattice of Es, rwis generatd by rw and the weight .vectors 

of the 27-dimensional fundamental representation and of its contragredient 

representation which are denoted by [1] and [2], respectively, and have length 

squared 
4:

([1], [1]) = ([2], [2]) = 3'� (6.20) 

(e) H the Oi-sublattice is one-dimensional, , -1, it is generated by a single vector 

:I: which is determined by its length s q u ~ e d .  = (:1:,:1:). The vector E dual 

to z then has length squared ~ "  The Oi-component, 11, of a glue vector gi 

is then a multiple of (, i.e., 'V = r· (, or 'V = ; Z. We then abbreviate 'V by 

[;] . 
If the Oi-sublattice is two-dimensional, , = 2,'we choose a buist {ZI, Z2}, in 

O2 and describe O2 by three integers, G· c, where G = (ZI,ZI), b = (ZI,Z2) 
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and c = (~2'  ~2)'  ~  that <::) is the Gram matrix of the basis {ZI' ~ 2 } .  Then 

10;/02 1= GC -1}. The O;-component, t1, of a glue veqor 9 can be expanded in the 

basis ~ 1 ,  ~ 2 ,  

'"I '"2
.t1= '- ~ 1  +"-. Z2, (6.21) . 

"1 "2 

and we' abreviate t1 by the symbol [ ~ ,  .;:-J. 
Thanks to Gauss' work in number theory, the classification of all two-dimension-.l 

O-lattices is known. 

Fortunately, in our search forQH lattices· (r, Q) for QH fluids' corresponding to 

experimentally observed plateaux of (1)H, the' O-sublattice8 of the lattices r that arise 

are essentailly all one- or two-dimensional. This enables us to c o m ~  up with precise 

predictions which we shall present itt Sect. T. 

After this digression we ~ntinueour  general analysis of QHlattices (r, q). Let 

us return to the inclusions of eq.· (6~4),  

(6.22) 

By (6.5) and (6.10), rw is an even sublattice of r. urw :f: 0,the inclusion of rw E9 0" 

in r must be proper, and hence the order of the glue group 0 is at least 2. Let 

q� = q'w + Q', (6.23) 

with Qw E rw,Q' E Oi, be the d e c o ~ p o s i t i o n  of the Q-vector corresponding to 

(6.22). Since rw.is even, condition ( ~ . 1 )  implies that 

(Qw, q)=O mod 2,� (6.24) 

for all q E rw, i.e., Qw E 2rw.Th1l8, by e q s ~  (6.17), (6.18),(6.19) and (6.20),' 

(Qw,Qw) > 2,� (6.25) 

wiless Qw = o. Now 

tTH� - (Q',Q') + (Qw,Qw) 

> (Q', Q') + 2, (6.26) 

unless Qw = o. 
Our discussion is summarized in· the following theorem. 

Theorem 8. Let (r,Q) be an indecomposable QH lattice corresponding to a Hall 

conductivity tTH = (Q, Q) < 2~  Then 

(6.27) 



.. 
... 

aU inclusions being 'proper if fw :1= 0, fwis a direct sum of root lattices corresponding 

to Am - 1 , Dm +2 , m = 2,3"", Ee and ET Ole is a k-dimensionallattice, with k > 1, 

generated by vectors' of length squared 3,4, ... , and Q E f* is orthogonal tofw, (i.e., 

Q EO,). 

o 

This result has a, rather ,remarkable corollary concerning symmetries of the edge 

currents of the QH ftuiddescribed by (f, Q): Let g denote the Lie &1gebra - in general 

a direct sum of Am, Dr, Ee, ET - whose root lattice is given 'by fw. Then·the algebra 

generated by the chiral currents 8t/l(u), I = 1,,·· ,N defined in (4.1), (see also (3.11) 

and (3.14», and the vertex operators introduced in (4.3), 

where the 7(n)'s are certain "cocyc1es" which can be found, e.g. in [22], contains the 

non-abelian Kac-Moody algebra Ch- (at level!). It is generated by the operators 

(6.28) 

The operators in (6.28) are neutral, i.e., do not t r ~ s f e r  any electric charge,.ince, 

by Theorem 8,(Q, n) = 0, for any n E fw, (provideduH < 2). 

The Kac-Moody,algebra gl has only finitely many inequivalent, irreducible, u n i ~ a r y  

representations labelled by the. ~ o s e t s  fw/fw. Every such coset is. represented by an 

elementary weight n E rw. 
Let m E f "'_' ~ r * .  correspond to a phyisca1 state of the algebra of edge currents 

of an incompressible QH ·fluid described by the QH lattice (f, Q). Let 

m = mw + m', with mw E f w, m' EO" 

be its decomposition corresponding to (6.27). Then mw = n + I ~  with I E fw, where 

n is an elementary weight corresponding to an irreducible, unitary representation 11'n 
of gl' The physicalstate.labe1led by m then transforms according to the representation' 

11"n under. elements of .gl. 
-The Kac-Moody algebra gl contains a subalgebl'a of global symmetry generators, . 

the zero-modes of the Kac-Moody currents, which gener.te the Lie algebra g. The cor­

responding Lie group G = exp g is the group of global symmeytries of the edge degrees 
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of f r e e d o ~  of theQH fluid. Ha atate of the a l g ~ b r a  of edge currents corresponding 

•'. 
to the element m E fpA,•. transforms under a highest-weight represelltation 'Jrn of G 

"then n =mw mod rw. 

Given a ·Lie algebra g of rank H-Ie ~  1,there are, in general, various conformal 

embeddings of Kac-Moody algebrasi1i(2)" at level r > 1 into the Kac-Moody al­

gebra al; (see [38], [431 for reviews. of conformal embeddings). Depending on the 

quantum-mechanical properties of theQB fluid described by f, Q), it is sometimes' 

possible to interpret an algebra iii(2)" conformallyembedded in Gt as an algebra of 

chUa! edge spin currents describing the spin -degrees of freedom of the edge states of the 

QH fluid. In this case the Group G of global symmetries of the edge s t a ~ e s  contains 

SU(2).pin as a subgroup. The possible values of the spin, ., labelling irreducible, unitary 

representations of iii(2)" are given by. = 0, i,··· ,i. 
Conformal embeddings of current algebras iii(p),.into gl'P = 2,3"" ,q = 1,2,·" , 

may describe internal svmmetries e n ~ u n t e r e d -in a description of the QH. fluid ftlid, 

asymptotically, at large distance scales and low frequencies. For example, p may be 

related to the number of layers (or valleys) of the .QH fluid. 

