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In this work, we construct an interacting model of the Rényi holographic dark energy in the Brans-Dicke theory of gravity using
Rényi entropy in a spatially flat Friedmann-Lemaître-Robertson-Walker Universe considering the infrared cut-off as the Hubble
horizon. In this setup, we then study the evolutionary history of some important cosmological parameters, in particular,
deceleration parameter, Hubble parameter, equation of state parameter, and Rényi holographic dark energy density parameter
in both nonflat Universe and flat Universe scenarios and also observe satisfactory behaviors of these parameters in the model.
We find that during the evolution, the present model can give rise to a late-time accelerated expansion phase for the Universe
preceded by a decelerated expansion phase for both flat and nonflat cases. Moreover, we obtain ωD→ −1 as z→ −1, which
indicates that this model behaves like the cosmological constant at the future. The stability analysis for the distinct estimations

of the Rényi parameter δ and coupling coefficient b2 has been analyzed. The results indicate that the model is stable at the late time.

1. Introduction

The Virial theorem (1930s) which provided the Coma galaxy
cluster mass [1, 2], accompanied by the galaxy rotation curve
study (1970) [3] and the two different research groups’ obser-
vational results in the 1990s [4, 5], has uncovered one of the
most interesting issues of cosmology at present: the dark sec-
tor. It is suggested by the researchers that the five percent of
the present energy content of the cosmos is composed of the
radiation and the ordinary matter (baryons); the remaining
ninety-five percent is dominated by this dark component to
clarify the late accelerated expansion of the Universe. It is
believed that this dark sector of the Universe mainly includes
two constituents: dark energy (DE) and dark matter (DM).
Both are important and significant to understand the phe-
nomena of scales and nature. The significance of DM lies pri-
marily in the structure formation, for instance, to permit
baryonic structures to become nonlinear in the wake of decou-
pling from the photons. Interestingly, dark energy is the sub-

ject of study to answer the late-time accelerated expansion
for the observable Universe [6]. Also, the DM is narrated as
cold dark matter (CDM), and dark energy is portrayed by
the cosmological constant (Λ) in the standard cosmological
scenario. The dark component of the Universe with radiation
and baryons combined the ΛCDM model. Also, despite the
fact that theΛCDMmodel appreciates an impressive observa-
tional achievement [7–9], there are still a number of hypothet-
ical and observational focuses that have the right to be
completely researched [10]. The greatest test lies in under-
standing the crucial idea of these dark sectors from the theo-
retical perspective [6]. In 2004, Li [11] proposed the idea of
holographic dark energy (HDE) which is also used to explain
the DE scenario to explain the late-time accelerated expansion
of the Universe inspired by the holographic principle [12–18].
Right after a paper by Li, the most complete generalization
which includes all known HDE models were suggested [19].
Furthermore, it is shown that the Nojiri-Odintsov HDE
describes also covariant theories unlike Li’s HDE [20].
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Recently, inspired by the holographic principle and using
the Rényi entropy [21], a new dark energy model has been
proposed by Moradpour et al. [22] named the Rényi holo-
graphic dark energy (RHDE) model for the cosmological
and gravitational investigations. Generalizing one of the
entropy or gravity, as entropy-area connection relies on the
gravity hypothesis, will change the corresponding one. It is
proposed that by using the Rényi entropy, the modified
Friedmann equations can be obtained [23–25]. Ghaffari
et al. [26] proposed that inflation may be found in the Rényi
formalism. The RHDE models have been explored with IR
cut-off as the particle and future event horizons [27]. The
spatially homogeneous and anisotropic Bianchi VI0 Universe
filled with RHDE with Granda-Oliveros and Hubble hori-
zons as the IR cut-off has been investigated in general relativ-
ity [28]. Recently, Sharma et al. [29, 30] discriminated the
RHDE model from the ΛCDM model by using different
diagnostic tools such as statefinder diagnostic and statefinder
hierarchy in ample details. Also, the RHDE model has been
compared with the holographic and Tsallis holographic dark
energy through the statefinder diagnostic tool [31].

Indeed, all the above attempts claim that, at least mathe-
matically, the DE density profile introduced under the shadow
of the RHDE hypothesis has considerable potential for model-
ling the DE behavior, and thus, more studies on this density
profile are motivated. Further, at large scales, the models pre-
senting interaction fare well when confronted with observa-
tional outcomes from the CMB [32] and matter distribution
[33]. Therefore, the interaction between DE and DM must
be handled seriously. Then again, there exist limits for the
quality of this association for different setups [34–48]. This
newly proposed Rényi HDE has also been examined by many
researchers by considering the interaction between DE and
DM to explain the accelerated expansion of the Universe with
different IR cut-offs in general relativity, braneworld, loop
quantum cosmology, and modified gravity [49–52]. Sharma
and Dubey [53] investigated the Rényi HDE model in the
Friedmann-Lemaître-Robertson-Walker (FLRW) Universe
considering different parametrizations of the interaction
between the DM and DE.

On the other side, the modified gravity theories have been
broadly applied in cosmology [54–56]. The modified theories
of gravity are not new and have a long history. A well-known
modified gravity theory, the Brans-Dicke gravity [57], is also
a choice to general relativity to explain the accelerated expan-
sion of the cosmos [58] and also can pass the experimental
tests from the solar system [59]. Theoretically, the value of
the Brans-Dicke coupling parameter has a smaller value than
observed by the observational data, which encouraged phys-
icists to suggest various DE scenarios to describe the present
cosmos in the Brans-Dicke formalism [58–60]. Using the
holographic principle, Gong [61] investigated the holo-
graphic bound in the Jordan and Einstein frames to the
Brans-Dicke gravity, and for larger ω, the similar results were
proposed as those in general relativity. The similar problem
was studied in [62], by considering Bianchi identity as a
consistency condition. For the IR cut-off as a future event
horizon, the importance of Brans-Dicke gravity for the dust
matter and the HDE has been explored in [63]. It is proposed

that with the Hubble radius as infrared cut-off, the standard
HDE may not produce the accelerated expansion Universe
in the Brans-Dicke gravity, but the suitable description of
the Universe can be obtained by taking the IR cut-off as a
future event horizon [64]. Therefore, many other works pro-
posed that the Brans-Dicke gravity is suitable for the exami-
nation in the holographic dark energy scenario [65–71].
Observational constraints also have been proposed for a
sign-changeable interaction among the Universe sectors
[72–74]. Considering different IR cut-offs, the noninteracting
and interacting Tsallis HDE and their cosmological conse-
quences are explored in the Brans-Dicke theory [75–77].

