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Abstract. Bivariate and univariate gamma distributions are some of the most popular

models for hydrological processes (Yue et al., 2001). In fact, the intensity and the

duration of most hydrological variables are frequently modeled by gamma distributions.

This raises the important question: what is the distribution of the total amount ¼
intensity� duration? In this paper, the exact distribution of P ¼ XY and the corre-

sponding moment properties are derived when the random vector ðX ;YÞ has two of the

most flexible bivariate gamma distributions. The expressions turn out to involve several

special functions.

1. Introduction

Bivariate and univariate gamma distributions are some of the most popular

models for hydrological processes. The reader is referred to the review paper

by Yue et al. (2001) for detailed references. It is known that gamma dis-

tributions are popular models for the intensity and the duration of most

hydrological variables and that often intensity and duration are correlated (Yue,

2001). This raises the important question: what is the distribution of the total

amount ¼ intensity � duration? In particular,

1. if X denotes the rainfall intensity and Y denotes the rainfall duration

then what is the distribution of the amount of rainfall P ¼ XY ?

2. if X denotes the drought severity and Y denotes the drought duration

then what is the distribution of the magnitude of drought P ¼ XY ?

3. if X denotes the rate of stream-flow into a reservoir’s catchment and Y

denotes the storm duration then what is the distribution of the amount

P ¼ XY of water received during the storm?

4. if X denotes the snowfall intensity and Y denotes the snowfall du-

ration then what is the distribution of the amount of snow P ¼ XY ?

Thus, it is important that the distribution of the product of components of

bivariate gamma distributions is studied. In this paper, we consider two of
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the most flexible bivariate gamma distributions that have received hydrological

applications.

The distribution of XY has been studied by several authors especially when

X and Y are independent random variables and come from the same family.

For instance, see Sakamoto (1943) for uniform family, Harter (1951) and

Wallgren (1980) for Student’s t family, Springer and Thompson (1970) for

normal family, Stuart (1962) and Podolski (1972) for gamma family, Steece

(1976), Bhargava and Khatri (1981) and Tang and Gupta (1984) for beta

family, Abu-Salih (1983) for power function family, and Malik and Trudel

(1986) for exponential family (see also Rathie and Rohrer (1987) for a com-

prehensive review of known results). However, there is relatively little work

of this kind when X and Y are correlated random variables. The only work

known to the authors is the one by Garg et al. (2002) for Dirichlet family.

In this paper, we derive the exact distribution of P ¼ XY when X and

Y are correlated gamma random variables arising from the following dis-

tributions:

1. McKay’s bivariate gamma distribution (McKay, 1934) given by the

joint pdf

f ðx; yÞ ¼ apþq

GðpÞGðqÞ x
p�1ðy� xÞq�1 expð�ayÞ ð1Þ

for y > x > 0, a > 0, p > 0 and q > 0. For hydrological applications

of this model, see Clarke (1979, 1980).

2. Kibble’s bivariate gamma distribution (Kibble, 1941) given by the joint

pdf

f ðx; yÞ ¼ ðxyÞða�1Þ=2

GðaÞð1� rÞrða�1Þ=2 exp � xþ y

1� r

� �
Ia�1

2
ffiffiffiffiffiffiffiffi
xyr

p

1� r

� �
ð2Þ

for x > 0, y > 0, a > 0 and 0a r < 1, where Inð�Þ denotes the

modified Bessel function of the first kind of order n defined by

InðxÞ ¼
xn

2nGðnþ 1Þ
Xy
k¼0

1

ðnþ 1Þkk!
x2

4

� �k
:

For hydrological applications of this model, see Izawa (1965) and

Phatarford (1976).