Thus, remarbbly, our theory of QB lattices is clever enough to discover that 
, - ­

electrons 'have spin and, thus, _in spite of the extemalmagnetic field applied to. -the 

system, the edge states of, a QH· fluid' may carry )chiral spin currents. This -remark is 

important ,for the analysis of spin-singlet OH fluids. 'Physical states of the edge cur­

rent, algebra of electric charge ±1 transforming trivially under SU(2).pift then describe 

spin-polarized electrons. Our general theory predicts that there are QH fluids composed 

of spin-singlet "bands" of electrons and of "bands" of fully spin-polarized electrons. 

Similar remarks apply to internal symmetries. 

It may be clear, at this point,that our theory of QH lattices- enables us, in many 

cases, to understand' transitions observed in QH fluids, as, for example, the external 

magnetic field is tilted; keeping the filling factor -" oftheQH fluid fixed, [8]: H, for. a 

given value 1: of the Hall conductivity tTH, one can find several distinct QH lattices, 

(f1,Ql)'··· ,(f",Q,,), With (Ql,Ql) = ... = (Q",Q,,), which, however, differ in that 

they have distinct global symmetry groups and difFerent degrees of spin polarization then 

a QH fluid with Hall conductivity tTH = ~  is predicted to exhibit' transitions when 

external control parameters, such as the in-plane component-of the external magnetic 

field, are changed. 

All this will be discussed in more detail in [40]. 

To conclude this section, we present a classification of QH lattices (f, q) with a 

one-dimensional 01-sublattice and with Q orthogonal to fw. We also describe a series 

,of QH lattices with "maximalsymmetry"for whiCh many quantities of practical interest 
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can be calculated e x p l i c i t 1 y ~  

Theorem 8 and the results in a. paragraph (6) of Sect. 5 (see also eqs. (5.14) and 

( 5 ~ 1 5 » . y i e 1 d  the following general result of considerable practical interest. 

Theorem 9. Let (f,Ql be an N ~ d i m e n s i o n a l · Q H lattice With trH < 2 and 

rw G)'O ere r· c rwE90·, 

where 0 = 01 is one-dimensional.. 

Then Q is orthogonal to' fw,' and there exists a normal basis {q, el, . · .., eN-'ll} 

for.f, (see eqs. (5.14) and (5.15), i.e., (q,q) = 1, (q,er) - 0, 1= 1,··· ~ N - l ) ,  with 

the properties that 
-

(a)� {el,··· ,eN-I} generate an ~  lattice, r o, with 

(6.29) 

(b)� q = ~  -q +W, 'where WE rw. 
(c)� The Gram matrix of the basis {q,el, ... ,eN-1 } has the form 

K� = (_2:_:__1 -+--~~J  · (6.30) 

where l' is a positive integer, K o is the Gram matrix of the basis {el,··· ,eN-I} 

of f o, and the dual components, w, of the vector W are given by WI = (w,er), 
,� ' .... 

1= 1,··· ,_N-l. Furthermore 

Ta = detK:'- (2p+l)detKo -w Ko w........� 
=� det Ko (21' +1 - (W, w» , (6.31) 

and 

- (q,Q) (6.32) 

Remarks. 

(1)� It can often be ruled out that there is an even lattices r o which is not seHdual, (see 

.(6.7) - (6.10», and which contains rw properly: 

(a) If 'rw/rw does not contain any non-trivial subgroup then f o = fw. As 

an application, if fw is the root lat_tice of Ee or ET then f 0 = fw. Similarly, ' 

since f o cannot be, selfdual, f o '= fw if fw is the root lattice of Dm" m> 4. 

(b)� If fw is the root lattice of Am, then r o = fw, for m < 14. The first exception 

appears for All, corresponding to a symmetry group SU(16). 
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,(c)� H' rw is a direct sum of root lattices, the situation is more complicated. For� 

example, if rw is a direct sum of four one-dimensional root lattices of Al there� 

is an even lattice p r o p e r ~ y ' c o n t a i n i n g rw aJ;ld contained in ~ w .  However,. the� 

corresponding QB.lattice is equivalent to one. where rw. is. the root lattice of� 

D•. It can describe a QB ~ u i d  with tTll = ~.   

Thus, for not too large values of the dimension N, r0 =rw is the typical cue.� 

See [40] for more d e t a i l s ~   

(2) Definition.� A maximally symmetric, elementary QR fluid is one corresponding to 

a QB lattice (r, Q), where r isindecomposable, 0 = 0 1 is one-dimensional, r o = 

rw, and q E 0i is orthogonal to rw. For such a QH fluid, the matrix element 

K ll = 2p+1 of the Gram matrixK given in (6.30) is the invariant L m • z defined in 

eq. (5.17) of paragraph (4) of Sect. 5, provided W E riv is chosen to be of minimal 

length in its coSet modulo rw (see Eqs. (6.17)-(6.20)). In that paragraph, we h.ve 

described reasbns (e.g. the Wigner lattice instability) for expecting that 

2p+ 1 -L;"'•• < ,L. ~  9 j� (6.33) 

see (5.19). By (6.31) and ( 6 ~ 3 2 ) ,  

-1 .. .
tTH = 2p + 1 - (w,w).� (6.34) 

Bence, tTH has anab80lute lower boUnd, in this class of maximally symmetric QR� 

fluids tTH > L ~ •• > t. ~  l. Let'� 

rw� = r(l) e··· e r(-) ,(6.35) . 

be the decomposition of rw into indecompc:*able root lattices of Am-I, Dm+2 ,� 

m = 2,3,· . " and Ee,ET• Let W =W(l) + . ~  .+W(-), with wei) E r(i)·, be the� 

corresponding decomposition of the vector W. Since,' for an elementary QH fluid,� 

r is indecomposable, wei) =F 0, for all i =1" .. , •. Let NA be the number of Am ­ 1 

root lattices, N D the number of D m +2 root lattices, and Ne, NT the number of Ee� 

andET root lattices appearing i n ( 6 ~ 3 5 ) , w i t h  NA + ND + Ne + NT = •. Then, by� 

eqs. (6.17), (6.18), (6.19) and (6.20),� 

1 .43 
(w,w) > '2NA + ND + iNe + '2 NT.� (6.36) 

Since tTH > 0, eqs. (6.34) and (6.36) yield the following inequality. 

Theorem 10. 

