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Integrality of a ratio of Petersson norms
and level-lowering congruences
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Abstract

We prove integrality of the ratio (f, f)/{g, g) (outside an explicit finite set
of primes), where ¢ is an arithmetically normalized holomorphic newform on
a Shimura curve, f is a normalized Hecke eigenform on GL(2) with the same
Hecke eigenvalues as g and (, ) denotes the Petersson inner product. The primes
dividing this ratio are shown to be closely related to certain level-lowering con-
gruences satisfied by f and to the central values of a family of Rankin-Selberg
L-functions. Finally we give two applications, the first to proving the integral-
ity of a certain triple product L-value and the second to the computation of
the Faltings height of Jacobians of Shimura curves.

Introduction

An important problem emphasized in several papers of Shimura is the
study of period relations between modular forms on different Shimura vari-
eties. In a series of articles (see for e.g. [34], [35], [36]), he showed that the
study of algebraicity of period ratios is intimately related to two other fasci-
nating themes in the theory of automorphic forms, namely the arithmeticity
of the theta correspondence and the theory of special values of L-functions.
Shimura’s work on the theta correspondence was later extended to other sit-
uations by Harris-Kudla and Harris, who in certain cases even demonstrate
rationality of theta lifts over specified number fields. For instance, the articles
[12], [13] study rationality of the theta correspondence for unitary groups and
explain its relation, on the one hand, to period relations for automorphic forms
on unitary groups of different signature, and on the other to Deligne’s conjec-
ture on critical values of L-functions attached to motives that occur in the
cohomology of the associated Shimura varieties. To understand these results
from a philosophical point of view, it is then useful to picture the three themes
mentioned above as the vertices of a triangle, each of which has some bearing
on the others.
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This article is an attempt to study the picture above in perhaps the sim-
plest possible case, not just up to algebraicity or rationality, but up to p-adic
integrality. The period ratio in the case at hand is that of the Petersson norm
of a holomorphic newform ¢ of even weight &£ on a (compact) Shimura curve
X associated to an indefinite quaternion algebra D over Q to the Petersson
norm of a normalized Hecke eigenform f on GL(2) with the same Hecke eigen-
values as g. The relevant theta correspondence is from GL(2) to GO(D), the
orthogonal similitude group for the norm form on D, as occurs in Shimizu’s
explicit realization of the Jacquet-Langlands correspondence. The L-values
that intervene are the central critical values of Rankin-Selberg products of f
and theta functions associated to Grossencharacters of weight k£ of a certain
family of imaginary quadratic fields.

We now explain our results and methods in more detail. Firstly, to for-
mulate the problem precisely, one needs to normalize f and g canonically.
Traditionally one normalizes f by requiring that its first Fourier coefficient at
the cusp at co be 1. Since compact Shimura curves do not admit cusps, such
a normalization is not available for g. However, g corresponds in a natural
way to a section of a certain line bundle L on X. The curve X and the line
bundle L admit canonical models over (Q, whence g may be normalized up
to an element of Ky, the field generated by the Hecke eigenvalues of f. Let
(f,f) and (g, g) denote the Petersson inner products taken on Xo(N) and X
respectively. It was proved by Shimura ([34]) that the ratio (f, f)/(g, g) lies in
Q and by Harris-Kudla ([14]) that it in fact lies in K.

Now, let p be a prime not dividing the level of f. For such a p the
curve X admits a canonical proper smooth model X over Z,, and the line
bundle L too extends canonically to a line bundle £ over X'. The model X
can be constructed as the solution to a certain moduli problem, or one may
simply take the minimal regular model of X over Zj; the line bundle £ is the
appropriate power of the relative dualizing sheaf. Let A be an embedding of Q
in @y, so that A induces a prime of K 7 over p. One may then normalize g up
to a A-adic unit by requiring that the corresponding section of L be A-adically
integral and primitive with respect to the integral structure provided by L.
One of our main results (Thm. 2.4) is that with such a normalization, and
some restrictions on p, the ratio considered above is in fact a A-adic integer.

As the reader might expect, our proof of the integrality of (f, f)/{g,g)
builds on the work of Harris-Kudla and Shimura, but requires several new
ingredients: an integrality criterion for forms on Shimura curves (§2.3), work
of Watson on the explicit Jacquet-Langlands-Shimizu correspondence [43], our
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computations of ramified zeta integrals related to the Rankin-Selberg L-values
mentioned before (§3.4), the use of some constructions (§4.2) analogous to
those of Wiles in [40] and an application of Rubin’s theorem ([30]) on the main
conjecture of Iwasawa theory for imaginary quadratic fields (§4.3). Below we
describe these ingredients and their role in more detail.

The first main input is Shimizu’s realization of the Jacquet-Langlands
correspondence (due in this case originally to Eichler and Shimizu) via theta
lifts. We however need a more precise result of Watson [43], namely that
one can obtain some multiple ¢’ of g by integrating f against a suitable theta
function. Crucially, one has precise control over the theta lift; it is not just any
form in the representation space of g but a scalar multiple of the newform g.
Further one checks easily that (¢',¢’) = (f, f). To prove the A-integrality of
(f,f)/{g,qg) is then equivalent to showing the A-integrality of the form ¢'.

The next step is to develop an integrality criterion for forms on Shimura
curves. While g-expansions are not available, Shimura curves admit CM points,
which are known to be algebraic, and in fact defined over suitable class fields
of the associated imaginary quadratic field. This fact can be used to identify
algebraic modular forms via their values at such points; i.e., their values, suit-
ably defined, should be algebraic. In fact X is a coarse moduli space for abelian
surfaces with quaternionic multiplication and level structure. Viewed as points
on the moduli space, CM points associated to an imaginary quadratic field K
correspond to products of elliptic curves with complex multiplication by K,
hence have potentially good reduction. Consequently, the values of an integral
modular form at such points (suitably defined, i.e., divided by the appropriate
period) must be integral. Conversely, if the form ¢’ has integral values at all
or even sufficiently many CM points then it must be integral, since the mod p
reductions of CM points are dense in the special fibre of X at p. In practice,
it is hard to evaluate ¢’ at a fixed CM point but easier to evaluate certain
toric integrals associated to g’ and a Hecke character y of K of the appropriate
infinity type. These toric integrals are actually finite sums of the values of ¢’ at
all Galois conjugates of the CM point, twisted by the character x. In the case
when the field K has class number prime to p and the CM points are Heegner
points, we show (Prop. 2.9) that the integrality of the values of ¢ is equivalent
to the integrality of the toric integrals for all unramified Hecke characters .

The toric integrals in question can be computed by a method of Wald-
spurger as in [14]. In fact, the square of such an integral is equal to the value at
the center of the critical strip of a certain global zeta integral which factors into
a product of local factors. By results of Jacquet ([20]), at almost all primes,
the relevant local factor is equal to the Euler factor Ly(s, f ® 6) associated to
the Rankin-Selberg product of f and 6, = Y, x(a)e*™ % (sum over integral
ideals in K). For our purposes, knowing all but finitely many factors is not
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enough, so we need to compute the local zeta integrals at all places, including
the ramified ones, the ramification coming from the level of f, the discriminant
of K and the Heegner point data. The final result then (Thm. 3.2) is that the
square of the toric integral differs from the central critical value L(k, f ® 6y)
of the Rankin-Selberg L-function by a p-adic unit.

We now need to prove the integrality of L(k, f ®6, ) (divided by an appro-
priate period). One sees easily from the Rankin-Selberg method that this fol-
lows if one knows the integrality of (f’,6,) /€ for a certain period €' and for all
integral forms f’ of weight k+1 and level Nd where N is the level of f and —d is
the discriminant of K. In fact (f/,6,)/Q = a(by,0y)/Y = aL(k+1,xx")/Q"
where « is the coefficient of 6, in the expansion of f’ as a linear combination of
orthogonal eigenforms, x” is the twist of x by complex conjugation and Q" is
a suitable period. The crux of the argument is that if o had any denominators
these would give congruences between 6, and other forms; on the other hand
the last L-value is expected to count all congruences satisfied by 6,. Thus
any possible denominators in « should be cancelled by the numerator of this
L-value. The precise mechanism to prove this is quite intricate. Restricting
ourselves to the case when p is split in K and p { hx (= the class number
of K), we first use analogs of the methods of Wiles ([40], [42]) to construct
a certain Galois extension of degree equal to the p-adic valuation of the de-
nominator of a. Next we use results of Rubin ([30]) on the Iwasawa main
conjecture for K to bound the size of this Galois group by the p-adic valuation
of L(k+1,xx?)/Y". The details are worked out in Chapter 4 where the reader
may find also a more detailed introduction to these ideas and a more precise
statement including some restrictions on the prime p. We should mention at
this point that in the case when the base field is a totally real field of even de-
gree over Q, Hida [19] has found a direct proof of the integrality of (f, 6,/
under certain conditions and he is able to deduce from it the anticyclotomic
main conjecture for CM fields in many cases.

To apply the results of Ch. 4 to the problem at hand, we now need to
show that we can find infinitely many Heegner points with p split in K and
p 1 hi. In Section 5.1 we show this using results of Bruinier [3] and Jochnowitz
[22], thus finishing the proof of the integrality of the modular form ¢’ (and of
the ratio (f, f)/{(g,9)). An amazing consequence of the integrality of ¢’ is that
we can deduce from it the integrality of the Rankin-Selberg L-values above
even if p | hx or p is inert in K ! This result, which is also explained in
Section 5.1, would undoubtedly be much harder to obtain directly using the
Iwasawa-theoretic methods mentioned above.

Having proved the integrality of the ratio (f, f)/(g, g) we naturally ask for
a description of those primes A for which the A-adic valuation of this ratio is
strictly positive. First we consider the special case in which the weight of f is 2,
its Hecke eigenvalues are rational and the prime p is not an Eisenstein prime
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for f. In this case we show that p divides (f, f)/(g, g) exactly when for some ¢
dividing the discriminant of the quaternion algebra associated to X, there is a
form h of level N/q such that f and h are congruent modulo p. We say in such
a situation that p is a level-lowering congruence prime for f at the prime q.
In the general case we can only show one direction, namely that the A-adic
valuation is strictly positive for such level-lowering congruence primes. This
is accomplished by showing that the A-adic valuation of the Rankin-Selberg
L-value discussed above is strictly positive for such primes. Conversely, one
might expect that if the A-adic valuation of the L-value is strictly positive for
infinitely many K and all choices of unramified characters x, then A\ would be
a level-lowering congruence prime.

Finally, we give two applications of our results. The first is to prove
integrality of a certain triple product L-value. Indeed, the rationality of
(f, )/{g,g) proved by Harris-Kudla was motivated by an application to prove
rationality for the central critical value of the triple product L-function asso-
ciated to three holomorphic forms of compatible weight. Combining a precise
formula proved by Watson [43] with our integrality results we can establish
integrality of the central critical value of the same triple product.

The second application is the computation of the Faltings height of Ja-
cobians of Shimura curves over Q. This problem (over totally real fields) was
suggested to me by Andrew Wiles and was the main motivation for the results
in this article. While we only consider the case of Shimura curves over Q,
most of the ingredients of the computation should generalize in principle to
the totally real case. Many difficulties remain though, the principal one being
that the Iwasawa main conjecture is not yet proven for CM fields. (The reader
will note from the proof that we only need the so-called anticyclotomic case of
the main conjecture. As mentioned before this has been solved [19] in certain
cases but not yet in the full generality needed.) Also one should expect that
the computations with the theta correspondence will get increasingly compli-
cated; indeed the best results to date on period relations for totally real fields
are due to Harris ([11]) and these are only up to algebraicity.
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1. Notation and conventions

Let A denote the ring of adeles over Q and A the finite adeles. We fix an
additive character 1) of Q \ A as follows. Choose 9 so that 1. (z) = €™ and
so that 1), for finite primes ¢ is the unique character with kernel Z,; and such
that ¢,(z) = e 2™ for z € Z[l] Let dz, be the unique Haar measure on Q,
such that the Fourier transform &(yw) f@ Y(xyyy)dz, is autodual, i.e.,

@(y) = p(—y). On A we take the product measure dz = [[, dz,. On AX we
fix the Haar measure d§ = [ [, d*x,, the local measures being given by d*z, =
! )Iaf -, where ¢p(s) = (1 —p~*)~! for finite primes p and (g(s) = 7~°/2T'(s).

If D is a quaternion algebra over QQ, tr and v denote the reduced trace and
the reduced norm respectively. The canonical involution on D is denoted by ¢ so
that tr(z) = x+2" and v(x) = z2'. Let (,) be the quadratic form on D given by
(z,y) = tr(zy’) = zy’+yz’. We choose a Haar measure dz, on D, = D®Q, by
requiring that the Fourier transform ¢(y,) f D, o(y){(xy, yv)dxv be autodual.
On D} = (D®Q,)* we fix the Haar measure d*z, = (,(1 ) 57~ These local

measures induce a global measure d*z = [[, d*z, on D* (A) (the adelic points
of the algebraic group D*). In the case D* = GL(2), at finite primes p, the
volume of the maximal compact GL2(Z,,) with respect to the measure d*z,, is
easily computed to be (,(2)7!. On the infinite factor GLy(IR) one sees that

A 2oy = d¥ayd* agdbdd if o, = ( “ > ( Lo >59,
a9 1

( cos) —sinf >
where kg = )

sinf cosf

Let DM and PD* denote the derived and adjoint groups of D* respec-
tively. On D(l)(A) we pick the measure dVz = L, dz1,, where dz1, is com-
patible with the exact sequence 1 — Df,l)
PD*(A) we pick the measure d*x = [[, d*x, where the local measures d*z,
are compatible with the exact sequence 1 — Q;f — DX — PDS — 1. It is
well known that with respect to these measures, vol(DM(Q)\ DM (A)) = 1
and vol(PD*(Q) \ PD*(A)) = 2.

If W is a symplectic space and V an orthogonal space (both over Q),
GSp(W) denotes the group of symplectic similitudes of W and GO(V') the
group of orthogonal similitudes of V', both viewed as algebraic groups. We also
denote by GSp(W)™M and GO(V)™) the subgroups with similitude norm 1 and
by GO(V)? the identity component of GO(V). In the text, W will always be

v . .
— D} — QX — 1. Likewise on
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two-dimensional and by a choice of basis GSp(W) and GSp™™ (W) are identified
with GL(2) and SL(2) respectively, the Haar measures on the corresponding
adelic groups being as chosen as in the previous paragraph. For H = GO(V) or
GO(V)° we pick Haar measures d*h on H(A) such that fAXH(Q)\H(A) d*h = 1.
The similitude norm induces a map v : H(Q)Zp o \ H(A) — Q*(QX)1 \ Q}
whose kernel is identified with HM(Q) \ HM(A). As in [15, §5.1], we pick a
Haar measure dVh on H(M(A) such that the quotient measures satisfy d*h =
dVhde.

Let $) denote the complex upper half plane. The group GLy(R)™ consisting

of elements of GLy(R) with positive determinant acts on $) by -z = Zzzig where
- ( 4 ) We define also j (7, 2) = (cz-+d)det(y) ™" and J(y,2) = (c2-+d)

for any element v € GLa(R) and z € §.
As is usual in the theory, we fix once and for all embeddings i : Q — C,
A:Q— @p. These induce on every number field an infinite and p-adic place.

2. Shimura curves and an integrality criterion

2.1. Modular forms on quaternion algebras. Let N be a square-free integer
with N = NTN~ where N~ has an even number of prime factors. Let D be
the unique (up to isomorphism) indefinite quaternion algebra over Q with
discriminant N~. Fix once and for all isomorphisms ®, : D®@R ~ My(R) and
Q,: D ®Qp =~ My(Qq) for all ¢ N~. Any order in D gives rise to an order
in D ® Qg for each prime g which for almost all primes ¢ is equal (via ®,) to
the maximal order My(Z,). Conversely given local orders R, in D ® Q, for all
finite ¢, such that R, = My(Z,) for almost all ¢, they arise from a unique global
order R. Let O be the maximal order in D such that ®,(O ® Z;) = M»(Z,)
for ¢ f N~ and such that O ® Z, is the unique maximal order in D ® Qg for
q | N~. It is well known that all maximal orders in D are conjugate to O. Let
O’ be the Eichler order of level N* given by ®,(0' ® Z,) = ®,(0 ® Z,) for all

qf N, and such that ®,(0' @ Z,) = {( CCL 2 > € M(Zg),c =0 mod q} for

all g | NT.

2.1.1. Classical and adelic modular forms. Let T = I'}’" (N*) be the
group of norm 1 units in @’. (If N~ = 1 we will drop the superscript and write
I’ simply as I'g(/V).) Via the isomorphism ®, the group I' may be viewed
as a subgroup of SL2(R) and hence acts in the usual way on ). Let k be an
even integer. A (holomorphic) modular form f of weight k& and character w
(w being a Dirichlet character of conductor N, dividing NT) for the group I’
is a holomorphic function f : § — C such that f(v(z))(cz +d)™* = w(y)f(2),
for all v € I', where we denote also by the symbol w the character on I
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associated to w in the usual way (see [43]). Denote the space of such forms
by My(T',w). We will usually work with the subspace Si(I',w) consisting of
cusp forms (i.e. those that vanish at all the cusps of I'). When N~ > 1, there
are no cusps and Sk(I',w) = M(I",w). The space S(I',w) is equipped with
a Hermitean inner product, the Petersson inner product, defined by (fi, fo) =
fr\ 5 fl(z)mykd,u where dy is the invariant measure y—ﬂdmdy.

To define adelic modular forms, let & be the character of Q5 corresponding
to w via class field theory. Denote by LQ(D(S \ D}, w) the space of functions
F: Dg — C satisfying F(y28) = ©(2)F(8) ¥y € Dy and z € AX and having
finite norm under the inner product (Fy, Fy) = %fQKDg\DAX Fi(B)Fy(B)d* .
Also let L(Q)(D(S \ Dy, w) C L2(D6 \ D}, w) be the closed subspace consisting
of cuspidal functions. If U =[], U™ (N1), is the compact subgroup of Dgf
given by UYN (N*1), = (0’ ® Z,)* for all finite primes ¢, one has

(1) D*(A) = D*(Q) - (U x (DX)™)

(by strong approximation) and (U x (DX)") N D*(Q) =T. Since N, | N*,
the character @ restricted to Q; =~ can be extended in the usual way to a char-
acter of U, also denoted by @w. A (cuspidal) adelic automorphic form of weight
k and character w for U is a smooth (i.e. locally finite in the p-adic vari-
ables and C'™ in the archimedean variables) function F € L%(Da \ Dy,w)
such that F(Bk) = @(kpmn)e M F(B) if k = [ <00 g X kg € U x SO2(R).
We denote the space of such forms by Si(U,w). The assignment f —— F,
F(B) = f(Bs0(2)7(Boo,2) " *@(k), if B = vk s is a decomposition of 3 given by
(1), is independent of the choice of decomposition and gives an isomorphism
Sk(T',w) >~ Si(U,w). It is easy to check that if f; corresponds to F; under this
isomorphism, then (Fy, Fy) = mﬁl, f2).

