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INTEGRATION BY PARTS FORMULAS INVOLVING
GENERALIZED FOURIER-FEYNMAN TRANSFORMS
ON FUNCTION SPACE

SEUNG JUN CHANG, JAE GIL CHOI, AND DAVID SKOUG

ABSTRACT. In an upcoming paper, Chang and Skoug used a generalized Brow-
nian motion process to define a generalized analytic Feynman integral and a
generalized analytic Fourier-Feynman transform. In this paper we establish
several integration by parts formulas involving generalized Feynman integrals,
generalized Fourier-Feynman transforms, and the first variation of functionals
of the form F(z) = f({a1,z),...,(an,z)) where (o, z) denotes the Paley-
Wiener-Zygmund stochastic integral fOT a(t)dz(t).

1. INTRODUCTION

In [IT], Park and Skoug, working in the setting of one-parameter Wiener space
Cy[0, T established several integration by parts formulas involving analytic Feyn-
man integrals, Fourier-Feynman transforms, and the first variation of functionals
of the form

(11) F(x):f(<a17x>v ,<C¥n,$>)

where (a, z) denotes the Paley-Wiener-Zygmund stochastic integral fOT a(t)dz(t).

In this paper, we also study functionals of the form (1.1) but with « in a very
general function space C, [0, 7] rather than in the Wiener space Cy[0,T]. The
Wiener process used in [11] is free of drift and is stationary in time while the
stochastic process used in this paper is nonstationary in time, is subject to a drift
a(t), and can be used to explain the position of the Ornstein-Uhlenbeck process
in an external force field [10]. It turns out, as noted in Remark 3.1 below, that
including a drift term a(t) makes establishing various integration by parts formulas
for Fourier-Feynman transforms very difficult.

By choosing a(t) = 0 and b(t) = ¢ on [0, T, the function space C, [0, T] reduces
to the Wiener space Cy[0,T], and so the results in [T1] are immediate corollaries of
the results in this paper. For related work see [3], [4], and [6].
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2. DEFINITIONS AND PRELIMINARIES

In this section we list the appropriate preliminaries and definitions from [5] that
are needed to establish our parts formulas in Sections 3, 4 and 5 below.

Let D = [0,T] and let (2, B, P) be a probability measure space. A real-valued
stochastic process Y on (Q, B, P) and D is called a generalized Brownian motion
process if Y(0,w) = 0 almost everywhere and for 0 = tg < t; < --- <t, < T, the
n-dimensional random vector (Y (t1,w), -+, Y (tn,w)) is normally distributed with
the density function

. ~1/2
K1) = ((2m)" | [ (b(t;) = b(tj-1)))
j

—.

=1
(2.1) . )
.eXp{_l 3 ((n; — a(tj)) — (nj—1 —a(t;—1))) }
Lt b(t;) — b(t;-1)
where 7 = (1, 1), Mo = 0, T = (t1,--- ,t,), a(t) is an absolutely continuous

real-valued function on [0,7] with a(0) = 0, a’(t) € L?[0,T7], and b(t) is a strictly
increasing, continuously differentiable real-valued function with b(0) = 0 and ¥’ (t) >
0 for each ¢t € [0, T.

As explained in [13, pp. 18-20], Y induces a probability measure p on the measur-
able space (R, BP) where R is the space of all real-valued functions z(t), t € D,
and BP is the smallest o-algebra of subsets of RP with respect to which all the
coordinate evaluation maps e;(z) = z(t) defined on R” are measurable. The triple
(RP,BP . ;1) is a probability measure space. This measure space is called the func-
tion space induced by the generalized Brownian motion process Y determined by
a(-) and b(-).

We note that the generalized Brownian motion process Y determined by a(-) and
b(+) is a Gaussian process with mean function a(t) and covariance function r(s,t) =
min{b(s), b(t)}. By Theorem 14.2, [13] p. 187], the probability measure p induced
by Y, taking a separable version, is supported by C,[0,T] (which is equivalent
to the Banach space of continuous functions x on [0,7] with 2(0) = 0 under the
sup norm). Hence (Cy 5[0, T], B(Cy5[0,T]), 1) is the function space induced by Y
where B(Cq [0,T]) is the Borel o-algebra of C, 5[0, T1.

A subset B of C, [0, T is said to be scale-invariant measurable [9] provided pB
is B(Cy [0, T])-measurable for all p > 0, and a scale-invariant measurable set N is
said to be a scale-invariant null set provided p(pN) = 0 for all p > 0. A property
that holds except on a scale-invariant null set is said to hold scale-invariant almost
everywhere (s-a.e.).

Let L [0, T] be the Hilbert space of functions on [0, T] that are Lebesgue mea-
surable and square integrable with respect to the Lebesgue-Stieltjes measures on
[0, T] induced by a(-) and b(-); i.e.,

(2.2) Lib[(),T] = {v : /OT v?(s)db(s) < oo and /OT v?(s)d|al(s) < oo}

where |a|(t) denotes the total variation of the function @ on the interval [0, ¢].
For u,v € L2 0,77, let

T
(2.3) (uvv)a,b:/o u(t)o(t)d[b(t) + |al(t)].
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INTEGRATION BY PARTS FORMULAS ON FUNCTION SPACE 2927

Then (-, )q,p is an inner product on L2 [0, 7] and [|ufla,s = v/(u, u)a,p is a norm on
L2,10,T]. In particular, note that ||ulls, = 0 if and only if u(t) = 0 a.e. on [0,T].
Furthermore, (Li’b[(), T, - |la,p) is a separable Hilbert space.

Let {¢;}32; be a complete orthogonal set of real-valued functions of bounded
variation on [0, T] such that

0, j#k,

(¢, Pr)ap = {17 i—k

and for each v € L2 ,[0,T], let

n
(2.4) va(t) = D (v, 65)ap5(1)
j=1
forn =1,2,---. Then for each v € Li’b[O, T], the Paley-Wiener-Zygmund (PWZ)
stochastic integral (v, z) is defined by the formula

T
(2.5) (v,z) = lim U (t)dx(t)

n—oo 0

for all x € Cy[0,T] for which the limit exists; one can show that for each v €
Li’b[O, T], the PWZ integral (v, z) exists for p-a.e. z € Cy[0,T].

We denote the function space integral of a B(Cy, [0, T])-measurable functional
F by

(2.6) Br = [ | Fn)

whenever the integral exists.
We are now ready to state the definition of the generalized analytic Feynman
integral.