(6.37) 
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with L. ~  9.� 

Thus, the number II of sublattices of rw appearmgin the decomposition (6.35)� 

satisfies a universal upper bound, II <2L. ~  18.� 

(3)� The family of QH lattices described in Theorems 9 and 10 can be extended as 

follows: Suppose the Gram matrix of a normal basis of r has the form 

w 
(0) ~  

K 
K - 0 . (6.38) 

wT 

.... , 0 Ko 

with 

Q = (1,0,.·. ,0), (6.39).... 
where K o is the Gram matrix of an even lattice, ro, with rw ~  ro c ro ~rw.  

Then 
(0) . . .. . (0)� (0)

il� = det Ko(il - (W, w) "Y)and "Y = det Ko "Y, (6.40) 

(0) (0) (0) (0) (0)_ 

where il = det K, 7 = il· (K 1)11. Hence 

(0) 

.� trH _ 7 _ 7 = (<::')il- (w,w» -1. (6.41)
il (0) (0)

il -(w,W) 7' 

This completes our survey of general results on the classification of QH latti~.  

More details on these results and their proofs can be found in [37] and [40J..The 

task thatremams is to apply these results to the analysis of experimentally observed 

incompressible QH :8uid corresponding to specific plateau-values of trH. In carrying out 

this task, the tables of Conway and Sloane [15] of low-dimensional lattices are extremely 

useful. Sect. 7 presents a. survey. Further details will appear elsewhere. 
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7. Tables of QH lattices and observed plateaux of (TH. 

In this section we complete the discussion of Sect. ,6 on the ADE-O classification 

of QH lattices -by providing -explicit tables of such lattices and. correlating them with 

corresponding values of t7H. In', carrying out this task, we use the tables of integral 

Euclidian lattices c o ~ p i l e d  by/Conway and Sloane (15], whose notations we follow. 

Letf be an integral, Euclidian lattice with Kneser shape fw E9 0" C r, where 

fw is the Witt sublattice off,and Ollis a k-dimensional sublattice of f generated by 

vectors of length squared 3,4, . ... . Then 

(7.1) 

where 91, · .. ,9r are the gluing vectors ( u s ~ a l l y  -chOienas t h ~  shortest vectors in their 

fw E9 0" coset). 

(a) We describe fw by giving a list of A"'-1,D"'+2, m = 2,3,··· ,Ee ,and E-r whose 

root lattices are contained in fw. 

(b) We describe 0" by specifying the Gram matrix of a basis {Zl,···, z,,} of 011. 

For k = 1, this Gram matrix is denoted by 1'1, for some I' = 1,2, 3, ~  ... 

For k - 2, it is denoted by ,(G 6C)2, with G= (ZttZ1), b = (Zl,Z2) ~ d  C = 

(Z2,Z2). 

We shall not introduce-special notations for k > 3, since, our tables only contain 

lattices with Ie - 1 or 2. 

(c) Every glue vector 9, is decomposed as 

9 = n+v, 

where n eriv is an elementary weigpt vector which we ~enote  by [G1, G2, •••] = 
[G1] + [G2] +... ,where the notation (G] is the one, introduced in (6.17), (6.18), (6.19) 

and (6.20), and 11 e Oiis ~ e n o t e d  by[iL if k .- 1 ~d  by [ ~ ,  ~ ]  if Ie = '2;&ee 

point (e) or Sect. 6, in particular eq. (6.21). 

In our table ofQH lattices, we shall also indicate the discriminant ~  of the lattice 

and the maximal dimensionN. = N. ( ~ )  up to which we have scanned all lattices, 

using the notation ~ ( N . ) , t h e  order, ICil,of the glue group (), the components of Q of 
" -+ 

vector Q, written in the basis {el'··· , el:} of 0, dual to the basis {Ztt···, ,ZI:} of 01:. 

To be p ~ e c i s e ,  we list explicitly all the equivalent -charge vectors (i.e., Q's belonging to 

a fixed o(r)-orbit, see eq. (5.12» associated to the QH lattice. In all cases considered, 

there are just two (±Q) or four' vectors in each orbit.' We only list QH lattices with 

t7H < 2, so that by Theorem 8 (Sect. 6), Q'belongs toOi. 
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Finally, we shall display the symbol for the QH latitce, N (-i:) ~ ,  introduced in 

Sect. 5, eq~  (5.42). We repeat here, for convenience, how the basic invariants can be 

read from the symbol. N is .the lattice dimension, and tJ. - ).gdH its discriminant; ). 

is the charge parameter,and I -). . 9 is the level. For minimal QH lattices, i.e., when 

). =9 =1, we shall omit the superscript 9 and the.subscript ). from the ·symbol. 

It is rather striking that in all but three cases of Table 1.1 this symbol suffices to 

fully characterize the QH lattice. 

In the three exceptional cases, we add a sign to specify the genus of the lattice, 

(see ;(1):)" following conventions of Conway and Sloane, Ref. [15], or if the genus is 

the same for both lattices we merely distinguish the 2 QH lattices by a prime (. see 

12(1:), 12(11°)' and o(l)i (o(l>i)')· 

A remarkable feature of Table 1.1 emerges if we focus on low-dimensional, minimal 

(level 1) QH lattices: To a fixed value of the Hall conductance tTH, there corresponds 

just ~  orBQ elementary Quantum Hall fluid! The "missing fractions" will be reviewed 

explicitly in parapaph 7.2. For-more details see [37] ·and [40]. 

'T.l Indecomposable·QH .lattices with tTH < 2 and tJ.< 19. 

Our main interest being in minimal ( ~  = dH)QH lattices which,.by theorem 4; 

necessarily have odd discriminant ~ ,  we have omitted from our list the even-discriminant 

lattices with ~  =12, 14, 16 and 18. This ,reduces the size of the table quite substantially. 

,We will list separately, in Sect. 7.3, the QH lattices with ~  = 8 and dH = 2. 

Finally, we note that there. are no QH lattices with discriminant ~  = 2 in the 

selected range of value for tTH. 
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~(N.)  

