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Abstract
We prove that any probability measure on R, with moments of all orders,

is the vacuum distribution, in an appropriate interacting Fock space, of the
field operator plus (in the non symmetric case) a function of the number
operator. A corollary of this is that all the momenta of such a measure are
expressible in terms of the Jacobi parameters, associated to its orthogonal
polynomials, by means of diagrams involving only non crossing pair parti-
tions (and singletons, in the non symmetric case). This means that, with our
construction, the combinatorics of the momenta of any probability measure
(with all moments) is reduced to that of a generalized Gaussian. This phe-
nomenon we call Gaussianization. Finally we define, in terms of the Jacobi
parameters, a new convolution among probability measures which we call
universal because any probability measure (with all moments) is infinitely
divisible with respect to this convolution. All these results are extended to
the case of many (in fact infinitely many) variables.

1 Introduction

The notion of interacting Fock space emerged from the stochastic limit of
QED [AcLu92] and was axiomatized in [AcLuVo97]. The zero space-time
dimensional case corresponds to a non linear deformation of the usual (Bo-
son, Fermion or q-deformed) one mode Fock spaces. On the other hand, in
[BoWy97] have introduced a new convolution among probability measures on
R, with all moments, generalizing the free convolution and based on Szëgo’s
theorem which associates a continuous fraction to any such a measure.

By combining the two techniques it is possible to construct a canonical
isomorphism between the L2-space associated to any symmetric probability
measure on R with all moments and an appropriate one-mode interacting
Fock space, in which the number vectors correspond to the orthogonal poly-
nomials for this measure and the the field operator to the position operator.
All the one mode interacting Fock spaces are shown to arise in this way.

Moreover, by adding a function of the number operator to the field op-
erator one obtains a symmetric operator whose momenta, with respect to
the vacuum vector, coincide with the momenta of a non necessarily symmet-
ric probability measure on R with all moments. All such measures can be
obtained with this construction.

The construction can be extended to the multidimensional (even infinite
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dimensional) case and provides a new natural technique to deal with orthog-
onal polynomials.

These results strongly support the conjecture that the interacting Fock
space provides a natural frame to deal with non Gaussian measures, i.e. with
interacting fields.

2 Preliminaries on one mode interacting Fock

spaces

An interacting Fock space is a Hilbert space associated to an arbitrary (real
or complex) pre-Hilbert space K through a procedure, motivated by the
stochastic limit of quantum electrodynamics, and which is a generalization
of the known second quantizations functors (free, q-deformations, ...). In
the present paper we shall only consider the case in which K is the com-
plex numbers which, in physical language, corresponds to a one mode field
(equivalently a field with a 1–particle space of zero space–time dimensions).
For the general case we refer to [AcLuVo97].

Definition 1 Let K be a one-dimensional complex Hilbert space. Then, for
each n ∈ N also Kn := ⊗nK is 1–dimensional, and we identify it to the
multiples of a non-normalized vector denoted a+nΦ. With this identification,
a pre-scalar products (·|·)n can only have the form

(z|w)n := λn(z, w) z̄w ; z, w ∈ C (1)

where the λn are positive numbers. The one mode interacting Fock space
Γ(C; (λn)) is the Hilbert space obtained by completing the orthogonal sum⊕

n{Kn, (·|·)n} where the scalar product (·|·)n is given by (1) and the sequence
(λn) satisfies the following condition

λn = 0 =⇒ λN = 0 ; ∀N ≥ n (2)

Under this condition, the creator

a+ : a+nΦ→ a+(n+1)Φ

is well defined and, with the convenction that 0/0 = 0, the annihilator a is
given by the rule:

a : a+(n+1)Φ→ λn+1

λn
a+nΦ (3)
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which is equivalent to the commutation relation

aa+ =
λN+1

λN
(4)

where the number operator N is defined in the usual way:

N(x1 ⊗ . . .⊗ xn) = n(x1 ⊗ . . .⊗ xn) ; n ∈ N (5)

and the right hand side of (4) is uniquely defined by the spectral theorem The
algebraic relation (5), together with the condition

aΦ = 0 (6)

uniquely characterizes the interacting Fock space structure. The resulting
Hilbert space is finite dimensional if and only if λn = 0 for some n.