Very recently, the authors constructed the noninteracting
RHDE model in the Brans-Dicke theory taking the Hubble
horizon as the IR cut-off [78]. While in this work, we propose
the interacting RHDE model in the framework of the Brans-
Dicke theory in both flat and nonflat Universes. The paper is
organized as follows: we explored the interacting RHDE
model and physical parameters in the Brans-Dicke theory
in Section 2. We study the stability of the RHDE model in
Section 3. The conclusion is given in the last section.

Throughout the text, an “overdot” represents a derivative
with respect to cosmic time.

2. Interacting Rényi Holographic Dark
Energy in the Brans-Dicke Theory

We consider a homogeneous and isotropic FLRW Universe
which is described by the line element

ds2 = dt2 − a2 tð Þ dr2

1 − kr2
+ r2dθ2 + r2sin2θdϕ2

� �

, ð1Þ

where aðtÞ is the scale factor of the Universe, t is the cosmic
time, and the curvature constant k = +1, 0, −1 corresponds to
closed, flat, and open Universes, respectively. The coordi-
nates r, θ, and ϕ are known as comoving coordinates.

In BD theory, the action is given by [57, 79]

S =
1

16πG

ð

ffiffiffiffiffiffi

−g
p

ϕR − ω
ϕ,αϕ

,α

ϕ
+ Lm

� �

d4x, ð2Þ

where ϕ is the BD scalar field, R is the Ricci scalar, ω is the BD
parameter, and Lm is the Lagrangian matter. Here, the grav-
itational constant (G) takes the place of the time-dependent
scalar field ϕ, which is inversely proportional to G, i.e., ϕðtÞ
= 1/8πG. If we assume the matter field to consist of a perfect
fluid, then the BD field equations from the variation of action
(2) and for the FLRW space-time are obtained as [79]

3

4w
ϕ2

k

a2
+H2

� �

+
3Hϕ _ϕ

2w
−

_ϕ
2

2
= ρD + ρm, ð3Þ

−ϕ2

4w

k

a2
+
2€a

a
+H2

� �

−
Hϕ _ϕ

w
−
ϕ€ϕ

2w
−
1

2

1

w
+ 1

� �

_ϕ
2
= pD,

ð4Þ

2 Advances in High Energy Physics



where H = _a/a is the Hubble parameter, ρm is the matter
energy density, ρD is the RHDE density, and pD is the RHDE
pressure. The BD scalar field evolution equation is

€ϕ + 3H _ϕ − ϕ
3

2w
H2 +

k

a2
+
€a

a

� �

= 0: ð5Þ

2.1. Rényi Entropy and HDE. It is important to mention here
that it seems there is a deep connection between quantum
gravity and generalized entropy scenarios, and indeed, quan-
tum aspects of gravity may also be considered as another
motivation for considering generalized entropies [22, 80].
Tsallis entropy is one of the generalized entropy measures
which lead to acceptable results in the gravitational and dif-
ferent cosmological setups [23, 25, 43, 81–89]. Usually, Tsal-
lis entropy is defined as [86]

STE =
1

1 −N
〠
W

i=1

PN
i − Pi

� �

, ð6Þ

for a system consisting of W discrete states. In the above
equation, Pi is the ordinary probability of accessing state i,
and N is a real parameter which may be originated from
the nonextensive features of the system such as the long-
range nature of gravity [22, 83, 86]. In fact, the concept of
nonextensivity is more complex than that of nonadditivity
[87]. For example, the well-known Bekenstein entropy is
nonadditive and nonextensive simultaneously (for details,
see Refs. [84, 85]). It is proposed recently that the Bekenstein
entropy (S = A/4, where A = 4πL2 and L is the IR cut-off) is
actually a Tsallis entropy leading to

S =
1

δ
log

δ

4
A + 1

� �

=
1

δ
log πδL2 + 1
� �

, ð7Þ

for the Rényi entropy content of the system [21, 22]. Here, δ
is a free parameter and known in the current literature as the
real nonextensive parameter that quantifies the degree of
nonextensibility [22, 86, 87]. It is proposed in [90] that the
δ parameter affects the energy balance of the Universe. When
δ < 1, the gravitational field is strong enough in such a way
that we need only a small quantity of DE and DM to con-
struct the observable Universe. On the other hand, when δ
> 1, the gravitational field is weak in such a way that we need,
contrarily to the δ < 1 case, a larger quantity of DE and DM.
To sum up, δ < 1 implies less DE and δ > 1 implies more DE
than we would have if we consider the standard Boltzmann-
Gibbs scenario [90, 91]. In [22], the authors used the value of
δ from −1400 to −900. There are wide ranges for δ which can
produce desired results, while we have taken the values of δ
from −1600 to −1400. Authors investigated late-time acceler-
ation for a spatially flat dust filled Universe in the Brans-
Dicke theory in the presence of a positive cosmological con-
stant Λ, where the value for the Brans-Dicke-coupling con-
stant w is taken as 40,000 [92]. Authors have studied the
Tsallis holographic dark energy in the Brans-Dicke frame-

work using b2 = 0:05, 0:10, 0:15 and n = 0:001, 0:005, 0:05
[77]. The primary focus is in [93] on the FLRW Universe

specified by WMAP data. The role of dark energy is played
by the vacuum energy density in this model, that is, one

had Λ4 ~ ρΛ ≡ ρD. With the assumption ρd ∝ TdS [22] and
L = 1/H (i.e., Hubble horizon) and using Equation (7), we
obtained energy density for the RHDE as