1 (18) 

2(16) 

3 (14) 

4 (12) 

5 (12) 

\ 

6 (11) 

7 (12)­

10 1 

1 

-

1 

2 

4 

2 

2 

1 

2 

3 

4 

6 

4 

2 

4 

5 

4 

1 

3 

4 

2 

6 

9 

12 

Table. 2 

rwo, [91; 92;"'] 

11 

-
I 

31 

E,61 [1,1] 

D g 121 [1,1] 

Da41 [l,!J� 

E, Al 41 [1,1,1]� 

51 

Al 101 [l,!J 

Ee l5i [l,t] 

D, 201 [1, i] 
'E, A2 301 [1,1,1]� 

D g (3
1

7)2 [1, i, il� 

De 61 [1, i]� 

Dr Al 121 [1,1, i]� 

Ag 151 [4,1]� 

ErAs .1'21 [1,1, il� 

71� 

A2 211 [1,1]� 

Da281 [I,!]�

E,141 [1,1]� 

Ee Al 421 [1,1,,1]� 

Aa 631 [4, t]� 

D, A2 841 [i, 1, 112]� 
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±Q...� 
e�-�
-

-'e� 
2 e 
4e 

...� 
-�

2e­2e� 
..... 

e�-�2 e-�3 ( 

4e ­
6e ­

..... 
fl +3(2... ..... 

,2(-�4e� 
.....

/5e� 
4e
...� 

'­
3e -
( 

4e
... 
...� 

2(-�6e...� 
9(-�12 e...� 

N«(1H)~  

1(1) 

-

1(1) , 

a(l) 
;' 

10(i) 

t(l): 

;(1): . 

1(1) 

2(1) 

,(I)�
,et)� 
10(1) 

11 (1) 

, ( l ) ~   

g(t)~   

' 
'10(i)1

2° 

11 (t)~  

1 (~)  

s(~)  

eet) 

a{f)�
,et)� 

, g(~)  

10(1:) 



• 
. .. . .. cont'd Table 2 . 

d(N.) " 1(11 rWO~[gl;g2;···  ] ±Q .... N(O'H)~  

2 

2·2 

2-4 

10 

E7 (s 15)2[1,!-,!l 

D, ; (.2 ')2 [1, !,o; 2,0,!l 

D, Al (e 210)2 [0, 1,0, !; 1,1, t, II 
E7 A. 701 [1,1, 1~]  

{I ­ {2.... .... 
{I +3{2.... .... 

2{1 +2{2'.... .... 
2{1- 2{2.... .... 

10{.... 

8 ( ~ )  

8(1:) 

10(4) 

12 (17°). 

12 (10)'If 

S (10) see section 7.3 

9 (S) 1 

2 

4 

5 

7 

S 

2 

2·2 

91 

Al lS1 [1,!1 

As 361 [l,!l 

A. 451 [2, il 

Ae 631 [3" l] 
A7 721 [3,}] 

As 61 [3,i] 

De 61 61 [1, i, 0; 3,0, !l 

{.... 
2{.... 
4{ .... 
5{ .... 
7{.... 
Se .... 
2{-

'2 {i ± 2{2.... .... 

l(t> 
2(1) 

.(f) 
set) 
T(l) 
, ( ~ )  

eel): 

aCt): 

10 (10) 3 

4 

6 

S 

2 

As"151 [2, 1J 
.D.5 A1 201 [1,1, il 
De A2 301 [t, 1, 1] 

A7 Al 401 [3,1, i] 
E, (, 2e)2 [1, 0, !] 

3{-
4{....
6e .... 

. Se 
.... 

2{2-

e ( l ) ~  

T ( t ) ~  

8(t)~  

8 ( t ) ~  

, ( t ) ~  

2{1 +2{2- - ( ,(t)~)'  

11 (S) 1 

1 

6 

111 

(s 1.)2 

A2 Al 661 [1,1, tl 

I 

{ 
.... 
{I.... 

{1 +2{2- .... 
{I ­ 2{ 2- 6{ ­-

1(1
1
1) 

2(1·1) 

2(n)11 

2(~~)  

.(lel) 

5 A. 551 [1, iJ 5e­- S(lSI) 

63� 



. .. . .. cont'd Table 2 
• .' 

~(N.)  Ig I rwol; [91; 92;' .. ] -'±Q.... N(O'H)~  

3 

7 

2 

Ee 33i [1,1] 

As 771 [2, t] 
E,221 [1,~]  

3e .... 
7e .... 
2e .... 

'(1·1) 

'(1'1) 

1(1
2
1) 

14 Ae A1 1541 [3,1" 11.] 14e .... I ( ~ ~ )  

2·2 De (e 2 1)2 [1, l,O; 2,0,i] 2e1+ 2e2' .... .... I ( ~ ~ )  

2el- 2e2 .... .... I ( ~ ~ )  

13 (8) 1 

2 

131 

A1 261 [1, i] 

e .... 
2( 

.... ' , 

l(l.) 

2(1
2
.) 

3 A2 391 [1,1] 3e .... a(I·.) 

2 Al (. 18)2 [1, i',l] e1-e2 .... .... .(1'.) 

10 

I 

A. A1'l301 [2,1, 110] 

e1 +'Se2 .... .... 
10e .... 

. ( ~ : )  

e ( ~ : )  

6 As 781' [1, t] 6 e .... e(le.) 
4 Ds ( ,2 1)2 [1,~,  i] el- 2e2 .... .... ,(~~)  

4 

12 

S 

, D, 521 [I,!] 

Ds A2 1561 [1,1, 112] 

Ee (Sl l )2 11,1,1] 

/4e 
.... 

12e .... 
el +2e2 .... .... 

1 ( 1 ~ )  

I ( ~ : )  

1(1
1
.) 

\ 

Sel .... I ( ~ : )  

15 (8) 1 151 e .... 1(1
1
S) 

4 

7 

6 

2 

Ds 601 [1,1] 

Ae1051 [1, tJ 
As 61 151 [1, l, iT 
E,301 [1, lJ 

4e .... 
7e .... '" 

2el ± Se'2 .... .... 
2e .... 

e ( l ~ )  

'(l'S) 

,(~:.)  

I (1
2
S) 

14 Ae Al 2101 [2,1, 11.] , 14e .... I ( ~ : )  

4·2 Ds Al 61 201 [1,1,;O,!;2,1,l,0] 2e1±2e2 .... .... I ( ~ : )  

S A2 (e 1 8 )2 [1,1, 1] Se2 .... . ( t ) ~  

2el+ e2 .... .... .(1): 
2·2 D. (1 21)2 [l,l, OJ S,O, lJ 2e1 +2e2 .... .... e ( t ) ~  

2el -2e2 .... .... e ( t ) ~  
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. .. ... cont'd Table 2 . 

