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INTEGRAL TRANSFORMS OF FUNCTIONALS
IN Ly(Co[0,T7)

BYOUNG SOO KIM AND DAVID SKOUG

ABSTRACT. In this paper we give a necessary and suffi-
cient condition that a functional F(z) in L2(Co[0,T]) has an
integral transform F,, gF'(x) which also belongs to L2(Co[0, T7).

1. Introduction. Let Cy[0,7T] denote one-parameter Wiener space;
that is, the space of all R-valued continuous functions z(t) on [0,T]
with 2(0) = 0. Let M denote the class of all Wiener measurable subsets
of Cp[0,T], and let m denote Wiener measure. (Cy[0,T], M, m) is a
complete measure space, and we denote the Wiener integral of a Wiener
integrable functional F' by

Co[0,T]

Let Ly(Co[0,T]) be the space of all real or complex-valued functionals
F satisfying

2
(1.1) /CO[QT} |F'(z)[*m(dx) < oc.

Let K = KJ[0,T] be the space of C-valued continuous functions
defined on [0, 7] which vanish at ¢ = 0. Next we state the definition
of the integral transform F, s introduced in [6] and used in [5], for
functionals F' defined on K.

Definition 1. Let F' be a functional defined on K. For each pair of
nonzero complex numbers o and 3, the integral transform F, g of F
is defined by

(12)  FapF(y) = /C |y Fla s Bym(d), g e K
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if it exists.

Remark 1. (i) When a = 1 and 8 = i, Fo gF is the Fourier-Wiener
transform introduced by Cameron in [1] and used by Cameron and
Martin in [2].

(ii) When a = v/2 and § = i, F, gF is the modified Fourier-Wiener
transform introduced by Cameron and Martin in [3].

In this paper we give a necessary and sufficient condition that a
functional F'(x) in L2(Cy[0,T]) has an integral transform F, gF also
belonging to La(Cy[0,T7).

2. Integral transforms of the Fourier-Hermite functionals.
Forn=0,1,2,..., let H,(u) denote the Hermite polynomial

dn

(21) Ho(u) = (1) (nl) /2220 (7).
u

Then, as is well known, the set

(2.2) {2m) VA H, (u)e /" :n=0,1,2,...}

is a CON set on R.

Let {a,(t) : p = 1,2,...} be a CON set of functions of bounded
variation on [0,T]. Define

(2.3) i
®, () _Hn</0 a,,(t)dx(t)>, n=0,1,2,..., p=12...,

and

(2~4) Ui, ,np(x) =V, ... Mp,0,... ,O(x) = (I)m,l(x) T (I)np,p(x)‘
The functionals in (2.4) are called the Fourier-Hermite functionals.

In [4], Cameron and Martin showed that the Fourier-Hermite func-
tionals form a CON set in Ly(Cy[0,T]). That is to say that every func-
tional F(x) in Lo(Cy[0,T]) has a Fourier-Hermite development which
converges in the Ly(Cy[0,T]) sense to F(x); namely, that

N
(2.5) Flz)=1Llim. > Al W (),

N—o00
MN1yeen ,nN:O
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... ny 18 the Fourier-Hermite coefficient,

(2.6) AR o / F(2) W, oo (2)m(dz).
T Co[0,T]

Throughout this paper, in order to ensure that various integrals exist,
we will assume that 3 = a + bi is a nonzero complex number satisfying
the inequality

(2.7) Re(1—3%) =1+b*—a?>0.

Note that Re (1—3%) = 1+b?>—a? > 0 if and only if the point (a,b) € R?
lies in the open region, determined by the hyperbola a? — v? = 1,
containing the b-axis. Hence, for all |3| < 1, 8 # £1, Re(1 — %) > 0.
Next we define

(2.8) a=+1-p62, —7/4<arg(a)<mr/4

and note that o? + 32 = 1 and Re (a?) = Re (1 — 3%) > 0.

Our first lemma plays a key role in finding the integral transform of
the Fourier-Hermite functionals.

