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For any semigroup (.5;-) let (S;0) be a semigroup defined on the same set. Semigroup (S; o)
is called an interassociate of (S;-) if the following identities hold z - (y o 2) = (z - y) o z and
zo(y-z)=(zroy)- 2z All interassociates of the free semigroup over the two-element alphabet
are described.

A. B. Topbarkos. Iloayzpynnol, unmepaccouuamueHsie k¥ c80000HOT noayepynne ¢ 08yms 00-
pasyrowumu // Mar. Crynii. — 2014. — T.41, Ne2. — C.139-145.

Hust mpousBosibHO# mosryrpymmst (S5 -) myersb (S;0) — mosyrpyIa, onpe/ieseHHast Ha TOM
ke MHOXKecTBe. [Joayrpynma (S; o) Ha3bIBAETCs NHTEPACCOIMATUBHON K nostyrpyiie (S; -), ecau
BBIIIOJIHEHBI CJIeJyIonme ToxkaecrBa: ¢« (yoz) = (x-y)ozuxo(y-z) = (xoy) - z. Onu-
CaHBI BCE TOJIYTPYIIIbI, HHTEPACCOIUATUBHBIE K CBOGOIHON MOIYTPYIIE HAJL JIBYX3JIEMEHTHBIM
asdaBuTOM.

1. Introduction. Let S = (5;) be a semigroup. A semigroup (S;0) is called an interas-
sociate of S if for all z,y, z € S the following equalities are held:

z-(yoz)=(r-y)oz (1)
zo(y-z)=(roy) 2z (2)

We denote the set of all interassociates of S by Int(.S).

The term interassociativity was introduced by D. Zupnik ([11]) in 1971. In 2004, interas-
sociates of monogenic semigroups were fully described by M. Gould, K. A. Linton and
A. W. Nelson (|3]). In the paper of B. N. Givens, K. A. Linton, A. Rosin and L. Dishman ([1]),
for the free commutative semigroup on n generators it was shown when two interassociates of
it are isomorphic and their general form was obtained. For the case of the infinitely generated
free commutative semigroup the same problem was solved in [2].

Given any semigroup S, fix some a € S and define a sandwich operation x, on S by
xx,y =zay (x,y € S). Clearly, (S;%*,) is a semigroup, it is called a variant of S.

In 1967, K. D. Magill ([8]) considered variants of semigroups of relations. The general
case was first studied by J. B. Hickey ([4]) in 1983. Variants of regular semigroups were
considered in [5] and [6].

There is a natural connection between interassociates and variants of a semigroup. Obvi-
ously, every variant (S;%*,) is an interassociate of S. One may easily check, that for any
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monoid M we have Int(M) = {(M;*,): a € M}. For the free commutative semigroup F it
was shown that Int(F') consists of all variants of F' and F' itself (see [1] and [2]). Another
reason to study interassociates of a semigroup is their connection with commutative dimo-
noids. Indeed, one can find that semigroups of any commutative dimonoid are interassociate
to each other [9, 10].

In the present paper we study interassociates of the free semigroup on two generators
using computer modeling and methods of the semigroup theory. This case is noncommutative,
so it is different from the cases of free monogenic and free commutative semigroups. We have
discovered that there are 18 types of such interassociates (not counting 12 dual cases) and
identified all of them.

2. Notation and preliminaries. For any nonempty set X, by Xt we denote the free
semigroup over the alphabet X, and X* denotes the free monoid over X with an empty
word 6.

Let x,y,wy,ws,...,w, € X and w = wy ...w,, we shall use the following notation:
|lw| =n — length of w;
w(e) = wy and w(;) = w, — the first and the last letters of w, respectively;
w; € X* and w, € X* — words obtained from w by deleting the last and the first letters
respectively;
Xoy = xX* N X*y — the set of all words v € X+ such that vy = v and vy = y.

Later we shall need the following lemma (see |7, p. 338]).

Lemma 1. Let u,v,w € X, then vu = vw if and only if v = ab, w = ba and u = a(ba)*
for somea € X*, b€ X* and k € N°,

The next proposition is the starting point of our research, it gives us a key to construct
interassociates of the free semigroup.