3 Preliminaries on orthogonal polynomials:

one variable

The following theorem is well known [Szë38]

Theorem 1 Let µ be a probability measure on R with finite moments of all
orders. There exists two sequences of real numbers αn ∈ R, ωn ≥ 0, such
that, denoting {Pn} the sequence of orthogonal polynomials associated to µ,
normalized so that P−1 = 0, P0 = 1, P1(x) = x− α1, the following relations
hold for each n ∈ N:

(x− αn+1)Pn(x) = Pn+1(x) + ωnPn−1(x) (7)∫
Pn(x)Pm(x)dµ(x) = δn,mω1ω2 . . . ωn (8)

Moreover µ is symmetric if and only if αn = 0 for each n and µ is supported
in a finite number of points if and only if ωn = 0 for some n.

Proof . A standard induction procedure.
Remark. The sequences (ωn) (αn), defined by the previous theorem,

shall be called the Jacobi parameters (or sequences) associated to µ.
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4 Gaussianization in one variable: symmetric

measures

Theorem 2 Let µ be a symmetric probability measure on R with all mo-
ments and let (Pn) be the associated sequence of orthogonal polynomialys
in L2(R, µ). Then there exists a unique one mode interacting Fock space
Γ(C; (λn)) and a unitary isomorphism

U : Γ(C; (λn))→ L2(R, µ) (9)

with the following properties:
UΦ = 1 (10)

Ua+U∗Pn = Pn+1 (11)

U(a+ + a)U∗ = Q (12)

where Q is multiplication by x in L2(R, µ). Conversely, given a one mode
interacting Fock space the vacuum distribution µ of any self–adjoint extension
of a+ + a is such that the interacting Fock space, associated to µ with the
construction of the first part of the theorem is the original one.

Proof . Let (ωn) be the Jacobi sequence associated to µ and suppose first
that

ωn > 0 ; ∀n (13)

Define the sequence (λn) by

λ1 = 1 ; ωn+1 =
λn+1

λn
(14)

Then there exists a one mode interacting Fock space characterized by the
condition

aa+ = ωN+1 =
λN+1

λN

The map
a+nΦ ∈ Γ(C, (λn)) 7→ Pn ∈ L2(R, µ)

preserves orthogonality by construction and since

‖a+nΦ‖2 = (a+(n−1)φ|aa+a+(n−1)Φ)n−1 =
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= ωn‖a+(n−1)Φ‖2 = . . . = ωn · ωn−1 · . . . · ω1 = λn

it preserves norms. Therefore it has a unique unitary extension U . Now let
t ∈ R and consider, for any Ψ ∈ Γ(C; (λn)) and for any n ∈ N:

(Ψ|(a+ + ta)a+nΦ) = (Ψ|a+n+1Φ) + t(Ψ|aa+a+(n−1)Φ) =

= 〈UΨ, Pn+1〉L2(R,µ) + tωn〈UΨ, Pn−1〉L2(R,µ) (15)

For t = 0, this gives (??). For t = 1, by the Szëgo induction relation (??) for
the orthogonal polynomials the right hand side of (15) becomes

〈UΨ, xPn〉L2(R,µ) = (Ψ|U∗xUa+nΦ)

which is equivalent to (4).
It remains to be discussed the case when λn is zero starting from some n.

If there exists an n such that ωn = 0, then Pn(x) = 0 µ a.e. and therefore
by (3.1) also Pn+1(x) = 0, µ–a.e. Therefore, by induction all Pn+k are zero,
for k ≥ 0. Thus L2(R, µ) is finite dimensional and this can only be if µ has
support in a finite set of points.

5 Gaussianization in one variable: arbitrary

measures

In this section we extend to the non symmetric case a result of [AcLuVo97]
for the calculation of vacuum momenta of the field operator in a interacting
Fock space. This allows, given an arbitrary probability measure µ with all
moments, to express its moments through its Jacobi parameters ωn, αn.

Let H be a real Hilbert space. For ωn and αn as above, we introduce
the interacting Fock space F(H) = ⊕H⊗n with creation and annihilation
operators a(f), a+(f) (f ∈ H) characterized by the relations

a+(f)x1 ⊗ . . .⊗ xn = f ⊗ x1 ⊗ . . .⊗n , xj ∈ H

a(f)a+(g) = ωN+1〈f, g〉
a(f)Ω = 0

It is easy to verify that the axioms of the interacting Fock spaces are fulfilled
and, for each natural integer n, the scalar product on the n-th particle space
is uniquely defined by the above relations and one has

‖x1 ⊗ . . .⊗ xn‖2ω = λn‖x1‖2 . . . ‖xn‖2
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where λn = ωn . . . ω2ω1. Then the operator αN , where the number operator
N is defined by (2.5), is uniquely defined by the spectral theorem and one
has

αN(x1 ⊗ . . .⊗ xn) = αn(x1 ⊗ . . .⊗ xn)