Lemma 1. Let 3 be a nonzero complex number satisfying inequality
(2.7) and let o be defined by equation (2.8). Let r € R. Then, for
n=0,1,2,...,

(2.9) /R H,, (u)exp { — %(u - rﬁ)Q} du = aV/2r " H,(r).

Proof. Since H,,(u) is a polynomial of degree n and, since Re (a?) > 0,
the integral exists and

I, = /RHn(u) exp {— ﬁ(u - TB)Q} du
= (—1)"(n)) 71/ / emﬂ(e—“z”)exp{— 2i<u—rﬂ>2}du

R du™ a?

2 mn
= (—1)”(71!)71/26702/2/ exp {— % <u — %) }dci_n(euzﬂ) du.
R
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Then, integrating by parts n times, we obtain

n 2
o= [ (e - g (veg) )
n 2
= oy [t (oo {o T (0= 5)

_ 25 d" 1 rQ3 r2
_ N—1/2/(_p\n /2% o et
(n!) (=08)"e g </Rexp { 902 + 2 U 502 } du)

()T
= Oé\/%ﬁan (T)>

which completes the proof of Lemma 1. ]

Remark 2. Equation (2.9) holds for all » € C since H,(r) is a
polynomial of degree n and so both sides of equation (2.9) are analytic
functions of r throughout C.

Next, using Lemma 1, we obtain a formula for the integral transform
of the Fourier-Hermite functionals given by equation (2.4).

Theorem 2. Let « and 3 be as in Lemma 1. Then, for each y € K,

(2.10) Fag Wi,y (y) = B0 00, (y).

Proof. For j =1,2,..., let r; fOT a;(t)dy(t) = {(a;,y), which we
know exists for all y € K since a; is of bounded variation on [0, 7.
Then for every y € K,

faﬁ\l’nl,...,np /C nl, .,np(ax_’_ﬁy) ( )
0

/C alar, ) + Blas,y)) -
n,,<a<ap, 2) + Blag, y))m(de)

= H [(27r)*1/2/ Hy, (auj + 5’1’5)67“?/2 du;|.
R

=1
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Note that for all positive o and all 8 € C,
1
/ Hn(au + 5T)6_U2/2 du = - / Hn(u)e_(u—Tﬁ)2/2a2 du
R a Jn

But each side of the above expression is an analytic function of «
throughout the region {« € C : Re (a?) > 0}. Hence, by the uniqueness
theorem for analytic functions, the above equality holds for all a with
Re (a?) > 0 and all 3 € C and so

p
FosWnsoomy (9) = [ [ (27a®) 7172 / Hy ()™ 770120 g .
j=1 R

Then, using Lemma 1, we obtain equation (2.10), the desired result.
[}

Our first corollary follows immediately from equation (2.10) and the
fact that [[Wy,, .. n,ll2 = 1.
Corollary 3. Let a and 3 be as in Lemma 1. Then

(2.11) |1 Fa8%n.....m, ll2 = B

Corollary 4. Choosing a = /2 and 8 = i in equation (2.10) we
obtain Lemma 5.1 [3, p. 104]; namely, that

(2.12) F s iUy ) = 000, ()

forally e K.
3. Integral transforms of functionals belonging to Ly(Cy[0,T]).

For F € Ly(Cy[0,T]) let (2.5) denote the Fourier-Hermite expres-
sion of F(z) with the Fourier-Hermite coefficients AL~ = given by
equation (2.6). For N =1,2,..., let

yeen

N
(3.1) Fy(@)= Y ALy Vi (@),

MN1yeen ,’ILN:O
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Then, by Theorem 2, we know that for each N =1,2,..., F, gFn
exists for all o and ( as in Lemma 1, F,gFy is an element of
L5(Cy[0,T)) such that, for each y € K,

N
(32)  FapFny)= > AL L BTN ().
ni,... ,ny=0
Furthermore,
N
(3.3) IFapFnla = Y |Af o B0
ni,... ,ny=>0