A(N.l Ig I rwOA;[91j!l2j··· ] ±Q.... N«TH)~  

S 

6 

2·2 

A2 A2 151 [1,1,1] 

AI A2 SOl [s, 1, iJ 
De 61 101 [1, i, OJ S, 0, iJ 

S(.... 
6(.... 
2(.... 

I ( I ) ~  

I ( t ) ~  

I ( l ) ~  

17 (7) 1 

2 

1 

2 

4 

4 

10 

3 

15 

4 

171 

Al S41 [1, ~J  

(S 1 e)2 

Al (1 1T)2 [I,!,!J 
/ 

As 681 [1, il 
As (I 2g)2 [1,1, i] 

~  Al '1701 [1,1, 110] 

Ee 511 [1,1] , 

~  A2 2551 [2,1,; 115] 

D, (s 12S)2 [1,1,11 

(.... 
2( 

.... 
(1 .... 

(1 + 2( 2 .... .... 
-(1 +2(2.... .... 
(1- (2.... .... 
(1 + S(2.... .... 
S(1 + (2.... .... 

4( .... 
-2(1 +(2.... .... 
2(1 +S(2.... .... 

10( .... 
S( 

.... 
15(.... 

(1 + S(2.... .... 
-(1 +5(2.... .... 

' 

1(l.,) 

2 (~2T)  

2(l
e
.,) 

2(~~)  

2 ( ~ ~ )  

S(l', ) 

s ( ~ ; )  

s(Si) 

. ( 1 ~ )  

I(H) 

I ( ~ ? )  

e ( ~ ~ )  

'(IS.,) 

. , ( ~ ~ )  

, ( ~ ~ ) 

T ( ~ ~ )  

..... 

19 (7) 1 

1 

2 

S 

2·2 

I 

191 

(.1,)2 

Al (SllS)2 [l,!,jl 

A2571 [1, i1 

Al Al (1 210)2 [1,l,i, OJ 1,0, O,!] 

( .... 
t'2.... 

Se2 .... 
2( 1 + (2.... .... 
2( 1 - (2.... ....
el + e2 .... .... 
(1 -S(2 .... .... 

S( .... 
2e 1 + 2e 2 .... .... 
2(1- 2(2.... .... 

1 (1 
1
g) 

2 ( 1 ~ )  

2 ( ~ : )  

s ( ~ ~ )  

2 ( ~ : )  

S(1
1
g) 

2(~:)  

s(li) 

.(~:)  

. ( ~ : )  
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___ cont'd� Table 2 . 

a(N.) \gl rwo, [91; 92;· _.]� ±Q N(CTR)~  
-+ 

5 A. 951 [2,1] 

.� 

5e 1(1
1
,) 

-+ 

12 AI A2 2281 [1,1, f]� 12e 8 ( ~ : )  
-+ 

5 A. (, 1 11)2 [1, 1, 1]� el +Se2 8(~:)  
-+ -+ 

(24)se 1 - e 2 8 I' 
-+ -+

14 DI (1 18)2 [1, f' i]� 
~  

e 1-2e
-+ 

2 ,(~~)  

Sel+ 2e2 , ( ~ : )  
-+ -+ 

. 4' [1 1]6 AI (10 11)~  1, i' i� 4el + e2 , ( ~ ~ )  
-+ -+ 

Se2 ,(~:)  
-+ 

7.2 Values" of CTR <2, dR < 19 not corresponding� 

to' an indecomposable"QH lattice at level 1� 

One of the interesting' features of the table of QH lattices given above is the inex­

istence of minimal indecomposable QH lattices with dimension N < N.(~),  for certain 

specific values of CTR <2. Furthemore, using" the constructive method described in 

section 6, one can readily check" whether" a .minimal maximally symmetric lattice of 

arbitrary dimension exists fqr these fractions. In this subsection, we list the "missing 

fractions", i.e., those valuesofCTR< 2anddH < 19 that ·do not correspond to any 

minimal maximally symmetric QH lattice ~ d  for which no minimal indecomposable 

QH lattice with dimension strictly below. some dimension.N ~  N.(a) exists. [We have 

used Theorem 4" to optimize our estimate on N.] The value of CTR and the optimal 

dimension .N are indicated in the symbol D'R(Af). 

dR=3 t (17) 

dH=5 1" (14); 1(13) 

dH=7 1,t(15) 

dH=9 

dB = 11 1'1 (10); 1'1 (9); ~~  (9); ~ ~  (11);� ~ ~  (10); ~ r  (9); 

dH =13 1
1
1 (9); 14(10)- ~ :  (10); H(11);� ~ ~  (10); ~ :  (10); ~ :  (9)11 ' 

dB =15 1'1 (10); 11(9)· ~ :  (10); ~ :  (11);� ~ : ( 9 )  . 

dH=17 1
1,(9); :,(9); ~~  (8); ~ ~  (8);� ~ ~  (9)" ~ ;  (8); ~ ~  (9); ~ ~  (8); ~ ;  (9) 

dB =19 I" (8); 10(8)· ~ :  (9); ~:  (8);� ~:  (9); ~:  (8); ~ :  (9); ~:  (9) 

11 , 

l' , 
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Of. course, .many'among these values of (1H have been observed in. FQH experi­

ments. For lOme fractions, e.g., I , ~ ,  ,I and V', the bound on the dimension.N is high� 

. enough ·to practically rule out the possibility of a reasonable, elementary, minimal QH� 

lattice. In those cases we have but two o p t i ~ n s  to understand the observed incompress­�

ible state: either we must consider non-minimal (i.e., higher-Ievel)QH lattices, at the� 

price of encoUntering more complicated quasi-particle spectra, (no charge -+ statistics� 

connection andlor exotic fractional charges for ele!pentary vortices)j or we must account 

for the observed (1H by means of a composite fluid, using, for example, e 1 e c t r o n ~ h o l e  

conjugation. 

The second option, compositeness, generally appears to be simpler and more nat­

ural. We shall discuss t h e e x a m p l e ~  (1H = t and 1explicitly in Sect. 7.5. 