ρD =
3c2H2

πδ/H2 + 1
� �

8π
, ð8Þ

where c2 is a numeric constant. We used T =H/2π and

A = 4π/H = 4πð3V/4πÞ2/3; relations to get this equation
corroborated in a flat FLRW Universe [94]. One can get
ρD = 3c2H2/8π without δ, which is in complete agreement
with the standard HDE [14–18]. It deserves mention here
that the apparent horizon is a proper causal boundary for
the cosmos in agreement with the thermodynamics laws.
Besides, in a flat FLRW Universe, Friedmann equations
indicate that whenever DE is dominant in the cosmos,
its energy density will scale with H2 (for details, see [22,
94]). Therefore, from a thermodynamic point of view, a
HDE model in the flat FLRW Universe, for which the
radii of the apparent horizon and the Hubble horizon ð1
/HÞ are the same, will be more compatible with the ther-
modynamics laws, if it can provide a proper description
for the Universe by using the Hubble horizon as its IR
cut-off. Following [68], we assume that ϕ∝ an, i.e., the
power law of scale factor in this case to the BD scalar field
ϕ. One can now easily obtain

_ϕ = nϕ
_a

a
, ð9Þ

and hence,

€ϕ =H2n2ϕ + ϕn _H: ð10Þ

The Rényi HDE density with the Hubble horizon as
the IR cut-off is given as

ρD =
3c2H2ϕ2δ

8π πδ/H2 + 1
� � : ð11Þ

Here, the holographic principle [17] is used, and the

effective gravitational constant Geff is given by Geff =w/2

πϕ2. The gravitational constant G may be found from
Geff as a limit. The RHDE energy density can be recovered
in the fundamental cosmology [22]. The Holographic DE
can also be found in the Brans-Dicke gravity for the case
δ = 1 [64]. The dimensionless density parameters are
defined as

Ωm =
4wρm
3ϕ2H2

,ΩD =
c2H2wϕ2δ−2

2π πδ +H2
� � ,Ωk =

k

a2H2
,Ωϕ = 2n

nw

3
− 1

	 


:

ð12Þ

Our main goal of this work is to build a cosmological
model of late acceleration based on the BD theory of
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gravity and on the assumption that the RHDE and the
pressureless dark matter do not conserve separately.
Therefore, we assume that both components—the RHDE
and the pressureless matter—interact with each other,
i.e., one component may grow at the expense of the other.
Hence, the energy conservation equations for them are
given as follows:

_ρD + 3ρD 1 + ωDð Þ = −Q, ð13Þ

and

_ρm + 3Hρm =Q, ð14Þ

where ωD = pD/ρD represents the Rényi HDE equation of
state (EoS) parameter and Q denotes the interaction term.
Clearly, for Q < 0 (Q > 0), there is an energy flow from
pressureless matter (RHDE) to RHDE (pressureless mat-
ter). We assume the form of interaction

asQ = 3b2HqðρD + ρmÞ [41, 42, 74], in which b2 is the cou-
pling constant and q denotes the deceleration parameter.
Here, the main ingredient is the deceleration parameter q

ð≡−€a/aH2Þ in the interaction term Q, and hence, Q can
change its sign when the expansion of our Universe
changes from the early decelerated (q > 0) phase to the
late-time accelerated (q < 0) phase. So, the above interact-
ing term deserves further investigation in the present con-
text. Now, taking derivatives with respect to time of
Equation (11), we get

_ρD = 2HρD δn +
πδ

πδ +H2
+ 1

� �

_H

H2

 !

, ð15Þ

combined with relation ΩD
′ = _ΩD/H to obtain

ΩD
′ = 2ΩD n δ − 1ð Þ + πδ

πδ +H2

� �

_H

H2

 !

, ð16Þ

where the prime denotes derivative with x = log a. Now,
taking the derivative with respect to time of Equation (3)

and substituting the value of _ϕ, €ϕ, _ρm, and _ρD from Equa-
tions (9), (10), (14), and (15), respectively, we get

Defining, as usual, the deceleration parameter as

q = −
€a

aH2
= −1 −

_H

H2
, ð18Þ

and using Equation (17), we obtain

The evolutionary behavior of the deceleration parame-
ter is plotted for the interacting Rényi HDE model versus
redshift z by finding its numerical solution using the ini-
tial values ΩD0 = 0:70 and H0 = 72:30, for both flat Uni-
verse Ωk = 0 and nonflat Universe Ωk = 0:012. It is
proposed by different observations that the Universe is in
an accelerated expansion phase, and the value of the decel-
eration parameter lies in the range −1 ≤ q < 0. Also, we
have used n = 0:0005 [77] for all plots. All the physical
parameters are examined through δ and coupling coeffi-

cient b2 because they play a crucial role in the evolution
of dynamical parameters of the RHDE. From Figure 1,
we see the evolutionary behavior of q for interacting

RHDE in BD gravity, for distinct estimations of b2 and

δ in the nonflat Universe (lower two panels) and flat Uni-
verse (upper two panels). We can observe from Figure 1
that the RHDE model shows the transition from an early
decelerated stage to a current accelerated stage for both

cases for distinct estimations of b2 and parameter δ. In
this context, it is worthwhile mentioning that the standard
HDE in the framework of BD theory can explain the
accelerated expansion if the event horizon is taken as the
role of the IR cut-off [64]. Such a scenario also predicts
no acceleration if the Hubble horizon is considered as
the IR cut-off. Therefore, the novelty of the present work
is that it can explain the current accelerated phase of the
Universe if we choose the IR cut-off to be the Hubble
horizon.