Definition 2.1. Let C denote the complex numbers. Let C; = {A € C: ReA > 0}
and C;L ={A € C: A#0 and ReX > 0}. Let F': C,4[0,T] — C be such that for
each A > 0, the function space integral

= [ o PO )

exists for all A > 0. If there exists a function J*(\) analytic in Cy such that
J*(A) = J(A) for all A > 0, then J*(\) is defined to be the analytic function space
integral of F' over C, [0, T] with parameter A, and for A € C; we write

(2.7) E*™[F] = E™ [F(z)] = J* (V).

Let ¢ # 0 be a real number and let F' be a functional such that E*">[F] exists for
all A € C,. If the following limit exists, we call it the generalized analytic Feynman
integral of ' with parameter ¢ and we write

(2.8) B ([F) = By F(x)] =

m.

lim E* [F]
A——iq

where A approaches —ig through values in C;.

Next (see [B], [7], [1], [8], and [6]) we state the definition of the generalized
analytic Fourier-Feynman transform (GFFT).
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2928 SEUNG JUN CHANG, JAE GIL CHOI, AND DAVID SKOUG

Definition 2.2. For A € C and y € C, [0, T, let

(2.9) TA(F)(y) = EZ™ [F(y + ).

For p € (1,2], we define the L, analytic GFFT, T,(p; F) of F, by the formula
(>‘ € (CJr)v

(210) T, F)y) = lim, T5(F)()

if it exists; i.e., for each p > 0,
Jim I TA(F) (py) = Ty(p; F)(py)[” du(y) =0
—TYJC, 10,7
where 1/p + 1/p’ = 1. We define the Ly analytic GFFT, Ty(1; F) of F, by the
formula (A € Cy)

(2.11) T,(L F)(y) = lim T\(F)(y)

A——iq

if it exists.

We note that for 1 < p <2, T,(p; F) is only defined as s-a.e. We also note that
it T,(p; F') exists and if F' = G, then T,(p; G) exists and Ty(p; G) = T,(p; F).

Next we give the definition of the first variation of a functional F' on Cj [0, T
followed by a very fundamental Cameron-Storvick type theorem [2] which was es-
tablished in [5, Theorem 3.5].

Definition 2.3. Let F be a B(C, [0, T])-measurable functional on C, [0, 7] and
let w € Cy[0,T]. Then

(2.12) SF (z|w) = %F(m—i—hw)

(if it exists) is called the first variation of F.

h=0

Throughout this paper, when working with §F(z|w), we will always require w
to be an element of A where

(2.13) A={w e Cepl0,T]: w(t) = /Ot z(s)db(s) for some z € L37b[O,T]}.

Note that for F(x) of the form (1.1), 6F (z|w) acts like a directional derivative
in the direction of w. For example, if f(ui,us) = exp{3us + 4uz} and F(z) =
flaa, ), {as,x)), then
SF (z|w) = [3{aq, w) + 4{az, w)] exp{3{aq, z) + 4{az,z)}
= (o, w) fi((ar, ), (g, 2)) + (a2, w) fa (o, 2), (@2, 7))
The following notation is used throughout the paper:

T T
(2.14) (u,a’) = / u(t)a (t)dt = / u(t)da(t)

0 0
and

T T
(2.15) (u? V) = / W (L)Y (t)dt = / u?(t)db(t)

0 0
foru € Lib[O, T]. Furthermore, for all A € (fLH v/ is always chosen to have positive
real part.
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INTEGRATION BY PARTS FORMULAS ON FUNCTION SPACE 2929

Theorem 2.1. Let z € L2 [0, T] be given and fort € [0,T], let w(t) = f(f z(s)db(s).
For each p > 0, let F(pz) be p-integrable on Cup[0,T] and let F(px) have a first
variation S F(px|pw) for all x € Cy [0, T] such that for some positive function n(p),

sup |0F (px + phw|pw)|
|R|<n(p)

is p-integrable. Then if any two of the three generalized analytic Feynman integrals
in the following equation exist, then the third one also exists, and equality holds:

(2.16)  EM[5F (x|w)] = —iqEL"[F(2)(z,2)] — (—iq)? (2, d ) EL" [F(2)).

In fact, for each A € C4, the above conclusions also hold for analytic function space
integrals,

(2.17) E3™ [0F (xw)] = AES™ [F(2){z,2)] = VA(z, ') B [F(2)].

We finish this section by stating a very fundamental integration formula for the
function space C, [0, 7.

Let {1, -+ ,a,} be an orthonormal set of functions from (L2 0,77, - |la.6)s
and for j € {1,--- ,n} let /

(2.18) A = (ag,d) = /0 o (t)da(t)
and
(2.19) B = (o2.1) = /O o2 (t)db(1).

Note that B; > 0 for each j € {1,2,---,n}, while for each j, A; may be positive,
negative or zero.
Let f : R™ — R be Lebesgue measurable, and let F(z) = f({a1,x), -, (an, ).

Then
BR= [ S o))
(2 20) Cq,5[0,T7] 1
’ n T2 n —A 2
= (j];[IQﬂ'Bj) Rnf(ula"'vun)eXp{_;%}dul”'dun

in the sense that if either side exists, both sides exist and equality holds.

3. INTEGRATION BY PARTS FORMULAS ON FUNCTION SPACE

Let n be a positive integer (fixed throughout this paper) and let {aq, -+, @, } be
an orthonormal set of functions from (L2 ,[0,T1],]| - ||a.,5)- Let m be a nonnegative
integer. Then for 1 < p < oo, let B(p;m) be the space of all functionals of the
form (1.1) for s-a.e. = € C4[0,T] where all of the kth-order partial derivatives

Five (Ui, sun) = fiy .o 5o (@) of f:R™ — R are continuous and in LP(R™) for
k€ {0,1,--- ,m} and each j; € {1,---,n}. Also, let B(co;m) be the space of all
functionals of the form (1.1) for s-a.e. © € Cy4[0,T] where for £k = 0,1,--- ,m,

all of the kth-order partial derivatives fj, ... ;. (&) of f are in Cy(R™), the space of
bounded continuous functions on R™ that vanish at infinity.
Our first lemma follows directly from the definitions of 0 F (z|w) and B(p; m).
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Lemma 3.1. Let 1 < p < oo be given, let m be a positive integer, let F' € B(p;m)
be given by equation (1.1) and let w be an element of A. Then

(3.1) OF (zlw) = Y (aj,w) fi((ar,),- -+ , {an,z))
j=1
for s-a.e. © € Cg[0,T]. Furthermore, as a function of x, 0F(-|lw) € B(p;m — 1).