If N, | N' | N*, there is an inclusion Sg(I') (N'),w) < Si(T',w). The
subspace of Sk(I',w) generated by the images of all these maps is called the
space of oldforms of level N and character w. The orthogonal complement of
the oldspace is called the new subspace and is denoted Sy (I")™".

We will need to use the language of automorphic representations. (See
[8] for details.) If f is a newform in S(I',w) then F' generates an irreducible
automorphic cuspidal representation 7y of (the Hecke algebra of) D*(A) that
factors as a tensor product of local representations 7y = Qo0 ® R4y q-

2.1.2. The Jacquet-Langlands correspondence. We assume now that w is
trivial, and denote the space Si (T, 1) simply by Si(I"). This space is equipped
with an action of Hecke operators T, for all primes ¢ (see [32] for instance
for a definition). Let T(y- n+) be the algebra generated over Z by the Hecke
operators Ty for ¢  N. It is well-known that the action of this algebra on
the space Si(I") is semi-simple. Further, on the new subspace Si(I')"°%, the
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eigencharacters of T - n+) occur with multiplicity one. In the case when
N~ =1 this follows from Atkin-Lehner theory. In the general case it is a
consequence of a theorem of Jacquet-Langlands. More precisely one has the
following proposition which is an easy consequence of the Jacquet-Langlands
correspondence. (We use the symbols Ay and Ay to denote the associated
characters of the Hecke algebra.)

PROPOSITION 2.1. Let f be an eigenform of T(y ny in Sp(To(N))"™Y for
N = NtN~. Then there is a unique (up to scaling) T(n- n+) ergenform g in
Sk(I)"Y such that A¢(Ty) = Ag(Ty) for all ¢ N.

2.1.3. Shimura curves, canonical models and Heegner points. Now suppose
N7~ > 1 and denote by X" the compact complex analytic space

(2) X =D (Q)FT\Hx D (Af)/U =T\ $

and by X¢ the corresponding complex algebraic curve. Following Shimura we
will define certain special points on X¢ called CM points. Let j : K< D be an
embedding of an imaginary quadratic field in D. Then j induces an embedding
of C= K®Rin D®R, hence of C* in GLa(R)". The action of the torus C*
on the upper half plane $ has a unique fixed point z. In fact there are two
possible choices of j that fix z. We normalize j so that J(®(j(z)),2) = =
(rather than Z). One refers to such a point z (or even the embedding j itself)
as a CM point. Let ¢ : $§ — I\ 9 be the projection map.

THEOREM 2.2 (Shimura [33]). The curve Xc admits a unique model over
Q satisfying the following: for any embedding j : K — D such that j(Og) C O,
and associated CM point z, the point ¢(z) on X¢ is defined over K2 the maa-
imal abelian estension of K in Q. If o € Gal(K®/K) then the action of o
on p(z) is given by ¢(z)° = the class of [z,ja,(i(0)fin)] via the isomorphism
(2), where i(o) is any element of K; mapping to o under the reciprocity map
K} — Gal(K®/K) given by class field theory.

It is well known that the imaginary quadratic fields that admit embeddings
into D are precisely those that are not split at any of the primes dividing N .
Let U; = K ng N j&fl(U ). Then it is clear from the above theorem that ¢(z)
is defined over the class field of K corresponding to the subgroup K*U; K.
We will be particularly interested in the case when K is unramified at N and
Jj(Ok) C O, the corresponding CM points being called Heegner points. For
any Heegner point it is clear that U; is the maximal compact subgroup of
K>*(Ay) and hence such points are defined over the Hilbert class field of K.
Heegner points exist if and only if K is split at all the primes dividing N* and
inert at all the primes dividing N~. In that case, there are exactly 2'hy of
them (¢t = the number of primes dividing N, hx = class number of K), that
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split up into 2! conjugacy classes under the action of the class group of K.
(See [2] and [39] for more details.)

2.2. A ratio of Petersson norms. Let f € Si(I'o(N))"" be a normalized
Hecke eigenform (i.e. with first Fourier coefficient = 1) and g be the unique (up
to a scalar) Hecke eigenform in Si(I") with the same Hecke eigenvalues as f.
Then s, = g(z)(2m - dz)®*/2 is invariant under T, hence descends to a section

of Q®k/2 on X2 and by GAGA induces a section of Q¥%/2 on X¢. In this way,
one obtains a natural isomorphism Sy (I') ~ H°(X¢, Q®*/2). Tt is well known
that the field K generated by the Hecke eigenvalues of f is a totally real
number field. Suppose for the moment that Ky = Q and let V' be the Q-vector
space H%(Xg, Q®k/2). Since A\, takes values in Q, we can choose g such that s,
lies in V. Let X be the minimal regular model of Xg over specZ. It is known
that Xq is a semi-stable curve, i.e. that the fibres of X over any prime ¢ are
reduced and have only ordinary double points as singularities. The relative
dualizing sheaf w = wy/z is then an invertible sheaf on X that agrees with (2
on the generic fibre. Denote by V the lattice HO(X, w®*/2) and normalize g by

requiring that s, be a primitive element in this lattice. This fixes g up to %1,

so the Petersson norm (g, g) is well defined. Now define g = {LS)

(9,9)"

THEOREM 2.3. (i) (Shimura [34]). 3 € Q.
(ii) (Harris-Kudla [14]). 8 € Q.

In this article we study the p-integrality properties of 5. In fact we can
also prove a corresponding result in the more general case when Ky # Q, but,
since the class number of Ky need not be 1 we are forced to formulate the
result A-adically. Choosing g such that s, € V @ K and further such that s,
is A-adically primitive in V ® O, we see that g is well-defined up to a A-adic
unit in K. It is known, again due to Shimura, that 5 = (f, f)/(g,9) € Q and
due to Harris-Kudla that 3 € K;. We will prove a A-adic integrality result
for B. To motivate our results in the general case, we first study in the next
section the special case k = 2 and K; = Q.

2.2.1. A special case: elliptic curves and level-lowering congruences. In
this section we restrict ourselves to the case when k = 2 and Ky = Q. Then f
corresponds to an isogeny class of elliptic curves over Q, and if F is any curve
in this class there exist surjective maps from Jo(IN) and J to E (where Jy(N)
and J denote the Jacobians of Xo(N) and X respectively). Let E; and Fs
be the strong elliptic curves corresponding to Jo(/N) and J respectively and
let p1 : Jo(N) — Eq and @2 : J — E» denote the corresponding maps. Also
let w; be a Neron differential on F; i.e. a generator of the rank—1 Z-module
HO(&;, Q') where & denotes the Neron model of E; over specZ. If Ay is the
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kernel of the map s, we get an exact sequence of abelian varieties
0— Ay — J — E5 — 0.
By a theorem of Raynaud ([1, App.]) one then has an exact sequence
0 — Lie(Ag) — Lie(J) — Lie(&) — (Z/27Z)" — 0

with 7 = 0 or 1, where the script letters denote Neron models. Denote by H
the cokernel of the map Lie(A2) — Lie(J). Then we have exact sequences

0 — Lie(Ay) — Lie(J) — H — 0,
0 — H — Lie(&) — (Z/2Z2)" — 0

and hence by taking duals, exact sequences

0— HY - HYT,0Y - H(Ay, QY — 0,
0— HY&, QY - HY — (Z/2Z)" — 0.

Thus the injective map ¢} : H(&, Q') — H(J,Q!) remains injective on
tensoring with Z/qZ for any prime ¢ other than 2. Noting now that one has
a canonical isomorphism HO(X,w) ~ HO(J,Q!), we see that piws equals s,
(via this isomorphism) except possibly for a factor of £2. Let ¢y : X¢ — J¢
be the embedding corresponding to the choice of any point in X (C) and let
¢} denote the composite map @2 o ¥2. Then ¢'5(ws) equals s, possibly up
to a factor of £2. Also let ¢y : Xo(N) — Jo(IN) be the usual embedding
corresponding to the cusp at oo and let ¢} = ¢1 0 ¢)1. Then it is shown in [1]
that ¢'](w1) = 2mf(2)dz possibly up to a factor of 2. Writing ~9 to mean
equality to up to possibly a power of 2, we get fEl (C) W1 AWL ~2 degl o 472 (f, f)

and fEQ((C) wa N\ Wy ~o @47r2(g,g>.

Denote by S the set of Eisenstein primes for the isogeny class containing F
and Es i.e. S is the set of primes g for which the representation of Gal(Q/Q)
on the g-torsion Ej[q] is reducible. Choosing any isogeny @3 : Fy — Ea of

minimal degree it is easy to see that the degree of 3 can only be divisible by
primes in S. Using the symbol ~ to mean equality up to primes in S U {2},
we see then that fEl((C) w1 AWy ~ fE2((C) w9 A wo and hence % ~ gig :2.
Now it is known that deg ¢} measures congruences between f and other
forms of level dividing N. Likewise deg ¢/, measures congruences between g
and other forms of weight 2 on X. Such forms correspond to forms on Xo(N)

which are new at the primes dividing N ~. Thus the ratio ggg i/l should measure

>
congruences between f and other forms on Xy(/V) that are old at some prime
dividing N~. Indeed, in [29] it is shown that 322 gi ~ 1IN~ cq> Where ¢4 is
the order of the component group of £ at ¢. Also it follows from [28] that a
non-Eisenstein prime p divides ¢, exactly when p is a level-lowering congruence

prime for f at ¢; i.e., when there exists a form f’ of level N/q such that the
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Hecke eigenvalues (away from N) of f and f’ are congruent to each other
modulo some prime of Q above p. As a consequence we see that away from
(1)

Eisenstein primes, the ratio o9 is integral and is divisible by a prime p exactly

when p is a level-lowering congruence prime for f at some prime ¢ dividing N .

2.2.2. The general case: statement of the main theorem. The results of
the previous section motivate the following theorem which is the central result
of this article. It is proved in Sections 5.1 and 5.2.

THEOREM 2.4. Suppose g is chosen such that sy is Kj-rational and

A-adically primitive. Let 8 = %. Then B € Ky. Further, for p{ M :=

[ynvalg=1(¢+1) andp>k+1,
1. vx(B) > 0.

2. If there exists a prime q | N~ and a newform f" of level dividing N/q
and weight k such that pyx = pp x mod A then vy(B) > 0. Here ps )\ and
pfx denote the two dimensional A-adic representations associated to f

and f'.

2.3. An integrality criterion for forms on Shimura curves. This section
is devoted to developing an integrality criterion for forms on Shimura curves
using values at CM points. The main result is Proposition 2.9.

2.3.1. Integral models of Shimura curves. We now choose an auxiliary
integer N’ > 4, prime to N and such that p does not divide N’. Consider the
Shimura curve X’ = I\ § associated to the subgroup Uy of U consisting of

elements whose component at ¢ for ¢ | N’ is congruent to mod gq.

* %
0 1
This curve too has a canonical model defined over Q that is the solution to
a certain moduli problem (parametrizing abelian varieties of dimension 2 with
an action of @ and suitable level structure). The moduli problem can in fact be
defined over Z[ 4] and is represented by a fine moduli scheme X’ over Z[ 5],
that is geometrically connected, proper and smooth of relative dimension 1.
For all these facts, see [6, §§3 and 4].

Let Y and )’ denote the base change of X and X’ to Zp) respectively.
Then the canonical map from X¢ to X¢ is in fact defined over Q and extends
to a map u : ) — ). Clearly we may choose N’ such that p t deg(u). The

following lemma is then evident.

LEMMA 2.5. Let s € HY(X1, Q%) for L a number field and | a positive
integer. If Ly is the completion of L at A and Oy the ring of integers of Ly,
then s € HO(X, Q%) ® Oy = HY(Xp,, Q%) < u*(s) € HO(V', Q%) @ Oy =
HO(yéQA’Q(X)l)‘
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The field Q(v—N~) embeds in D. Pick an element ¢ € D such that
t2 = —N—, and let * denote the involution on D given by z* = t~'z't. Let
7w : A — Y be the universal abelian scheme over )’. It is known (see [6,
Lemma 5]) that there exists a unique principal polarization on A/)’ such
that on all geometric points x the associated Rosati involution induces the
involution * on O — End(A4;). Let ¢ : A ~ A" be the isomorphism associated
to the principal polarization. Via ¢, R 7, O 4 is isomorphic to R'm,O 4v; hence
Rlﬂ'*O_A and 77*934/3,, are dual to each other so that the adjoint of 6 € O is
0*. The proof of [6, Lemma 7] shows that there is a canonical isomorphism of
rank-2 locally free sheaves

(3) ©: W*Q}L‘/y, ~ R'1,04® Q;,/Z(p).

Recall that the above map is constructed in the following way. Since A/)" and
Y/ Zp) are smooth, the sequence

1 1 1
0— W*QJ’//Zm - QA/Z@) - QA/V —0
is exact. Applying R 7, to this sequence gives a map
1 1 1 ~ pl 1
which is the required one. Taking the second exterior power of (3) we get
2 1 ~ A2(pl 1 _ A2pl 1 ®2
A W*QA/J;/ ~ A (R W*O_A ® Qy//Z(p)) =A R F*O_A & (Qy//Z(p))
and by the duality of R'7.0 4 and 77*(234 Jyrs @ canonical isomorphism

80(1) : (/\QW*Q,lél/y/)@l ~ (Qii’/Z(p))@l

for every even integer [. Let = : Spec L — X’ be a geometric point of X’ de-
fined over a number field L. By the properness of )’ over Zp), x extends to an
O -valued point of )', x : Spec Oy — Y. Denote by A, x, A\ and A, the
Abelian schemes over Oy, Ly and L, respectively, obtained by pulling back the
universal family over )’ via x. Now suppose s = G(2)(2m1-dz)®! (with G a form
of weight 21) descends to an L-rational element of HO(X', (Q21)®!). Via the iso-
morphism (), s gives rise to a section s, € HO(A,, (/\27T*Q114x)®l). If further s
is M-integral, i.e. if s € HY(), (Qi)/z(m)@l) then s, € HO(A, », (AQW*Q}L\M)@).
Conversely, let R be an infinite set of algebraic points such that the mod A
reductions of z € R still form an infinite set. If s, € HY(A; », (AQW*Q}%A)@I)
for all z € R, it is clear that s must be A-integral (since the reduction of )’
mod A is irreducible).

We use the same symbol x to denote also the corresponding point of X’ (C)
and suppose 7 € §) is such that the image of 7 in X’ =T\ § is equal to z.
Then one has a canonical identification

-
o]

~ A, c.
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Via this isomorphism s, corresponds to some multiple of (dt; A dts)®!
where t1,ts denote the coordinates on C2.

LEMMA 2.6. s, = (2= G(r)(dty A diz)®.

Before proving the lemma we note the following consequence. Let w, be
an element of HY(A,, (AQW*QAM)) that is A-integral and A-adically primitive

(with respect to the lattice H°(A, », (/\27T*Q}4xyk)), and suppose that via the
isomorphism above, w, corresponds to u,dti Adts for some complex period pi.
Since p t N—, the following proposition is a corollary of the lemma and the
preceding discussion.

PROPOSITION 2.7. Let R be an infinite set of algebraic points on X' whose

reductions mod A still form an infinite set. Then s := G(z)(2m - d2)® is

Gl

A-integral if and only if for oll x € R and T € § mapping to x, s a

A-adic integer. (Note: G has weight 2l.)

o

We now prove the lemma. A similar result is proved in [10] (see state-
ment 4.4.3) in the symplectic case, and we only need to adapt the proof to
our context. First one needs to note that the map (3) can be defined in a
slightly different way using the Gauss-Manin connection on the relative de
Rham cohomology of A/)Y’. Let Hj(A/Y') denote the first relative de Rham
cohomology sheaf. It is an algebraic vector bundle on )’ equipped with a
canonical integrable connection, the Gauss-Manin connection:

V: Hpp(A/Y') = Hpr(A/Y) @ Q. s,
Also the de Rham cohomology sits in an exact sequence

0 — mQlyy 5 Hbg(A/Y') 2 R'm04.

The composite map

fl V f2®1
Ty = Hpr(A/Y') = Hpr(A/Y) @ Q= R'1O0A@ Qg
is then the same as the map given by (3). To prove the lemma we only need to
pull back these vector bundles to $ and compute explicitly the connection V.

Let L; = ®,(0) [ o2 i Ac denotes the universal family over X¢,

1
the pull-back of A¢ to $ is an analytic family of Abelian varieties with fibre
A, = C?/L; over the point 7. Let HLr(A/$) denote the analytic vector
bundle on §) obtained by pulling back HJ,(Ac/X() to $. The fibre of this
vector bundle over T € §) is naturally interpreted as the de Rham cohomology of
A;, hence as the complex vector space Hom(L, ®zC, C) (since L, = H1(A-,7Z)
and by the isomorphism between de Rham and singular cohomology).



INTEGRALITY OF A RATIO OF PETERSSON NORMS 915

Denote by E; the nondegenerate skew-symmetric pairing on O defined by
Ey(a,b) = 5-tr(ab’t) so that Ey(ca,b) = Ey(a,c*b). Via the natural isomor-
phism O ~ L., E; induces a pairing on L, and we extend it R-linearly to a
real-valued skew-symmetric pairing on C?, denoted E,. Then E;, takes integral
values on L;, and is a nondegenerate Riemann form for A,. In fact it is easy
to check (for instance using an explicit symplectic basis for O as constructed
in [16]) that the Pfaffian of E; restricted to L is 1; hence the associated po-
larization of A is principal. Since the corresponding Rosati involution is just
the involution *, we see that the principal polarization associated to the Rie-
mann form E; is ¢,. Let {e1, ez, e3,e4} be a symplectic basis for O @ R with

respect to the skew-symmetric form E; and e; , = ®oo(e;) 1

that the e; - form a symplectic basis for L, ® R with respect to the form F-.
We define a1, s, 81,02 to be the global sections of Hi)g(A/$) which when
restricted to the fibre A, give the basis dual to {e1r, €2+, €3, e4,}. If H
is the complex subspace of H°($), HL(A/$)) spanned by a1, s, 81, B2, one
has Hhr(A/H) = H' ® Og. The sections a1, az, B1, F2 are horizontal for the
Gauss-Manin connection and on Hpg(A/9H) = H' @ Og the connection V is
just 1 ® d. The principal polarization ¢ induces a nondegenerate alternating
form

T] € L ®R so

(,)pr : Hpg(Ac/X¢) x Hpp(Ac/XE) — Ox;.
Pulling back to $, this form can be computed on the global sections oy, g, 81, Bo:
(Bj, ak)pr = 2%”5]‘,16 = —(ak, Bj) DR,
(Bj, Bk)pr =0 = (), k) DR-
Let ¢; and to denote the coordinates on C2 so that W*Qi‘ /5 is generated freely
by dt1 and dts. Suppose that @ (€;) = < 7“1: qf > Clearly,

i Si
dt1 = (p1z + q1)on + (p2z + @2)as + (p3z + ¢3) 01 + (paz + qa) Fo,
dto=(r1z+ s1)ag + (rez + s2)ae + (r3z + s3) 01 + (raz + s4) B,

whence

V(dt1) = (p1oa + peaz + p3Bi + pafe) ® dz,
V(dtg) = (r1a1 + roag + 1301 + 7"4ﬁ2) QR dz.
Suppose p(dt1) = (z11(dt1)Y + 212(dt2)Y) ® dz and @(dta) = (z21(dt1)" +

1‘22(dt2)v) ®dz. Then g0(2 (dtl /\dt2>®2 = (1'11.1‘22 —x12x21)d2®2 where xijdz =
(V(dt;),dt;)pr. To compute det(z;;) it is simplest to work with some explicit

~

choice of e;. Without loss, we may assume that ®(t) = ( ]\?7 _01 ) and
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10 0 0 0 1 0 0
that@oomapsel,eg,eg,e4to<O O>’<N 0),<0 0>and(0 1),

respectively. Thus, dty = zay + (1,dts = N~ zag + (B2, whence V(dt;) =
a1dz,V(dts) = N~ agdz, x11 = —1/2m,219 = 0,291 = 0,299 = —N~/2m,
and finally det(z;;) = (QJX—;)Z Hence ¢ (dt; A dty)® = D Ry any

(2m2)?
even integer [. It follows then that via the isomorphism ¢®) the section
s = (2m)!G(2)dz®" corresponds to (2m2)2(N~)"/2G(7)(dt1 A dt2)® on the
fibre over 7. This completes the proof of Lemma 2.6.