_H

H2
= −

πδ +H2
� �

3 3b2 − 2n + 5
� �

Ωk − 9b2 +ΩD 6δn + 9ð Þ + 2n 2n nw − 3ð Þ − 3ð Þ − 9
� �

H2
−9b2 + 6ΩD + 4n nw − 3ð Þ − 6
� �

+ πδ −9b2 + 12ΩD + 4n nw − 3ð Þ − 6
� �

+ 9b2 πδ +H2
� �

Ωk

: ð17Þ

q = −1 +
πδ +H2
� �

3 3b2 − 2n + 5
� �

Ωk − 9b2 +ΩD 6δn + 9ð Þ + 2n 2n nw − 3ð Þ − 3ð Þ − 9
� �

H2
−9b2 + 6ΩD + 4n nw − 3ð Þ − 6
� �

+ πδ −9b2 + 12ΩD + 4n nw − 3ð Þ − 6
� �

+ 9b2 πδ +H2
� �

Ωk

: ð19Þ
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Figure 1: Continued.
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Combining Equations (13), (15), and (17) with each
other, the EoS parameter is obtained as

ωD = 3ΩD H2
−9b2 + 6ΩD + 4n nw − 3ð Þ − 6
� ���

+ πδ −9b2 + 12ΩD + 4n nw − 3ð Þ − 6
� �

+ 9b2 πδ +H2
� �

Ωk

�

�−1

× H2 2ΩD −4 δ − 1ð Þn3w − 6n2 −2δ +w + 2ð Þ
����

+ 6 δ + 2ð Þn + 3 5 − 2nð ÞΩkÞ − 3b2 Ωk − 1ð Þ 3 2n − 5ð ÞΩkð
+ 2n 2n −nw +w + 3ð Þ − 3ð Þ + 3ÞÞ + πδ −3b2 Ωk − 1ð Þ 3 2n − 5ð ÞΩkð

�

+ 2n 2n −nw +w + 3ð Þ − 3ð Þ + 3Þ − 2ΩD 6 2n − 5ð ÞΩk + 4 δ − 2ð Þn3w
�

+ 6n2 −2δ +w + 4ð Þ − 6 δ + 1ð Þn + 9
�

ÞÞ�:

ð20Þ

We have graphed the behavior of EoS parameter ωD of
our derived interacting RHDE model for both Ωk = 0 (two
upper panels) and Ωk = 0:012 (two lower panels) cases, in
Figure 2 for distinct values of parameter δ and coupling coef-

ficient b2. According to this figure, it can be seen that ωD of
the RHDE model varies from quintessence to the phantom
region (ωD < −1). Moreover, we can observe that the EoS
parameter approaches ΛCDMmodel (ωD = −1) for all values

of δ and b2 in the future, which is in agreement with cosmo-
logical observations. We also noted that the evolution of the
EoS parameter at an early time in both flat and nonflat Uni-
verses is more distinct for different values of δ in comparison

to coupling coefficient b2.
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Figure 1: The deceleration parameter (q) evolutionary behavior versus redshift for nonflat Universe (c, d) and flat Universe (a, b) for distinct

values of δ and b2. Here, H0 = 72:30 and ΩD0 = 0:704.
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By putting Equation (17) in Equation (16), we also obtain
the evolution of dimensionless RHDE density parameter as

We have shown the behavior of interacting RHDE den-
sity parameter ΩD in Figure 3 for both Ωk = 0 (two upper

panels) and Ωk = 0:012, (two lower panels) cases, for distinct

values of coupling coefficient b2 and δ. The thermal history of
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Figure 2: Evolutionary behavior of the EoS parameter ωD against redshift for interacting RHDE for nonflat Universe (c, d) and flat Universe

(a, b) for distinct values of δ and b2. Here, ΩD0 = 0:704 and H0 = 72:30.
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the Universe, in particular, the successive sequence of matter
and DE era, can be observed from these figures for different

values of δ and b2 in both nonflat and flat Universes. We
also observed that the RHDE density parameter is consistent
with cosmological observations [7], and our results are
consistent.

We have plotted the behavior of the Hubble parameter
H of our derived interacting RHDE model for both the
Ωk = 0 (two upper panels) and Ωk = 0:012, (two lower
panels) cases, in Figure 4 for distinct values of parameter

δ and coupling coefficient b2. It depicts that the variation
of δ affects the behavior of H, while different values of

coupling coefficient b2 do not affect it. The value of H

decreases and approaches to a positive value near 70 in
the far future.

3. Stability

In this section, we shall discuss the stability of the interacting
RHDE model through the squared sound speed v2s in both

flat and nonflat Universes. The v2s ≥ 0 (the real value of
speed), shows a regular propagating mode for a density per-
turbation. For v2s < 0, the perturbation becomes an irregular
wave equation. Hence the negative squared speed (imaginary
value of speed) shows an exponentially growing mode for a
density perturbation. That is, an increasing density
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Figure 3: The evolutionary behavior of ΩD against z for interacting RHDE for nonflat Universe (c, d) and flat Universe (a, b) for different

values of δ and b2. Here, ΩD0 = 0:704 and H0 = 72:30.
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perturbation induces a lowering pressure, supporting the
emergence of instability [95].

The squared sound speed is given as [96, 97]

v2s =
dpD
dρD

=
ρD _ωD

_ρD
+ ωD: ð22Þ

Now, inserting the result of Equation (15) in Equation
(22), we get

v2s = ωD +
_ωD

2H πδ/ πδ +H2
� �

+ 1
� �

_H/H2
� �

+ δn
� �

: ð23Þ

We solve the Equation (23) numerically by using Mathe-
matica package NDSolve and plotted the squared sound
speed v2s versus redshift z in Figure 5, for both Ωk = 0 (two
upper panels) and Ωk = 0:012, (two lower panels) cases for
distinct values of the parameter δ and coupling coefficient

b2.From Figure 5, we observe that the RHDE model is not

stable initially by taking different values of δ and b2 in both
flat and nonflat Universes, while for δ = −1400 in both flat
and nonflat Universes, the value of the squared sound speed

v2s diverges. By taking different values of b2 in both flat and
nonflat Universes, the RHDE model becomes stable at the
late time. By analyzing all these plots, we can say that values

of δ and b2 have qualitative effects on the nature of the
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Figure 4: The Hubble parameter (H) evolutionary behavior versus redshift for nonflat Universe (c, d) and flat Universe (a, b) for distinct

values of δ and b2. Here, H0 = 72:30 and ΩD0 = 0:704.
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squared sound speed v2s in both the nonflat and the flat cos-
mos. The inset plot of Figure 5 shows a close-up of the outer
plot around z = 0 in which the difference can be seen. They
are not exactly identical but the difference is very small.