Proposition 1. For any binary operationo: X x X — X groupoid (X ;o) is an interas-
sociate of Xt if and only if the following conditions are satisfied:
(i) Vo,y,z€ X: (xoy)oz=xz0(yoz);
(i) Yv,w € XT: vow = v(vay o wey)w,.
Proof. Necessity. Let (XT;0) € Int(X™), then (i) holds since (X ;0) is a semigroup. For all
v,w € X, by (1) and (2), we have vow = v(vayow) = vi((v1) o w(o))wr) = v (V(1) 0 W))Wy
Sufficiency. Assume that (i) and (ii) are held. For all u,v,w € X,
(uv) o w = (uv);((uv) ) © wey)w, = uvy(v(1) © W) w, = u(v o w)
and we may dually check that u o (vw) = (u o v)w. Thus identities of an interassociativity
are satisfied. Now let us prove an associativity. Consider the case v € X
wo (vow)=mwuo (vowyp)w, =wu(uam o (vowgy))w, =w((un) ov)owpw, =
= w(u@yov)ow = (uow)ow.
Now let v € X*\ X, notice that the following equalities are obvious (v;), = (v)i, (1)) =
o), (vr)a) = va)-
Then, by (i) and (ii), we have
u o (U @) w) = U o vl(v(l) (@) w(o))wr = UZ(UJ(l) (@) (vl)(o))(vl)T(v(l) (@) w(o))wr =
= w(w(1y © V(o)) (Vp)i((vr) (1) © Weo))wr = w1y © V(o)) vy 0w = (U0 W) 0 w.

Therefore, (i) and (ii) imply that (X*;0) is a semigroup and (X*;0) € Int(X ™). O
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Now we fix the set B = {0, 1} and provide the following definitions.

Definition 1. Let z,w;,ws ... w, € B and w = w; ... w,. Define Z by 0 = 1 and 1 = 0. The
word w is defined by w = w; ... w,.

Definition 2. Given [ = (B*;0) € Int(B"), define a dual interassociate I = (B*;x) of I
by putting z xy = (T oy) for all z,y € B. It is a simple permutation of 0 and 1, hence it is
clear that the assumptions of Proposition 1 hold. Thus I € Int(B™).

Proposition 1 (ii) implies that any interassociate I = (B*;0) of BT is defined by the
following collection of words (we shall always use such a notation): w =000,a =001, =
100,e = 101 that is why we may represent semigroups I and I by their reduced Cayley
tables (see Table 1).

Table 1.

= O N
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& | =
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3. The main result. To find all 7 € Int BT we shall consider the cases where ¢ € B, ,,,
B € Basay, @ € Bygag,w € Bg,qg for all combinations of elements aq, aq, ..., as € B.

For each case we should check equations (aob)oc=ao (boc) for all a,b,c € B.

There are 2% = 256 such cases and each one contains 8 equations to solve, so we used
computer modeling in Lazarus v.1.0.12 to reduce their number. We removed 120 cases which
correspond to the dual interassociates of remaining 136. Then we removed 121 cases which
contain at least one of the following contradictory equations ulv = uOw,vlu = wlu, lv =
Ow, vl = w0, for some variables u, v, w € B*.

We have also deleted trivial equations v = v. And, finally, we have deleted equations
vu = wu if there were equivalent ones of the form vu' = wu’ or v'v = v'w.

Example 1. For the case € € By, f € By1,a € By, w € By, consider the following equation
(001l)o0=00(100) = aq(lo0) = (001)8, = 1B, = oq15, hence it is trivial. We
also have (00o0)o1=00(001) = w(lol)=(000)a, = w0e, = wla, a contradiction.
Therefore, there are no interassociates of B™ such that € € By, 8 € Bi1, a € By, w € Byy.

There are 15 remaining cases and we shall consider all of them.

Case 1. ¢ € B(](), ﬁ S B007 o€ Boo, w e Bgol

1) (0o1)00=a0w, = w08, 3) (1o1l)o0=¢0w, = pB08,,
2) (0o01)o1=0c, =w0e,, 4) (1o1)o1=¢0a, = 0e,.

Equality 1) implies that qyw = wf,. Suppose that «; = 6, then we have o = 5 = 0. And
from 2) it follows that w = € = 0. Therefore, (B;o0) is the 2-element semigroup with zero
multiplication. Denote (B™;0) by I0O.

Now suppose that «; # 0. By Lemma 1, equalities 1) and 4) imply that

w = a(ba)*, e = c(de)", oy = ab, a, = dc, B, = ba, B = cd (3)
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for some a,c € B*, b,d € B* and k,n € N°. Hence
a = ab0 = 0dc, = 0ba = cd0. (4)

From 2) and equalities (3),(4) it follows that abab0 = we, = a(ba)*e, = |abab0| > |a(ba)*|
and hence k£ < 2.

1. For kK = 0 we have w = a € Byy. By equality 2) we have abab0) = as, = &, = bab0) =
e = 0bab0. From (3),(4) and equality 3) it follows that ew = 58, = a0 = cdOba = ¢ =
(cd)™c = cd0b0.