With these notations the following theorem holds:

Theorem 3 The operator

Tµ(f) = a(f) + a+(f) + αN

is symmetric, and for any natural integer n and fj ∈ H (j = 1, . . . , n)

〈T (f1)T (f2) . . . T (fn)Ω|Ω〉 = (16)

=
∑

ϑ=(B1,...,Bm,Bm+1,Bk)∈P2(1,...,n)

〈fk1 , fl1〉 . . . 〈fkm , flm〉tµ(ϑ)

where ϑ is non–crossing partition of the set {1, 2, . . . , n}, with blocks |Bj| ≤ 2,
j = 1, . . . , k and

B1 = {k1, l1}, . . . , Bm = {km, lm}

while |Bj| = 1 for j ≥ m+ 1. The function tµ(ϑ) has the following form:

tµ(ϑ) =
∏
Bj∈ϑ

|Bj |=2

ω(dϑ(Bj))
∏
Bk∈ϑ

|Bk|=1

α(dϑ(Bk))

where dϑ(Bj) denote the depth of the block Bj in the partition ϑ defined, as
in [AcLuVo97], by

dϑ(Bj) :=| {k : Bj ⊂ Bk ∈ ϑ} |

and | · | denotes cardinality.

Proof. The proof is just verification of the formula (1).
As a corollary we get the following interesting formula, relating the Jacobi

parameter of a measure µ with its moments.
Corollary (2). If µ is a probability measure on R with all moments, then

µn(µ) =

∫
xndµ =

∑
ϑ∈P2(1,...,n)

tµ(ϑ)
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Theorem 4 Let µ be a probability measure on R with all moments, let (Pn)
be the associated sequence of orthogonal polynomialys in L2(R, µ) and let
(ωn), (αn) be the Jacobi parameters of µ. Then there exists a unique one
mode interacting Fock space Γ(C; (λn)) and a unitary isomorphism

U : Γ(C; (λn))→ L2(R, µ)

with the following properties:
UΦ = 1

Ua+U∗Pn = Pn+1

U(a+ + a+ αN)U∗ = Q

where Q is multiplication by x, N is the number operator defined in (2.5)
and αN is defined by the spectral theorem.

Conversely given a one mode interacting Fock space the vacuum distri-
bution µ of any self–adjoint extension of a+ + a is such that the interacting
Fock space associated to µ is the original one.

Proof. The proof is similar to the one of Theorem just using the induction
relation (??) for non symmetric measures.

6 Universal convolution of probability mea-

sures

The results of the previous sections suggest a natural notion of convolution
among arbitrary probability measures with all moments.

Let µ1, µ2 be probability measures on R with all moments. Let, for
k = 0, 1 and n = 0, 1, 2 . . ., (P

(k)
n ) be the orthogonal polynomials associated

to µk and α
(k)
n ∈ R, ω

(k)
n > 0 be the corresponding Jacobi parameters. Then

we know that
(x− α(k)

n )P (k)
n = P

(k)
n+1 + ω(k)

n P
(k)
n−1

and vice versa, each sequence α
(k)
j ∈ R, ω

(k)
j > 0 give a unique state on the

∗–algebra C[x] of polynomials in one real variable.

Definition 2 The universal convolution of µ1 and µ2 is the unique state µ :=
µ1 × µ2, on C[x], whose Jacobi parameters αn(µ), ωn(µ) are characterized
by:

αn(µ) = α(1)
n (µ1) + α(2)

n (µ2)
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ωn(µ) = ω(1)
n (µ1) + ω(2)

n (µ2)

Theorem 5 The universal convolution has the following properties:
(1) associativity (2) commutativity (3) positivity, i.e.: if µ1, µ2 are probability
measure, then µ1× µ2 state on C[x]. (4) For a dilation Dλµ(E) = µ(λ−1E),
E ⊂ R borel subset, λ > 0, we have

Dλ(µ1 × µ2) = (Dλµ1)× (Dλµ2)

(5) For each symmetric measure µ, and N = 1, 2, . . .

SN(µ) =

(
D

1√
N
µ

)
×
(
D

1√
N
µ

)
× . . .×

(
D

1√
N
µ

)
= µ

If δx–denote the point mass of x ∈ R, then (δx)× µ = δx ∗ µ1 where ∗ is the
classical convolution.