2.3.2. Algebraic Hecke characters. Let K and L be number fields. Let
x : K — L* be an algebraic Hecke character and let p : K* — L* be the
restriction of x to K*. Thus p is an algebraic homomorphism of algebraic
groups; i.c. there exist integers ny such that u(z) =[] o ()" where o ranges
over the various embeddings of K into Q. The formal sum __n,o is called
the infinity type of x.

Since p is algebraic, it induces a continuous homomorphism pa t K —
L. Recall that we have fixed embeddings i : Q — C, A : Q — Q,. Now X
gives rise to two characters x and x) which are defined as follows.

(i) Let p; : K — C* be the projection of pa onto the factor corresponding
to 4. Then x(z) = i(x(x))/ui(x) and x is a continuous character of K, trivial
on K*, with values in C* i.e. a Grossencharacter of K.

(ii) Let py : K5 — L3 be the projection of p4 onto the factor correspond-
ing to A. Then xx(z) = (A(x())/px(z)) 1. Since L is a totally disconnected
topological group, y must factor through the group of components of K},
which by class field theory is canonically identified with Gal(K/K)*. Thus
we can think of ) as a character of Gal(K/K) and we shall use the same
symbol to denote both the character on the ideles and the Galois group.

For the rest of this article, by a Grossencharacter of K we shall mean a
Grossencharacter x that arises from an algebraic Hecke character x as in (i)
above. By the infinity type of x we shall mean the infinity type of ; We will
also use the same symbol x to denote the corresponding character on the ideals
of K prime to the conductor ¢,. Thus, for q an ideal in K coprime to A and c,,
we have x(q) = xa(Frobg) where Frob denotes the arithmetic Frobenius. For
any algebraic map o : K* — K> we shall denote by x? the Grossencharacter
corresponding to the algebraic Hecke character x? where x?(z) = x(ox). Espe-
cially for K imaginary quadratic, we denote by_p the nontrivial aatomorphism
of K/Q and x” the associated Grossencharacter. Clearly, x(g) = xalege™)
for any g € Gal(K/K) where ¢ denotes complex conjugation.

2.3.3. CM periods. Let K be an imaginary quadratic field and let p be any
prime. We shall define a canonical period 2 associated to the pair (K, p) that
will be well defined up to multiplication by a p-adic unit. Let E be any elliptic
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curve defined over some number field L with CM by Ok defined also over L.
Assume also that E has good reduction over L; we can certainly achieve this
by passing to a larger field. Denote by £ the Neron model of E over Op, the
ring of integers of L. Since M = HY(£,Q') is a locally free Of, module of rank
one, we may choose w € M such that the cardinality of M/Orw is coprime to
p. Likewise the module N = H(E(C),Z) is a locally free Ox module of rank
one, so we may choose v € N such that N/Og~ has cardinality coprime to p.
There is a canonical pairing between M and N given by integration, which we
use to define the period € := f7 w. If wy and ~; also satisfy these conditions,
they must differ from w and v by p-adic units, so Q that (up to a p-adic unit)
does not depend on the choices of w and . That 2 does not depend on the
choice of F is also clear since if E’ is another such curve, it must be isogenous
to E (over some number field) by an isogeny of degree prime to p.

2.3.4. The integrality criterion. Suppose now that z is a Heegner point
(see §2.1.3), j : K* — D* is the corresponding embedding and p is unramified
in K. If f € S;(T') and F is the corresponding adelic automorphic form, define
(following [14, App.]) for any Grossencharacter y of K with weight (k,0) at
infinity,

@) L) =gl [ Peap @

for any a € (DOXO)(l) = SL2(R) such that a(z) = z. Here we pick a Haar
measure d*z = [[, d*z, on K; such that for finite v, d*z, gives U, volume
1 and such that dzs induces on (R*)"\ KX a measure with volume 1. The
quotient measure, also denoted d*z, on K*KZ \ K has total volume 1. Also
X' = x’N7%/2 and we think of K as a subgroup of D} via ju. It is easy to
check that the definition above does not depend on the choice of a. (Indeed,
in the notation of [14], j(c,1)* F(-a) is nothing but Lift(s) where s denotes the
restriction of the section f(z)(dz)®*/? of the automorphic line bundle Q®*/2
to the sub-Shimura variety defined by the embedding of the torus K* in D*.)
Note that there is some abuse of notation here, since L, (F') depends not only
on y and K but also the specific choice of Heegner point.

We will assume henceforth that x is an unramified Hecke character of K.
We show now that L, (F) is a weighted sum of the values of f at the vari-
ous Galois conjugates of the CM point z. Pick y; € K gf such that K =

U?:l(KXUKKOXO)yi where Ug =[], Uy, Uy = the units in K, and h = hg is
the class number of K. Write j(vi) = gi(9v,i-vi), 9i € D*,gu: € U,v; € (D§O)+.
One sees immediately that

bl*—‘

h
1
Ly(F) = 7j(a,1) Zf (vicei)j (vie, ) "X (i) = Z (v, 2) X (i)
=1 i=1
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Since every element in the class group is Frobg for infinitely many primes q,
we can choose y; = (...1,1,mg,,1,...) where g; is prime to p and my is a
uniformiser at q. Now y? € K*(Ux - KX). Suppose y! = 2(xyroo). Then
Too = x~ ! and it is clear that z is a A-adic unit (since zz, = 1 and w, is a
p-adic unit for p any prime above p). Hence x/(y;)" = oMk = (z/Z)F/?
is a A\-adic unit and the same is therefore true of x'(y;).
Let z; = v;z and A,, be the fibre over the image of z; in X’. Then there
is an isomorphism
2 2 2
A, ~ C _ C - C
z

%@[1} (ciz+di)—1<1>oo((’)g,~_1)[1} %(Og;l)[f ]

where ; = < Z Z > From the choice of y; we see that g; € (O ® Z,)* and

hence the A, are all isogenous to A, by isogenies of degree prime to p. Now
it is well known that the A, admit models over Q. Let A; be such a model
for A,, over some number field. We will see below that each A; is isogenous
to a product of elliptic curves with CM by Ok by an isogeny of degree prime
to p. Thus by extending scalars to a bigger number field if required we can
assume that A; has good reduction everywhere and in particular at A. If A; is
the Neron model of A; then H%(A;, A2Q!) is a lattice in the one dimensional
vector space H?(A;, A2Q') and we can pick an element w; in this lattice that
is A-adically primitive. Pick an integer n coprime to p such that ng; leo.
Then we have an isogeny

C? N c L
Do (Og; ) [ : ] @ (Ong ) [ . ] oo (0) [ . }

given by the inclusion Ong; L'« 0. Composing the two maps above, we get
an isogeny ;

— A,

of degree prime to p. Suppose w; = p;dt; A dta on A, . Tracing through the
above maps we see that ¢ (w) = o7 (udty A dbs) = S dty A dty. On the
other hand since 1; has degree prime to p, ¢} (w)/w; must be a A-adic unit.
Hence (Czn;zd)zuﬁ is a A-adic unit. Noting that det(y;) = N(g;)~! and n are

M-adic units we get that 3; = (us/j(7i, 2)%1)*/? is a A-adic unit. Now LM(E) =

; Ly (F) .
h Zz 1 “kZ/Q) "X (yz) and ZX Hk(/z X (yj ) ZX h Zi:l {L(kz/z) ﬂle(yz)x (yj )
= EZ 1 @f(,fﬁ,) ; > X iy D = ﬁ] m . Thus we get the following proposi-

tion:
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ProrosiTION 2.8. 1. % is a A-adic integer for all unramified x
= = 1S a A\-adic integer for all it = h T is a A-adic integer for

all unr&miﬁed X-
2. If pth, then % is a A-adic integer for all unramified x <=

%f,}z) is a A-adic integer for all i.

We now relate p to the period €2 defined in Section 2.3.3. Write D =
K+ KJ for some J € Nix(D*)\ K* so that 7' = —J and 2J = J7 for all
x € K. (This is an orthogonal decomposition for the norm form on D.) Let I
be the fractional ideal of Ok given by I = {z € K : 2J € O}. Since K and
D are both unramified at p, we have O ® Z,, = Ox ® Zp + (I ® Zy,)J . Clearly
we may choose J such that I and NJ are prime to p. The map K x K — D
given by (x1,x2) — 1 + x2J induces on tensoring with R, maps

z
1
_

Let a denote the composite map. For all z € K, xJ = JT; hence
Do (2)Poo(T)(2) = Poo(T)Poo(T)(2) = Poo(T)(2)-

Thus @+ (J)(z) must be either z or Z. Since N7 must be negative, @ (7)(2)
=Zz. Now, for (z1,22) € K x K,

CxC=(KoR)x (K®R) > D®R

B (D ®R) [ if } =C2,

(w1, x2) = Poo(z1 + 2T ) [ i ] =z [ ’i ] S ) [ f]

B [ zxy + J(J, 2)Zx ]
| i+ J(T, %)

and so the same formula holds for (z1,z2) € C x C. (Note that we are using
the fact that j is normalized so that J(®Poo(j(x)),2) = x for all z € K. Also
we write J(J,z) instead of J(®s(J),2).) This shows that « is holomorphic
and hence it induces an isogeny, also denoted by «,

By X Ey=C/Ox xCJIT % — =
2 (0) [ . ]

from the product of elliptic curves on the left to the abelian variety A,. Since
Ok +1J)®Z, = O ® Z,, the degree of this isogeny is prime to p. If wy,
wo are holomorphic differentials on Fy, Fo respectively that are A-adically
primitive, then a*(w) = fw; A we with # a A-adic unit. Note that up to
A-adic units w; = Qdz; and we = Qdxs (since [ is prime to p), so that a*(w) =
O2dzy A dzg up to a A-adic unit. On the other hand a*w = o (udt A dty) =
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pdet < i {]((:77’ ZZ))Z ) dxy Ndxg = 2uJ (T, 2)S(z)dxy A dzg, which shows that

up to a A-adic unit p = (2J(7, 2)3(2)) "1Q2. Now combining this computation
with Lemma 2.5, Proposition 2.7 (applied to G = f?, R = the image in X’ of
an appropriate set of Heegner points) and Proposition 2.8 we get

PROPOSITION 2.9. Let f be an algebraic modular form on I'. Suppose f
18 A-adically integral. Then for all choices of imaginary quadratic fields K with
p unramified in K, Heegner points K — D, and unramified Grossencharacters
x of K of type (k,0) at infinity, the algebraic number
(2m)* Ly (F)?
(21,23 W - T
is a A-adic integer. (F = the adelic form associated to f.) Conversely, if there
exist infinitely many Heegner points K — D with K split at p such that for all
unramified characters x of K of weight (k,0) at infinity, the algebraic numbers

T 2k 2
(2J(T,2)3(2))" - (2)9#

are A-adic integers, then f is A-adically integral.

Note that if the fields K are chosen to be split at p, the mod A reductions
of the corresponding Heegner points give infinitely many distinct points in the
mod A\ reduction of the Shimura curve X. The reader will notice the appearance
of an extra factor h%{ in the first half of the proposition. This comes from the
fact that L, (f) is of the form i( a sum of values of f at CM points), hence
one can only expect the product hy - Ly (F)/QF (and not L, (F)/QF) to have
good integrality properties. Consequently, it will be important for applications
to know the existence of infinitely many Heegner points with class number

prime to p (see Lemma 5.1).

3. Computations with the theta correspondence

3.1. The Weil representation. Let W be a symplectic space of dimension
2n and V' an orthogonal space of dimension d. Then W ® V is naturally a
symplectic space with symplectic form (,) = (,)w ® (,)v. The groups Sp(W)
and O(V) form a dual reductive pair in Sp(W ® V). Recall that we have fixed
an additive character ¢ of Q \ A. If V is even dimensional the metaplectic
cover splits over Sp(IV) and O(V') and we get a representation wy, of (Sp(W) x
O(V))(A) by restricting the Weil representation. Let W = W7 & Wy where W
and Wy are isotropic for the symplectic form. Then the Weil representation
(and hence wy) can be realised on the Schwartz space S((W1 ® V)(A)). The
action of the orthogonal group is via its left regular representation

L(h)p(8) = ¢(h™* ).
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We now restrict to the case when W is two-dimensional so that the Weil
representation is realised on S(V(A)). Let wi, wy be nonzero elements of W;
and Wy respectively and write elements of the symplectic group as matrices
with respect to the basis {w;,ws}. The action of Sp(W)(A) = SLa(A) can be
described by giving the action of Sp(W)(Q,) on S(V ® Q,) for all primes v
and is given by

(5) w5 1) D=0 0800
s () PO =@l etas)

w1 )eBr=wes)

where 7y is an eighth root of unity and yy is a certain quadratic character.
The values of v and yy in the cases of interest to us can be copied from [21]
and are listed below in Section 3.4. Here, ¢ is the Fourier transform:

b(s) = /V £t )t

the Haar measure on V ® Q, being chosen to be self-dual with respect to the

pairing (,)y. (i.e. so that ¢(3) = o(—3)).
Following Harris-Kudla [15] we can extend L to an action of GO(V')(A)
and wy, to an action of G(Sp(W) x O(V))(A) where
(

G(Sp(W) x O(V)) = {(z,y) € GSp(W) x GO(V), v1(x) = va(y)}

and 1 and v» denote the similitude characters on GSp(W) and GO(V) re-
spectively. Define L(h)p(8) = |va(h)|~¥*p(h~13) for h € GO(V)(A). For

(z,y) € G(Sp(W) x O(V))(A) let § = v1(z) = va(y), a = < ! 5 )and () =

zo x4y = o'z, Then define wy(z,y) = wy (M L(y) = L(y)wy (7(1))-

The Weil representation can be used to lift automorphic forms from GSp(W)
to GO(V') and vice versa. Pick any ¢ € S(V(A)). If F'is a form on GSp(W)(A)
one defines the theta lift, ,(F) : GO(V)(A) — C, by

/ Z wy (9,
GSp(W)1\GSp(4)C

for any g € GSp(A) with v1(g) = v2(h). Likewise if G is a form on GO(V)(A)
one defines 0.,(G) : GSp(W)V)(A) — C, by

Zc% g,hh

0o(F)(h) = F(gg)d"yg

0,(G)(9) = )| G(ri)dDh

/GO(V)(1>\GO (V)(A)®
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for any h € GO(V)(A) with v1(g) = vo(h) and GSp(W)(V) is the subgroup of
GSp(W)(A) consisting of those elements g such that v1(g) = v2(h) for some
h e GO(V)(A).

3.2. Theta correspondence for the dual pair GL(2) x GO(D). We now
consider the case V = D equipped with the quadratic form (31, B2) = 1 3% +
BiBs. Let p: DX x D* — GO(D) be the map p(B1,32)(8) = 81865 "'. Then
p surjects onto H, the identity component of GO(D). As mentioned above
the Weil representation on S(D(A)) can be used to lift the adelic form F' on

GLy(A) associated to the normalized newform f from Section 2.2 to a form
0,(F) on GO(D)(A). If g is any element of GLa(A) such that v1(g) = va(h),

0,(F)(h) == / F(gg)dVyg.

GL2(Q)W\GL2 (A)®

[Z wy (99, h)p(x)
xeD

This lift depends on ¢ € S(D(A)), the choice of which will be very important
in what follows. We make the following choice for ¢: ¢ = ®4¢,, where

= ! I for finit i
= ’ , 10T 1Inite primes g,
Pq 01((0, Zq)x) 0'QZ, p q

oo (B) = LY (B)ke 2R IXBF+Y (D)
T

where for § = < ‘Z Z ) € My(R) = D®R, X(8) = L(a+d) + £(b—c) and
Y(B) = 3(a—d)+ %(b+c). This is very close to the choice made in [43] except
for the place at infinity. It ensures that the theta lift is holomorphic in both
variables as opposed to holomorphic in one and antiholomorphic in the other
when pulled back to a form on D*(A) x D*(A). We now summarize some
results from [43] with the modifications required to account for our different
choice of Schwartz function (at infinity).

Let m; be the automorphic representation on D*(A) associated to
7y by the Jacquet-Langlands correspondence (realised as a subspace of
L? (Dy\Dj, 1)) and ¥ the adelic form in 7y corresponding to the arithmetically

normalized newform g from Section 2.2. Also let 9;,(F ) denote the pull-back of
0,(F) to D*(A)x D*(A) and ¢’ = wy(Jo, (Jo, 1)) where Jp = < (1) _01 ) €
D*(R) = GLa(R). Thus @ (8) = X (8)tc 2 X+ OF) and ¢, = g, for
all finite g. By [43, Chap. 2, Thm. 1], 0, (F) = ¥’ x ¥ where ¥’ is some
scalar multiple of U. Note that this only fixes ¥/ up to a scalar of absolute

value 1. However by requiring further that W' (87) = ¥'(3), ¥’ is fixed up to



INTEGRALITY OF A RATIO OF PETERSSON NORMS 923

+1. Then 0,(F)(B1, 82) equals

/GLQ( AYm 4 wa (99, p(B1, B2)) () F(93)d Mg
/ ZW¢' 99, p(ﬁl’ﬁQ))ww(jO,(jo, )) ( )F(ggjo)
GLy(A)™ 2

_ / wa 9370, p(B1J0, 32))¢' (2) F(95.70)d)
GLo(A)D

=0 (F )(51~70,ﬁ2):‘11’(51\70) "(B2) = W' (81) W' (B2)

where det(§) =v(81)v(82) . Thus 6,(F)=¥'x¥". Now define F': H(A) — C
F'(p(B1,82)) = W'(B1)¥'(B2). By see-saw duality (see [23] and [15]),

(6) (0p(F), F') = (F,0,,(F))

where 0L (F") is the theta lift of F' to GL(2), given by

0! (F’ ::/ ,hh)g
GG = [ [ZwM

with b € H(A),»(h) = v1(g). By a computation similar to the one given
above, it is easy to check that pr(ﬁ)(gjg) = 0L, (F")(g) where F"(f1,3) =
W'(51)W'(B2). Further, by the computations in [43, §2.2.1], 6L, (F")(g) =
(W', W) F(g), whence 0L (F")(g) = (¥, V')F(gJ) = (¥, ¥')F(g). Substitut-
ing this in (6) we see that (¥, U)2 = (V' W'\(F, F), whence (¥/, ¥') = (F, F).
The key point will be to show by Proposition 2.9 that ¥’ is the adelic form
associated to a p-adically integral form on D*.