We also note that there is no elementary QH fluid with (1H ...:.. 1'" Moreover, this 

value of (TH has DO natural c o m p ~ t e  explanation, .since tlH = 1
1
, and (1H= 1 ~  fluids' 

8
have not been observed, and, as 1'" < f,e1ectron-hole conjugation (1" = 1 - 1,) 
can presumably be excluded. This result should be contrasted with predictions of 

s ~ a n d a r d  hierarchy schemes, Haldane-Halperin or Jain-Goldman [15], which predict an 

incompressible state corresponding to (1H = 1',., Up to now, no (1H = 1" plateau ·has 

been observed. experimentally. Its persistent absence would represent an· interesting, 

partial e x p e r i m e n ~ a l justification of the additional hypotheses on which the classification 

presented in this work is based, namely low dimension and minirnality of the QH lattices 

describing chiral edge currents. 
8

We also emphasize the absence of indecomposable QH lattices at (1H = 1" i87 

and~:  which are three successive unobserved plateaux in the "second main sequence" , 

tTH = 2:-1; m =1,2,··, , of f r ~ t i o n s  converging to l. In Sect. '7.4 we explain why an 

observation (or not) of t h ~ e  fractions would be an interesting experimental input for 

O1J1" theoretical understanding of Quantum Hall fluids. 

'T.3 QH Lattices with dH == 2, li. = 8 

H tTH= ~  then the invariants 9 and·~  (see. eqs. (5.39), (5.40), paragraph (9), 

Sect. 5) are at least 2 (Theorems 5 and 6, paragraph (11), Sect. 5). Thus J1 is divisible 

by 8. We present aU indecomposable QH lattices with I = ~ .. 9 = 4 and li.= 8 in 

dimension H' < 10. -Sinced and H. are fixed, they are not displayed. Otherwise 

notations are identical to thOse used in table. 7.1. Only (TH = l or I can appear 

since we have limited ourselves to (TH < 2 as in Table 2. 

67� 



- -

Table 3 

\Q I rW01;[g] ±Q N(crH)~-
(3 1S)2 £1 +£2 2(!); 

2 A1 A1 81 [1,1,!J 2£ sell: 

1 

-
2 As 81[2, l] 2£ . ( l ) ~-
2 Dm81 [2, ll, 4 ~ m $ 9  2£ m + l ( l ) ~-
3 Ee (.2 1)2 [1,1,!] 3£2 I ( ~ ) ~-
6 Ee A1 A1 241 [1,1,1,1] 6£ o ( l ) ~-
6 Ee As 241 [1,2,1] 6£ 10(t):-

. 7.4 T:i:le .maximally symmetric,A- and E-Series­�

of indecomposable QH lattices at level' 1� 

As examples of natural families of QH lattices we present the maximally symmetric, 

indecomposable QH lattices with a Witt sublattice given by a root'lattice of A or E. 

[The 0 sublattice is one-dimensional, andf. =rWj see (6.29), and (6.31), (6.32).] The 

Dynkin diagrams describing these Witt· sublattices are: 

0--0--0 ... 0--0 Am-I', m = 2,3, ...
' ' - - - - ' " " ' ' v ~ - - . . . , , '  

m - I dots 

~ E 7  

=11 E U - II E II

5 A4 4 

- II II0--0--;
•

E 
:3�

•�o 
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The Gram matrix, K, of a normal basis {q, el,··· eN--l} of r, where {el,·· ~  ,eN-I} 

is a basis of simple roots for rw, has the ,form 

2p+. 1K= (7.2)
( Tw-�

where C is the Carlan matrix, i.e., the Gram matrix of {el,··· ,eN-I}, and 

W - [1],' for Am-I,m =2,3,··· ,E1,Ee,Es,� 

W - [2], for E., and W = [l][ll, for Es.� 

By formulas (6.31) and (6.32), and using eqs. (6.15) through ( 6 ~ 2 0 ) ,  we have that 

m
t1 = det K = 2pm.+ 1, 

O'H = 2pm+ l' 

m = 2,3,··· j and (7.3) 

ma = det K = 2pm - 1, O'H - , . for E a-(m-l)J
2pm-1 

; m = 2, 3,4,5,6. (7.4) 

These functions also appear as Hall conductivities of "hierarchy states" j e.g. [33, 45] 

(and [27] for the A-series). For p == 1, i.e., for L mtu; = 2p + 1 = 3 (see eq. (6.33», we 

get the following fractions: 

A- series Values of Q" H E- series 

~  = ¢ rw = ¢
W 

,.E 7AI 

Az Es 

A3 Es 

A4 E4 

As E3 

As A,(319)2[ I , ~  ,i] 
,/'A7� 

As /� 

Figure 2 
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• 
, Besides being 'singled out by t'heir high symmetry, ,the QH lattices of the E­�

series and those of the A - s e r i e ~  up to dimension 7' can be shown to be the unique,� 

smallest dimensional minimal indecomp'08able lattices for the corresponding fraction.� 
~ ~ ~ - = ~ = = = ,  , , 

" 

\ 
, 

This can bewenedfrom Table 7.1. For theA-series the strength of our results is� 

limited by the a.vailable tables of lattices given in Ref. [15]. '.� 

The table preSented above shows very clearly the asymmetry between t ~ ~  2 series:� 

The E-series is finite, describing' five non-trivial lattices of decreasing dimension; the� 

A-series is i n f i n i t ~ , '  with increasing dimension. The ~ a c t i o n  that immediately follows� 

the smallest fraction ~ t  the E-series is i'a' experimentally observed,towhicb one can '� 

associate a unique three-dimensional, i n d ~ c o m p o s a b l e ,  minimal QH lattice (see table� 

1, a(1'a))' It is not a m~a11y  symmetric lattice, however, since the O-part in the� 

Knesershape is two-dimensional. But it is interesting to Dote that its Witt part is an� 

SU(2) sublattice.� 

We stress that, for the next smaJ1.er fractions :5' 1" and ~ : '  no indecomposable 

, minimal solutions are available, (see Sect. 7.2). H feasible, this would be a frUitful 

range for an experimental search of composite fluids.. Typical solutions could be :5 = 

(1) + (1), or la5 = (~)  + (1~)·  [~ote  that 1f5 is an o b , s e r v ~  fraction.] These two'� 

composite fluids could be d i s t i n g u i ~ h e d b y their elementary fractional charges, ei·= i� 
and e; = i, for the first composite fluid, whilee* = 1.(le5)' for the second fluid.� 