Hence SN(µ) = µ, therefore in the central limit theorem each measure can
appears and each measure is infinitely divisible for this convolution.∫

P 2
ndµ = ω1ω2 . . . ωn

Therefore for each measure µ

ωn(Dλµ) = λ2ωn(µ)

αn(Dλµ) = λαn(µ)

when for the measure µ

(x− αn(µ))Pn = Pn+1 + ωn(µ)Pn−1

Therefore ωn(SN(µ)) = N ·ωn
(
D 1√

N
(µ)
)

= ωn(µ) since αn(µ) = 0, therefore

SN(µ) = µ. The other properties are easy to check.

7 2-d file

8 Orthogonal polynomials in 2 variables

Let µ be a probability measure on R2 with all moments and let Pk,n denote
the associated orthogonal polynomials. Then the following theorem holds:
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Proposition 1 Under the above assumptions there exists sequences α
(i)
k,l ∈ R,

ω
(i)
k,l > 0, i = 1, 2 such that:

x1Pk,l = Pk+1,l + α
(1)
k,lPk,l + ω

(1)
k,lPk−1,l (17)

x2Pk,l = Pk,l+1 + α
(2)
k,lPk,l + ω

(2)
k,lPk,l−1 (18)

Moreover ∫
P 2
k,ldµ = ω(γk,l) (19)

where γk,l is any geodesic path from (0, 0) to (k, l) on the lattice Z⊕Z and if

γk,l = (g1, g2, . . . , gk−1) (20)

then

ω(γk,1) =
k+l∏
j=1

ω(gj) (21)

where
ω(gj) = ω

(ε)
s,t , ε = 1, 2 (s, t) = g1g2 . . . gj (22)

as a vector on Z ⊕ Z and ε depends on the geodesic path. Finally µ is
symmetric if and only if all the coefficients α

(1)
k,l , α

(2)
k,l are zero.

Proof . The result is known but we give a quantum proof of it. We begin to
apply the Gram–Schmidt orthogonalization in L2(R2, µ) to the monomials
{xn1xm2 } and we normalize the orthogonal polynomials so that the highest
coefficient is equal 1. Since the Pk,l are independent

x1Pk,l = Pk+1,l +
∑

i+j≤k+l

αijPi,j

we claim that, if i+j < k+l−1, then αi,j ≡ 0. This follows from orthogonality
property of Pi,j. To get formula (2) we use the relation (1) and induction∫

P 2
k+1,l =

∫
Pk+1,l(x1Pk,l − α(1)

k,lPk,l − ω
(1)
k,lPk−1,l)dµ =

=

∫
x1Pk+1,lPk,ldµ =

∫
(Pk+2,l + α

(1)
k+1,lPk+1,l + ω

(1)
k+1,lPk,l)Pk,l =
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= ω
(1)
k+1,l

∫
P 2
k,ldµ =

k+l∏
j=1

ω(εi)
yj

Now we prove that µ is symmetric if and only if all the coefficients α
(1)
k,l , α

(2)
k,l

are zero.
Now denote a+j (j = 1, 2) the creation operators

a+1 Pk,l = Pk+1,l ; a+2 Pk,l = Pk,l+1 ; j = 1, 2

One easily sees that these are well defined and have densely defined adjoints
aj (j = 1, 2), called annihilation operators. Moreover

[a+α , a
+
β ] = [aα, aβ] = 0 , α 6= β

and, denoting Φ the constant function 1, one has

a+k1 a+n2 Φ = Pk,n

Introducing the number operators N1, N2, defined by

N1Pk,n := kPk,n , N2Pk,n := nPk,n

one easily verifies the relations

a1Φ = a2Φ = 0

Suppose first that µ is a symmetric measure. Then one easily sees that

a1Pk,l = ω
(1)
k,lPk−1,l

a2Pk,l = ω
(2)
k,lPk,l−1

From this one deduces

aαa
+
α = ω

(α)
N1,N2

; α = 1, 2

a1a
+
2 =

ω
(1)
N1,N2+1

ω
(1)
N1,N2

a+2 a1 (23)

in fact
a1a

+
2 Pk,l = a1Pk,l+1 = ω

(1)
k,l+1Pk−1,l+1
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=

(
ωk,l
ωkl

)
ω
(1)
k,lPk−1,l+1 = a+2 a1Pk,l

Similarly

a2a
+
1 =

ω
(2)
N1+1,N2

ω
(2)
N1,N2

a+1 a2 (24)

in fact

a2a
+
1 Pk,l = a2Pk+1,l = ω

(2)
k+1,lPk+1,l−1 =

(
ω
(2)
k+1,l

ω
(2)
k,l

)
ω
(2)
kl Pk+1,l−1

Moreover
a+2 a1Pk,l = ω

(1)
k,l a

+
2 Pk−1,l = ω

(1)
k,lPk−1,l+1

a+1 a2Pkl = ω
(2)kl
k,l a+1 Pk1l−1 = ω

(2)
kl Pk+1,l−1

But taking the adjoint of (2) we obtain

a2a
+
1 = ω

(1)
N1,N2+

/ω
(1)
N1,N2

a+1 a2

from this we deduce the cohomological relation

ω
(2)
N1,N2+1

ω
(1)
N1,N2

=
ω
(2)
N1+1,N2

ω
(2)
N1,N2

(25)