Definition 2. Let F' € L2(Cy[0,T]) be given by (2.5). Then, for each
nonzero complex numbers « and (3, we define the integral transform
Fao,pF of F to be

(3.4) FopF(x)= }\.fi.m. FapFn(x), x€ Cpl0,T)
if it exists; that is to say, if

(3.5) lim |FopF(x) — FosFn(x)*m(dr) = 0.
N —oo CO[O,T]

Lemma 5. Let F' € Ly(Cyl0,T]) be given by equation (2.5) with
Fourier-Hermite coefficients given by (2.6). Let « and § be as in
Lemma 1 and assume that Fo gF exists and is in Lo(Cy[0,T]). Then

Fa,pF
(3.6) Ay = Aqy L BT
for each N =1,2,....

Proof. Fix N =1,2,.... For any given € > 0, take a natural number
M satistying ||Fo g F' — FagFull2 <€ and M > N. Then we have
FosF
|An1”~é~ N T Agl,“. ,nNﬂnlJr +nN|

/ fa,ﬁF(x)\Ilnl,_, NN ((E)m(dl') — Agl nNﬂn1+,..+nN
Cp[0,T) e

<| [ s @) = Fup P i)
Co[0,T]

" \ [ PPV (em(da) = AT, 57
Co[0,T) e
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But, by the Holder inequality,

\ | FasF @) = FaaFut @)W ()
Co[0,T7]
<N FapF — FapFulz<e

and from (3.2) we know that

/ FasFar(@) Uy o (2)m(dz) = AE, | gritotn,
Co[0,T) T

Hence .
|A"iﬁ AN T AF ﬁn1+~-+nN| <e

N1y s N

which establishes equation (3.6). o

The following theorem is our main result. It gives a necessary and
sufficient condition that a functional F' in Ly(Cy[0,T]) has an integral
transform F,, gF belonging to L2 (Co[0,T1).

Theorem 6. Let F' € Ly(Cy[0,T)) be given by equation (2.5) with
Fourier-Hermite coefficients given by (2.6). Let « and B be as in
Lemma 1. Then FogF exists and is an element of Lo(Cy[0,T]) if
and only if

N
(3.7) Jim S AL L BT <o,
nh_wnN=0

Furthermore, if (3.7) holds, then the Fourier-Hermite expression of
Fao,gF is given by

N
(38) FapF(y)=lim. > AF  gmttoNg, ().

N—o0
ni,...,nn=0

Proof. Assume that F, gF' exists and is an element of Ly(C[0,T]).
By (3.5) we have that, for any given € > 0,

/ | Fo,F(x) — fa’gFN(:E)Fm(dx) <e
Co[0,T]
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for sufficiently large N, and so

N 1/2
( 3 IAfl,_..,nNﬂ”1+"'+"Nl2>

N1y N =0
= || Fa,8Fn|2
< NFapFll2 + |Fap — Fa,sEN]2
< N FapFll2 +e.

Hence we have

N
im 3 AL BN P < || F P < oc.
N—oo
ni,... ,nn=0

To prove the converse, suppose that (3.7) holds. Let M > N, let

IM:{(H1,...71’LM)Z711,...,nMZO,l,...,M},

and let
IN - {(n17 ,TLM) ni, y N _0517 7N
and nyy1 = =ny = 0}
Then
| Fasu(a) = FasFy(@)Pm(do)
Co[0,T]
2

=[S AL By @) i)

Col0,T) ' 1“1y
= Z ‘A7€17~--mMﬂnlerJrnMF

In—In

M N

= > AL LB N Al e

ni,... mar=0 ni,... ,nny=>0

which goes to 0 as M, N — oo. Hence {F, gFn} is a Cauchy sequence
in Ly(Cy[0,T]) and, since Ly(Cy[0,T]) is complete,

faﬁF(x) = }Vl—{go faﬁFN(l'), X € Co[O,T]
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exists and is an element of L2 (Cy[0,T]). O

Corollary 7. Let F,a and 3 be as in Theorem 6. Furthermore,
assume that |3| < 1. Then F, gF exists, belongs to La(Cy[0,T]), and

N
| FasFll5 = 1\}21100 Z |A51)“')nN/6nl+"'+'ILN|2

ni,...,nn=0

(3.9) -

= 1\}£noo Z |A§11~- ,nN‘Q = HF”§

ni,...,nN=0

In addition,

(3.10) | FasFll2 = I1F 2

if and only if |B] = 1.