7.15 Examples: The Plateaux at (lH == t, 1,1, I . 

H the eXternal magnetic 'field D(O) actingonaQB sample is not ~ e r y  large, and� 

the effective g-factor of the electrons in the two-dimensional fluid' is small then if t ~ e   

flUid is 'incompressible it can' be in a, "spin-singlet state". In this case, there will be� 

chiral edge spin current§generating an n(2h Kac-Moodyalgebra.� 

Suppose now that the component of B(Olinthe plane of the sample is increased� 

(tilting of D(O», while the filling factor v is keptcoD.stant. Then one must expect that,� 

at a critical value of the tilting angle,a transition from the spin-singlet state to a state� 

of the system, where the spins of all electrons are polarized, will occur.� 

We shall argue that the QH fluid corresponding to the plateau at (TH . 1 is an� 

example of a'QH .fluid exhibiting such a.transition.� 

Consulting the, table in Sect. 7.2, ,ve observe that there is no indecomposable,� 

minimal QH lattice corresponding to (lH,' = t. We. are therefore forced to look for� 

QH lattices which are either decomposable or non-minimal. Decomposable'QH lattices� 

describe compa'site QH fluids. For smallva1ues of the in-plane component of D(O), the� 

following particle-hole composite QH fluid ~  a natural candidate for an incompressible� 

state with (IH = t. 
. /� 
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(a> One pair of QH lattices c o r r e s p o ~ d i n g  to,. 

to a Gram matrix K1& = (~  ~),  with Q1& - (1, 0), ~  a normal basis. Clearly (f1&' QA) 
, -

is the electron-hole conjugate of theQH fluid with tlH = ~  discussed in 7.4. In a normal 

buis t the Gram matrix of f. is given by K. = (~~),  with Q. = (1,0). The Witt .... 
sublattices of f. and r1& are the root lattice of At, so,as explained in Sect. 6, (6.28), 

there is an n(2)1' Kac-Moody , ~ e b r a  of chiral edge currents which may be interpreted 

as spin currents. This explanation of tIH = t thus corresponds to a "spin-singlet" state, 

[8J, which we expect to be' realized at small values of B ~ O ) .  . 

As we increase B ~ O ) ,  keeping the filling, factor constant, the Zeeman energy of 

electrons increases. We thus expect, that, at some value of l 1 ~ O ) ,  the. QH fluid deScribed 

above becomes unstable and a transition to a new incompressible state occurs, as ~ O )  

is increased further, [S]. This new state is likely to contain a fully polarized, completely 

occupied lowest Landau level. The, following u"a p l a u s i b l ~  lattice. 

(b) A pair of QH lattices associated to O"H = I = 1 + ~'is  (f~,  Q~)  E9 (r~,Q~),  

with r ~  = 11 == 11, Q~  =(1), and (f:, Q:) is the Ee-solution corresponding to D'H = ~  -which we have discu.sed in Sect. 7.4. Obnously, the QH fluid corresponding to this 

particular, decomposable QH lattices is partially spin-polarized. 

Note that the QH fluid described in (a) exhibits edge currents of both chira1ities, 

while the edge currents of the one described"in (b) have aU the ~  chirality. Experi­

ments testing the chirality of edge currents are reported in [46]. 

It illustrates an aspect of our general analysis that if we give up the condition 

of minirnality we can find further QH lattices, with tiN = t, in particular there -.re 

indecomposable, non-minimal QH lattices corresponding to tlH = t. An e x a m p ~ e  of 

such a lattice is (f.,Q.), with f. = ATA I 401 [3,1,1], Q. = Se and symbol .. (l)~  j 

-see Table 7.1. It is tempting to interpret the SU(2) corresponding to the Al 8ublattice 

of r .,as describing electron spin, while the SUeS) corresponding to AT describes asymp­

totic (approximate) internal symmetries. Thus an elementary, incompressible QH fluid 

described by, (r., Q.) would 'have' a "spin-singlet" groundstate. Because of the large 

internal symmetry it is perhaps unlikely that such a fluid can be realized in a monolayer. 

In contrast to the plateau at tIH - t which exhibits a transitioD:, as the external 

magnetic field B(O) is tilted (keeping the filling fac~or  constant), nosucb transition has 
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been observed for the plateau at (TH = ~.  It is ~atural  to ask whether our analysis 

permits us to understand this. 

As emphasized iii Sect. >'7 ~2,  no indecomposable minimal QH lattice exists for tTH = 
~  in dimension ·below 17, and,'mo~ver,  no minimal, maximally symmetric QH l a t t ~ c e  

can be constructed in .any dimension! Apparently, the most natural explanations for 

(TH = I will thus be found among composite fluids. (Non minimal indecomp'osable QH 

lattices with (TH = I have h i g h d i m e n ~ o n s · and a fairly weird structure.) Indeed, a 

widely accepted picture of the (TH '. I state is to view it as an electron-hole conjugate 

form of the state attTH = i , i.e., to interpret it as'a composite fluid 1= 2...,. 1.. In QH 

lattice language,. this corresponds.to a decomposition: 

(7.5) 

with (Te = (Q., Q.) = 2 and tT1& = (Q1&,q,,;> = 1. 
The electron part (re, q.) has integral Hall c o ~ d u c t a n c e  tT. =2; avery n ~ t u r a l  

choice is therefore a co~posite  of two elementary fluids with 0'H = 1: 

(re, Qe); r. = '11 e llQe = (1,1); O'e = 1 +.1. ...� 
Our classification results strongly restrict theQH lattices that· can be associated to the 

hole fluid with tT1& = 1. There is a unique minimal QH lattiCe, and all non-minimal 

solutions.have necessarly a non-trivial value for the.charge parameter ~ .  
I 

This is the contents of the following simple lemma. 

Lemma 11. Let (r, Q) be an indecomposableQH lattice with (Q, Q) = tTH ­

d.~,  dH = 1,3,5,· .... Then . 

(1) there is a unique minimalQHlattice (r =(dH),Q = (1»; and ... 
(2) if dim.r ~  2 then the charge parameter ~ i 8  at least 2, (hencel> 2). 

Proo£ Recall that g= g.c.d. (Q X) and 7 = X11,in a normal basis; see (5.39) ... 
and (5.28). Thus 9 devides7. If 9 =7 then there is a normal basis in which K has the 

form 
7 7 0 0 

7 

it - 0 * 

0 

Thus, by a further basis transformation, K can be brought to the form. 

0 

0)
•

K - H 
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and hence r is decomposable which contradicts our hypothesis. By (5.40) it then follows 

that,~  > 2. Q.E.D'. 

As a consequence, if dim r" > 1 then we predict that the smallest fractional 

electric charge is e* r ix, with ~  > 2. But experiments reported in [6],[7] suggest that 

e* = i for the (TH = i state.. This favours the idea that r" is the one-dimensional 

lattice (3), and Q" = (1). Obviously, this lattice does not contain an At sublattice, and 
-+ '­

hence it describes a state of fully, spin-polarized holes. 