Hence n # 0. Also, 3) implies that (cd)"cw, = cded0, thus n < 2.
If n =1, then ¢ = 0b0. By (4) we have ab0 = 0d0b0 and w = a = 0d0. Hence

£ = 0b0d0b0, B = 0b0d0, o = 0d0b0, w = 0dO. (5)

Now, if n = 2, then the equality cdedc = ¢d0b0 implies that cde = 0b0. Since |b| <
|ba| = |dc| < |ede| = |b| +2 = |de| = |b| + 1 we have dc = b0 and so ¢ = 0. From
equality 3) we obtain w, = 6. Finally, we have ¢ = 0d0d0, 5 = 0d0, « = 0d0,w = 0.

We may combine this result with (5) as follows: ¢ = 0yzeey0, 8 = Oyxoo, @ = Toy0,w =
Zoo, where xog € Boo,y € B*.

Denote the corresponding interassociate by /0.

2. The case where k = 2 is dual to k£ = 0:

€ =200, 8= 200y0, o= 0yzoo, w = Oyz0oy0, (6)

where 2oy € B,y € B*. Denote (B™;0) by 10s.

3. If k = 1, then w = aba. Equality 2) implies that abab0 = abas, = &, =b0 = & = 000.

If n = 0, then, dually to the case where £ = 0,n = 1, we obtain £ = 0b0, 5 = 0b0d0,
a = 0d0b0, w = 0d0b0d0, and this result satisfies (6).

If n > 0, then by (3) we have ¢(dc)™ = ¢ = 0b0 and hence |b| < |ba| = |dc| < |c(de)™| =
|b| +2 = |dc| = |b| + 1.

Further, ¢(dec)™ = 000 implies that dc = 00 and n = 1. Thus ¢ = 0, d = b and from 2)
and (4) it follows that cdew, = cded0 = 0b0w, = 000 = w = 000.

We may conclude that e = 060, 5 = 060, « = 000, w = 0b0. Denote (B*;0) by 10s.

Case 2. c € B()(), B € B()l7 o € Bl(), w e BHZ

1) (000)00 = w08, = a;0w,, 5) (100)00= 5085 = ¢g0w,,
2) (000) o1 =w0e = v0a,, 6) (100)o1l=p30e =0,
3) (001)00=wlw = wlf,, 7) (101)00=¢lw, = 15,
4) (0o 1)o1l=aqla, =wle,, 8) (lol)ol=¢gla, =pfle,.

Equalities 1) and 3) imply that «; = w; and 8, = w,, because we have 0 = 1 otherwise.
Similarly, from 2) and 4) it follows that a, = &,. Therefore, ¢ = 020, 5 = 0z1,a = 120,w =
1z1, where x € B*. From equalities 5)-8) the same assertions follow. Denote (B™;0) by I;.
Notice that the interassociate I; is self-dual, i.e. I; = I;.
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Case 3. c € Boo, B € B117 o€ Bll> w € Booi

1) (0c0)ol=wla, =qla, = w=aqo, 2) (100)00 =718, = Glw, = B, =w,
3) (1ol)ol=c¢la, = file,.

We have w; = oy = 0, because w(g) # o(o). Hence w = 0 and a = 1. And 3, = w, implies that
p = 1. Thus 3) implies that ;1 = 1le, and hence € = 0. Notice, that (B; o) is isomorphic to
the symmetric group Ss. So we denote (BT;0) by IS.

Case 4. € € By, f € By, @ € By, w € By: (0 o 1) 00 =08, = w08, = a = w,
(lol)o0 =¢08, = 305, = & = [. Hence we have ¢ = 0x1, § = 020, « = 0y1l,w = 0y0,
where z,y € B*. Denote (B";0) by Is.

Case 5. ¢ € By, 8 € By, a € By, w € Byo: (000) 01 = wla, = ayla, = w; = ay,
(100)o1 = Bla, = gla, = [ = &. We have w; = a; = 6 because w(g) # (). Thus
w = 0 and o = 1. The equality ¢, = ; implies that ¢ = 0z1 and § = 0z0 for x € B*. Denote
(B*;0) by Is.

Case 6. ¢ € Bm, B c Bgo, a € BH, w € Bloi (0 o 0) 00 =wlw, = ylw, = w = oy,
(100)00 = filw, = glw, = [ = ¢&;. Therefore, e = 0z1, 8 = 020, = 1yl,w = 1y0, where
x,y € B*. Denote (B*;0) by I;. Such an interassociate is self-dual.