Let j : K — D be an embedding of an imaginary quadratic field K in D

)| F'(hh)dVh

corresponding to a Heegner point with p unramified in K. Recall that such an
embedding gives an algebraic map K* — D* and hence a map ju : K — D).
In what follows we think of K as a subgroup of D} via this embedding. Let
X be an algebraic Hecke character of K of weight (k,0) at infinity and let x
denote the corresponding Grossencharacter at infinity (i.e. corresponding to
the identity embedding of K in C). Also, define ' = x"N=F/2 Recall also
(see (4)) that we have defined L, (') to be the integral

L(W) = j(a)* V(za)y (@)d"a
K*K\K)

for any o € SLa(R) € D*(R) such that a(z) = z. Note that there is some
abuse of notation here, since L, (¥’) depends not only on x and K but also
on the specific choice of Heegner point. We assume henceforth that y is an
unramified Hecke character of K. B
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We now compute L, (¥')? by a method of Waldspurger, as in [14]. As
in Section 2.3.4 write D = D; + Dy where D1 = K and Dy = K7 is the
orthogonal complement to K for the norm form on D. Then the identity
components of GO(D;) and GO(Dz) are both equal to K>, and the identity
component of G(O(D;) x O(Dz2)) is identified with G(K* x K*). The map
p: DX x D* — GO(D)? = H sends K* x K* to (G(O(D1) x O(D2)))° =
G(K* x K*), and this map is nothing but (z,y) — (zy~', 27 !). Note also
that x'(zy) = X' (27 )X’ (yy) = X' (zy~!) since ¥/, being unramified, implies
X' (yy) = 1. Let Ty and T% denote the tori GO(D;)? and GO(D2)? respectively
and T be the torus G(T} x T). Now,

L (W) = j(a, )2 / 0, (F) (zer, ya)x (ay)d* zd*y
(KX KX\K)?

1 j(a, 1)

], vol((O @ Zg) ™) /T«@)T(R)\T(A)

090// (F)‘T(A)X/(b)dx ade

where a is the variable on Ti, b that on T3 and ¢” is given by

(p;’ =vol((0' ® Zq)x)cpq = loigz, for finite g,

Ol (2 =21+ 22T) =Too (@ ') = Tpoo (@ z10 + (o 200) (71 T )

= (Y(a_lxzjoz))ke_ZW(N(leN(mQ)'N(j)|)-

Let C = %Hquw(q + 1) [, n- (g —1). By see-saw duality (see [14, 14.5 and
§7.3], this last integral equals

C-¢@ila [ P(0)0 (1) 1ae) (0)d .
Z(A)GL2(Q)\GLz2(4)

Note that 8, is a priori defined only on the subgroup G(nx) = {z € GL2(A),
det(z) is a norm from K }. We extend it to a function on GLy(A) by making
it left invariant by GL2(Q) and extending by zero outside GL2(Q)G(nx) which
is a subgroup of index 2 in GLa(A).

Since D = Dy + Dy, S(D(Af)) = S(D1(Af)) ® S(D2(Ay)). Note that ¢
is of the form o1 ® @ooy. However this is not necessarily the case for finite g.
For each finite ¢ write (p;’ = Zz’qelq ©q,ig1 @ Pqi,,2- Then

(7)

L ()2 =C-j(a,i)® - ¢(2 F(g)6! NG
(W) =C (i) ()r% / e, PO e,y (V6

Q\G(A

O (0002 (X)) g

where G = GL(2) and 6, (1) and 67, (x) denote theta lifts from the groups
GO(D1)°(A) and GO(D2)°(A) respectively to GL(2). In the next section we
will study the Fourier coefficients of the cusp form 9;2 (x) and explicitly identify
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the form 0], (1) as an Eisenstein series for ¢1 and g in S(D1(A)) and S(D2(A))
respectively.

3.3. Theta functions attached to Grossencharacters of K and the Siegel-
Weil formula. We first derive an explicit formula for the Fourier coefficients
of 0};2 (x) for any ¢y € S(D3(A)). Let K1) denote the kernel of the norm
map N : K* — Q*. Recall that we have picked (in Section 2.3.4) a Haar
measure d*z on K such that vol(K* KX \ K;) = 1. The norm map induces
amap N : K*(R*)"\ K — Q*(R*)" \ Q) whose kernel is identified with
KxW \ K[ W We pick d;h to be the unique measure on K 1) such that the
quotient measure on KxW \Kg(l) satisfies d*x = d{ hd¢. (Thus the volume

of K*M \Kg(l) with respect to this measure is 2.) Let g € G(nx) and h be

any element of K with N(h) = det(g). Then one sees that

0L, (x')(g) = /me\me (Z wy (9, hﬁ)w(mj)) X' (hh)d; h.

zeK

We split this into two terms, one corresponding to x = 0 and one corresponding
to all other = € K. Thus 6, (x")(g9) = Io + I, where

= / Wy (g, W) 2 (0)X (hh)dh,
](><(1)\](1§<(1>

— ~ _ I
= /Kx(l)\KAx(D Z Z w¢(g> hh)‘:OZ(a'}’j) X (hh)dl h.

GEKW\K* neK (D)

Note that wy(g, hh)p2(0) = wy(1, h)wy(g, h)p2(0) = wy(g,h)pa(h™t - 0) =
wy (g, h)p2(0) is independent of h. Then, since x/| .« is nontrivial, we must
A

have Iy = 0. Hence Gég(x’ )(g) is given by the expression

oo | 3 3 wulo ™ R | W~ Ry

GEKMW\K* neK (D)

- Ax(l) Z ww(ga hﬁ)@2<d\7) X/(hil)dfh

GEKM\ K

= > [ (V) ) svterireaoman

GEKM\K

_ €0
- > (5 7))
EEN(KX)
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where

Then for any = € Ag, by (5),

(o 7)0)=foaat( 7)o mmeanmiin
—@ow (o 7 )9)-

Let Wy (g) = W (( N(g)_l (1) >g> so that W, (( (1) . >g) _

w(m)W(;’i (9)- Then we have the following Fourier expansion for 67, (x’)(9):

_ ) £ 0,
o= X w (50 )9)
£eQx
N(J)~16EN(KX)

Wi @= [ e (Y97 1) 0nh) ot wipaz.

where h is chosen such that N(h) = N(J) 'det(g). Now let U(gl) be the
group of norm 1 elements in (O ® Zy)* if ¢ is finite and Ul = KOXO(I). Let
d*h =[], d*hg be the product measure on K§(1) where d* h, is the measure
on Kél) that gives Uq(l) volume 1 if ¢ is unramified in K or ¢ = co and volume

2 otherwise. It is easy to check that the measures d;'h and d*h are related by
dlxh = %dxh where hg is the class number of K. Thus, if 3 = ®4p4.2, and

9 =11, 9> then

8) Wy

©2 ¥2,q

9) Wy (9)= /K % (( N?‘l (1) ) g,hqh> 2(T)xg(hqh)d* hg

¥2,q

1 ba
(9)= e l;[ Wo™ (9q) where

if N(J)"'det(g)=N(h), for some h € K®Qy, and is equal to 0 if N(J) " det(g)
is not a norm from K,. Note that while the local Whittaker coefficients depend
on the choice of 7, the expression in (8) is independent of the choice of 7.

On the other hand, by the Siegel-Weil formula (due in this case to Hecke),
the theta lift of the character 1 is an Eisenstein series. More precisely, one has
([14, Thm. 13.3))

PROPOSITION 3.1. Let p1 = ooy ® (@gpq,i,1). Then 0, (1)(g) = the
restriction to G(ng) of E(0,®, g) where E(s,®, g) is the Fisenstein series cor-
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responding to the function

®=3, : BQ)\GLy(A) — C,
P(g) =wy(g,9")e1(0) if g € G(nx)

where g’ € K is any element such that N(g') = v1(g) = det(g), and

o (4 0)9) =mldlali®a) for g € GLas)

Define °(g) = [la(g)||*~/2®(g), where g = n(g)a(g)k(g) in the NAK

ai

decomposition, and || || = |ai/az|. Using the proposition and un-

folding the Eisenstein series in (7), we find (as in [14, §14.6]; see also [20]) that
L, (V")? is the value at s = 1/2 of the analytic continuation of

(@) -C- jaz%z/ WEGW (ng)

A)\GLa(A 00,280(®q0q,iq,2)

(pﬂooo 10(®qq, ig,1 (g)

) 1)
C) Z/A)/XW <<O 1>k>W¢mz®(®qwqq2>
—a 0 s a 0 -1
. (( 0 1 > ]{?) ¢§Ooo 1®(®q<‘0q i ) << 0 1 ) k) ‘a| an dk

where 7 = < _01 (1) ) K(A) = T, Kq(A) with Ko = SO2(R), K, = the
maximal compact GL2(Z,) for finite ¢ and the measure dk is chosen as follows.
Let dk,, = df on SO2(R) and dk;, be the restriction of the measure dg* to K, =
GL(Z,) so that vol(GLa(Z,) with respect to this measure is (;(2)~1. If 7" is

the torus consisting of matrices of the form < g (1) ) , then Z(A)N(A)\GL2(A)

is identified above with T"(A) x K(A). The quotient measure associated to
the Tamagawa measure dg* is easily seen to be identified with the measure
la|~*d*adk’. Then dk is defined to be the measure on K(A) given by dks, =
dky, and dkq = (4(2)dky, the product [, (4(2) = ((2) accounting for the loss
of the factor ((2) above. It follows that L, (¥’)? is the value at s = 1/2 of the
analytic continuation of % “Loo X [] g<oo Lg Where



928 KARTIK PRASANNA

0 —a 0
oo [ s (3 2 (32
(o9) k. Jrx D 0 1 0oco.2 0 1
X (( 0 (1) >k> la| 'd*a dks,
_ v, ((a 0 : —a 0
= o S (002 i (V)

s a 0 -1
. (IJQPWQ_’1 <( 01 >k>]]a| d*a dkq,

and the local measures dko and dk, are such that vol(SO2(R)) = 27 and
vol(GL2(Zg)) = 1.

3.4. Computation of the local zeta integrals Ly and Lo,. We list below
the values of v and xy at the various local places, for the following choices
of V: V.= D,K,KJ. The reader can find these computed in [21, Chap. 1,
§1]. Let —d be the discriminant of the field K and nx the quadratic character
associated to the extension K/Q. We assume that d is odd to simplify the local
calculations at the prime 2. In the application of interest this can be arranged:

XD 7D XK YK XKJ TKT

g1dN,splitin K 1 1 1 1 1 1
gtdN,inertin K 1 1 NK 1 NK 1
g| N+ 11 1 1 1 1
q| N~ L -1 nK 1 nK —1
qld L1 nK G nK G2
q= 00 1 1 a~—aflal i a—aflal —i

where we will only need the fact that (;(o = 1.

We now make some reductions in the case that ¢ is unramified in K. In
this case 0’ ® Z; = Okgq, + 1T for some ideal I in Ok, . Thus ¢, = p1 ® o,
where ¢ is the characteristic function of O ® Z, and ¢ is the characteristic
function of 7. Note that K, is generated by the matrices

1 =z a « 0 1
(10) < 1), x € Ly, ( b)’ a,beZ; and <_1 0).

We first compute the action of these matrices on ;. It is easy to see that

Wy (( ! T >71> p1r=1v(@N())p1 = @1

ww<(“ b),c><p1:<p1(a-):<p1 if N(c)=ab
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s a 0 s— a 0 s 7 —
Hence @7, << 01 >k> = |al 1/2<I><p1 << 0 1 )k) = |a|*wy (k, h)p1(0) =

la|*p1(0) = |a|® (here A is any element with N(h) = det(k)).
Next we compute the actions of the matrices above on 3.

Wy << ! f > 71> p2=1(@N(-))p2 = p2,

Wy (( ¢ b ) 7C> p2=pa(a-) = p2 if N(c) = ab,

W) << _01 (1) >71> ¢2:C¢27

where ¢ = 1 unless ¢|N~ in which case ( = —1. Let r =0if ¢t N and r = 1
if ¢ | N. Since O’ ® Zy = Oggq, + 17, taking discriminants shows that we
have an equality of ideals (¢)" = NI - NJ. Now it is easy to compute that
@9 = q~ "+ (char. function of ¢7"1.J). Thus if r = 0, Wgé is right-invariant

under K. If » = 1 we show that WQ: is right-invariant under the subgroup
2

Fo(q)—{<i Z)e[(q, ¢=0 mod q}.

To check this note first that I'g(q) is generated by matrices of the form

1 =z a « 1 0
(O 1), T € 2Ly ( b>’ a,b € Zq <y 1), Y € qZyg.

So it will suffice to check that g is invariant under wy, <( ; (1) > ,1> with

Lo(q), where

Y € qZg. Since

(-GG 7))
(82 (4 8) (5 7))

But

w((§ 7)) et =vGuts ~)e(-1)
— (YN (ONT)pa(—1T) = Ga(—17),
(1) A0 = 1T € éw = —yNONJT € (@)(1/)NI(NT)
=74y = P(—yN(EHNT) = 1.
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wo (3 ) 1) etnr=can () §) 1) aacen

=(20y(—tT) = pa(tT)

Hence

which proves our claim that We is right invariant by Io(q). We now write
down a coset decomposition for GL2 (Zg)/To(q):

qg—1
Ky = GLa(Z,) = To(@)U || ( coL ) Po(g).

z=0

Thus, in any case,

Lq:/ / W (( g (1) >k> Wy << _0“ (1) > k:> la* ' dkd*a

_q+ [Il—"_IQ] where

a 0 —a 0 s
Ilz/XW§;<O 1)ng;< ) 1)|a| ld*a

q—1
B Yy a 0 z 1
=X (G ) ()

z=0 q

q —a 0 z 1 s—1 3%
w (0 1) (o))
e 0 a Wy 0 —a o

:q/XWF,q<1 O)W%z(l 0 >\a| Ya*a

q

. +a 0 z 1 _ 1 Faz 0 =a Suppose I €
e o 1)\-10) 7o 1 ~1 0 )7 PP

(K ® Q,)* is such that N(h) = —(NJ) 'a. Since

wy (( _(Ng)_la [1) ) mﬁ) p2(J) = [(NT) " al Poa(=(NT) alhh) 7 T)

we see by (9) that

—a

i (] )= [ v iy

X' (hh)d*h,
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if n,(—(NJ) ta) = 1 and is equal to 0 otherwise. Likewise, since ( 0 —a ) =
—a 0 0 1
0 1 -1 0 )’

(12)
Wy

Y2

(& 3 )=awa e [ e-vg) athi)

(KeQ,)™
X' (hh)d*h

if ng(—(NJ) ta) = 1 and is equal to 0 otherwise. As for W}bz < g (1) ) and

W}p"q ( 8 (1] ), the reader is referred to [43, §2.5] where the following formulae

have been worked out. For ¢t N, my(f) >~ m(p1, p2),

¢, (a0 > 1/2 1 (agq) — p2(aq)
13 w = |a Iz (a).
1) F’q<0 1) = ) e
For ¢ | N, my(f) ~ o(| - |21, | - | 737 (with t, satisfying ¢!« = 1),
Pq a 0 it
(14) Weal o 1 ) =lal™lallz,(a),
Pq 0 a it
(15) wi (0§ )= lal el (o).
For g = oo,
(16) W;ﬁz:o < 8 ? ) — ak/2€_27ra]IR+ (a)e_ikg'

We now evaluate the local integrals L,. We will often drop the subscript
¢ in the following sections (e.g. we write x instead of x, etc.) Also we will use
formulas (11) and (12) repeatedly without comment.

3.4.1. q{dN, q split in K. Identifying Ox ® Z, with Z, x Z, suppose
that I = (¢"™,q ™). Then (NJ) = (¢™*"2). We have seen that in this

case W:}“ is right invariant by K. Identifying (K ® Q)™ with Q x Q, let

h=(t,t7') and h = (1, —(NJ) 'a). Then @s(—(NJ)ta(hh)1T) # 0 <
(NT)ta(hh)™t € I < —ny < vy(t) < —n2 + vy(a). The character x’
restricted to (K ® Qq)* = Q x Q is of the form (A, A7) since x'|Q} = 1.
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Then We: < —Oa (1) ) equals

I, (@) |(N.7) " a[ V2 / Yt~ (NT) at =Yt

—n2<vg () <—na2tv,(a)

=Iz,(a)|(NT)a| PATH(=(NT) " a) > Mg)™

—na<n<—ny4vg(a)
ni—"no A(aq) B )‘_l(aq)
Aa) = A71(q)

Now, W}pf’q is also right invariant under Ky. If mq(f) ~ m(p1, p2), by (13),

_ [ gr2ialad) — pa(ag)
Lq /@;| | pi(q) — p2(q)

=Tz, (a)|(NT) "Lal/2A(q)

Mag) — A" (aq)
Ma) = A7)
= |(NT) YA (q)™ T2 Ly (25, ) "L Ly (s, TF® Tyr)
where 7, denotes the automorphic representation of GL(2)) associated to x’

by Langlands functoriality (so that Lg(s,my) = Lx(s,x’)). The last equality
above follows from a standard calculation. (See [20] for instance.)

(NT) " al' PA ()™ Iz, (a)la|*~"d"a

34.2. q t dN, q inert in K. Let q denote the unique prime ideal in
Ok ® Z, and suppose that I = q~", so that (NJ) = (¢**). Note that
W(;i" < —Oa (1) ) = 0 unless —N(J) 'a is a norm from K ®Q,. Since (NJ) =
(¢°™) and q is unramified in K, this happens exactly when vg(a) is even. Now
0o(—(NT)ta(hh)1T) #0 < (NJ) ta(hh)™t € I < wvy(a) > 0.
Since X’ is unramified and the norm 1 elements in K ® Q, are all units, x’
factors as Y/ = y o N( K®Q,)* /O for some character y of Q. Hence

2n)

—a 0 _ -
WT/’q < 0 1 ):/(K - ‘(Nj) 1a‘1/2xl(hh)d><h'H{vq(-)zo,z() od 2}(@)
®Q,)

evzz
=|(NT) "l 2X(=(NT) " a) - L, (20,20 moa 2}()
_ (N ) La2 k) (ag) — X(aq)
(NT)™al (xnx)(q) — x(q) ,(4)
since X’ unramified implies x(—NJ) = 1. Again, W;f"; is right invariant under

(aq)

qu(a)|a|5_1dxa
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3.4.3. ¢ | Nt. Writing O’ ® Z, = Ox ® Zy+ 17 and taking discriminants,
we see that (¢) = (NI)(NJ). Identifying O ® Zg with Zq x Zg, let I =
(g™ ,q™ ™), so that (NJ) = ¢™+™T1. Also we may suppose that the local
representation 7y, is equivalent to the special representation

o] - |3He, |- 73ty
(with some ¢, satisfying ¢*"s = 1).
We begin by computing [1. Identifying (K ® Q,)* with Q7 x Q, let
h=(t,t7') and h = (1,—(NJ) 'a). Then

@a(—(NT)a(hh) '\ T) # 0 < (NJ) la(hh) ™ €1
= —ny Sg(t) < —np — 1+ wg(a) = vg(a) = 1.