The explicit expressions for the pdfs and the moments of P ¼ XY for these

two distributions are derived in Sections 2–4. The calculations involve several

special functions, including the 1F2 hypergeometric function defined by

1F2ða; b; c; xÞ ¼
Xy
k¼0

ðaÞk
ðbÞkðcÞk

xk

k!
;
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the Jacobi polynomial defined by

Pða;bÞ
n ðxÞ ¼ ð�1Þn

2nn!
ð1� xÞ�að1þ xÞ�b d n

dxn
fð1� xÞaþnð1þ xÞbþng;

the modified Bessel function of the first kind defined by

InðxÞ ¼
xn

2nGðnþ 1Þ
Xy
k¼0

1

ðnþ 1Þkk!
x2

4

� �k
;

the modified Bessel function of the third kind of order n defined by

KnðxÞ ¼
pfI�nðxÞ � InðxÞg

2 sinðnpÞ

with K0ð�Þ interpreted as the limit

K0ðxÞ ¼ lim
n!0

KnðxÞ;

and the modified Laguerre polynomial defined by

Ln
nðxÞ ¼

x�n expðxÞ
n!

d n

dxn
fxnþn expð�xÞg;

where ðeÞk ¼ eðeþ 1Þ . . . ðeþ k � 1Þ denotes the ascending factorial. We also

need the following important lemmas.

Lemma 1 (Equation (2.3.7.3), Prudnikov et al., 1986, volume 1). For

b > 0 and p > 0,ðy
a

xa�1ðx2 � a2Þb�1 expð�pxÞdx

¼ 1

2
aaþ2b�2B b; 1� b � a

2

� �
1F2

a

2
;
1

2
;
a

2
þ b;

a2p2

4

 !

� 1

2
paaþ2b�1B b;

1� a

2
� b

� �
1F2

1þ a

2
;
3

2
;
1þ a

2
þ b;

a2p2

4

 !

þ ð2pÞ2�a�2bGðaþ 2b � 2Þ1F2 1� b; 2� b � a

2
;
3� a

2
� b;

a2p2

4

 !
:

Lemma 2 (Equation (2.3.16.1), Prudnikov et al., 1986, volume 1). For

p > 0 and q > 0,ðy
0

xa�1 expð�px� q=xÞdx ¼ 2
q

p

� �a=2
Kað2

ffiffiffiffiffi
pq

p Þ:
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Lemma 3 (Equation (2.15.5.4), Prudnikov et al., 1986, volume 2). For

p > 0 and n > �n� 1,ðy
0

xnþ2nþ1 expð�px2ÞInðcxÞdx ¼ n!cn

2nþ1pnþnþ1
exp

c2

4p

� �
Ln
n � c2

4p

� �
:

Lemma 4 (Equation (2.19.3.2), Prudnikov et al., 1986, volume 2). For

p > 0 and a > 0,ðy
0

xa�1 expð�pxÞLl
n ðcxÞdx ¼ GðaÞ

pa
Pðl;a�l�n�1Þ
n 1� 2c

p

� �
:

The properties of the above special functions can be found in Prudnikov

et al. (1986) and Gradshteyn and Ryzhik (2000).

2. McKay’s bivariate gamma distribution

Theorem 1 derives the pdf of U ¼ XY when X and Y are distributed

according to (1).

Theorem 1. If X and Y are jointly distributed according to (1) then

fUðuÞ ¼
apþquq�1

2GðpÞGðqÞ

(
uðp�qÞ=2B q;

p� q

2

� �
1F2 1� pþ q

2
;
1

2
; 1þ q� p

2
;
a2u

4

 !

� auðp�qþ1Þ=2B q;
p� q� 1

2

� �
1F2

3� p� q

2
;
3

2
;
3þ q� p

2
;
a2u

4

 !

þ 21þp�qðauÞp�qGðq� pÞ1F2 1� q;
2þ p� q

2
;
1þ p� q

2
;
a2u

4

 !)
ð3Þ

for 0 < u < y.

Proof. From (1), the joint pdf of ðX ;UÞ ¼ ðX ;XY Þ becomes

f ðx; uÞ ¼ apþq

GðpÞGðqÞ x
p�q�1ðu� x2Þq�1 expð�au=xÞ: ð4Þ

Thus, the pdf of U can be written as

fUðuÞ ¼
apþq

GðpÞGðqÞ JðuÞ; ð5Þ

where

JðuÞ ¼
ð ffiffiup

0

xp�q�1ðu� x2Þq�1 expð�au=xÞdx:
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Substituting w ¼ 1=x, the integral JðuÞ can be rewritten as

JðuÞ ¼ uq�1

ðy
1=
ffiffi
u

p w1�p�qðw2 � 1=uÞq�1 expð�auwÞdw: ð6Þ

Direct application of Lemma 1 shows that (6) can be calculated as

JðuÞ ¼ 2�1uq�1

(
uðp�qÞ=2B q;

p� q

2

� �
1F2 1� pþ q

2
;
1

2
; 1þ q� p

2
;
a2u

4

 !