4. Concluding Remarks

In this work, we explored the role of the interacting FLRW
cosmos to model dark energy in the Brans-Dicke theory
framework using RHDE by taking an infrared cut-off as the
Hubble radius in both nonflat and flat Universes. The pres-
sureless matter is assumed to interact with the RHDE
through a sign-changeable interaction. In this analysis, we
have used the initial values ΩD0 = 0:70, Ωm0 = 0:30, H0 =

72:30, and n = 0:005 [77] for both flat Universe (Ωk = 0)
and nonflat Universe (Ωk = 0:012). It has been found that
for different values of the Rényi parameter δ and the coupling

coefficient b2, the interacting RHDEmodel produces the suit-
able behavior for the deceleration parameter (q), the EoS
parameter (ωD), the RHDE density parameter (ΩD), and
the Hubble parameter, in both the cases (see Figures 1–4).

The effect of different values of δ and b2 is only quantitative
on these parameters.

As discussed earlier, the Brans-Dicke theory in the frame-
work of HDE can explain the accelerated expansion if we
choose the IR cut-off to be the event horizon. The theory also
predicts no acceleration if we choose the IR cut-off to be the
Hubble horizon. However, in our case, the deceleration
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Figure 5: The behavior of v2s against z for the interacting Rényi HDE for nonflat Universe (c, d) and flat Universe (a, b) for distinct values of δ
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parameter q shows a smooth transition from the decelerated
phase (q > 0) early to the accelerated phase (q < 0) at a later
time. Hence, a remarkable feature of this model is that RHDE
in the framework of the Brans-Dicke theory explains the
accelerated expansion if we choose the IR cut-off to be the
Hubble horizon. It has also been found that the EoS param-
eter ωD varies from a quintessence (ωD > −1) to the phantom
region (ωD < −1), and the RHDE model transits decelerating
to an accelerating stage of the Universe and ωD approach to
−1 as z→ −1, which implies that the RHDE model imitates
the cosmological constant at a far future. It is observed that
the RHDE density parameter ΩD becomes 1 as z→ −1.
Moreover, it is observed that the variation of δ affects the
behavior of the Hubble parameter H, while different values

of b2 do not affect it. Also, the value of H decreases and
approaches to a value near 70 in the far future. Furthermore,
we have investigated the classical stability of our model by
analyzing the squared sound speed v2s . It has been found that
the stability of our model crucially depends on the choices of
the parameter δ in both flat and nonflat Universes (see
Figure 5).

As we showed, the present model exhibits more interest-
ing phenomenology comparing to the standard scenario, and
hence, it can be a candidate for the description of nature. In a
follow-up study, we would like to perform an observational
analysis to constrain the parameter δ.

Data Availability

This manuscript has no associated data or the data will not be
deposited. (Authors’ comment: data sharing is not applicable
to this article as no new data were created or analyzed in this
study).

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

VCD and UKS are thankful to GLA University, India, for
providing the support and help to carry out this research
work.

References

[1] F. Zwicky, “Die Rotverschiebung von extragalaktischen
Nebeln,” Helvetica physica acta, vol. 6, p. 110, 1933.

[2] F. Zwicky, “On the masses of nebulae and of clusters of nebu-
lae,” The Astrophysical Journal, vol. 86, p. 217, 1937.

[3] V. C. Rubin and W. K. Ford Jr., “Rotation of the Andromeda
Nebula from a spectroscopic survey of emission regions,”
The Astrophysical Journal, vol. 159, p. 379, 1970.

[4] A. G. Riess, A. V. Filippenko, P. Challis et al., “Observational
evidence from supernovae for an accelerating universe and a
cosmological constant,” The Astronomical Journal, vol. 116,
article 1009, 1998.

[5] S. Perlmutter, G. Aldering, G. Goldhaber et al., “Measurements
ofΩ and Λ from 42 high redshift supernovae,” The Astrophys-
ical Journal, vol. 517, p. 565, 1999.

[6] R. vonMarttens, L. Lombriser, M. Kunz, V. Marra, L. Casarini,
and J. Alcaniz, “Dark degeneracy I: dynamical or interacting
dark energy?,” Physics of the Dark Universe, vol. 28,
p. 100490, 2020.

[7] N. Aghanim, Y. Akrami, M. Ashdown et al., “Planck 2018
results. VI. Cosmological parameters,” Astronomy and Astro-
physics, vol. 641, p. A6, 2020.

[8] S. Alam, M. Ata, S. Bailey et al., “The clustering of galaxies in
the completed SDSS-III Baryon Oscillation Spectroscopic Sur-
vey: cosmological analysis of the DR12 galaxy sample,”
Monthly Notices of the Royal Astronomical Society, vol. 470,
no. 3, pp. 2617–2652, 2017.

[9] M. A. Troxel, N. MacCrann, J. Zuntz et al., “Dark energy sur-
vey year 1 results: cosmological constraints from cosmic
shear,” Physical Review D, vol. 98, article 043528, 4 pages,
2018.

[10] T. Buchert, A. A. Coley, H. Kleinert, B. F. Roukema, and D. L.
Wiltshire, “Observational challenges for the standard FLRW
model,” International Journal of Modern Physics D, vol. 25,
no. 3, article 1630007, 2016.

[11] M. Li, “Amodel of holographic dark energy,” Physics Letters B,
vol. 603, no. 1-2, pp. 1–5, 2004.

[12] L. Susskind, “The world as a hologram,” Journal of Mathemat-
ical Physics, vol. 36, no. 11, pp. 6377–6396, 1995.

[13] P. Horava and D. Minic, “Probable values of the cosmological
constant in a holographic theory,” Physical Review Letters,
vol. 85, no. 8, pp. 1610–1613, 2000.

[14] S. D. Thomas, “Holography stabilizes the vacuum energy,”
Physical Review Letters, vol. 89, no. 8, article 081301, 2002.

[15] S. D. H. Hsu, “Entropy bounds and dark energy,” Physics Let-
ters B, vol. 594, no. 1-2, pp. 13–16, 2004.

[16] S. Wang, Y. Wang, and M. Li, “Holographic dark energy,”
Physics reports, vol. 696, pp. 1–57, 2017.