Corollary 8. Let p be a fized positive integer, and let F(x) =
f({ar,x), ..., {ap,z)) where f is such that

(3.11) flug, ... ,up)exp{—iz:u?} € Ly(RP).

j=1

Let o and B be as in Lemma 1. Then the integral transform Fo gF
exists and is an element of La(Cyl0,T]). (Note that in this case we
don’t need the restriction || < 1).

Proof. Since zero is an admissible value for each n; in the Fourier-
Hermite coefficient AE, = of F', we need only consider the two cases
N =pand N > p. Then, using (2.2), (2.3), (2.4) and (2.6), a direct
calculation shows that, for all nonnegative indices nq,... ,ny,

0 N>p and ny >0,

1 \p/2
v (52) [ Fwns ) Ho ().

N1,... , NN
1 o) o
an(up)exp{— izjluj}du N =p.
j=
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Moreover, by (3.11), we know that [Af n,| < oo for all nonnegative
indices n1, ... ,n,. Hence,

N
: F ni+-+ny|2
Jim oy AT ]
nl,...,nN=0

p
2
S D

ni,... ,Np=0

and so, by Theorem 6, F,, gF exists and is an element of Ly(Co[0,T1]).
O

Next, choosing a = v/2 and 8 = i, we obtain the main theorem of
(3].

Corollary 9. FEwvery functional F(z) € L2(Co[0,T)) has a Fourier-
Wiener transform G(y) € L2(Cpl0,T]). The functional G(y) has
F(—x) as its transform and F and G satisfy Plancherel’s relation

i 2m XT) = 2m .
(3.12) /C o E@ ) /C Py

Proof. Using Corollary 7 and Theorem 6, we obtain that G(y) €
L2(Cp[0,T)) is given by

N
G(y) = Lim. Z Affl,,.,,nNin1+m+"N‘1’n1,...,nN (y),

N—o0
ni,... ,nny=0

and that

N
FGy)=1im Y Al (—ymttvw, ().

N—o00
M1yeen ,TLN:O

But it is easy to see that

(_1)n1+m+nN Yooy (y) = Yoo iy (—y)
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and so F 5 ,G(y) = F(—y). Equation (3.12) then follows immediately
from the Fourier-Hermite expressions for F(z) and G(y) and the fact
that {®¥,,.... ny} is an orthonormal set. o

Remark 3. In [7], Lee, for the abstract Wiener space (H, B,p1) (also
see [5]) and the class £,(B) of the restrictions to B of exponential type
analytic functionals on [B], the complexification of B, established the
following theorem [7, Theorem 2.6].

Theorem 2.6 [7]. For F' € £,(B),

/ Fa s F(4)2p1(dy) = / IF () Ppa(dy)
B B

if and only if o®> + 32 =1 and |B] = 1.

He then pointed out that Theorem 2.6 ensures that F, 3 can be
extended from &,(B) to La(p1) as a unitary operator.

4. Further results. Recall that, throughout this paper, we have
assumed that § = a + bi was a nonzero complex number satisfying
inequality (2.7); namely, that Re(1 — %) > 0. Furthermore, in
Corollary 7, we showed that if § also satisfies the inequality |3] < 1,
then F, g exists as an element of Ly(Cy[0,T]) for all F' € Ly(Cy[0,T1)
with « given by (2.8). In the example below we show that for any
complex number 3 with |3 > 1 and Re(1 — %) > 0, there exists
a functional F' € Lo(Cy[0,T]) (of course F' depends on ) such that
Fo,pF doesn’t exist as an element of Lo(Co[0,T7).