The character ' restricted to (K ® Qg)* = Qy x Q is of the form (A, A7

since x'|Q; = 1. Hence W;i q2 < —Oa (1) > is equal to
qu(a/q)|(Nj)_1a|1/2/ e XN
=1z, (a/Q)|(NT) " a| A" (—=(NT) " a) > Ag)™
—n2<n<—no—14v,(a)
_ e AMa) = A7 1(a
Iz, (a/)| (V) ol AR =T

By (14), I; equals

ity _ iy AMa@) = A7
[ttt @v7) gy e =2

Aag) —

q

- /@x |ag|"|ag||(N.7) ™" aq|"/*A(q)™

— || 2 Fitgts -11/2 n1—ny titg+s
=|qglz2"" NJ Mg / al2
NN | el O

_ g 2 Mg (NT)TH2A(g)m .
(1= () M@)g =) (1 = (2)7 A -1(g)g*)

We now compute /5 noting that

Po(—(NT)La(hh)1T) £ 0 <= (NJ) la(hh) ! ¢ %I

= —ng — 1 <y(t) < —ng +vy(a) = vy(a) > —1.
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. . . 0 - :
Since @9 takes the value % whenever it is nonzero, W™ < 1 Oa > is equal
P2 —

to

L@V A Y A
—ny—1<n<—na—+u,(a)

AMag?) — A" Hag?)

Mg) = A "q)

_ énzq (ag)|(NT) " a] /27 (q) "
By (15), I equals
g /@ ; ~laf"laglTz, (ag) £ [(N.7)al'/
Mag?) — A" aq?)
Mg) — A "1(q)
= [ ot lole, @I ) /gl

q Aag) — X' (aq)
AMg) =27 (q)

g

Iz, (ag)|al*~'d*a

“Alg)m Iz,(a)|a/q* " d*a

1 _ _ 14 Aag) = A7 (ag)
_ ity—s 111/2 ni—nso +it,+s X
= —|g|27"s NJ Mg / alzT"a Iz, (a)d"a
e e R e R
a9
(1= (3" A(g)g=)(1 = (5)2 " A"L(q)g*)
Finally, since L, = q—Jlrl[Il + Ip] and ¢ = g~ we get
g atitg s _ 428
Ly= | V)N U
q+ (1=(5)="AMa)g™*)(L = ()2 A" Hq)g ™)
1 — ni1—ng , —=4i —
== g (NI A T Ly 25 m) T Ly, 7y @ )

3.44. q| N~. Again, O'®Z; = Oxg @ Zy+ 1J for I an ideal in Ox ® Zj.
Let g denote the unique prime ideal of O ® Z4, and suppose that I = q~".
Taking discriminants yields (¢) = NI(NJ) so that (NJ) = ¢** 1.

We begin by computing /7. We may suppose that the local representation
71,4 is equivalent to the special representation o (|- ﬁ”t% |- |7§+itf1) (with some
—a 0
0 1
a norm from K ® Q,. Since (NJ) = (¢*"*!) and ¢ is unramified in K, this
happens exactly when v,(a) is odd. Now @o(—(NJ) ta(hh) 1) # 0 <=

t, satisfying g%« = 1). Recall that W, < > = 0 unless —N(J) 'a is
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(NJ)ra(hh)~™t € I <= wvy(a) > 1. Since x’ is unramified and the norm—1
elements in K ® Qg are all units, x’ factors as x' = x o NV, (KeQ,)* /gy for some
character x of Q. Hence

—a 0 - 7
Wi, < 0 1 >:/(K®Q o D) Yl X (R Ty, ()21 =1m0a 23(@)

=|(NT) a2~ (NT) " a) - Ty (21,21 moa 23(0)
=|(NT) " al"?  L;y, (y51.21 mod 2) (@)
since vy(—N(J)"ta) =0 mod 2 = X(—(NJ)ta) = 1. Thus

L :/@X la|"|allz, (a)|(NT) a2  Ig, (15121 mod 23(a)]al**d*a

q

B /QX |(Lq|itq |aq‘HZ‘1 (aq)|(Nj)_1aq’1/2 ’ H{vq(')Zl,El mod 2}(GQ)|QQ|S_1dXCL

q

=|q|z Tt (Ng) 2 /@X Ly, (120,20 mod 2}(a)|al2 T F°d*a

q

|q’ 1tit, +S|(Nj -1 1/22 +itq+5)2n
n=0 q
1

(1= (3)stitags)(1 4 (D)ititag—s)’

Next we compute Is. Now P2(— (Nj)*1 (hh)~1T) #0 < (NJ) ‘a(hh)~!
cq ' < v(NJ) ta(hh)™1) > —n — 1 <= v,(a) > —1. Since ¢y takes

o 0 -
the value + whenever it is nonzero, Wg} ! ( “ > equals
q 2} —]_ O

_ |q’§+z‘tq+s|(Nj)—1|1/2

1 - ~
- 5/(K®Q Yo ’N(j) 1(1‘1/2]1{%(')2*1,51 mod 2}(G)X/(hh)d><h

1 _
= —5|N(j) La] 211, ()5 1=1 mod 23 (@)

since vy(—N(J)"ta) =0 mod 2 = Y (—(NJ) ta) = 1. Thus, I is equal to

| | ) o
q/@x (~lal™aqlIz, (qa)) (—EN(J) tal Ty, ()2 1,21 mod 2}(a)> lal*" d*a

q

a,; .
-/ <’§|tq|a|ﬂzq(a)) (V41210021 moa () 210

=l IN) I a2 ey (@)

q

1
(1= (3)atitags) (14 (3)Fitag—)

=lglz o (N T)
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Finally, since L, = qul[Il + 1], we get

R ST S VT 1 it A
q= 1, 1,
¢+1 (1= (5)2 =) (1 + (5)2 g ™)
L g d )
qg+1 (1-— (%)%—l—ith—s)(l + (%)%—i—itqq_s)
1 1L
— _q T |(Nj)—1|1/2q—5+th+qu(2s’ nK)_qu(S, T ® 77)(’)-

3.4.5. q ramified in K, i.e. ¢ | d. In this case D ® Qg ~ M>(Qy). Since d
is odd, vg(d) = 1. Suppose that K" := K ® Q; = Qq(,/€q) where € is a unit in
Zgq. Then the embedding ¢ of K ® Q, in D ® Q, given by

(4 4)

eq 0O

sends O ® Zg to Ma(Zg). 1If j : K — D is the embedding corresponding
to the Heegner point chosen, then j and ¢ are conjugate by an element [ of
GL2(Qg). We claim that they are in fact conjugate by an element of GLy(Z,).
To prove this, note first that we can assume that det(3) has even valuation

by replacing 3 by < 6(; é > B if necessary and then that v,(det(5)) = 0 by

dividing 8 by a suitable power of ¢q. Let G = < Ccl 2 ) Then

1 0 1 _ . —abeq +cd  —b*eq + d?
B ( eq 0 A = (unit) a’eq — c? abeq — cd € Mo(Zy).

Since —b%eq + d? € Zg, both b and d must lie in Z,, and likewise for a and c,
which shows that 8 € GLa(Z,) as required.
Note now that we have two different decompositions of D ® Q, : D ®
. . 1 0
Qg = J(K') + j(K")J and D ® Q = ¢(K') + ¢(K') < 0 -1 >, that are
conjugate by 3. Let T3~ = ¢(yo) ( (1)

N(J) = —N(yo). Now, if 7 denotes the uniformiser ,/eq,

_01 ) for some yp € K. Then

iz =S o (on+ ) o (on L) (1 ).

7=
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Since 8 € GLy(Zy), My(Zy) = B My(Zy)3

(g i B i\ (1 0
:1':0(5 1¢ﬂ) (OK"F;) X (5 1¢ﬁ) (OK"F;) B < 0 —1 )ﬁ
! i i
:;j <OK’ + ;) X J <OK’ + ;) Jyo T

Thus ¢, = Zf;& ©1,; ® @24, where 1 ,; = the characteristic function of
Or + = and 2; the characteristic function of (O + =)(yy 17). While the
individual terms W:ﬁ" . CI’fpl . are not invariant under K, we see that the sum

P24 ’

> I/V%q2 - @7, , is in fact invariant under Kén) = {g € Ky, nk(det(g)) =1}. It

suffices to check that > i 91, @ is invariant under the action of the matrices
1 =z 0 1 a 0 M
(0 1>,<_10>and<0b)eKq.F1rst,

1 _
w¢(< 0 916 ) ) (01 ® p2.0) (t1, tayy *T)

= P(zN(t2))(@N (t2) N (yg ' ) (P14 © p2.) (1, tayo T )-

If V1, ® (pgﬂ'(tl,tooj) #£ 0, then t1,t € O+ + %, hence N(tl) — N(tg) € Ok
and ¥(zN(t1)) (N (t2)N(yy ' T)) = ¥(z(N(t1) — N(t2))) = 1 which shows

1 =z .
that wy (( 0 1 > ,1> (91, ® p2,5) = p1,i @ 2. Next, since 1 (a)? =1,

a 0 ) .
LU’L/J <( 0 b > 7C> (90172 ®90271)(‘7'):(S0177,®<P2,7,)(CLC 1'70/6 1.)
=©1,; QP2 j

L a 0
where ac™'i = j mod 7. Hence W) (( 0 b ) ,C) (D201 ®p2i) =01, ® P2

Finally, since (1(2 =1,

0 1 R .
o (( 10 ) ,1) (91,6 ® p2,0) = P1,i @ P

We now compute ¢1,; and ;.

Bra(y) = /D o Pralalis. s = /@ s

=) [ s = oG [ (s

K®Qq

This integral is nonzero <= (Tr(sy’)) = 1 for all s <= Tr(sy’) €
Zg for all s <= y' € ! <= gy € 77!, in which case the integral is
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equal to ﬁ. Thus ¢1; = %1&((%, y))char. function of 7~

\[w( (% -))char function of 7!y, 1 7. Then Z (¢1.0 @ P2.i)(t1, tayy T T) = 0
unless t1,t2 € 771, in which case it is equal to 7 LS (L, (t1 — t2))). Suppose
t1 —to =+ % with o« € Og-. Then

() ()

Thus ) (41, ® @gvi)(tl,tgyoflj) is zero unless t1,ty € 7! and t; — ty € Ok
in which case it is equal to 1. Clearly then, > ,($1,; ® $24) = >, 1, ® @2, as

L. Likewise, p2; =

required. This proves our claim that ), W, - @7, , is invariant under Kén).
#2,i "
Thus

Yy Yy —a 0 s a 0 -
Lq:/ WFq( ) {ZWQQ,Z < 1 )q)‘Pl,i < 0 1 >} ’a’ 1d><a'

a 0
01

—a 0 s—
L, :/ Wg;( 0 1 >W9;20 < 0 1 > la]*~td*a where

q

But ®¢, < ) = |a|®*0p;. Hence

W, (30 1)) =10 el [ () ath) )

(K®Qq)®
x'(hh)d*h

for any h € K ® Q, with N(h) = —aN(J)~" if ng(—aN(J)™') = 1 and
is equal to zero if ng(—aN(J)~!) = —1. Suppose the former holds. Since
ni(=N(J)™Y) = 1, in this case nx (a) = 1. Now, @a0(—(NJ) ta(hh)"1T) #
0 < v(—(NJ)ta(hh)'yy) > 0 <= w,(a) > 0, in which case it is
equal to 1. Since x’ is unramified, X’ = Y o N for some character y, and
X' (hh) = x'(h) = X(N(h)) = X(—aN(J)~"). Now x is a priori defined only on
the subgroup N (K ™) of Q. But it extends, in exactly two ways to a character
of Q; . Denote the one which is trivial on the units of Z; by x. Then the other
extension is ynx and in any case,

W, (3 1)) = G mel@)N() el PR-aN () i )
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since the volume of (K ® Q)" with respect to the measure d*h is 2. If
Tfq = F(M17M2)7 then

Ly=IN(T) "2 (=N(T) )

| /@ Wiy (g 3 ) Il (@) + R @lal* Tz, (@)

=|N(~7)1!1/2>~<(—N(»7)1)/@X

q

0 e
Wegq ( g ] > \a|1/2x(a)]a\ 1]Izq(a)dxa

=N RN [ s
1

_ —11/25¢_ -1
=N XN ) G o ma ) (1 = me@xma)

=IN(T) R (=N(T) ) Lo (28, mm) ™ Ly(s, 15 @ ).

3.4.6. ¢ = co. In this case it is easy to check that wy(kg)p1 = —e iy

and wy,(kg)p2 = —e' D00y Since Wﬁj:o(g/ig) = elk‘gW}f’jo(g) we have

Lo, = (27r)j(a,z)2k/x Wi < g (1) >W9;° < _0“ ? ) la|*'d*a, with

Poo,2

Wy ( a0 ) V) [ (V) (b))
0 1 (KQR)® ’
N (hR)E B,

h being chosen such that N( 1) = —(NJ) 'a. Such an h exists only if a > 0
in which case we may choose h = \/—N(J)~'a. Suppose h' = hy + 1he where

a lj(h)a = < Zl —th >7 and y = y1 + 1 where a 'Ja = ( yiooy2 >
2 1

Y2 —Y
Then

Poc2(—(NT)1alhh) ' T) = poea(BhT) = ¥ (0~ j(R)hT @) 2N INGE)
— yk(ﬁlﬁ)kef%ra'

Since Y. (hh) = (Wh)/? . (H’f:z)*k/2 =nk

Wi (o)) e @IV a2y vy e [
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Thus
. 2k, k —1‘7OOE—2 k£l 9o -1
Loo = (2m)j(a,2) "y " (—(NJT) ") 2 / aze " a2 e " d*a
0

— @) (0, )Py (—(NT) ) T <k bsm _>

—\ k
. J(j,z) _ -1 k?l 27T s_l
_( S0 ) (—(NJ)™Y) —(M)m_%r(m 2).

The last equality follows from the computation: —y = J(a 'Ja,1)
J(a 1, 2)J(T,2)J(a,1) = $(2)J(T, 2)J (a,2)? since J(a™1,2) = Jgoz_l,ozi) =
J(a Z)_ = J(a,1)3(2). Thus yJ(a,2)? = —S3(2)J(T, 2) - J(a,1) J(a,1)?

3(2)7tJ (T, 2), as required. Finally, noting that J(J,2)J(J,2) = —N(J)
(since () = 3(2) = 8(72) = NII(T, 2] 23(2)) we ot

(3(2)J(T, ) Lo = (—NJ)'“”(—NJ)‘I/Q#F <k b5 %) |

3.4.7. The final formula for L,(¥')?. Putting together the results at all

primes, and evaluating at s = &

5, we have:

THEOREM 3.2. Assume that K has odd discriminant. Then, up to a
p-adic unit,

(13(:) (T, ) L) = hK H Tk K>-1L(§,m®w>.

Let ¢’ be the classical modular form on $/T" that corresponds to ¥’. Then
(g,g') = vol($5/T) (W', W) = vol($)/T)(F, F) = 352 (f, f). Letting g” =

(%)—1/29” and ¥” be the adelic modular form corresponding to g”,

we see then that (¢”,¢") = (f, f).

It is shown in [14] that the form ¢” x ¢g” on D* x D* is K-rational.
Hence g” = g where §? € Ky. We will be interested in the A\-adic valuation
of 4, or what is the same thing, the A-adic valuation of ¢”. It follows from
Proposition 2.9 that the A-adic integrality properties of ¢g” are controlled by
the A-adic valuation of

2 2kL ‘l’”2 7Tk_1-L l’ﬂ_ & Tor
an (@8 B : %52-95; )

where ~ denotes equality up to a A-adic unit. Here we have used that p > k,
pt M and L(1,n) = 2nhg /wvd. The reader will note that in this section we
have not placed any restriction on K except that p be unramified in K. In the
next section we will study the A-adic integrality of (17) under the assumption
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that p is split in K. While in this chapter we have normalized our L-functions
so that the center of the critical strip is 1/2, in the next chapter we use the
classical normalization which is more standard in the algebraic theory.

4. Integrality of the Rankin-Selberg L-value

For the convenience of the reader we recall briefly our notation. f is
a newform of even weight k for I'o(N). Also, N is square-free and N =
NTN~, where N~ has an even number of prime factors and K is an imaginary
quadratic field of discriminant —d, chosen such that K is split at the primes
dividing N T and inert at the primes dividing N~. Further, x is an unramified
Grossencharacter of K of infinity type (k,0) (see §2.3.2). Denote by 6 = 6(x)
the modular form Y x(a)e*™V % the sum being taken over integral ideals of
K where we think of y in the usual way as a character on ideals of K. Then 6
is a newform of weight k + 1 and character ng (nx = the quadratic character
associated to the extension K/Q) on I'i(d) and its L-function coincides with
the L-function of x over K. The L-value of concern to us in this chapter is the
central (critical) value L(k, f ® 6) of the Rankin-Selberg product of f and 6.
(In the previous chapter, this same L-value was denoted L(3,7f @ my).)

Let p be a prime number unramified in K. Recall from Section 2.3.3 that
associated to the field K and the prime p is a canonical CM period 2 = 2, € C
that is well defined up to multiplication by a p-adic unit. It follows from work
of Shimura ([31]) that 7*~1L(k, f ® 0)/Q2* is an algebraic number.

THEOREM 4.1. Suppose p>k~+1 and pt M where M:Hq‘N q(g+1)(g—1).
Then T~ 1L(k, f @ 0)/Q% is a A-adic integer.

Theorem 4.1 is proved in this chapter under the assumption that p is
split in K and p 1 hx where hg is the class number of K. A consequence
of this special case of the theorem and the results from the previous chapters
is a certain result (Theorem 5.2) about the integrality properties of the theta
correspondence from the modular curve Xo(/N) to the Shimura curve corre-
sponding to an Eichler order of level NT in the indefinite quaternion algebra
of discriminant N~. It is interesting that one can now argue in the reverse
direction and deduce Theorem 4.1 even when p | hx or p is inert in K. This
is explained in Section 5.1.