[17] A. G. Cohen, D. B. Kaplan, and A. E. Nelson, “Effective field
theory, black holes, and the cosmological constant,” Physical
Review Letters, vol. 82, no. 25, pp. 4971–4974, 1999.

[18] B. Guberina, R. Horvat, and H. Nikolic, “Nonsaturated holo-
graphic dark energy,” Journal of Cosmology and Astroparticle
Physics, vol. 2007, article 012, 2007.

[19] S. Nojiri and S. D. Odintsov, “Unifying phantom inflation with
late-time acceleration: scalar phantom-non-phantom transi-
tion model and generalized holographic dark energy,” General
Relativity and Gravitation, vol. 38, no. 8, pp. 1285–1304, 2006.

[20] S. Nojiri and S. D. Odintsov, “Covariant generalized holo-
graphic dark energy and accelerating universe,” The European
Physical Journal C, vol. 77, no. 8, p. 528, 2017.

[21] A. Rényi, Proceedings of the 4th Berkely Symposium on Mathe-
matics, Statistics and Probability (University California Press,
Berkeley, CA, 1961), Probability Theory, North-Holland,
Amsterdam, 1970.

[22] H.Moradpour, S. A. Moosavi, I. P. Lobo, J. M. Graça, A. Jawad,
and I. G. Salako, “Thermodynamic approach to holographic
dark energy and the Rényi entropy,” The European Physical
Journal C, vol. 78, no. 10, p. 829, 2018.

[23] H. Moradpour, A. Bonilla, E. M. C. Abreu, and J. A. Neto,
“Accelerated cosmos in a nonextensive setup,” Physical Review
D, vol. 96, no. 12, article 123504, 2017.

[24] H. Moradpour, “Implications, consequences and interpreta-
tions of generalized entropy in the cosmological setups,” Inter-
national Journal of Theoretical Physics, vol. 55, no. 9, pp. 4176–
4184, 2016.

15Advances in High Energy Physics



[25] N. Komatsu, “Cosmological model from the holographic equi-
partition law with a modified Rényi entropy,” The European
Physical Journal C, vol. 77, no. 4, p. 229, 2017.

[26] S. Ghaffari, A. H. Ziaie, V. B. Bezerra, and H. Moradpour,
“Inflation in the Rényi cosmology,” Modern Physics Letters
A, vol. 35, no. 1, article 1950341, 2019.

[27] S. Chunlen and P. Rangdee, “Exploring the Rényi holographic
dark energy model with the future and the particle horizons as
the infrared cut-off,” 2020, https://arxiv.org/abs/2008.13730.

[28] U. Y. Divya Prasanthi and Y. Aditya, “Anisotropic Renyi holo-
graphic dark energy models in general relativity,” Results in
Physics, vol. 17, p. 103101, 2020.

[29] U. K. Sharma and V. C. Dubey, “Statefinder diagnostic for the
Rényi holographic dark energy,” New Astronomy, vol. 80,
p. 101419, 2020.

[30] V. C. Dubey, A. K. Mishra, and U. K. Sharma, “Diagnosing the
Rényi holographic dark energy model in a flat Universe,”
Astrophysics and Space Science, vol. 365, no. 7, p. 129, 2020.

[31] V. C. Dubey and U. K. Sharma, “Comparing the holographic
principle inspired dark energy models,” New Astronomy,
vol. 86, Article ID 101586, 2021.

[32] G. Olivares, F. Atrio-Barandela, and D. Pavon, “Observational
constraints on interacting quintessence models,” Physical
Review D, vol. 71, no. 6, article 063523, 2005.

[33] G. Olivares, F. Atrio-Barandela, and D. Pavon, “Matter density
perturbations in interacting quintessence models,” Physical
Review D, vol. 74, no. 4, article 043521, 2006.

[34] S. Das, P. S. Corasaniti, and J. Khoury, “Superacceleration as
the signature of a dark sector interaction,” Physical Review D,
vol. 73, no. 8, article 083509, 2006.

[35] L. Amendola, M. Gasperini, and F. Piazza, “Supernova legacy
survey data are consistent with acceleration at z ≈ 3,” Physical
Review D, vol. 74, no. 12, p. 127302, 2006.

[36] Z. K. Guo, N. Ohta, and S. Tsujikawa, “Probing the coupling
between dark components of the universe,” Physical Review
D, vol. 76, no. 2, article 023508, 2007.

[37] W. Zimdahl and D. Pavon, “Letter: statefinder parameters for
interacting dark energy,” General Relativity and Gravitation,
vol. 36, no. 6, pp. 1483–1491, 2004.

[38] R. R. Caldwell and M. Kamionkowski, “Expansion, geometry,
and gravity,” Journal of Cosmology and Astroparticle Physics,
vol. 2004, 2004.

[39] W. Zimdahl and D. Pavon, “Interacting holographic dark
energy,” Classical and Quantum Gravity, vol. 24, no. 22,
pp. 5461–5478, 2007.

[40] D. Pavon andW. Zimdahl, “Holographic dark energy and cos-
mic coincidence,” Physics Letters B, vol. 628, no. 3-4, pp. 206–
210, 2005.

[41] L. P. Chimento, “Linear and nonlinear interactions in the dark
sector,” Physical Review D, vol. 81, no. 4, article 043525, 2010.

[42] L. P. Chimento, M. I. Forte, and G. M. Kremer, “Cosmological
model with interactions in the dark sector,” General Relativity
and Gravitation, vol. 41, no. 5, pp. 1125–1137, 2009.

[43] A. A. Mamon, A. H. Ziaie, and K. Bamba, “A generalized inter-
acting Tsallis holographic dark energy model and its thermo-
dynamic implications,” European Physical Journal C:
Particles and Fields, vol. 80, no. 10, p. 974, 2020.

[44] S. Das and A. A. Mamon, “An interacting model of dark
energy in Brans-Dicke theory,” Astrophysics and Space Science,
vol. 351, no. 2, pp. 651–660, 2014.

[45] E. Di Valentino, A. Melchiorri, O. Mena, and S. Vagnozzi,
“Interacting dark energy after the latest Planck, DES, and H0

measurements: an excellent solution to the H0 and cosmic
shear tensions,” 2019, https://arXiv.org/abs/1908.04281.