Example 10. Let 8 = a + bi be such that |8] = k£ >
Re(1 — %) > 0. Let o be given by (2.8). Let Uy (z) =
Uy(z) = Wi(z), Yoy(x) = Ya(x), Yg)(z) = Vi11(x), etc. For
N=12,...,let

N
(4.1) Fy(z) =Y k"W, (2).
n=0
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Then, since {¥(,,) : n =0,1,2,...} is an orthonormal set of functionals
in LQ(C() [0, T]),

N k2 1\ v+
2 _ —2n __ _ _
/CO[O,T] ‘FN(‘T” m(dm)—;k _k2_1|:1 (kz) :|>

and so

k2
k2 -1

. 2
i [|En]ly =
But, for N > M,

1
k2n -

N
1Py = Ful3= >
n=M+1

as M, N — oo. Hence {Fn}%%_; is a Cauchy sequence in Ly (Co[0,T])
and, since Lo(Cy[0,T1]) is complete,

F(z) =lim. Fy(z)

N—o0

is an element of Ly (Cy[0,T]). In fact,

Fz) =Y k™ "V, (x)
n=0

is the Fourier-Hermite series for F'; i.e., the Fourier-Hermite coefficients
for F are A} =1, and for n, # 0,

(4.2) AP

M1y, Np

_ 0 nlng...npyél
T kTP ning ... Ny = 1.

Next, using (4.2) and the fact that || = k, we observe that

N
S AL BTN = AR 4 AT B + AT, B2
ni,... ,nn=0

+o+ AL BN

yees

=1+1+1+ - +1=N+1
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Hence, by Theorem 6, F, g F' doesn’t exist as an element of Ly (Cy[0, T7).
However, note that F, gF does exist as an element of Ly(Cy[0,T]) if

|8] < k with Re(1— %) >0 and o = /1 — 32. O

Our final results in this paper involve the inverse transform of F, g.
In order to ensure the existence of the inverse transform of F, g, we
need to put an additional assumption on 5 = a + bi; namely, that

(4.3) Re (1 - %) > 0.

But Re[l — (1/8%)] > 0 & (a® + b?)? — (a® — b%) > 0. But the graph
of (a® + b?)? — (a® — b?) = 0 is the lemniscate > = cos(26). Hence
Re[l — (1/8%)] > 0 if and only if the point (a,b) € R? lies outside the
lemniscate (a? + b?)? — (a? — b?) = 0.

Theorem 11. Let F,3 and a be as in Theorem 6, and assume
that (3.7) holds. Furthermore, assume that 3 satisfies inequality (4.3).

Then, for o' = /1 —1/82 and ' = £1/8, we have that
(44) fa’,ﬁ’faﬁF(y) = F(ﬂﬂ/y)a ye CO[OvT]
That is to say,

fa',l/ﬁf(x,ﬁF(y) = F(y)a ) € CO[OvT]v

and
For—18FapF(y) = F(=y), y € Col0,T].

Proof. Since F, gF' exists, the Fourier-Hermite expression of it is
given by

N
FapFly)=Llim. > AR gt g, ().

N —oo
ni,... ,ny=0
Now
N
. F ey 12
]\}Enoo Z |An1,,“’nN6n1 ”N(IB )TLl "N|
ny,... ,nN=0
N
i F
= lmo Y (AR = FIE <

M1yeen ,’I’LN:O
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Hence, by Theorem 6, F. g Fo gF' exists and is given by

N
fa’ﬂ'faﬁF(y) = }VIHH;O Z Afl,“. N (6ﬂ/)nl+m+nN\I/n1,“. N (y)
M1yeen ,nN:O
= F(B8'y)
which completes the proof of Theorem 11. o

Remark 4. Some special cases of Theorem 11:

Foz_iFysi Fy) = F(y),
FuziFyaiFy) =F(-y),

Flr—avzi/zs,eevais Fitvipvai—iqva E ) = Fy).
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