Lemma 3.2. Let p, m and F be as in Lemma 3.1. Let z € L2 [0, T be given, and
fort €[0,T), let w(t fo . Let G € B(p';m) be given by

(3'2) G( )_g(<a1a >a a<an7x>)

for s-a.e. x € Cop[0,T]. Define R(x) = F(x)G(z) for x € Cyp[0,T]. Then

R € B(1;m), and as a function of x, SR(-|w) € B(l;m —1).

Proof. Let r(u1, -+ ,un) = f(u1, -+ ,un)g(u, -+ ,un). Then R(x) = r({ai,x),
, {an, x)) is an element of B(1;m) since all of the kth-order partial derivatives of

r are continuous and in L!(R) for k = 0,1,---,m. Applying Lemma 3.1 we obtain
that dR(z|w), as a function of z, belongs to B(1;m — 1). O

Remark 3.1. Let F', G and R be as in Lemma 3.2 above. In evaluating E[F(A~2z)],
E[R(A\~2z)], and E[SR(A~zz|w)] for X > 0, the expression
n

. — Hin 7 (VAu; — A;)°
(3.3) H(/\,ul,---,un):H()\,u)zexp{—;T
occurs, where A; and B; are given by equations (2.18) and (2.19) above. Clearly,
for A > 0, |H(M\; @) <1 for all @ € R™ since B; > 0 for all j = 1,--- ,n. But for
A € Cy, |[H(A;@)| is not necessarily bounded by 1. Note that for each A € Cy,
VA = ¢ +id with ¢ > |d| > 0. Hence, for each X € C,

H _eXp{ z":\/_u] )}

J

(3.4) Z:L .
—exp{ Z [(¢® — d* + 2cdi)u3 —2(c+dz)Auj+A]}
< 2B, ’
and so
. 2 [(¢? = d?)u? — 2cAju; + AT
(3.5) |H()\,u)| = exp{ - 2B; }

j=1

Note that for A € C,, the case we consider throughout Section 3, Re(v/A) =
¢ > |d] = |Im(v/A)| > 0, which implies that ¢ — d*> > 0. Hence, for each A\ € Cy,
H(X\; @), as a function of @, is an element of LP(R™) for all p € [1,4o0]; in fact,
H (\; @) also belongs to Cy(R™). These observations are critical to the development
of the integration by parts formulas throughout Section 3.

In Sections 4 and 5 below we consider the case where A = —ig € C, —C,.. In this
case, VA = \/—iq = c+id with ¢ = \/|q|/2 = |d|. Hence, for A\ = —iq, ¢ € R — {0},
2 —d? =0, and so

" [V/2]q[Aju; — A2
Z 2 }’

(3.6) |H( iq; U | = exp{ E;

Jj=1
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which is not necessarily in LP(R™) for any p € [1,4o00]. Thus, in Sections 4 and 5
we will need to put additional restrictions on the functionals F' and G in order to
obtain the corresponding parts formulas involving Fourier-Feynman transforms.

Remark 3.2. Note that in the setting of [11], a(t) = 0 and b(t) =t on [0,7] and
so A; = (oj,a’) =0 and B; = (a?,b') =1forall j € {1,2,---,n}. Hence, for all

)\E(C_i_,
A v 2 Re()) - 2
exp —52% =expy — 5 uj o < 1.
=1

Jj=1 J

|H(\ @)| =

Theorem 3.3. Let z € Lgﬁb[O,T] be given and fort € [0,T], let w(t) = fot z(s)db(s).
Let p, m, F and G be as in Lemma 3.2. Then for all A € C,,

B F(2)0G (2|w) + 0 F (xfw)G(2)]

(37 A F(@)G(@)(z,3)] - VA(z, ) B [F(@)Ga)]

where /X is chosen to have positive real part.
Proof. First define R(z) = F(z)G(x) and let

r(“’h'" 7“’") = f(ula"' 7“’")9(“’17"' ,’Ltn).

Then by Lemma 3.2, R € B(1;m) and §R(-|w) € B(1;m—1). Furthermore, all of the

kth-order partial derivatives of r are continuous and in L!(R") for k = 0,1,--- ,m.
Hence, R(px) is p-integrable on C, 4[0,T] for each p > 0. In addition, for s-a.e.
x € Cmb[O,T],

OR(z|w) = F(x)0G(z|w) + 0 F (z|w)G(z)

(3.8) = f({aq,x), -, {an,x)) jz::l<aj,w>gj(<ahx>’ e am, 2))

n

+g(<a1,x), ) <O‘nax>) Z<ajvw>fj(<a1ax>a ) <O‘nax>) :

Jj=1

But for all u € Li’b[O, T],

men—\ATM$mwﬁ

=\LTw@4@@@>
T

(3.9)
< [ Wo)=1ap) + lal )]
= (lul; |2)as
< lwllabll]lab-
In particular, since {a,--- , @} are orthonormal, [{a;, w)| < ||z||a,p for each j €

1,2, ,n}.
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Next, using (3.8) and (3.9), we see that for p > 0 and h > 0,
|6R(pz + phw|pw)|
< pllzllap|f({ar, pr + phw), -+, (e, pz + phw))|

n

Y gi(laa, pr + phw), -+, (o, pz + pha))]
(3.10) j=1

+ pllzllap|g({oa, pz + phw), - - -, (an, px + phw))|

n

Y | fillan, pr 4 phw), -+ (e, pr + phaw))).

j=1
But this implies that dR(px + phw|pw), as a function of z, is p-integrable for all

p > 0and h > 0. This can be seen by integrating the right-hand side of (3.10) term
by term. For example, using (2.20), we see that for any [ € {1,--- ,n},

E[|f({a1, pr + phw), - -+, (an, pr + phw))|
“|gi({oa, p + phw), -+, {an, pr + phw))]]

n —1/2
~(IIzws) [ 1wt )
j=1 "

- [y = p(A) + hlay, w))?
R Vs

(3.11)

}dul < dug,

Jj=1

n —1/2
<(I2mss)  Wslolaly <.
Jj=1

Thus, using (3.10) and (3.11), we obtain that for p > 0 and h > 0,
E[|6R(pz + phwl|pw)]]

n —-1/2 n n
< pnzna,b(H 27rp23j) 1S ol + gl |fl||p} <.
=1 =1

j=1
Next, using (3.8), (2.19), (3.3), and (3.4), we see that for all A > 0,
E[F(\"22)0G(\" 2 z|w) + 6F(A\~ 2z |w)G(x)]
A 1/2 n
) L @S e ua)
;

=1

n

3.12) ( .

Jj=1

n

+9(@) Y (on, w) ful@)| H (X; @) did.