� auðp�qþ1Þ=2B q;
p� q� 1

2

� �
1F2

3� p� q

2
;
3

2
;
3þ q� p

2
;
a2u

4

 !

þ 21þp�qðauÞp�qGðq� pÞ1F2 1� q;
2þ p� q

2
;
1þ p� q

2
;
a2u

4

 !)
: ð7Þ

The result of the theorem follows by combining (5) and (7). C

Using special properties of the hypergeometric functions, one can derive

elementary forms for the pdf in (3). This is illustrated in the remark below.

Remark 1. If X and Y are jointly distributed according to (1) and if q ¼ 1

then

fUðuÞ ¼
a2pup�1

GðpÞ Gð1� p; a
ffiffiffi
u

p
Þ

for 0 < u < y.

Now, we derive the moments of U ¼ XY when X and Y are distributed

according to (1).

Remark 2. If X and Y are jointly distributed according to (1) then

EðU nÞ ¼ Gðpþ nÞGðpþ qþ 2nÞ
a2nGðpÞGðpþ qþ nÞ

for nb 1.

Proof. Follows by writing EðU nÞ ¼ EðX nY nÞ ¼ EððX=YÞnY 2nÞ and

using the fact X=Y and Y are independent. Note X=Y has the beta dis-

tribution with shape parameters p and q while Y has the gamma distribution

with scale parameter a and shape parameter pþ q. C

3. Kibble’s bivariate gamma distribution

Theorem 2 derives the pdf of P ¼ XY when X and Y are distributed

according to (2).
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Theorem 2. If X and Y are jointly distributed according to (2) then

fPðpÞ ¼
2pða�1Þ=2

GðaÞð1� rÞrða�1Þ=2 Ia�1

2
ffiffiffiffiffi
pr

p

1� r

� �
K0

2
ffiffiffi
p

p

1� r

� �
ð8Þ

for 0 < p < y.

Proof. From (2), the joint pdf of ðX ;PÞ ¼ ðX ;XY Þ becomes

f ðx; pÞ ¼ pða�1Þ=2

xGðaÞð1� rÞrða�1Þ=2 exp � pþ x2

xð1� rÞ

� �
Ia�1

2
ffiffiffiffiffi
pr

p

1� r

� �
: ð9Þ

Thus, the pdf of P can be written as

fPðpÞ ¼
pða�1Þ=2

GðaÞð1� rÞrða�1Þ=2 Ia�1

2
ffiffiffiffiffi
pr

p

1� r

� �
JðpÞ; ð10Þ

where

JðpÞ ¼
ðy
0

1

x
exp � pþ x2

xð1� rÞ

� �
dx:

Direct application of Lemma 2 shows that JðpÞ can be calculated as

JðpÞ ¼ 2K0

2
ffiffiffi
p

p

1� r

� �
: ð11Þ

The result of the theorem follows by combining (10) and (11). C

Using special properties of the Bessel function of the first kind, one can

derive elementary forms for the pdf in (8). This is illustrated in the remark

below.

Remark 3. If X and Y are jointly distributed according to (2) and if

ab 3=2 is a half integer then

fPðpÞ ¼
2
ffiffiffi
2

p
pða�1Þ=2ffiffiffi

p
p

GðaÞð1� rÞrða�1Þ=2 ffiffiffi
z

p K0

2
ffiffiffi
p

p

1� r

� �

�
(
a

X½ð2ja�1j�3Þ=4�

j¼0

ð�1Þ jð2j þ ja� 1j þ 1=2Þ!ð2zÞ�2j�1

ð2j þ 1Þ!ð�2j þ ja� 1j � 3=2Þ!

� q
X½ð2ja�1j�1Þ=4�

j¼0

ð�1Þ jð2j þ ja� 1j � 1=2Þ!
ð2jÞ!ð�2j þ ja� 1j � 1=2Þ!ð2zÞ2j

)
;

where z ¼ 2
ffiffiffiffiffi
pr

p
=ð1� rÞ, a ¼ cosðpð2a� 3Þ=4� zÞ, and b ¼ sinðpð2a� 3Þ=4� zÞ.
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Now, we derive the moments of P ¼ XY when X and Y are distributed

according to (2). We need the following lemma.