Note. In this chapter we use the normalized Petersson inner product

— 1 I

<f17 f2> — vol (T1(dN)\ %) fpl(dN)\yJ f1f2-
4.1. Idea of the proof (when p is split in K and p{ hg). Suppose that 6 =

Y ang™ and f =" b,q" are the g-expansions of 0 and f, and let D(s, f,0) =
> “;Li It is easy to see that

(18) D(s, f,0) = L(s, f ® 0)Ln(2s + 1 — 2k, g )~
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where L(s, f®8) is the Rankin-Selberg product and Ly denotes the L-function
with the Euler factors at N removed. Consider the Eisenstein series

Ei na(z,8,1K) Z ni(n)(mNdz +n) " YmNdz + n| 2

where the sum is over all (m,n) € Z2, # (0,0) and we think of nx as a character
mod Nd. The series above converges for R(s) > 0, and it is well known that
it admits an analytic continuation to the whole complex plane. Let E =
Ei na(2,0,mK). By [31, Thm. 2],

Dk, f.6) = D(k. £.6,) = 57 (/E,0) Lya(1L,mic) ™

where ¢ = 4 Nd, [gjan(1 + ) (Recall that in the notation of [31}, 6, =
qu”. However X is unramlﬁed; hence 6, = 6.) Thus

(19) Lk, f®0) = gw%“ <f : %E9>

It is known (due to Hecke) that %E has Fourier coeflicients that are algebraic
and p-integral (see [31, (3.3) and (3.4)]). We see then that to prove Theorem 4.1
it suffices to show that [],,(q + D+ 1(g,0) /Q% is p-integral for all integral
modular forms g € S = Si1+1(Nd, nK).

We now explain informally how this is done, the details being in the next
two sections. One notes that (g,0)/QF = a(0,0)/QF = aL(xx", k + 1)/Q"
where « is the coefficient of & when g is written as a linear combination of
orthogonal eigenforms and " is a suitable period. The required integrality
will follow if one can bound the denominator of « in terms of the L-value
L(xx*, k+1)/9Q".

Let x” be the Hecke character yop where p is the nontrivial automorphism
of K/Q, and denote by x», x4 the A-adic characters of Gal(K /K) associated
to x, x” respectively. Also let K be an abelian extension of K of degree over
K prime to p and K the unique Zg extension of K abelian over K, the field
K being chosen so that x factors via Gal(K/K). First, one constructs L',
an abelian p-extension of K, with controlled ramification, such that the ac-
tion of I' = Gal(K/Kp) on Gal(L'/K) by conjugation is via the character
xA(x5) ™1, and such that the degree [L' : K] is essentially the p-adic valuation
of the denominator of . The main inputs here are the existence and prop-
erties of the A\-adic representations pj, ) associated to holomorphic forms h of
weight &+ 1 and congruent to # modulo A\. While py ) restricted to Gal(K/K)
is reducible (in fact equal to xx @ x4), pn,x restricted to Gal(K/K) will be
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irreducible as long as A is not a theta lift from K. This fact along with the
congruence pgx = ppx mod A can be used to construct a lattice £ in the
representation space of pg ) whose reduction mod A (as a representation of
Gal(K/K)) is a nontrivial extension of the character x4 by xx. The splitting
field of L/AL over K is then a field extension of the above type and the field
L’ is essentially the compositum of all fields obtained in this way from different
forms h. On the other hand, extensions of the type constructed are controlled
precisely by Iwasawa theory. Let p be the prime of K induced by A\. The main
conjecture in this situation (a theorem of Rubin [30]) shows that the degree
[L' : K| is bounded by the p-adic valuation of the p-adic L-function evaluated
at the character (Xf\)_l, which in turn is equal to the p-adic valuation of the
special value L(xx”, k+1)/Q".

The prototype of the arguments used to construct L’ can be found in
work of Ribet [27] on the converse to Herbrand’s theorem. However we need
to employ the analogs in our context of the more refined techniques of Wiles
([40] and [42]) used in his proof of the Iwasawa conjecture for totally real fields.
In the work of Ribet and Wiles, the congruence is betweeen an Eisenstein series
and a cusp form while we need to study congruences between theta lifts and
cusp forms that are not of theta-type. It turns out that it is easier to keep
track of such congruences in the case p f hi since this condition rules out
congruences between theta lifts from K, and hence we restrict ourselves to
this case in the present chapter.

We briefly mention the reasons for including the hypotheses p > k41 and
p1 114N a(g+1)(g—1) in Theorem 4.1. The assumption p > k+1 is needed to
ensure that x, and Xf\ remain distinct on reducing modulo p. The condition
p1q(qg+1)(g—1) for ¢ | N is utilized in controlling level-raising congruences
satisfied by 6, at such primes g. It should however be hoped that by a more
careful analysis some of these hypotheses may be removed in future work.

4.2. Constructing extensions from congruences. This section closely fol-
lows the paper [40], where congruences between Eisenstein series and cusp
forms are used to construct nontrivial extensions of certain characters of
Gal(Q/Q). Here we use congruences between theta functions from K and
cusp forms not of theta type (for K) to construct extensions of the charac-
ter x5 of Gal(K/K) by the character X (where the tildes denote reductions
mod \). We will also make use of some results from [42].

4.2.1. The congruence ideal. Recall that S = Sp11(Nd,nx). On S one
has the actions of the usual Hecke operators T for ¢ { Nd and U, for ¢ | Nd.
For ¢ | N*, let ay, 3, be the roots of the characteristic polynomial of Frob,
acting on the A-adic representation associated to 6. Write ¢ = qq where q is
chosen such that x(q) = a4. Let T be the set of primes ¢ dividing N such
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that a,(0)2 = ¢"*"1(¢+1)? mod A (i.e. by [5], exactly the set of primes ¢ | N+
at which 6 admits a level-raising congruence mod \). Now

qkil(aq/ﬂq —q)(Bg/ g — q) ¢~ 1(‘1 + 1) — (ag + Bq)Q
k Ha+1)? = aq(6)*.

Hence if ¢ is in T, one has either o,/8;, = ¢ mod X or B;/a; = ¢ mod A.
(Both these conditions cannot be satisfied simultaneously for that would im-
ply ¢> = 1 mod \. Also note that oy # B, mod A since otherwise ¢ = 1
mod p.) Interchanging «, and f, if necessary, we can assume that for ¢ € T
the first congruence holds; i.e. oy/B; = ¢ mod A. Let T be the subalgebra
of Endc(Sk4+1(Nd,n)) generated over Z by the Hecke operators T, for ¢ { Nd
and U, for ¢ | d or ¢ € T. Then the old-space corresponding to # is the direct
sum of 2#7 spaces V; on each of which T acts via a character, the different V;
corresponding to the choice of oy or 3, as the eigenvalue of U, acting on V; for
each ¢ € T'. Let T; be the set of primes in 7" such that the eigenvalue of U,
acting on V; is 3. Now, let g be any integral form in S and suppose

(20) Z 0igi + g

1€P(T)

where g; € V; is a (p-adically) primitive (T-eigen)form and ¢ is orthogonal to
the old-space spanned by 6. Here P(T) is the power set of T. Then

927
(21) &b Z 0D,
1€P(T

LEMMA 4.2.

7T2k+1<gi, 9>
Up H(q +1) ok
qld

" Lk + 1,%x°)
> Z “(kHD02) 4, ( e > .
q€eT;

Proof. Let P be the product of the primes dividing N that are not in
T and the primes dividing N~. Let 6; denote the eigenform of T obtained
by dropping from the Euler product for 6 the Euler factors (1 — quq_s)_1 for
q € T; and the Euler factors (1— 3, *)~! for ¢ € T\ T;. Then 6; is an integral
form in V; and it is easy to see that a basis for V; over C is given by {6;(d'2)}
where d’' runs over the divisors of P. Suppose that

g9 =Y Yabi(dz).

d'|P

Now 71 = ai(g;), so that v1 is a p-adic integer. For any d' > 1,d" | P,
aq(gi) = Zd”|d’ Yaraq /q+(0;). By induction on the number of prime factors
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dividing d’, one sees then that each 4 is a p-adic integer. By [31, Lemma 3],
one has

k+1 _

o2 k+1 2 a
(q ) I (q By) I . . (0) 0.6).

(22) (0:(d'2),0) = quem g+ 1) g+

q€T;

Note that ¢F*! —ﬁqZ = B4(qaq—By) is a A-adic unit. Further, by the assumption
p t M, the denominators on the right-hand side of (22) are coprime to p.
Finally, by [31, 2.5],

4 )k+1
( 12' (0,0) =Ress—+1D(s,0,,0)
q Lk (s, Xx")Ck (s — k)
l_g ST o G 15
q

6
qld 7t

Since L(1,mx) = 2nhi/wvd (w = the number of roots of unity in K) and
p>k+1,pf M, the lemma follows. O

For the rest of this chapter we fix an ¢ and assume that v,(d;) < 0. (It
will be clear that there is nothing to prove if v,(d;) > 0.) Let F' be a large
enough number field, containing all the Hecke eigenvalues of all eigenforms of
level dividing Nd. Denote by O the ring of integers of F/ and by 7 the prime
of O induced by A\. When

S=aVioW

with W orthogonal to @Vj:, let T’ be the subalgebra of Endc(®y.; Vi & W)
generated by the image of Tandlet T=T' ® O. Suppose that v;(d;) = —n.
Pick a scalar o € F” such that vz(a) = n. Define I = Annr(a (2,4, 091 +9')
mod 7). Then T/I ~ O/zn™. Also clearly the elements T" — Xy, (T") € I for
all T € T'.

4.2.2. Galois representations associated to modular forms. Let h € S
be a newform of some level Nj dividing Nd and of character ng (so that
d| Ny | Nd), and let K}, x denote the A-adic completion of K},. It is a theorem
of Shimura and Deligne that one can associate to h a Galois representation
pr : Gal(Q/Q) — GLa(Kp ») which is unramified outside N, and such that

trace pp(Froby) =aq(h),

det pp x(Frobgy) = K (q)q"

for all g 1 pN,.
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LEMMA 4.3. pp\ |Gal(@/K) is unramified at the primes of K dividing d.

Proof. Let g be a prime dividing d and ¢ the prime in K above ¢q. Let 7,
be the automorphic representation associated to h by Jacquet-Langlands. The
local factor 7, 4 is then a ramified principal series representation m(e !, €NK,q)
for some unramified character € of Q. The base change of this representation
to GLy(Kq) is then the representation w(e™! o Ng_sq,,€ o Nk, /qg,) which is
unramified. By the local Langlands correspondence this implies the statement
of the lemma. O

We will be especially interested in those h that are congruent to 8. Since 6
is ordinary at p, such h are ordinary at p too. The following theorem of Wiles
describes in this case the restriction of the representation pj ) to a decompo-
sition group at p.

THEOREM 4.4 (Wiles [41]). Let D, be a decomposition group at p. Then

p h,)\ Dp - 0 €

for characters €1 and €3 of D), with €1 ramified, e; unramified and ez(Frob,) =
a(p, h) where a(p, h) is the unit root of x* — a,(h)z + pk.

4.2.3. The representation space. Let [W] be a set of representatives for
the eigenspaces of T contained in W and F be the ring [Tz F' < e F’
(where by h/ € [W] we mean &’ is any normalized eigenform of T contained in
W, i.e. with first Fourier coefficient equal to 1). Then T is naturally a subring
of F via the embedding given by the various characters of Tand TQe F' = F.
Let V.=F@®F and L = ([[;4; O x [Tp.c) ©)? € V. Then L is a sublattice
of V' that is stable under the action of T. Below we write Kj  or Kj, for the
appropriate copy of the field F' in F' (and Oj, for the approp}iate copy of O)
so that I = [, ; Kg, X [Tpeqw) K-

Let (8 be the maximal ideal in T containing I and consider the completions
I3, Tg, Lg and Vg. The natural map L — Lg factors through Hi,#((’)’ei,,)\)2 X

[T e (Oh )%

LEMMA 4.5. (i) If (O}, ,)? is not in the kernel of this map, then h' is
congruent to 6; mod A.

(i1) If b’ is an eigenform corresponding to a theta lift from K, then ((’);L,’/\)2
s in the kernel of this map.

(iii) The terms (O}, )* are in the kernel of this map.
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Proof. Clearly a factor (O}, ,)? survives in Tg if and only if the extension
of B to O},  is not the unit ideal. Since for all T' € T, T — X, (T") € 3, we
must have Ay (T") — Ag,(T") lies in the maximal ideal of Oy, ,, which amounts
to the congruence claimed in (i). To prove (ii) we only need to show that
under our assumptions there are no congruences between 6; and other 6-lifts
from K. This is a special case of [18, Prop. 2.2], since we have assumed that
p{hrgM and p > k+1. Finally to see (iii) we note that for some ¢ € T the U,
eigenvalue of 6; differs from that of ;. However at ¢ we have the congruence
ag = By mod A. If we also have ay = 3; mod A, then ¢ =1 mod p which
is not true. Thus Mg, (Uy) is not congruent mod A to Ay, (U,), whence by the
argument used to prove (i), (O, ,)? lies in the kernel. O

Let [W] denote the set of newforms h in W such that one of the eigenforms
B’ of T corresponding to h is congruent to 6; mod A. In fact then, for each
such h exactly one of the eigenforms corresponding to h can be congruent
to 0; mod A. To see this suppose that two different eigenforms h) and hj
corresponding to h are congruent to #; mod A. Then there exists a prime
q € T such that the eigenvalues of U, acting on h} and R/, are different. In
particular A must be old at g. Since the mod A representations associated
to h and @ are isomorphic, we must have that az(h) = a4(f) mod A, these
being the traces of Frob, in these representations. Let ag4(h),3q(h) denote
the roots of the characteristic polynomial of Frob, acting on pj x. Now, we
have just seen that ag(h) + B4(h) = ag + B; mod A. On the other hand,
since ¢ | N*, ag(h)B4(h) = ¢* = 4B, mod A\. Thus the set {ay(h),3,(h)}
equals {ay, By} when reduced mod A. Since oy # (; mod A, we have also
aq(h) # B4(h) mod A. Now the eigenvalues of U, corresponding to h} and h,
must be aq(h), B4(h), hence it could not possibly be true that h] = h, mod .
Thus we have the following lemma (where A’ is uniquely determined by h):

LemmA 4.6. (i) Lg ~ (TTepm O 2)*-

(ii) TB Ko F! ~ HhE[VV} K;L’,)\'

Since Vg = Lg ®op F' ~ I Thepi K;L,’)\)2 ~ Hhe[W](Kl{u,)\)Qv and Kp,
is contained in K/,‘L’, y» Vp is naturally a representation space for Gal(Q/Q),
the action on the component Vj, y = (I(;L,)\)2 being via pj, x. The Galois action
preserves Lg and thus Lg is a T[Gal(Q/Q)] module with commuting actions of
the Galois group and the Hecke algebra. Henceforth we shall only be concerned
with its structure as a T3[Gal(Q/K)] module.

We will be interested in the T3[Gal(Q/K)] modules £/IL where L is any
compact sub-bimodule of Lg ® F'. If q is any prime in K not dividing pNd,
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we have

(23) (Frobgq — x(9))(Frobg — x”(q)) =0 on L/IL

where we think of x as a character on the ideals of K (so x(q) = xx(Froby)).
To check this note that for ¢ 1 pNd,

(Frob,)? — T,Frob, + nr(q)¢" = 0 on L,

this being true in each factor (K,’l,7/\)2. If ¢ is split in K, ¢ = qq, then
Frobg, Frobyg are conjugate to Froby in Gal(Q/Q), hence satisfy the same poly-
nomial. In this case T, — x(q) — x(4) € I,nx(q) = 1 and x(q)x(@) = ¢,
hence we get (23) for both q and §. If ¢ is inert in K, writing q for the
prime of K above ¢, we see that Froby = Frobg7 T, € I, nk(q) = —1, and
x(q) = x”(q) = ¢*. Hence (23) follows for the prime q. Now, a standard
application of the Brauer-Nesbitt theorem gives the following lemma.

LEMMA 4.7. Suppose that U is an irreducible subquotient (as a
Ts[Gal(Q/K)] module) of L/7"L for some r. Then U has one of the following
two types.

(i) U ~Ts/BTs ~ Ox/7Ox with Gal(Q/K) acting via X»,
(ii) U ~Tg/BTs ~ O /7Oy with Gal(Q/K) acting via X~§

We will refer to these two types of irreducible modules as being of types
x and x” respectively. (It is easy to check that these types are distinct using
the hypothesis p > k + 1.) A finite T[Gal(Q/K)] module F is said to be of
type x (resp. x”) if in any Jordan-Holder series for E every irreducible factor

is of type x (resp. x*).

PROPOSITION 4.8. For any stable lattice L there exists a stable lattice
L' C L such that L/L' is of type x and such that every sublattice of L with
this property contains L'. A similar result holds with x replaced by x*.

Proof. This is proved exactly as in [40, Prop. 3.2]. If £; and L9 are such
that £/L£; and L/Ly are of type x then the same holds for £, Ly. If a smallest
such lattice £" did not exist then one could find an infinite descending sequence
L1 2 Lo D ..., each £; having the required property. If M = NL;, then M is a
sub-bimodule of £ and £/M is infinite, hence £L/M @ F' # 0. Any irreducible
constituent of £L/M ®o F’ (as Gal(Q/K)-module) must be isomorphic to p»
for some h € [W] since these are the irreducible constituents of £ ®¢ F'.

Since X is not isomorphic to XNf\), one can find infinitely many ¢ split
in K with x(q) Z x”(q) mod A for a prime q in K over ¢q. Pick such a
prime q in K not dividing pND. Then Froby — x”(q) is invertible on £/L;
for each i since L/L; is of type x, and by compactness of £ the same is true
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on L/M (and hence on any irreducible constituent of £L/M ®¢ F’). Choose
such an irreducible constituent ~ py, y with h € [W] On pp, » the characteristic
polynomial of Frobg has roots congruent to x(q), x”(q) mod A and both these
roots occur, so Frobg — x”(q) could not possibly act invertibly. This gives the

required contradiction. O

The lattice £’ in the proposition is called the type x deprived sublattice.
(It has no type x quotient.) The next lemma and proposition follow directly
from the the corresponding results proved in [42].

LEMMA 4.9. Suppose E is a Tg/ITg[Gal(Q/K)] module of type x. Then
o= x(0) on E for all 0 € Gal(Q/K). A similar result holds with x replaced

by x”.
Proof. See [42, Lemma 5.3]. O

PROPOSITION 4.10. Let E be any finite T/IT3[Gal(Q/K)] module.

(i) Suppose that E has no type x” submodule. Let E, be the mazimal type
X submodule contained in E. Then E/E, is of type x*.

(ii) Suppose E has no type x* quotient. Let E/EX be the mazimal type x
quotient. Then EX is of type x”.

A similar result holds if x and x” are interchanged.
Proof. See [42, Prop. 5.4] (applied with R = Tg/I). O

In case (i), we shall call the exact sequence
0—-E,—-FE—-E/E,—0

the canonical sequence associated to F, likewise for case (ii) or with x and x”
interchanged.