[46] J. Dutta, W. Khyllep, E. N. Saridakis, N. Tamanini, and
S. Vagnozzi, “Cosmological dynamics of mimetic gravity,”
Journal of Cosmology and Astroparticle Physics, vol. 2018,
2018.

[47] A. A. Mamon, A. Paliathanasis, and S. Saha, “Dynamics of an
interacting Barrow holographic dark energy model and its
thermodynamic implications,” The European Physical Journal
- Plus, vol. 136, no. 1, p. 134, 2021.

[48] U. K. Sharma, G. Varshney, and V. C. Dubey, “Barrow age-
graphic dark energy,” International Journal of Modern Physics
D, Article ID 2150021, 2021.

[49] A. Iqbal and A. Jawad, “Tsallis, Renyi and Sharma–Mittal
holographic dark energy models in DGP brane-world,” Physics
of the Dark Universe, vol. 26, p. 100349, 2019.

[50] M. Younas, A. Jawad, S. Qummer, H. Moradpour, and S. Rani,
“Cosmological implications of the generalized entropy based
holographic dark energy models in dynamical Chern-Simons
modified gravity,” Advances in High Energy Physics,
vol. 2019, Article ID 1287932, 9 pages, 2019.

[51] S. Rani, A. Jawad, K. Bamba, and I. U. Malik, “Cosmological
consequences of new dark energy models in Einstein-Aether
gravity,” Symmetry, vol. 11, no. 4, p. 509, 2019.

[52] A. Jawad, K. Bamba, M. Younas, S. Qummer, and S. Rani,
“Tsallis, Rényi and Sharma-Mittal holographic dark energy
models in loop quantum cosmology,” Symmetry, vol. 10,
no. 11, p. 635, 2018.

[53] U. K. Sharma and V. C. Dubey, “Interacting Rényi holographic
dark energy with parametrization on the interaction term,”
2020, https://arXiv.org/abs/2001.02368.

[54] R. Gannouji, D. Polarski, A. Ranquet, and A. A. Starobinsky,
“Scalar-tensor models of normal and phantom dark energy,”
Journal of Cosmology and Astroparticle Physics, vol. 2006,
2006.

[55] V. Faraoni, Cosmology in scalar-tensor gravity, vol. 139,
Springer Science & Business Media, 2004.

[56] E. Elizalde, S. Nojiri, S. D. Odintsov, and P. Wang, “Dark
energy: vacuum fluctuations, the effective phantom phase,
and holography,” Physical Review D, vol. 71, no. 10,
p. 103504, 2005.

[57] C. Brans and R. H. Dicke, “Mach's principle and a relativistic
theory of gravitation,” Physics Review, vol. 124, no. 3,
pp. 925–935, 1961.

[58] V. Acquaviva and L. Verde, “Observational signatures of
Jordan-Brans-Dicke theories of gravity,” Journal of Cosmology
and Astroparticle Physics, vol. 2007, 2007.

[59] B. Bertotti, L. Iess, and P. Tortora, “A test of general relativity
using radio links with the Cassini spacecraft,” Nature, vol. 425,
no. 6956, pp. 374–376, 2003.

[60] N. Banerjee and D. Pavon, “Cosmic acceleration without quin-
tessence,” Physical Review D, vol. 63, no. 4, article 043504,
2001.

[61] Y. G. Gong, “Holographic bound in Brans-Dicke cosmology,”
Physical Review D, vol. 61, article 043505, 2000.

[62] H. Kim, H. W. Lee, and Y. S. Myung, “Holographic energy
density in the Brans-Dicke theory,” 2005, https://arxiv.org/
abs/hep-th/0501118.

16 Advances in High Energy Physics

https://arxiv.org/abs/2008.13730
https://arXiv.org/abs/1908.04281
https://arXiv.org/abs/2001.02368
https://arxiv.org/abs/hep-th/0501118
https://arxiv.org/abs/hep-th/0501118


[63] H. Kim, H. W. Lee, and Y. S. Myung, “Role of the Brans-Dicke
scalar in the holographic description of dark energy,” Physics
Letters B, vol. 628, no. 1-2, pp. 11–17, 2005.

[64] L. Xu, W. Li, and J. Lu, “Holographic dark energy in Brans-
Dicke theory,” European Physical Journal C: Particles and
Fields, vol. 60, no. 1, pp. 135–140, 2009.

[65] Y. G. Gong, “Extended holographic dark energy,” Physical
Review D, vol. 70, article 064029, 2004.

[66] B. Nayak and L. P. Singh, “Present acceleration of universe,
holographic dark energy and Brans-Dicke theory,” Modern
Physics Letters A, vol. 24, p. 1785, 2011.

[67] M. R. Setare, “The holographic dark energy in non-flat Brans-
Dicke cosmology,” Physics Letters B, vol. 644, no. 2-3, pp. 99–
103, 2007.

[68] N. Banerjee and D. Pavon, “Holographic dark energy in Brans-
Dicke theory,” Physics Letters B, vol. 647, no. 5-6, pp. 477–481,
2007.

[69] M. Jamil, K. Karami, A. Sheykhi, E. Kazemi, and Z. Azarmi,
“Holographic dark energy in Brans-Dicke cosmology with
Granda-Oliveros cut-off,” International Journal of Theoretical
Physics, vol. 51, no. 2, pp. 604–611, 2012.

[70] A. Khodam-Mohammadi, E. Karimkhani, and A. Sheykhi,
“Best values of parameters for interacting HDE with GO IR-
cutoff in Brans-Dicke cosmology,” International Journal of
Modern Physics D, vol. 23, no. 10, article 1450081, 2014.

[71] U. K. Sharma, G. K. Goswami, and A. Pradhan, “Bianchi type-I
dust-filled accelerating Brans-Dicke cosmology,” Gravitation
and Cosmology, vol. 24, no. 2, p. 191, 2018.

[72] B. J. Barros, L. Amendola, T. Barreiro, and N. J. Nunes,
“Coupled quintessence with a ΛCDM background: removing
the σ8 tension,” Journal of Cosmology and Astroparticle Phys-
ics, vol. 2019, 2019.