=1

But, as noted in Remark 3.1 above, for each A € C,, H(\; @) is an element of
Co(R™), and so the integrand on the right-hand side of (3.12) is in L'(R™). Hence,

3™ 3R (alw)] = B3™ [F(@)0G(xlw) + 0F (afw)G(w)

exists for all A € C,. A similar argument shows that the analytic function space
integral E2"[F(z)G(z)] also exists for all A € C4. Equation (3.7) now follows
from Theorem 2.1 above; in particular, from equation (2.17) with F(x) replaced
with R(x). O
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The following two corollaries are special cases of Theorem 3.3.

Corollary 3.4. Let z,w, and m be as in Theorem 3.3. Let F' € B(2;m) be given
by (1.1). Then for all A € Cy,

B F(2)dF (z|w)]

(3.13) A VA

= 2 (F @) (2] - B () B (F ()]
Proof. In Theorem 3.3, choose p = 2 and G(z) = F(z). O
Corollary 3.5. Let z1 and z2 be elements of L2 [0, T, and for t € [0,T], let

fo zj(s)db(s) for j € {1,2}. Let F € B(2; m) be given by equation (1.1).
Then for all A 6 C+,

EZ F(2)62F (Jwn) (ews) + O F (x|wz)OF (xw:)]

3.14
B B PP (sl ) (22, )] — VA () B2 [F ()0 (o)
Proof. Let p =2 and G(z) = 6F(z|w) in Theorem 3.3. O

Lemma 3.6. Let p,m and F be as in Lemma 3.1 above. Then for all A € C,,

(3.15) Ta(F)(y) = EZ™ [F(y + 2)] = do(Xs (n, 9), -+ {oms y)
for s-a.e. y € Cq[0,T] where

n 1/2 ~
(3.16) do(N; &, ,6n) = (H 27E, ) - f(@+EH(\; @)da

with B; and H given by equations (2.19) and (3.4) respectively.

Proof. For A > 0, equation (3.15) follows easily from equation (2.20). But for
each A € C4, as shown in Remark 3.1 above, H(A;uy,- - ,u,) is an element of
LP(R™)NCH(R™) for all p € [1, 00]. Hence, for each A € C4 and s-a.e. y € Cy [0, T,

f(ul + <061,y>, o, Un + <04n;y>)H(/\7u17 e 7“’”)
belongs to L'(R™) and so equation (3.15) holds throughout Ci. O

Our next lemma follows from standard results for convolution products. The
key is that for each A € C4, H(A; @) is an element of LP(R™) N Cy(R™) for all
1<p< oo

Lemma 3.7. Let ¢ be given by equation (3.16) above.

(a) If f € L*(R™), then ¢o(X;-) € Co(R™) for all X € Cy..

(b) If f € LP(R™) for some p € (1,00), then ¢o(X;-) € LY (R™) for all X € Cy
where p’ = 1%'
(c) If f € Co(R™), then ¢o(X;-) € LY (R™) for all X € Cy.

Our next theorem follows immediately from Lemma 3.7.

Theorem 3.8. Let 1 < p < oo be given. If F' € B(p;m), then T\(F) € B(p';m).
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Theorem 3.9. Let 1 < p < 0o and w € A be given. Let F' € B(p;m) be given by
equation (1.1). Then for all A € C4 and s-a.e. y € Cq[0,T7,

ST\ (F)(y|w)

n A 1/2 n
- (ag, w) fi(ur + {1, 9), -+ s un + (o, y)
(3.17) (E 27rBj) / ; LI Y Y

cH(MNug, - yun)duy - - duy,
=Tr(0F (-|w))(y),

which, as a function of y, is an element of B(p';m — 1).

Proof. The fact that 6T\ (F)(y|w) is an element of B(p';m — 1) follows directly
from Theorem 3.8 and Lemma 3.1. To establish equation (3.17) for A > 0, simply
calculate 0T\ (F)(ylw) using equation (3.15), and then calculate Tx(6F(-|w))(y)
using equations (3.1) and (2.9). Finally, equation (3.17) holds throughout C. by
analytic continuation in A. O

In our next theorem we obtain an integration by parts formula involving T (F')
and Th(G).

Theorem 3.10. Letp,m, z,w, F' and G be as in Theorem 3.3. Then for all X € C4,

(3.18)
EZTA(F) (2)0TA (G) (z|w) + 6TA(F)(zw)Tx(G)(2))]
= MBS [T\ (F) (2) T (G) () (2, 2)] = VA(z,d) EZ [T\ (F) (2)Ta (G) ().

Proof. For © € Cy[0,T], let R(z) = Th(F)(x)TA(G)(x). Then by Theorem 3.8,
T\(F) € B(p';m) and T\(G) € B(p;m). Hence, by Lemma 3.2, R belongs to
B(1;m), and so by Lemma 3.1, d R(z|w), as a function of z, belongs to B(1;m — 1).
Thus, equation (3.18) follows from Theorem 3.3 with F' and G replaced by Th(F')
and T)(G) respectively. O

Theorem 3.11. Let m,z and w be as in Lemma 3.2. Let p € [1,2] and let F
and G in B(p;m) be given by equations (1.1) and (3.2) respectively. Then for all
AeCy,

EZ [F (2)0TA (G) (z[w) + 0F (z[w)TA(G) (2)]
= MBS F(2)TA(G)(2){z,2)] = VA(z, ') B3 [F(2)TA (G) ().

Proof. Let R(x) = F(z)TA(G)(z) for x € Cq[0,T]. By Theorem 3.8, T)(G) is an
element of B(p';m) and hence by Lemma 3.2, R belongs to B(1;m). Hence, by
Lemma 3.1, §R(z|w), as a function of z, belongs to B(1;m — 1). Thus, equation
(3.19) follows from Theorem 3.3 with G replaced by T (G). O

(3.19)

Corollary 3.12. Let m,z,w,p and F be as in Theorem 3.11. Then for all A € C,
EZ F (2)0T\(F)(xw) + 6 F (x|w)Tx(F)(x)]

G20 AB )T (F) @) 2. 0)] — VAL ) B [P T (F) @)

Proof. Simply choose G = F' in Theorem 3.11. O
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Corollary 3.13. Let m,z and w be as in Lemma 3.2. Let F € B(2;m) be given
by equation (1.1). Then for all A € Cy,

EZATA(F) ()T (F) (]w)]

(3.21) 5 d
= 2 () @) ()] - LD g 1y () ).