4.2.4. The local representation. Let p = pp be the prime decomposition
of p in K and suppose that A induces the prime p. Then x, is ramified at p
and unramified everywhere else, while x4 is ramified at p and unramified at all
other places. Let Dy be a decomposition group at p. Then by Theorem 4.4, the
representation pp  has a unique Dy-invariant subspace V}g 5 € Vi on which
the action of Dy is ramified. Also the action of D, on the quotient V}, \/ V}? A\
is unramified. Set 7

0 0 : 0
Vﬁ — @hE[W]Vh)ﬂ Vgt = Vﬁ/Vﬁ .
It is clear that Vg is preserved by the action of Ty, so that Vg and Vﬁét
are Ty ®o F’ modules, free, of rank one (by Lemma 4.6). Define
L4 =im(L — V§"), L% =ker(L — LY).
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The Jordan-Holder factors of £L/A\"L are still of type x or x” as Dp-modules
and these types are distinct because X is ramified at p (since p > k+ 1) while
x4 is unramified at p. From the construction of £° and £ and using that
P = pox mod A, one sees that £°/A"LY and LE/AT L must be of types
and x” respectively (as Dy-modules).

LEMMA 4.11. There is a stable sublattice L of Lg such that L has no type
x quotient and L% is a free Tz module of rank one.

Proof. This is proved exactly as in [40, Lemma 3.4] to which we refer the
reader for details. (All one needs to do is replace the types “1” and “t” in that
proof by x” and y respectively.) O

Choose L as in the lemma. Then £/IL has no type x quotient. If
(24) 0—-C—L/IL—M—0

is the canonical sequence associated to it, we must have M ~ £ /1 £ and
C ~ L£°%/1£° Also M is a free module of rank one over Tg/I.

4.2.5. A Galois extension of K. Let Ky be the Hilbert class field of
K, K, the unique Z]% extension of K abelian over K, and L’ the splitting
field over K, of the representation £/IL. Denote by G’ the Galois group
Gal(L'/K). We define a pairing

(25) G'x M — C7 <U7 m> = om — X)\(g)ﬁl
where m is any lift of m to L/IL.

LEMMA 4.12. The extension L'/ Ko is unramified outside the primes ly-
ing above the following set of primes in K: the prime p and the primes q for
q i T;.

Proof. The representations py, » are unramified outside p/Nd and restricted
to Gal(Q/K) are even unramified at the primes of K dividing d (Lemma 4.3).
If h e [W], then h must be old at the primes ¢ dividing N~ and the primes
q dividing N but not lying in 7;. To see this note that since aq4(f) = 0 for
q | N—, the relation ay(0)? = nk(q)¢" (g + 1) mod A cannot be satisfied
for any such ¢ (since p 1 ¢ = 1). Hence (see [5]) 6 does not admit any level-
raising congruences at such ¢q. If ¢ | N* and h is new at ¢, then ¢ € T and
aq(h)? = ¢*~1. Thus the square of the U, eigenvalue of §; must be congruent
to ¢*1 mod \. Since ﬁg = ¢*1 mod ), ozg = ¢! mod \ # ¢! mod ),
we see that h can only be new at ¢ if ¢ € T;.

Thus the extension L'/K. can only possibly be ramified at the primes
above p,p and q,q for ¢ € T;. We show now that in fact it is unramified over p
and the various §. It suffices to show that the extension (24) splits viewed as
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a sequence of Dy or Dz modules. We first consider p. Applying Theorem 4.4
to Dy we see that as Dy modules, £ sits in an exact sequence

0—-L1—-L—>Ly—0

where the action of Dg on L4 is via a ramified character and that on Ly is via
an unramified character. Then

Ly/ILy — L]IL — Lo)ILy — 0

is exact and we must have that as Dy -modules, £1/1L; is of type x” and
Ly/ILy is of type x (since X is unramified and x4 is ramified at p). Comparing
with (24), we see that (24) viewed as an extension of Dy-modules must split.

We now consider q for ¢ € T;. We may assume that h is new at ¢. Then
the restriction of py ) to a decomposition group at ¢ is known by a theorem of
Carayol. If D, denotes a decomposition group at ¢, one has

~ X1€ *
PR = ( 0 v >

where x1 is an unramified character of D, and e is the p-adic cyclotomic char-
acter. Apply this to the decomposition group Dg. Then L sits in an exact
sequence

0—-L1—-L—>Ly—0

where the action of Dg on £; and L3 is unramified, and if a = Xl(Froba), we
have that Frobg acts as qov on £1 and as o on La. Since the eigenvalues of
Frobg are congruent mod A to o and 3, and since oy = ¢3; mod A, 3, #Z qoy
mod )\, we see that in the exact sequence

Ly/ILy — L]IL — Lo)ILy — 0

the ends £1/ILy and Ly/ILs must be of types x” and y respectively as
D5 -modules. (Recall that x(q) = ag,x”(q) = g, so that x”(q) = aq,
x(q) = B;.) Comparing this sequence with (24) we see that the sequence
(24) must split when viewed as a sequence of Dg -modules, as required. O

We view the pairing (25) as one of Gal(Q/K) modules where Gal(Q/K)
acts on G’ in the usual way (via conjugation). Let R denote the ring Tg/I ~
Or/m"™. Then we obtain a Galois equivariant injection

(26) G' — Hompg (M, C).

Let v be the Grossencharacter x(x”)~! and R, be the ring generated over
Zy, by the values of vy = x A(xﬁ)_l. The image of G’ under (26) is easily seen
to be stable under R,, and this gives G’ the structure of an R, module. We
thus get a map ¢ : G' ®r, Or — Homo, (M, C) = Homp_ /- (M,C) = C.
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LEMMA 4.13. The map ¢ is surjective and Fitto_(G' @p, Or) C 7"

Proof. Suppose that ¢ is not surjective. Then its image lands in a proper
submodule Cjy of C. Consider the exact sequence

0—-C/Cy— X/Cy— M —0

where X = L£/IL. This sequence splits over K, and since K, /K is abelian,
we can write X/Cj as

X/Cy = ker(Frobg — x(q)) ® ker(Frobg — x”(q))

for any q with x(q) #Z x”(q) mod A. The splitting is in fact one of Gal(Q/K)
modules. Since C/Cy is nontrivial by assumption, X would have a type x
quotient, which gives a contradiction.

The surjectivity of the map shows that Fitto_(G' ®gr, Or) C Fitto, (C).
Now C ~ £/ for the faithful Tg module £° and Fittr, (£°) C Anny, (£%) =0.
Therefore, Fitty_/m(C) = FittTﬁ/I(/LO/IEO) = image in Ty/I of Fitty, (L")
= 0. Thus Fittp,(C) C 7", which gives the second part of the lemma. O

4.3. Bounding congruences using the Main Conjecture. In this section we
use Rubin’s theorem on the main conjecture of Iwasawa theory for imaginary
quadratic fields to show the following key proposition.

PROPOSITION 4.14.

i - _L(k+1,%x”
Fittr, (@) 2 [ [[(1—q *a2) (Wk 1%) .
q€T;

Combining this with the results of the previous section, we see that

7™ D Fitto, (G' ®r, Ox) = Fittg, (G') ®r, Ox

_ T L(k +1,%x"
) H (1 —q (k+1)a2) ( (ng )) .
q€T;

Since n = —v(d;), using Lemma 4.2 we get the following theorem.

THEOREM 4.15. Let g and g; be as in Section 4.2.1 (see equations (20)
and (21)). Then

7r2k+1 <gi7 9>

vp | 0 [Jla+ 1) g7 20
qld
and
(g, )

qld



INTEGRALITY OF A RATIO OF PETERSSON NORMS 953

Applying the theorem to g = % fE and using formula (19), we have proved
Theorem 4.1 in the case p is split in K and p 1 hg.

4.3.1. Statement of the main conjecture. For every finite extension F' of
K in K write A(F') for the p-part of the class group of F', £(F) for the group
of global units of F' and C(F') for the group of elliptic units of F'. Also write
U(F') for the group of local units of F'®x K, which are congruent to 1 modulo
the primes above p and let £(F) and C(F) denote the closures of £(F)NU(F)
and C(F) NU(F), respectively, in U(F'). (See [30] for more details.) For every
infinite extension F' of K in K, define A(F),E(F) etc. to be the inverse limits
over finite extensions L of the groups A(L),E(L) etc., the limits being taken
with respect to the canonical norm maps. If F C K. define M(F) to be
the maximal abelian p-extension of F' which is unramified outside the primes
above p and let X(F) = Gal(M(F)/F). We will also write A, Exo ete. to
denote A(K),E(Kx) ete. Global class field theory gives the following exact
sequence

0 — Eo0/Co0 — Uso/Coo — Xoo — Ao — 0.

The Galois group G = Gal(K/K) acts on all the terms in this exact sequence
and the “main conjecture” relates the structure of the various terms as Z,[[G]]
modules.

Let A = Gal(Ko/K),T = Gal(Ku/Ko) ~ Z2 (noncanonically). Since A
has order prime to p we have a canonical splitting G ~ I' x A, which allows
us to view A both as a subgroup and a quotient of G. If Y is a Z,[A]-module
and 7 is a p-adic character of A, define R, = Zy[n] and Y to be the n-isotypic
component of Y; i.e,

YT"={yeY ®z, R,:gy=n(g9)y for all g € A}.

The functor Y — Y is exact on Z,[A] modules (since p { #(A)). We denote
by e; the natural projection from Y to Y.
Let A be the Iwasawa algebra

A = Z,[[g]] = lim Z,[Gal(F/K)]

the limit being taken over all finite extensions F' of K contained in K,. Then
for every p-adic character n of A,

A" = Z,[[G]]" ~ R,[[T]]

is isomorphic (noncanonically) to the power series ring in two variables over R,,.

We recall now some facts about the structure of finitely generated A’ =
R[[I"]] modules where I'" ~ Z and R is the ring of integers of a finite extension
of @,. The ring A’ is a regular local ring of dimension r + 1. A A’-module
N is called torsion if every element of N is annihilated by a nonzero element
of A’. A finitely generated A’-module N is called pseudo-null if for any height 1
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prime ideal v of A’,; N, = 0 or equivalently if Ann(/N) contains a height 2 ideal
in A’. For any two modules N and No, N is said to be pseudo-isomorphic to
Ny if there exists an exact sequence

0—A— N, —Ny,—B—0

for some psuedo-null modules A and B. If N; and Ny are torsion A’-modules
this is an equivalence relation. The structure theorem for finitely generated
torsion A’-modules asserts that any such module is pseudo-isomorphic to an
elementary torsion module i.e. one of the form @®;A’/f; for some (nonzero)
elements f; of A’. Elementary torsion modules have no nonzero pseudo-null
submodules, so in fact one has an injection ®;A’/f; — N with pseudo-null
cokernel. The ideal [[,(f;) is an invariant of N. It is called the characteristic
ideal of N and denoted by chary,(N). This ideal is principal and any generator
of it is called a characteristic power series of N. The characteristic power series
is well defined up to multiplication by a unit power series. The characteristic
ideal is multiplicative in short exact sequences of torsion modules. If one
defines the characteristic ideal of a finitely generated nontorsion module to
be 0 then the characteristic ideal is multiplicative in short exact sequences of
finitely generated modules.

The “main conjecture” of Iwasawa theory in this setting is the following
theorem proved by Rubin [30].

THEOREM 4.16 (Rubin). The A" modules (€0 /Coo)”, (Uno /Coo), X and

AL, are finitely generated and torsion. One has equivalently
charpn ((Aoso)) = charpn ((Eso/Coo)"),
charpn ((Xo0)") = charpn (Use/Coo)™).

4.3.2. The two-variable p-adic L-function. We now need to review briefly
the existence and properties of the two-variable p-adic L-function. Let D
denote the ring of integers of the maximal unramified extension of Q,. The
p-adic L-function is an element of D[[G]] that interpolates the special values
of L-functions of Grossencharacters of K whose associated A-adic character
factors through G. For € any such Grossencharacter of K let n(e) denote the
restriction of €y to A. Then one has the following theorem due to Katz, Yager
and de Shalit (see [4, I1.4.14]). (Lp(-) denotes the L-function L(-) with the
Euler factor at p removed.)

THEOREM 4.17. There exist an element Ly, in D[[G]], a p-adic period 2, €
D* and a complex period Q2 such that for any unramified Grossencharacter e
of K of infinity type (K',j") with 0 < —j" < K/,

(27) 9 e (L") = 9 TFT(H) <§) (1 B %) Ly(e™,0).
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In (27) the left-hand side lies in C, while the right-hand side lies in C.
The equality should be interpreted as saying that both sides lie in Q and are
equal. The period Q coincides up to a p-adic unit with the period 2 defined
in Section 2.3.3 and so we use the same symbol for both.

We will also need the following theorem, first proved by Yager when
hx = 1 and extended by de Shalit in general. (See [4, II1.1.10, II1.1.14 and
the discussion on p. 142].)

THEOREM 4.18. For any character n of A,
(28) charpyry (Use/Coo)") = (L")

4.3.3. The descent argument. The action of Gal(Ko/Q) on Gal(Ko/Ko)
by conjugation induces an action of the group Gal(K/Q) = (1,¢) on
Gal(Ko/Kp). Let G4 and G_ denote the maximal subgroups of Gal(K/Ko)
on which the action of ¢ is via —1 and +1 respectively. Denote by KI and
K the fixed fields of G4 and G_ respectively. Let Ko (p) and Ko (p) be
the maximal subextensions of K, unramified outside p and p respectively. By
class field theory there are canonical isomorphisms

k1 : T = Gal(Ko(p)/Ko) =~ 1+ pZy,
ko : 'y = Gal(Koo(P)/Ko) ~ 1 + pZy,.
Let u = 1 + p, and viewing k1, ke as characters of I' = Gal(K/K() define
1,72, 7T, v~ (see [4, IT 3.3]) by
k1(m) =u, k1(72) = 1,
Ka(m) = 1, K2(72) = u,
7= = /e
Finally, defining k™ = k1r2 and k= = kikg 1 we see that these yield isomor-
phisms
k1T = Gal(KL/Ko) ~ 1+ pZ,,
k™ T7 = Gal(K/Ko) ~ 1+ pZ,,.
Since p 1 [Kj : K], we have a canonical isomorphism G = Gal(K/K) ~ AxT
where A = Gal(Ky/K). Let n be the restriction of the character vy to A. If R,

is the ring generated over Z, by the values of 7, one sees easily that R, = R,.
The isomorphism I' ~ I'" x I'~ gives rise to an isomorphism

AT = Zp|[G])" = Ry[[T]] = By[[S, T]]

sending v" to 1 + S and v~ to 1 + T. Also, let G_ = Gal(K/K) ~ A x I'".
Since n factors through G_, one also has an isomorphism

AT = Zp[[G-]]" = Ry[[T7]] ~ Ry[[T]]
sending v~ to 1 4+ T
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LEMMA 4.19. Suppose X is a finitely generated torsion A" module with
no nonzero pseudo-null submodule and such that X/SX is a (finitely gener-
ated) torsion A" module. Then chary» (X/SX) = f(0,T), where f(S,T) =
charpn(X).

Proof. Since X has no pseudo-null submodule there is an exact sequence
0—-X—-Y—->N-—0

where Y = @ (e, with [[; fi(S,T) = f(S,T) and N a pseudo-null A"

module. This gives an exact sequence

A"

Since N is a pseudo-null A7 module, it is annihilated by a height 2 ideal I in
A", If (S, I) is a height 3 ideal, then its image in A7 is height 2 and annihilates
both N[S] and N/SN. Then N[S] and N/SN are pseudo-null A” modules,
so chary» (X/SX) =[], fi(0,T) = f(0,T). On the other hand, if (S,I) is a
height 2 ideal, then S € rad([), so N is a finitely generated torsion A module
where A is the ring A” thought of as a subring of A”. The exact sequence

0— N[S] = N2 N — N/SN -0

shows that char(N[S]) = chars(N/SN). Now, since X/SX is a torsion A"
module, it follows from the above exact sequence that f;(0,7) # 0 for all i.
Consequently, Y[S] = 0. Since charyn (N[S]) = chary» (N/SN), we see that
charpn (X/SX) = chary» (Y/SY) = f(0,T). O

Recall that in Section 4.2.5, we have constructed an abelian extension L’
of K with Galois group G’. Further, G’ is an R, module and the action of
A on G’ is via the character vy = X,\(Xﬁ)_l- Let § be the idele (... ,1,1,1+
p,1,1,...) € K where all factors except the one at p are equal to 1, and let
d’ be defined similarly but with p replaced by p. Then (see §2.3.2) xx(m) =
XA (6) = (Mx(8))/1x(6)) ™1 = (14 p)* since y is unramified. Likewise y(72) =
(8) = A /ma(@) ™" = 1. Hence va(n) = (1 + p)* and vy(12) =
(1 + p)~%, whence vx(y*) = 1 and v5(y~) = (1 + p)?*. Thus vy induces a
homomorphism of the group algebra A7 ~ R,[S,T] to R,, also denoted v},
that sends S to 0 and T to (1 + p)2¥ — 1.

Let L be the maximal extension of K, in L’ that is unramified outside
p and set G = Gal(L/K). Denote by f the ideal [] .7 q. Also let Moo be
the maximal abelian p-extension of K., unramified outside p and the primes
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dividing f and set X j = Gal(My ;/Ko). Then in the commutative diagram

1—Y — X Xoo 1
1 H G G 1

the vertical maps are all surjective.
LEMMA 4.20. Fittp (H) D (qun(l _ q—(k+1>ag)) .

Proof. The map ¢ : Y — H induces a surjective map from Y to H that,
by the discussion above, factors via the quotient Y7/(S, (1+T) — (14 p)?*)Y™.
By class field theory one knows that

v =i | T] ] utKne)/nK)

q€T vjlq

where t; ranges over the primes of K, lying over q and p(L), for any field L,
denotes the p-power roots of unity in L. Since pp~(K) = 1, as a A7 module,
n
Y~ H Indgiﬂ(K“’/K)Zp(l) o~ H A"/e,(Frobg — q)
q€T; q€T;

where t is a prime of K., over q, D, is the decomposition group of t in
Gal(Kw/K), and Z,(1) = lim pn. Hence

Y7/(S, (1+T) = (14 p)*)Y7~ [] R,/ (v(Frobg) — q)

q€T;
= H Ry /(aq/By —q)= H Rn/(ag - qk+1)'
q€eT; q€eT;
Since this last module surjects onto H and R, = R,, we get the lemma. O

PROPOSITION 4.21. Fittyp (G) D (%) .