Now denote Qj the multiplication by the j–th coordinate in L2(R2, µ)

Qjf(x1, x2) := xjf(x1, x2) ; j = 1, 2

From the induction relation we deduce

Qj = a+j + aj

But, since the position operators commute ([Q1, Q2] = 0) one should also
have

a+1 a2 + a1a
+
2 = a+2 a1 + a2a

+
1 (26)

and the commutativity condition (5) is equivalent to

a+1 a2 − a+1 a1 = a2a
+
1 − a1a+2
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equivalently, because of (2), (??)

a+1 a2 − a+2 a2 =
ω
(2)
N1+1,N2

ω
(2)
N1,N2

a+1 a2 −
ω
(1)
N1,N2+1

ω
(1)
N1,N2

a+2 a1

but this is equivalent to(
ω
(2)
N1+1,N2

ω
(2)
N1,N2

− 1

)
a+1 a2 =

(
ω
(1)
N1,N2+1

ω
(1)
N1,N2

− 1

)
a+2 a1

Now, because of the cohomological relation, the operators in parentheses are
equal, so, if they where not zero one should have

a+1 a2 = a+2 a1

which is evidently false. But this means that ω
(2)
N1,N2

depends only on N2 and

ω
(1)
N1,N2

only on N1. Therefore the relations () become

x1Pk,m = Pk+1,m + ω
(1)
k Pk−1,m

x2Pk,m = Pk,m+1 + ω(2)
m Pk,m−1

with
P0,0 ≡ 1 , P1,0(x1, x2) = x1 , P0,1(x1, x2) = x2

Lemma 1 For a symmetric probability measure µ(x1, x2) on R2 one has∫
P 2
k,mdµ =

k∏
j=1

ω
(1)
j

m∏
l=1

ω
(2)
l (27)

Proof . A simple induction argument.

9 Multivariate Gaussianization

Theorem 6 Let P(R2) be the set of symmetric probability measures on R2

with finite moments of all orders. Let Pn,m(x1, x2) be the orthogonal polyno-
mials in L2(R2, µ). Then there exist two interacting Fock spaces Γ1, Γ2 and
a unitary isomorphism

U : H := Γ1 ⊗ Γ2 → L2(Rn, µ)
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such that, denoting Qj the multiplication by the j–th coordinate in L2(R2, µ)
and denoting a+1 , a1 (resp. a+2 , a2) the creator and annihilator on Γ1 (resp.
Γ2) one has

U∗Q1U = a+1 ⊗ 1 + a1 ⊗ 1

U∗Q2U = 1⊗ a+2 + 1⊗ a2

Proof . According to Theorem (x.), the inductive relations for the orthogonal
polynomials in L2(R2, µ) are

x1Pk,n = Pk+1,n + ω
(1)
k Pk−1,n (28)

x2Pk,n = Pk,n+1 + ω(2)
n Pk,n−1 (29)

Consider two 1–mode interacting Fock space Γ1, Γ2 corresponding to the
sequences (ω

(1)
n ), (ω

(2)
n ) respectively. Then defining

xj = a+j + aj ; j = 1, 2

the sequence a+k1 a+n2 satisfies

x1a
+k
1 a+n2 = a+k+1

1 a+n2 + λ
(1)
k a+k−11 an2

x2a
+k
1 a+n2 = a+k1 a+n+1

2 + λ(2)n a+k1 a+n+1
2

‖a+k1 a+n2 Φ‖2 = ‖a+k1 Φ1‖ · ‖a+n2 Φ2‖ = ω
(1)
k . . . ω

(1)
1 · ω(2)

n . . . ω
(2)
1

=

∫
P 2
k,n(x)µ(dx)

From this the statement easily follows.
Remark. The extension to the multidimensional case (and non sym-

metric) is now clear: one simply considers the incomplete countable tensor
product of a sequence of interacting Fock spaces defined by the analogue of
the relations (1), (2). The details shall be discussed elsewhere.
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