Proof. Simply choose p =2 and G = F' in Theorem 3.10. (]

4. PARTS FORMULAS INVOLVING T (1; F') AND T,(1;G)

In this section we obtain various integration by parts formulas involving the
analytic GFFTs T,(1; F) and T,(1; G). In view of equation (3.6) above, we clearly
need to impose additional restrictions on the functionals F' and G than were needed
throughout Section 3.

Fix ¢ € R—{0}. Then as A — —iq through values in C, ¢ = Re(vA) — /|q|/2
and |d| — /|q|/2 where d = Im(V/)).

Next using equations (3.3) through (3.6) we see that for all A € C; with ¢ =
Re(VA) < ((1+a))/2)%,
" [(¢* = d?)ud — 2cAju; + A7) }

‘H(/\;d')|:exp{—z j2Bj

J=1

In addition,

(4.2) < exp { Re ﬁ)jz: Aéfj}

[l {(51) 2 et fan
For f € L*(R") let -
(4.3) F()(E) = (2m) "/ f(@0) exp {i Zujfj}du

denote the Fourier transform of f.

Theorem 4.1. Let ¢ € R — {0} be given. Let F' € B(1;m) be given by equation
(1.1) with

. 1+ lgl\ 2 <= A\
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for all k € {0,1,--- ,m} and each j; € {1,--- ,n}. Furthermore, assume that
|q |A; 5] . q&1 q&n
45 ew{- Z VABLE Y PGB ig ) - B -G

belongs to Co(R™). Then

(1.6) —igi€ (H ‘“?) [ 1€+ (g

is an element of Co(R™). Furthermore, the Ly analytic GFFT, Ty(1; F) exists as
an element of B(oco;m) and for s-a.e. y € Cy[0,T] is given by the formula

(4.7) To(L; F)(y) = do(—ig; (o1, 9), -+, (an,y)).

Proof. By (4.1) and (4.4) we know that f(-)H(—iq;-) € L*(R™), and so its Fourier
transform, F(f(-)H(—iq;-))(§) exists and belongs to Co(R™). Furthermore, by
equations (4.6) and (3.4) and the fact that \/—iq = ¢+ di = +/|q|/2 + di, we obtain

do(—ig:€)
=(1_1 o) [ € i aan
(1) 160 - £
(-55) [ £T500=05)
() (e

R™

o3 B

2B,

- (2m) /2 f(@)H (—igq; @) exp { - Z’qzn; ué_ii}dﬁ
=

Il
7 N\
qamb

|
SIS
SN—

S]]

=1

.f(f(.)H(—z’q;-))< - q_gl"" ’_&>

By B,
(f1-5) £ )
'exp{ g V2l fj} (f(-)H(—iq;'))< - % -‘%)

By assumption (4.5), it follows that ¢o(—ig; £) is an element of Cp(R™).
Finally, by equations (2.11), (3.15), (3.16), (4.8) and the dominated convergence
theorem (the use of which is justified by (4.2)), it follows that for s-a.e. y €
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Cop[0,T7,
7,01 F)(y)
= lim Ty(F)(y)
fim,
:)\ lgnz ¢0( <041,y>7"' ,<an,y>)
n A 1/2
49) = tim_ (H o) L e () HOG D

n . 1/2
== — a4 e YT e
B (H 27TB]> R f('U:l + <a17y>7 » Un + <Oémy>)H( Zq,’U,)d’LL

j=1
= d)O(_Z(L <a1a y>a ) <ana y>)
as desired. (]
Theorem 4.2. Let ¢ € R — {0} and F € B(1;m) be as in Theorem 4.1. Further-
more, assume that for each l € {1,2,--- n},
Iq |4,&; . &1 @n

@10) e - Z VAL Y r i) ias ) (- B -2
belongs to Co(R™). Then for each l € {1,2,--- ,n},

— n —1iq 3 -
(4.11) Pi(—ig; €) = (H 2WBJ_> - fi§+w)H (—ig; d)du

is an element of Co(R™). In addition, for each w € A and s-a.e. y € Cy[0,T],

n
6T 1 F y|’LU Z ar, w Zq7 <alay>a"' ;<an;y>)
=1

(4.12)
= T4(1; 6F(-|w))(y),

which, as a function of y, is an element of B(oo;m —1).

Proof. The proof that each ¢;(—ig;-) belongs to Cy(R™) is the same as the proof in
Theorem 4.1 above showing that ¢o(—ig;-) € Co(R™). Equation (4.12) then follows
immediately using the definition of the first variation and equation (4.7). (]

Our next theorem gives a parts formula involving F' and T,(1; G).

Theorem 4.3. Let ¢ € R — {0} be given and let F € B(1;m) be as in Theorem
4.1. Let G € B(1;m) be given by equation (3.2) with

1
. L+1g\ 2 = 4w -
(4.13) /]Rn ‘gj17...7jk (u)| exp { (T ; # di < oo

J

for all k €{0,1,--- ;m} and each j; € {1,--- ,n}. Furthermore, assume that
@i ew{- Z IR Pl =i ) — e 2
n
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belongs to Co(R™) for all I € {0,1,---,n}. Let z € L. ,[0,T] be given and for
t€[0,7], let w(t) = [ 2(s)db(s). Then
B3 [F(2)8T,(1; G) (zw) + F (zw) T, (1; G)(x)]
(4.15) = —iq B [F ()T, (1; G)(x)(z, z)]
— (=iq)* (2, ) B34 [F ()T, (15 G) ()
Proof. Let R(x) = F(x)Ty(1; G)(z). By Theorem 4.1, T,(1; G)(z) is an element of

B(oo;m) and so R(x) is an element of B(1;m). Also, by Theorem 4.1, Theorem 4.2
and Lemma 3.2,

SR (z|w) = F(x)Ty(1; G)(z|w) + 6 F (x|w) Ty (1; G) (),

as a function of z, is an element of B(1;m — 1). In addition, we know that for each
le {07]-; an}v

is an element of Cp(R™) with

T,(1;G)(y) = vo(—ig; (a1, ), (n, y))

and
5TQ(1’ G)(y|w) = Z<al7 U)WJI(—Z(]» <a1a y>7 ) <ana y>)
1=1
for s-a.e. y € Cy[0,T]. Hence, both of the following analytic Feynman integrals
exist:

E3"[R(x)] = E3™[F(2)T,(1; G) ()]
(4.16) _ (

—iq
27TBj

1/2
) f@ncisin i

n
J=

1

and
B3 [§R(x|w)] = B3 [F ()T, (1; G)(2|w) + 0F (x|w)Ty(1; G) ()]

@in (ﬁ 27_rg>1/2/,, [f(ﬂ)imw%(—iq;ﬁ)

j=1 J =1

n

+ o(—ig; @) > (ou, w>fl(ﬂ)] H(—ig; @)dii.