Proof. We begin by applying (27) with e~! = 3x*N~(¢+D_ With this
choice of ¢, ¥ = k+ 1, j/ = 1 — k, hence (k’,j’) lies in the range of inter-
polation. Thus 78 1L(k + 1,%x?)/Q?* = 7F=1L(0, 1) /Q?* which in turn is
equal, up to a A-adic unit, to EA(CP"@). (It is easy to check that the terms
1— G(Tp) and 1 — e~1(p) are M\-adic units.) For any Grossencharacter ¢ of K
denote by ¢ the Grossencharacter (¢?)~IN~!. By the functional equation
for the p-adic L-function ([4, 11.6.4]), ex(L£,") is equal up to a A-adic unit
to € (£,"€)) where (€)' = e~1. Now we check immediately that e~ =
(PN~ =IN=1 = yy~1 = p=1 since xx? = NF. Thus ¢ = v. Recall
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that we have been denoting 7(v) just by the symbol 1. Let £, = f(S,T) € A".
Then vy (£,") = f(0,) where a = (1 + p)?* — 1. Also, by Theorem 4.16 and
Theorem 4.18, chary.(X%) = f(S,T). Now, G is a quotient of XX, in fact of
XL/(S, T — a)XZ. To compute the size of this last module, first apply
Lemma 4.19 with X = X,. To check that the hypotheses of the lemma
apply, note first that XZ has no nonzero pseudo-null A” submodules by a
theorem of Perrin-Riou ([25, §I1.2, Thm. 23]). Further X% /SXZX injects into
X(KZ)" by [30, Thm 5.3(ii)] (applied with F' = K ) and by the fact that K
is unramified over K. Since X (K)" is a torsion A” module (by [25, §11.2.2,
Prop. 20]) the same is true of XX /SXX. Thus the hypotheses of the lemma
are verified and we have chary» (X&/SXX%) = f(0,T). Further, since X (K3)"
has no nonzero pseudo-null A” submodules ([9, Prop. 5 and the remarks at the
end of §4]), the same is true of X&/SXZ%. Hence there is an exact sequence

A77
OHXQO/SX&—)@%'%—)N—)O

where f(0,7) = T[], fi(T) and N is a pseudo-null A” submodule. Taking
coinvariants of this sequence by T — « we get an exact sequence

N[T —a] = XT/(S,T — o)X, H@i% — N/(T'—a)N — 0.

Since the two modules at the ends of this sequence have the same size, we get
. . Ry,
Fittg, (X1 /(S,T — a)X!L) D Fittp, ity ) = [[(fi(@) = (£(0,a)).

Finally, since R, = Ry,

02k
which completes the proof of the proposition. O

k— Ty P
Fittp (G) 2 (f(0,a)) = <7T "Lk +1,%x )>

Combining Lemma 4.20 and Proposition 4.21, we have proved Proposi-
tion 4.14.
5. Applications

5.1. Integrality of (f,f)/(g,9). Recall that f is a normalized newform
on Ty(N), g its Jacquet-Langlands lift to the group I' = T)" (NT). K; is
the field generated by the Hecke eigenvalues of f (or g.) The form g has
been chosen to be K y-rational and also A-adically integral and primitive with
respect to the integral structure provided by an integral model of the Shimura
curve associated to I' (see §2.2.) We are interested in the ratio (f, f)/(g,9),
this being well-defined only up to a A-adic unit in Ky. Recall also that in
Section 3.4.7, using the theta correspondence, we constructed a form ¢g” for I’
that satisfies
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(a) ¢” is a scalar multiple of g, indeed ¢g” = dg for a nonzero algebraic number
§ such that §2 € Ky.

(b) (f, f) =(d",9")
Now

<f7f> _ <g”7g”> :(5g::f:(52

(9,9) (9,9

since Ky is totally real. We will show that vy(d) > 0. The idea is to apply
Proposition 2.9 to ¢” and its associated adelic form ¥”. We will need the
following lemma which can be obtained by combining results from [3] and [22].

LEMMA 5.1. Suppose p M = [, xa(qg — 1)(q + 1). Then there ewist
infinitely many imaginary quadratic fields K with odd discriminant, such that

1. K is split at p.
2. K is split at the primes dividing NT.
3. K is inert at the primes dividing N~ .

4. p"’h[{.

Proof. Tt follows from [3, Thm. 7], that under the assumption p ¥ M, there
exist infinitely many such fields K satisfying 2,3 and 4. If infinitely many of
these satisfy 1 too, we are done. If not, there exists a field K that satisfies 2,3
and 4 but is not split at p. Then by [22, Thm. 7.5] there are infinitely many
fields K satisfying 1 — 4 of the lemma. O

The lemma provides infinitely many different Heegner points K — D as
needed in Proposition 2.9. Applying the second half of this proposition to g¢”
and using formula (17) and Theorem 4.1 we see that

THEOREM 5.2. The form g" is A-integral. Hence vy(d) > 0.

This proves the A-integrality of % and thus the first part of Theorem 2.4.
Also combining this theorem with the first half of Propostion 2.9 and formula
(17) we see that Theorem 4.1 follows even if p is inert in K or p | h = hg.

5.2. Level-lowering congruences. We now assume that A is a level-lowering
congruence prime for f at a prime g dividing N 7; i.e., there exists an eigenform
[ of level dividing N/q and weight k such that py = p’f( A). Recall that this is
equivalent to saying that the Hecke eigenvalues of f and f’ outside the primes
dividing N are congruent mod . We will assume that f’ is a newform of level
N/q, the argument being easily modified if this is not the case. Let ay and by
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denote the Fourier coefficients of § = 6, and f’ at a prime ¢’. Then it is well
known (see [5]) that there is the congruence

2 _ k-2 2

by =q¢ “(¢g+1)° mod A
so that by = :l:qg_l(q +1) mod \. One then checks easily that f = f' T ¢*/?h
mod A\ where h(z) = f’(¢qz) and the congruence is one of g-expansions. It
follows now from Theorem 4.15 and formulas (18) and (19) that

T D(k, £,0) _ 7 D(k,f',0) _ 47 D(k,h,0)

0k - 02k T4 2k
Now, from [31, Lemma 1], one sees that D(s, f,0) and D(s, h,6) have Euler
products, and the Euler factors are all the same except for the ones at q.
Suppose that the Frobenius eigenvalues at ¢ of 6 are «, 3 and those of f’ are
o/, 3. Tt is also shown in [31, proof of Lemma 1] that the Euler factors at ¢
are

mod .

1— Oéﬁo/ﬂ/q_zs

Dy(s, f',0) = ,
oS50 = g1 — afla)(t - Barq )1 — BFa)
(ag — bgaBq”*)q"*
Dy(s,h,0) = .
o500 = T aalq )0 = ag ) (1= g ) (1= BFg )
Since ¢ is inert in K, a3 = —¢*, o/’ = ¢*~! and a, = 0. Hence the numerator

of Dy(k, f',0) is equal to 1 —l—% while that of D, (k, h,6) is byq™". Since we have
assumed that p{ (¢ + 1), we get

7Dk, f',0 7*D(k,h,0
(f)¢fp ( )

1
2k R = (a A-adic integer ) <1 + p +q"?%. bqq_k>

= (a A-adic integer )(qg_l(q +1)Fby)
=0 mod A.

Now applying again Proposition 2.9 and formulas (17), (18), (19), we see
that v)(¢”) > 0 in this case and hence UA(%) = v,(62) > 0. This completes
the proof of Theorem 2.4.

5.3. Integrality of a triple product L-value. Let g1, g2, g3 be holomorphic
newforms on I' of even weights k; and let m; denote the automorphic represen-
tations of GLy(A) associated to g; by the Jacquet-Langlands correspondence.
Suppose that the g; are A-adically normalized and that the weights satisfy
ki1 = ko + k3. Define

K, drdy
5

P91, g2, 93) = /F L EREEEE



INTEGRALITY OF A RATIO OF PETERSSON NORMS 961

THEOREM 5.3. If P(g1,g2,93) # 0 then L*(%,m ®my ®m3) # 0 and
L*(3,m ® m ® m3)
|P(g1, 92, 93)|?

18 a A-adic integer, L* being the L-function with the gamma factors at infinity
included.

Proof. Let f; denote the Jacquet-Langlands lift of g; to T'o(N), the f;’s
being normalized Hecke eigenforms. The main theorem of [43] shows that

‘P’Q ¢ L*(%,’JT1®7T2®7T3)
[L{gi9:)  N? I, L*(1,ad(m))
where c¢ is a product of a power of 2 and a product of local terms indexed by
the primes dividing N. For each prime ¢ | N the local term in question is of
the form 1+ ¢, where ¢; = €4,1€4,2€4,3 is the product of the signs €,; of the
Atkin-Lehner involution W, acting on f;, and the + sign occurs depending on
whether ¢ | N* or N~. Thus ¢ # 0 for at most one choice of factorization
N = NTN~, in which case c is a power of 2 and hence a A-adic unit. One
has also (see [43, §4.2, Lemma 5]) that L*(1,ad’(m;)) = %(fz, fi). Our main
result (Theorem 2.4) shows that (f;, f;)/(gi, g:) is a A-adic integer. The theorem
follows. O

5.4. The Faltings height of J¥(1). The Faltings height of Jo(N) was
computed in [38]. The computation relies crucially on the g-expansion principle
and a corresponding duality between the integral Hecke algebra and the space
of integral modular forms that is available for modular curves. The main result
is that the (exponential) height times an L-value equals the discriminant of
the Hecke algebra, which is an integer that measures congruences between
all forms of level N and weight 2. As mentioned in the introduction the
computation of the Faltings height of Jacobians of Shimura curves was one
of the motivating questions behind this article. Let X denote the Shimura
curve over Q associated to I')(1) (where, as before, N is square-free and a
product of an even number of primes) and let J¥ (1) = Jac(X). In this section
we show two different methods to compute the height of J := JJ'(1). The
first uses the fact that J is isogenous to the new-quotient of Jy(NN), and the
computation of the height of Jy(N)"*" in [38]. Here we can give a result up
to Eisenstein primes. The second method uses the main results of this article.
Consequently, one can at present only compute the height outside the primes
dividing M =[],y ¢(q + 1)(g — 1) by this method. In either case, the main
result is that the (exponential) height times an L-value equals the discriminant
of the Hecke algebra times an integer that measures level-lowering congruences.
The second method has the advantage of being generalizable (in principle, at
least) to the case of Shimura curves over totally real fields.
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Recall the definition of the Faltings height of a semistable Abelian variety
A of dimension d defined over a number field L. Let w € H°(A4,Q%) be a
nonzero element of this one-dimensional L-vector space. Then

1 1 _
hra(A) = — = — log / w”/\w") — vp(w? logp)

NN AL <GZH:2 (Aa(@' )
where Hp, denotes the set of distinct embeddings ¢ : L < C. This definition is
independent of the choice of w and invariant under extension of the base field L.
We define the exponential height Hp,1(A) by Hpa(A) = exp(2hpai(4)).

We recall also from [38] the definition of the Hida constant attached to
an optimal quotient ¢ : Jy(N) — A. Since A is optimal we have an injection
o* : HO(A, QY — HO(Jo(N), Q') ~ HO(Xo(N), QY. If a1, as, . .., aq is a basis
for HO(A, QY), define

det (fXO(N) ¢* (o) A ¢*(O‘j)>
Jaoa A-NagANag A - Nag|

CA7¢ -

Clearly this is independent of the choice of the basis aj,...,aq. If there is
no ambiguity in the choice of map ¢, then this constant is denoted c4 and is
called the Hida constant of A. Let ¢V : AY — Jo(N)Y ~ Jy(IN) denote the dual
map. Then it is shown in [38] that ¢4 = (deg(¢- ¢"))"/? and that c4 measures
congruences between forms corresponding to A and other forms. Further, one
has the following formula for the Faltings height of Jy(N )™V,

THEOREM 5.4 (Ullmo ([38, 4.10])). Up to a power of 2
Hpal (Jo(N)™") - 1T 4w (f, f) = (Onew) - (Cgy(aymev)

newforms f of level N

where for any reduced algebra R, ép denotes the discriminant of R. As men-
tioned above, the term ¢, (nynew measures congruences between newforms and
old forms. The term dr=ew measures congruences between newforms of level N.
(T denotes the new quotient of the full Hecke algebra on Jy(N).)

Now it is well known that there is a Hecke equivariant isogeny ¢ : Jo(N)
— J{V(1) (not necessarily canonical) defined over Q. Let K be the kernel of
this isogeny. Then K (Q) is a T[Gal(Q/Q] module. Any irreducible subquotient
of K must be contained in Jy(N)[m"] for some maximal ideal m of T and

new

some integer n. Assume that p is not an Eisenstein prime at level N. (Since
Eisenstein primes divide the order of the cuspidal class group of Jy(N), from
[37, Thm. 5.1], it is enough to assume that p f M.) Then for any maximal
ideal m of T above p, Jo(N)[m] is an irreducible T[Gal(Q/Q] module and
any irreducible subquotient of Jy(N)[m"] is isomorphic to Jo(NN)[m]. Now
the Gal(Q/Q) representation Jo(N)[m] is autodual and so we can apply the
following lemma.
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LEMMA 5.5. Suppose A is a semistable Abelian variety defined over Q
with good reduction at p and K is a finite subgroup of A defined over Q of
p-power order. Assume that the representation of Gal(Q/Q) on K(Q) is auto-
dual and that p # 2. Then hpa(A) = hpa(4/K).

Proof. Let B = A/K. The isogeny ¢ : A — B extends to one of Neron
models A — B. Let Ky denote the kernel of this map restricted to the con-
nected component of the Neron models. Then K; is a quasi-finite flat group
scheme over Z that is finite at p. From [7, Lemma 5],

hFal(A) = hFal(B) + %deg(qﬁ) - log(#S*(QIICLZP/SpeCZp))

where s denotes the zero section of Ky 7, /specZy. Let ¢V : BY — AY be the
dual isogeny. Again ¢¥ extends to a map of Neron Models and we denote by
Ko the kernel of ¢V restricted to the connected part of the Neron models. Then

1 .
hea(BY) = hea(AY) + deg(9”) — log(#5™ (U, , /apecz,))-

Now K and Ko are finite at p since A and B have good reduction at p.
Further, since p # 2, K1z, and K3z, are completely determined by the Galois
action on their generic fibres. Since K is autodual we see that K17 ~ Koz .
Further the height of an Abelian variety equals that of its dual ([26]). Com-
paring the equations above, we see then that hp,(A) = hpa(B). O

The lemma and the discussion preceding it show that up to (logarithms
of) Eisenstein primes at level N (and therefore up to primes dividing M),
hral(Jo(N)Y) = hpa(J¥(1)). Since the (full) Hecke algebra on the Shimura

curve, T, is isomorphic to T"V, and since (see [43, §4.2, Lemma 5]) 873(f, f) =
L(1,ad’(ms)) = L(1,ad’(m,)), we get the following result.

PropPOSITION 5.6. Up to primes dividing M,

v == Hpa (JY (1)) - H (2m) ' L(1,ad’(mg)) = (05) - (Cy(nynew)-

eigenforms g on I'=T"{Y (1)

Note that other than the term cj v all the other terms are defined
intrinsically in terms of the Shimura curve X{'(1). (So rather mysteriously,
the Shimura curve “sees” level-lowering congruences !).

We would like to prove a formula as in the previous proposition intrinsi-
cally on the Shimura curve rather than use the fact that there is an isogeny
from Jo(N)¥ to JI¥(1). The advantage of doing so would be that this method
might work for Shimura curves over totally real fields, where an isogeny be-
tween Jacobians is not available.

Let L be a number field containing all the Hecke eigenvalues of all weight
2 forms on I" and {g1,...,9,} be a basis of eigenforms, defined over L; i.e.,
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s; = 2mig;(2)dz € H(X,QY) ~ HY(JL, Q). Let w =51 A--- A s,. Now,

lw? A w?| = det [/ sTANsT| = / s7 A s =] [47* (i, 9i)-
/ 7(C) °(C) ! 131 X(C) 131

If we choose the basis {g;} such that for every ¢ € Hy, g7 also lies in the
basis, then it is clear that w € H(Jg, Q). Let f; be the normalised newform
on I'g(N) corresponding to g; under the Jacquet-Langlands correspondence.
Then clearly « (defined in Prop. 5.6) is given by

v = H (fzafl> H p%”(w).

i=1 <gi’gi> p<oo

By Harris-Kudla [14], the ratio % lies in L for each ¢ and satisfies (ggg )U =
(J2.07)

(07077 This implies the first part of the following theorem. The second part
is an integrality result for v analogous to Proposition 5.6.

THEOREM 5.7. (i) v € Q.

(ii) Suppose p { M. Then v,(y) > vp(d3). Also if p is a level-lowering
congruence prime for some newform on I'o(N), then vy(7y) > vp(d7).

The idea of the proof is as follows: one chooses the g; so that the s; are
p-adically primitive. Then from our previous results the ratio g 5 g is
p-adically integral and divisible by p if p is a level-lowering congruence prime
for f;. It remains then to show that with such a choice of g;, vy(w) = v,(6x).

Let J be the Neron model of J over specZ,. Let us also assume at first

that the following holds for all maximal ideals m of T lying over p:

(i) The Ty module H°(J, Q) is a free Ty, module of rank 1.
(ii) The ring Ty, is Gorenstein; i.e., Ty, ~ Homg,, (T, Zyp) as Ty, modules.

Since T ® Zp = [[ s Tm, HO(T, ) = 1, H*(T, ). Let z1,..., 24 be
primitive eigenvectors of Ty, in HY(J, Q) ®z, Ox where X is some prime

of L over p. It will suffice to show that vy(z1 A -+ Axg) = %U/\((ST,“@z 0,)

Since HY(J, 2 )m ~ Twm ~ Homg (Twm,Zy) we need to show that vy(y1 A
e ANYg) = %UA(5Tm®Z OA) where y1,...,yq are primitive eigenvectors of Ty, in

HomZP(Tm,Zp) ®z, Ox = Homp, (Tm ®z, Ox, O,). It T ®z, Ox — IL Ox
is the canonical inclusion given by the various characters of Ty, then we may
choose the y; to be the projections on the various factors.

Let (,) be the bilinear form on Homp, (T ®z, Ox,0)) ®0, Ly that is
dual to the trace form on Tn. With respect to this form the volume of

Homgp, (Tm ®z, Oy, O,) is clearly 6, /2

1 o
Ton, 00" On the other hand it is easy
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to check that yq,...,yq form an orthonormal basis with respect to this form,
whence vx(y1 A -+ Ayq) = %w\(éﬁm@%@) as required.

We now only need to check that (i) and (ii) hold for primes p { M. It
is well known that both would follow if one knew that the multiplicity of the
mod p representation py in J[m] is 1 for any prime m above p. That this is
the case follows from the result of Helm [17]. We recall that in the notation
of [17], a non-Eisenstein maximal ideal m of T is called controllable at a prime

q | N if py is either ramified at g or py,(Frobg) is not a scalar.

THEOREM 5.8 (Helm). Suppose that m is controllable at all primesq | N.
Then pw occurs in J[m| with multiplicity one.

Note that if m is not controllable at ¢, then p, must be unramified at ¢
and pm(Frobg) must be a scalar, which is necessarily £1. In this case, ¢ = 1
mod p. But we have assumed that p 1 M, and thus the hypothesis of Theorem
5.8 holds. This completes the proof of Theorem 5.7. However this proof is
still not completely satisfactory since the proof of Theorem 5.8 is based on
a study of relations between Hecke modules attached to (character groups
of) Jo(N) and JV(1) and ultimately depends on the fact that we know the
corresponding mutiplicity-one statement for Jy(N). Ideally, one would like
to verify (i) and (ii) working on the Shimura curve without referring to the
corresponding modular curve, and thus make the height computation intrinsic
to the Shimura curve.
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