Lemma 5. If X and Y are jointly distributed according to (2) then

EðXmY nÞ ¼ n!Gðmþ aÞð1� rÞn

GðaÞ Pða�1;m�nÞ
n

1þ r

1� r

� �

for mb 1 and nb 1.

Proof. One can express

EðX mY nÞ ¼ 1

GðaÞð1� rÞrða�1Þ=2

ðy
0

xmþða�1Þ=2 exp � x

1� r

� �

�
ðy
0

ynþða�1Þ=2 exp � y

1� r

� �
Ia�1

2
ffiffiffiffiffiffiffiffi
xyr

p

1� r

� �
dydx

¼ 2

GðaÞð1� rÞrða�1Þ=2

ðy
0

xmþða�1Þ=2 exp � x

1� r

� �

�
ðy
0

w2nþa exp � w2

1� r

� �
Ia�1

2
ffiffiffiffiffiffi
xr

p
w

1� r

� �
dwdx

¼ n!ð1� rÞn

GðaÞ

ðy
0

xmþa�1 expð�xÞLa�1
n � xr

1� r

� �
dx; ð12Þ

which follows after setting w ¼ ffiffiffi
y

p
and applying Lemma 3. The integral in

(12) can be calculated by direct application of Lemma 4 to yieldðy
0

xmþa�1 expð�xÞLa�1
n � xr

1� r

� �
dx ¼ Gðmþ aÞPða�1;m�nÞ

n

1þ r

1� r

� �
: ð13Þ

The result of the lemma follows by combining (12) and (13). C

The moments of P ¼ XY are now simple consequences of this lemma as

illustrated in the following remark.

Remark 4. If X and Y are jointly distributed according to (2) then

EðPnÞ ¼ n!Gðnþ aÞð1� rÞn

GðaÞ Pða�1;0Þ
n

1þ r

1� r

� �
ð14Þ

for nb 1.

Proof. Follows by writing EðPnÞ ¼ EðX nY nÞ and applying Lemma 5

with m ¼ n. C
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Using special properties of the Jacobi polynomials, one can derive ele-

mentary forms for (14) for particular values of n. This is shown in the remark

below.

Remark 5. If X and Y are jointly distributed according to (2) then

EðPÞ ¼ ðaþ rÞa;

EðP2Þ ¼ að1þ aÞðaþ 4arþ a2 þ 4rþ 2r2Þ;

EðP3Þ ¼ að1þ aÞð2þ aÞð18rþ 2aþ 27arþ 36r2 þ 18ar2

þ 3a2 þ 9a2rþ 6r3 þ a3Þ;

EðP4Þ ¼ að1þ aÞð2þ aÞð3þ aÞð96rþ 6aþ 176arþ 432r2

þ 360ar2 þ 11a2 þ 96a2rþ 72a2r2 þ 96ar3

þ 16a3rþ 288r3 þ 6a3 þ 24r4 þ a4Þ:

Acknowledgments

The authors would like to thank the referee and the managing editor for

carefully reading the paper and for their great help in improving the paper.

References

Abu-Salih, M. S. Distributions of the product and the quotient of power-function random

variables. Arab Journal of Mathematics, 4 (1983), 77–90.

Bhargava, R. P. and Khatri, C. G. The distribution of product of independent beta random

variables with application to multivariate analysis. Annals of the Institute of Statistical

Mathematics, 33 (1981), 287–296.

Clarke, R. T. Extension of annual streamflow record by correlation with precipitation subject to

heterogeneous errors. Water Resources Research, 15 (1979), 1081–1088.

Clarke, R. T. Bivariate gamma distribution for extending annual streamflow records from pre-

cipitation: Some large-sample results. Water Resources Research, 16 (1980), 863–870.

Gradshteyn, I. S. and Ryzhik, I. M. Table of Integrals, Series, and Products (sixth edition). San

Diego: Academic Press (2000).

Izawa, T. Two or multi-dimensional gamma-type distribution and its application to rainfall data.

Papers in Meteorology and Geophysics, 15 (1965), 167–200.

Kibble, W. F. A two-variate gamma type distribution. Sankhyā, 5 (1941), 137–150.
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