=1
Also, proceeding as in the proof of Theorem 3.3 above, it is easy to show that for
p>0andh >0,

E[|6R(px + phw|pw)|]

n —1/2 n
(418) < pHZ”a,b(j];[lQﬂ'p B]) |:||f()|1l§_;|wl(_z%)”oo

+wwwnm§]mm4<m
=1
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Hence, by Theorem 2.1 above, the analytic Feynman integral
B3 [R(2) (2, 7)) = B3 [F(2)Ty(1; G)(2) (2, )]
exists and equality (4.14) holds. O

Choosing G = F' in Theorem 4.3 we get the following integration by parts for-
mula.

Corollary 4.4. Let ¢ € R — {0} be given and let F' € B(1;m) be as in Theorem
4.2. Let z and w be as in Theorem 4.3. Then

B [F(2)8T,(1; F)(zw) + 0 F (z]w) Ty (1; F)(x)]
(4.19) = —igEg" [F(2)Ty(1; F)(x)(z, )]
~ (~i)® (2, a/) Ef" [F (2)T, (1; F)()]
Next we obtain a parts formula involving T,(1; F') and T,(1; G).
Theorem 4.5. Let ¢ € R—{0}. Let F € B(1;m) be as in Theorem 4.2 and let G €

B(1;m) be as in Theorem 4.3. Furthermore, assume that for each i € {0,1,--- ,n},
(4.20) / |1pl —iq; ) H (—ig; 4 ‘du < 00.
Then for w(t fo ) with z € L2 ,[0,T],
E[ (1 )( >6T (1 G) (alw) + 0T, (1; F) () Ty (1; G) (x)]
(4.21) = —igE¥% [T,(1; F)(2)T,(1; G)(z){z, z)]

— (—iq)? (2, a') B3 [Ty(1; F) (2) Ty (1; ><x>]

Proof. Let R(x) = T4(1; F)(x)T4(1; G)(z). Then R € B(oco;m) and dR(z|w), as a
function of z, is an element of B(oo;m — 1). Hence, by ( 6), (4.11) and (4.20),
both of the following analytic Feynman integrals exist:

(4.22)  E™N[R(x)] = (H il )2 . bo(—ig; @)oo (—ig; @) H (—ig; @)du

and
Ef;nfq [(5R(a:|w)]

n

(4.23) (H 27_erq ) / [¢0(_iQ5ﬁ)Z<alawwz(—iq;ﬂ)

=1

+ o(—ig; @)y <Oéz,w>¢z(—iq;ﬁ)}H(—iq;ﬁ)dﬁ-
=1
In addition, for p > 0 and h > 0,

E[|6R(px + phw|pw)|]

< pnzua,b[wo(—zq; Moo 3 Ior(—i: Yl

(4.24) =

(gl Y- =i )| < o0
=1
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Hence, by Theorem 2.1, the analytic Feynman integral E2™ [R(z)(z, z)] exists and
equality (4.21) holds. O

We finish this section with some examples which shed light upon the necessity
of conditions such as (4.4) and (4.5), and which also illustrate that the conclusions
of Lemma 3.7 are not necessarily valid for A € C; with Re(\) = 0.

In our first example we define a functional F' of the form (1.1) with n = 1, such
that F is an element of B(p;m) for all p € [1,+0o0], f is an element of LP(R) for
all p € [1,400], and yet ¢o(i;-) given by (4.6) is not an element of Cy(R). In fact,
|¢Q(i;€1)| = +oo for all & € R.

Example 4.6. Let ¢ = —1, let n = 1, let m be a nonnegative integer, and let
be an element of L? ,[0,T] with [jaa|[ap = 1. Without loss of generality, we will
assume that Ay (see equation (2.18)) is positive.
Let f: R — C be defined by the formula
zu% Z'\/§A1’U,1 + A% \/§A1u1}

4.2 =yt —L
(425) ) = ) exp { g2 - NS 4 AL V2

We note that

m A% \/§A1U1
| f ()] = uf"X[0 400) () exp {2—31 - TBl},

and hence f € LP(R) for all p € [1,400]. In fact, f is also an element of Cp(R).
We then define F : C, [0,7] — C by the formula

(4.27) F(z) = f({aq,x)).
It is easy to see that F' € B(p;m) for all p € [1, +00].
Next, using equation (3.4) with n =1, A = i, and v/i = 1, we observe that

\/55
2A ivV2Au; — A2 — 2
(4.28) H(i;uy) = exp { V2A1u1 + Z\/;Bllul 7 —ud }7
and hence
; V2411
(4.29) Flun) H (i3 u1) = ui" " X[o,100) (u1) exp {Tlll},

which is not an element of LP(R) for any p € [1, +o00].
Then, using equation (4.6) with n = 1 and ¢ = —1, equation (4.25) and equation
(4.28), we see that

[N

/R f(u1 + fl)H(Z, ul)dul

27TBl>
_ 1 2 ox ﬁ _ iV2A16 _ V2A:6
27'(31 P 231 2B1 4Bl
i V2A 1
(4.30) (ug + 51)m+1)<[07+00)(u1 +&) exp{ éfl + 4Bl ! }dul
R 1 1
_ 1 2 ox ﬁ _ iV2A16 _ V2A:6
27'(31 P 231 2B1 4Bl
+o0 ;
m+1 Zulfl \/iAlul
/51 (u1 +&1) exp{ B 1B, d
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Thus,

\bo(i;€1)] = (2nBy) 2 exp{ B x/igifl}

‘/ (ur + &)™ ex p{wlfl + ﬁAlul}dm‘.

By 4B,

(4.31)

Hence, choosing &; = 0, and using the fact that A; is positive, we see that
+o0
24
|0 (7;0)| = (27rBl)*% / W exp {@}dm
0 4B,
+o00
5 24
B (%Bl)ii/ umHeXp{@}dul = +00,
0 4B,

which implies that ¢ (i; -) is not an element of Cy(R). In fact, for each fixed & € R,
we observe that

|60 (i5€1)| = (27B1) "% exp

4B,
(4.32)

) 2A
e T PR

{5

and so ¢g(¢; ) is not an element of LP(R) for any p € [1,+0o0] even though f(-) was
an element of LP(R) for all p € [1,+o00] and F' was an element of B(p;m) for all
p € [1,+0o0]. Hence, the L; analytic GFFT, T_1(1; F') does not exist.