[73] J. Valiviita, R. Maartens, and E. Majerotto, “Observational
constraints on an interacting dark energy model,” Monthly
Notices of the Royal Astronomical Society, vol. 402, no. 4,
pp. 2355–2368, 2010.

[74] H. Wei, “Cosmological evolution of quintessence and phan-
tom with a new type of interaction in dark sector,” Nuclear
Physics B, vol. 845, no. 3, pp. 381–392, 2011.

[75] A. Jawad, A. Aslam, and S. Rani, “Cosmological implications
of Tsallis dark energy in modified Brans-Dicke theory,” Inter-
national Journal of Modern Physics D, vol. 28, no. 11, article
1950146, 2019.

[76] Y. Aditya, S. Mandal, P. K. Sahoo, and D. R. K. Reddy, “Obser-
vational constraint on interacting Tsallis holographic dark
energy in logarithmic Brans-Dicke theory,” The European
Physical Journal C, vol. 79, no. 12, p. 1020, 2019.

[77] S. Ghaffari, H. Moradpour, I. P. Lobo, J. M. Graça, and V. B.
Bezerra, “Tsallis holographic dark energy in the Brans-Dicke
cosmology,” The European Physical Journal C, vol. 78, no. 9,
p. 706, 2018.

[78] U. K. Sharma and V. C. Dubey, “Rényi holographic dark
energy in the Brans–Dicke cosmology,”Modern Physics Letters
A, vol. 35, no. 34, article 2050281, 2020.

[79] N. Banerjee and D. Pavon, “A quintessence scalar field in
Brans-Dicke theory,” Classical and Quantum Gravity, vol. 18,
no. 4, pp. 593–599, 2001.

[80] H. Moradpour, A. H. Ziaie, and M. Kord Zangeneh, “General-
ized entropies and corresponding holographic dark energy
models,” The European Physical Journal C, vol. 80, p. 732,
2020.

[81] H. Moradpour, A. Sheykhi, C. Corda, and I. G. Salako, “Impli-
cations of the generalized entropy formalisms on the Newto-
nian gravity and dynamics,” Physics Letters B, vol. 783,
pp. 82–85, 2018.

[82] S. Abe, “General pseudoadditivity of composable entropy pre-
scribed by the existence of equilibrium,” Physical Review E,
vol. 63, no. 6, article 061105, 2001.

[83] A. Majhi, “Non-extensive statistical mechanics and black hole
entropy from quantum geometry,” Physics Letters B, vol. 775,
pp. 32–36, 2017.

[84] T. S. Biró and V. G. Czinner, “A q-parameter bound for parti-
cle spectra based on black hole thermodynamics with Rényi
entropy,” Physics Letters B, vol. 726, p. 861, 2013.

[85] V. G. Czinner and H. Iguchi, “Rényi entropy and the thermo-
dynamic stability of black holes,” Physics Letters B, vol. 752,
pp. 306–310, 2016.

[86] C. Tsallis, “Possible generalization of Boltzmann-Gibbs statis-
tics,” Journal of Statistical Physics, vol. 52, no. 1-2, pp. 479–
487, 1988.

[87] C. Tsallis, “The nonadditive entropy Sq and its applications in
physics and elsewhere: some remarks,” Entropy, vol. 13, article
1765, 2011.

[88] K. Abbasi and S. Gharaati, “Tsallisian gravity and cosmology,”
Advances in High Energy Physics, vol. 2020, Article ID
9362575, 6 pages, 2020.

[89] H. Moradpour, C. Corda, and A. H. Ziaie, “Tsallis uncer-
tainty,” 2020, https://arxiv.org/abs/2012.08316.

[90] E. M. Barboza Jr., R. D. Nunes, E. M. C. Abreu, and J. A. Neto,
“Dark energy models through nonextensive Tsallis' statistics,”
Physica A, vol. 436, pp. 301–310, 2015.

[91] R. C. Nunes, E. M. Barboza Jr., E. M. C. Abreu, and J. A. Neto,
“Probing the cosmological viability of non-Gaussian statis-
tics,” Journal of Cosmology and Astroparticle Physics,
vol. 2016, 2016.

[92] G. K. Goswami, “Cosmological parameters for spatially flat
dust filled Universe in Brans-Dicke theory,” Research in
Astronomy and Astrophysics, vol. 17, no. 3, p. 27, 2017.

[93] G. Hinshaw, D. Larson, E. Komatsu et al., “Nine-year Wilkin-
son Microwave Anisotropy Probe (WMAP) observations: cos-
mological parameter results,” The Astrophysical Journal
Supplement Series, vol. 208, p. 19, 2013.

[94] R. G. Cai, L. M. Cao, and Y. P. Hu, “Hawking radiation of an
apparent horizon in a FRW universe,” Classical and Quantum
Gravity, vol. 26, no. 15, p. 155018, 2009.

[95] H. Kim, “Brans-Dicke theory as a unified model for dark
matter-dark energy,”Monthly Notices of the Royal Astronomi-
cal Society, vol. 364, no. 3, pp. 813–822, 2005.

[96] E. Calabrese, R. de Putter, D. Huterer, E. V. Linder, and
A. Melchiorri, “Future CMB constraints on early, cold, or
stressed dark energy,” Physical Review D, vol. 83, no. 2, article
023011, 2011.

[97] S. Vagnozzi, L. Visinelli, O. Mena, and D. F. Mota, “Do we
have any hope of detecting scattering between dark energy
and baryons through cosmology?,” Monthly Notices of the
Royal Astronomical Society, vol. 493, no. 1, pp. 1139–1152,
2020.

17Advances in High Energy Physics

https://arxiv.org/abs/2012.08316

	Interacting Rényi Holographic Dark Energy in the Brans-Dicke Theory
	1. Introduction
	2. Interacting Rényi Holographic Dark Energy in the Brans-Dicke Theory
	2.1. Rényi Entropy and HDE

	3. Stability
	4. Concluding Remarks
	Data Availability
	Conflicts of Interest
	Acknowledgments