The lattice (fe' Qe) appearing in the decomposition (7.5) describes a composite 

QH fluid with two bands of oppositely s p i n - p o ~  electrons. 

These 'results nicely fit experimental data [8] indicating that when' the external 

magnetic field B(O) is' tilted the incompressible state at (TH = 'I remains stable, no 

matter how large B ~ O )  is. Our results suggest that the (TH = I state will exhibit edge 

currents of both chiralities. This might be t ~ t e d  in edge magnetoplasmon experiments 

[46]. 

Next, we wish· to analyze QH lattices, with (TH' = 1. According to Lemma 11, the 

only elementary QH fluid without excitations of fractional electric charge corresponds to. 

the QH lattice (re = (1), Qe =(1». It is tempting to ask wehther there is a natural QH 
-+ 

lattice with charge parameter .~  > 2 eorresponding to (TH = 1. The corresponding QH 

fluid .ould then exhibit fractional electric charges which might arise as a consequence 

of electron-electron interactions. Furthermore, it might happen that, in such a fluid, 

there is no preferred direction for spin polarization, i.e., one would observe spin waves. 

The corresponding QH lattice would then have to contain an At root lattice. 

Our general analysis shows that QH lattices corresponding to (TH = 1 with these 

properties ~ 8 t .  We have encountered two examples in Table 7.1: 

Q - 2e (7.6) 

with symbol t (1):, and� 

1� 
r - ET At 41 [1,1, 2]' Q - 2e . (7.7) 

-+ -+ 

with: symbol ; (1) ~  . 

These examples have discriminant ~  = 4: and charge p a r a m e ~ e r  .,\ = 2. They also 

offer natural possibilities to imbed SU(2).pift in their symmetry groups. However, their 

symmetry groups and the dimension of r are frighteningly large. 

There are, however, fairly natural two- and three-dimensional QH lattice.. with 

(TH = 1. If the invariant Lma,z (whose physical significance· is well understood; see 

eq. (5.17».is"constrained to take the value 3 then we find the following latti~:  
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The Unique two-dimen~onalQH  lattice is 

(7.8) 
~ ~~  

corresponding'to the s;Ymbol 2(1)~.  

Note that the lattice r =(3 13) is also encountered in the analysis of tTH = l, but 

in combination with a Q-vector Q = (1 + (2. 
~  ~ ~ ~  

Clearly, the QH lattice. displayed in (7.8) describes a QH fluid of spin-polarized 

electrons, since r does notcontam an Al sublattice. However, in three dimensions, we 

find a QH lattice containing an Al sublattice: 

(7.9) 
~ ~  

with symbol s ( l ) ~ .  

, A second t ~ d i m e n s i o n a l  QH lattice (r, q) with symbol 1(1): is described by 

its K-matrix 

3 31 -11),
1

,
K = Q = (1,1,1), (7.10)

( -1 1 3 . ~  

in'asymmetric basis. These two QH lattices can be shown to.emaust the list .of QH 

lattices with L m •• = 3, tTH= 1 in three dimensions [37]. 

We notice that only the QH lattice displayed in (7.9) can account for SU(2).pi" in 

an elementary QH fluid of unpolariZed electrons,has Lm •• = 3 and has small dimension. 

It predicts the exiitence of excitations with halfinteger elCOfctric charge, just as in the case 

of the lattices described in (7.6) and (7.7). Howev~  it has a rather large discriminant 

a = 12,while the lattices in (7.6) and (7.7) have a a = 4. This may cast some doubt 
J 

on the stability of a QH fluid ·deseribed by (7.9). 

In conclusion, one might argue that the QH lattices given in (7.7) and'in (7.9) are 

rather natural candidates for the description of an unpolarized, elementary QH fluid 

with tTH = 1 and with an SU(2)q." symmetry. 

Finally we n,otethat the lattices in (7.'7) and (7.9) could also describe spin-polarized, 

elementary QHfluids in double"-layer systems, with the S U ( ~ )  symmetry acting on the 

layer index. 

Next, we studyQH lattices describing elementary QH fluids with tTH = l, a plateau. 

that is observed. ~  double"-layer systems. Besides the "boring" solution, 

(7.11) 
~~  
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there are "more imaginative" solutions that are lis.ted as the ,second, third and fourth 

lattice in Table 7.3. Among thesetliree, the most natural one is 

Q = 2e· (7.12) 
-+ -+ 

It describes a QH fluid composed of two species ~ f  spin-unpo1arized electrons (corre­

sponding to the two layers) exhibiting an SU(2).pift x SU(2)'a.er symmetry. Electrons 

transform according to the spm l representations of b o ~ h . SU(2) symmetries. There are 

excitations of f r ~ t i o n a l  electric charge i, spin land "isospin" 0, or spin 0 and isospin 

l. Three excitations of one kind and one of the other kind reconstitute an electron. 

A look at Table 7.3 suggests that, in certain double-layer systems, one should be 

able to realize an elementary QH fluid withuH = t.(second but last lattice in Table 

7.3), although such fluids would exhibit large internal symmetries. 

Should we expect to find QH fluids with UH = 1, or l 1· What one can show is that, 

for a two- or three-dimensionalQH lattice with UH == i, L.""ac>. 5, and this is also. true 

for maximally symmetricQH lattices..Moreover, since g,). > 2, the discriminant 4 of 

. all QH lattices with UH = iisalways > 16, while QH lattices expected to correspond 

to experimentally observed plateau values have discriminants 4 < 15. For 6H= i, the 

corresponding bounds are L';"'ac > 7, and 11>·24. These large values of L.""ac and,4 

. hint at an explanation ofwhy plateaux at UH - i, l are, not observed: Tentative QH 

fluids with UH = i, jwouldpresumably have a very small gap and/or 'be threatened 

by the Wigner crystal instability. 

In a separate paper (with U. S~uder)  [37], we shall analyze fairly systematically QU. 

lattices .corresponding to many-observed plateaux .()f ,uHandmake .predictions concern­

ingthose plateaux that exhibit transitions between different incompressible QHfluids 

when external parameters, 8uchu ~ h e  density or the in-plane magnetic field are v a r i e d ~  

Considering an example such as UH = l somewhat systematically shows that this is 

a r~ther  complicated task, b e c a u ~ . when there are many QH lattices corresponding to 

the same value of UH one must appeal to physical principles to find out which lattices 

have a chance to describe experimentally realizable QH :fluids. 
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