We also note that f does not satisfy condition (4.4) above since by equation

(4.26) (recall that ¢ = —1 and so (HT“”)U2 =1),

A
Jstfesp { 25 La

> A2 V2A5u Aju
_ m+1 1 1U1 LU e —
/0 “ eXp{231 1B, B }“1 oo

In our next example we exhibit a functional F' of the form (1.1) that satisfies
conditions (4.4) and (4.5) above. Furthermore, we are able to evaluate the integral

in equation (4.6) and thus obtain a formula for ¢g(i; 3 ) which does not involve any

integrals.
Example 4.7. Let ¢ = —1, let m be a nonnegative integer and let n be a posi-
tive integer. Let {a1, -+, an} be an orthonormal set of functions from (Lib[O, T],

Il - |lab), and for each j € {1,--- ,n} let A; and B; be given by (2.18) and (2.19)
respectively. We define f : R™ — C by the formula
n zu —Z\/_A u]—i—AQ—u —\/_A ]
= exp Z
2B;

(4.33)

Jj=1
We note that

(4.34) £ (@)] = exp { zn: — V245u) }

j=1 B;

and hence f € LP(R™) for all p € [1,4+oc0]. Also, f € Co(R™).
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Let F : Cy[0,T] — C be given by
(435) F(l‘) Ef(<a17x>a"' 7<O‘n7x>)'

It is easy to show that F' € B(p;m) for all p € [1, +o0].
Next, using equation (4.33), together with equation (3.4) with A =i and Vi =
I—\E, it follows that

2
U

(4.36) f(@)H (i; @) = exp{ - Z 2—}

j=1""7

Now clearly f(-)H(i;-) is an element of LP(R™) N Cy(R™) for all p € [1, +o0]. Next,
using equations (4.6), (3.4) and (4.33) we obtain

iz = (11 2;'3]_)5 f(@+ ) H G i)

R

" igl — V24,65 — V2485
2B,

N|=
@
£
——
N

n

)
ey e

)

{

(4.37) =t j=[1 s e
n i 2 n Zf—f'l 2 §+ 2A€
_<H27TB exp{_z J QJBJ, JJ}
Jj=1 J j=1 J
. ~ i _ - u—i}d”
/}Rn exp ; B; 32:31 2B,
()3 67+ iV2A;E + V2458 + €]
(2) exp{ —; J 15, j }7
because
n 'Ungj_ n u_?}d_,
/” eXP{Zj=1 B 2 2B U
(4.38) = (H 27rBj> exp{ — Z ;—j}
Jj=1 j=1""17
— (21)% Loy S
— R O (Fee 5 )
Hence,
n e g2
(4.39) o (i: )| —exp{_z[‘/iAfTJf’fﬂ]}’
=1 J

and so ¢o(4;-) is an element of Co(R™) N LP(R™) for all p € [1, +o0].
2
We also note that because of the factor exp{—%} in the definition of f()
given by equation (4.33), condition (4.4) certainly holds. In addition, condition
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(4.5) holds because (recall ¢ = —1)

el - 2 r o (5 5

(4.40) ZeXP{—g@gj’fj}<jf[13j>§exp{_g%}
_ (H){M}
= <ﬁBj>é|¢o(Z, 3]

J
is an element of Cy(R™) as was shown above. Hence, by Theorem 4.1, the L,
analytic GFFT, T_1(1; F) exists as an element of B(co;m) and for s-a.e. y €
Co.b[0,T] is given by the formula

T (1 F)(y)

= ¢0( <0417 >a o 7<an7y>)

N\ 1+ g, 2 1 zﬂA] aj,
_@zexp{_z[wx ) +259j+) ( y>]}.

(4.41)

j=1
5. PARTS FORMULAS INVOLVING T;(2; F') AND T,(2; G)

Note that in our first theorem below we replace conditions (4.4) and (4.5) with
condition (5.1). This condition is used to obtain a dominating function in order to
apply the dominated convergence theorem.

Theorem 5.1. Let ¢ € R — {0} be given. Let F € B(2;m) be given by equation
(1.1) with

60 [ e sEr e {(%'“)%jz:'/‘é?j'}dardg@o

for all k € {0,1,--- ,m} and each j; € {1,--- ,n}. Then

n

(5.2 on(-id = ([ 5n ) [ 1€+ 0-ig

is an element of L*>(R™). Furthermore, the Ly analytic GFFT, T,(2; F) exists as
an element of B(2;m) and for s-a.e. y € Cq[0,T] is given by the formula

(53) TQ(2’F)(y) = ¢0(_ZQa <a17y>7"' 7<an7y>)'

Proof. Using (4.1) we first note that

1

90 (=ig; (H ) N i jai

LL 97

7j=1

. : o Lt g\ ? = 400,
S(H% )/7l}f(§+u)|exp{<—2 )j—l éj] }du
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Hence, by (5.1) with k =0,

o (—ig; )3 = / |bo(—iq: E)[*d€

7l . 14 g\ o= A\ ]2
§<H zﬂBj)/n[/n\f<€+u>|exp{<7) 2 }du} dg < o0

Jj=1 Jj=1

and so ¢o(—iq; €) is an element of L2(R™).
To show that T,(2; F) exists and is given by equation (5.3) it suffices to show
that for each p > 0,

. 2
Jim [ Tx(py) — do(—ig; (o, py), -+, {om, py))|“du(y) = 0.
T JC, [0,

But

/ ITa(py) — do(—ig; (a1, py)s - -, (s py)) | dpa(y)
Co 5[0,T]

:/ ‘¢0(>" <a1apy>a"' ,<an,py>)
,5[0,T]

- ¢o(—iq; <a1a py>a Tty <04n7 py>)‘2dlu,(y)
. _1 n o A 2
:<1_1W> g R O o= e

Jj=1

7rij )2 llg0 (%) — dol—ig; )13

u'::

=

Now clearly (z)o(,\;f) — ¢o(—iq; &) a.e. on R™ as A\ — —iq through values in C,.
Thus, to show that

l#o(A;+) — do(—ig;-)|l2 — O,

it suffices [LI], p. 126] to show that

[0(A; )ll2 = ll¢o(—ig;-)ll2

2

as A\ — —iq through values in C . But for all A € C with Re(v/A) < ((14]q])/2)7,
FE+ @) H (N )di| dE

L 1+ lgl\ 2 & A ) 1% -
< [ [ [ e+ alen{ (52 > bai] d¢ <o
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Hence, by the dominated convergence theorem,
lim o (X; )l
A——iq

oA 2 . 2

=0 i+ & H(\ d)di| d

A~Zig Jan (Jl:ll 27TBJ> o f@+ & H\ a)da| dE

= i ﬁ B / Fit HHO *)d*zdg
i)\*l,rlliq i 27TBj . on u su)du
(ML) [ | st g
- <H2ij | L S+ O (g d)di dg

j=1
= ||po(—ig;-)|I3.
O

Corollary 5.2. Let ¢ € R—{0} and F' € B(2;m) be as in Theorem 5.1. Then for
each l € {1,2,--- ,n},

(54) d1(—ig;€) = (H 2;2) 2 | A+ @) H(—ig)di

j=1
is an element of L2(R™). In addition, for each w € A and s-a.e. y € C, [0, T],

n

0T4(2; F)(ylw) = a, w)Pr(—iq; (1, Y)s -+ 5 (Qn,s
(5.5) (2; F)(ylw) ;M Y1 (—ig; (a1,9), -+, (o, y))

=T4(2;0F (-|w))(y),
which, as a function of y, is an element of B(2;m — 1).

Proof. The proof that each ¢;(—ig;-) belongs to L?(R™) is the same as the proof
in Theorem 5.1 above showing that ¢o(—ig,:) € L?(R™). Equation (5.5) then
follows immediately using the definition of the first variation and equations (5.2)
and (5.3). O

Theorem 5.3. Let ¢ € R — {0} be given and let F € B(2;m) be as in Theorem
5.1. Furthermore, assume that

(5.6) /}R | fis e e (@) H (—ig; @) | dii < oo

for all k € {0,1,--- ,m} and each j; € {1,2,--- ,n}.
Let G € B(2;m) be given by equation (3.2) with

- VIR P VETT] ) 0 e
(5.7) [ Gij1 oo i (E+ 1) exp{( ) }du] dé < o0
[ Lo s (158)' 51

for all k € {0,1,--- ,m} and each j; € {1,--- ,n}. Let z and w be as in Theorem
4.3. Then

B2 [F(2)8T,(2; G) (x|w) + §F (xw)T,(2; G)(x)]
(5.8) = —igBX[F(2)Ty(2; G) () (2, z)]
— (—iq)? (2,d) B2 [F(2)T,(2; G)(2)].
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Proof. By Theorem 5.1, for each I € {0,1,--- ,n},

(5.9) hi(—ig; €) = (ﬁ 2;2) % / g€+ @) H(~ig; @)dii

j=1 J

is an element of L?(R™). Furthermore,

(510) Tq(27 G)(J?) = wo( qu <061, >7 T <an7x>)
is an element of B(2;m), and as a function of z,
(511) 5Tq(27 G)(J?|’LU) = Z<al7w>¢l( Zq7 <a15 >7 Ty <04na J)>)
1=1
belongs to B(2;m — 1). Hence, R(x) = F(2)T,(2;G)(x) is an element of B(1;m)
and

R(z|w) = F(2)0T4(2; G)(z|w) + 6F (z|w)T4(2; G)(x)
is an element of B(1;m — 1). Since
f(@)H (—ig; @) (—ig; @) and  fi(d@) H(—ig; @)ipo(—ig; @)
belong to L!(R™) for each [ € {0,1,--- ,n}, both of the following analytic Feynman
integrals exist:

P <U ‘“1) @) H (~ig; ol i )i

=

and

n

griain)) = (1] 5 ) i HE) SORTIEIL)

Jj=1 1

<al,w>fl<ﬂ>} H(igs d)di.

M= 1

+ o (—ig; w)

N
Il
i

Also, for p > 0 and h > 0,
E[|6R(px + phw|pw)]]

< pllzllon( [] 200°B;) [ufuz S la(—ig: )1l
=1

j=1
n
#li-igi ) - 15| < o0
=1
Hence, by Theorem 2.1, the analytic Feynman integral E2™ [R(z)(z, z)] exists and

equality (5.8) holds. O

Next, choosing G = F' in Theorem 5.3, we obtain the following integration by
parts formula.

Corollary 5.4. Let q, F € B(2;m), z, and w be as in Theorem 5.3. Then
B3 [F(2)8Ty(2; F)(z|w) + F (xw)Ty(2; F)(x)]
= —iq B [F(2)Ty(2; F)(x)(z, z)]
— (—iq)® (z,a) 3" [F(2)T,(2; F)(x)).
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Our final theorem is a counterpart to Theorem 4.5 above.

Theorem 5.5. Let ¢ € R—{0} and let F' and G be as in Theorem 5.3. Furthermore,
assume that for each l € {0,1,---  n},

(5.12) /}R | (@) H (—ig; @) |*dii < oc.

Let z € L2 ,[0,T] be given and for t € [0,T] let w(t) = fot z(s)db(s). Then
B2 [T, (2; F) (2)0T, (2; G) (o) + 6T (2; F) (af)Ty (2 G)(2)]
(5.13) = —igE"[Ty(2; F)(2)Ty(2; G)(x)(z, )]
— (i) (2, @) BZ0 [T,(2; F)(2) Ty (2 G) ()

Proof. Let R(z) = T4(2;F)(x)T,(2;G)(z). Then R € B(1;m) and dR(-|lw) €
B(1;m — 1). Using (5.2), (5.4), (5.9) and (5.12), we see that ot [R(z)] and
B3 [0R(xz|w)] both exist and are given by equations (4.22) and (4,23) respec-
tively. Finally, we see that (5.13) follows from Theorem 2.1, since for p > 0 and
h >0,

E[|6R(pz + phw|pw)]]

< plzlas(]] 2w B;)~* [[l0(—ig: )2 > llvn(—ig; )|l
j=1 =1
+ (=g )2 Y ldu(—igs )|2] < oc.
=1
O

We finish this paper with some very brief comments about the functionals defined
in Examples 4.6 and 4.7 for the case p = 2.

We first note that for the functional F'(z) € B(2;m) defined by equation (4.27)
with f(u1) € L?(R) given by (4.25), the Ly analytic GFFT, T_1(2; F) does not
exist because |¢o(i;&1)| = 400 for each & € R. In fact, the L, analytic GFFT,
T_1(p; F') does not exist for any p € [1,2].

On the other hand, it is quite easy to see that condition (5.1) holds for the
function f(@) given by equation (4.33). Hence, for F'(z) defined by equation (4.35),
the Lo analytic GFFT, T_1(2; F) exists as an element of B(2;m) and for s-a.e.
y € Cup[0,T] is given by the right-hand side of equation (4.41). In fact, for all
p € [1,2], the L, analytic GFFT, T_;(p; F') exists as an element of B(p;m) and is
given by the right-hand side of equation (4.41).
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