Case 7. ¢ € By, f € By, @ € By, w € Byp: (001)00 = 0w, = 08, = w, = 5,
(0ol)ol=a0a, = y0s, = «, = ¢,. Again, we have a similar situation as in Case 6:
e =120, 8 = 1y0, a = 020,w = 0y0, where z,y € B*. Denote (BT;0) by I5.

Case 8. ¢ € By, f € By1, @ € By, w € Byp: (001) 00 = 0w, = 208, = w, = 5,
(0ol)ol = 0a, = v0e, = o, =¢e,. We have w, = 3, = 0 since w1y # S(1). Hence w =0
and § = 1. And by «, = ¢, we obtain & = 120 and o = 020 for x € B*. Denote (B¥;0)
by [6‘

Case 9. ¢ € By, f € By, @ € By, w € Bpi: (000)00 = wlb, = wlw, = 5, = w,,
(000)ol =wle, =wla, = &, = q,. Previous equalities imply that ¢ = 120, 5 = 1lyl, o =
020,w = Oyl, where x,y € B*. Denote (B";0) by I7, it is self-dual.

Case 10. ¢ € BH, ﬁ c B007 o€ BOO, w e BQ()Z

1) (0o1)00=q0w, =w0p,,
2) (0o1)o1l =00, =0, = a,=c¢,,
3) (101)00=1¢e08, = 508 = & =4.

Similarly to the Case 3, equalities 2) and 3) imply that e = 1, § = 0 and o = 0. Hence
equality 1) is equivalent to w = w and so w is an arbitrary word from Bgyy. If w = 0, then

(B;0) becomes a semigroup with the usual multiplication on the set of integers {0, 1}. Denote
(BT;0) by IM.

Case 11. ¢ € Byy, € By, a € By, w € Byp: (001) 00 = 05, = w08, = o = w;,
(101)00=2¢08, = 508, = & =B
Hence we obtain e = 1,8 = 0,a = 0z1,w = 020, where x € B*. Denote (BT;0) by Is.
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Case 12. ¢ € Byy, 8 € By, @ € Byj, w € Byp: (000) 01 = wla, = qla, = w = q,
(100)ol = fBlay, = gla, = [ = g. Since wp) # o) and By # €0y we have
e=1, =0, a=1, w=0, hence (B;0) is the right zero semigroup and we denote (B*;0)
by IR. Notice that the interassociate IR is self-dual.

Case 13. ¢ € Byy, f € By, a € By, w € By: (001) 00 = 0w, = 08, = w, = 5,
(001)ol=00a, = x0e, = a, =¢e,. As £0) # o) and w, = B, we have ¢ = 1, § = 120,
a =0, w = 020. We denote (B*;0) by I.

Case 14. ¢ € Byy, f € By, a € By, w € By. For this case all eight equations are trivial.
Thus, ¢, B, a and w are arbitrary words from By, By, Bo1 and By, respectively. Denote
(BT;0) by I, this interassociate is self-dual.

Case 15. ¢ € Byy, f € Byi, a € By, w € By: (001) 00 = 0w, = 08, = w, = 5,
(0o1)ol=0a, = v0e. = «, =¢,. Analogously to the Case 12 we have ¢ = 1, § =1,
a = 0, w = 0, thus (B;o) is the left zero semigroup and we denote (B*;0) by IL. The
interassociate IL is self-dual.

Finally, we have reached the goal of our research.

Theorem 1. If I € Int(B"), then the reduced Cayley table of I or I is contained in Table 2.
Conversely, for any x,y € B*, z € By and x;; € By (i,j € B), each reduced Cayley table
from Table 2 defines an interassociate of B™.

Table 2. All interassociates of BT (x,y € B*, z € By, xi; € Byj).

10 0 1 |10, 0 1 IS | O 1 (IM| O 1
0 0 0 0 z zx0 0 0 1 0 z 0
1 0 0 1 Orz Oxzx0| 1 1 0 1 0 1

10, | O 1 | I0; 0 1 IR| O 1 IL 0 1
0 0x0 0z0 0 Oxzz0  Ozz 0 0 1 0 0 0
1 020 0z0 1 zx0 Z 1 0 1 1 1 1

1, 0 1 I, 0 1 I 0 1 1, 0 1
0 lxl 120 | O 020 O0x1 0 0 1 0 120 1zl
1 Ox1 0z0 1 0y0 Oyl 1 | 020 Ox1 1 0Oy0 Oyl
I 0 1 I 0 1 I, 0 1 Ig 0 1
0 | 020 0y0 0 0 020 0 |0zl O0y0 0 | 0z0 Ozl
1 120 1y0 | 1 1 120 1 | 1z21 1y0 | 1 0 1
I, 0 1 I,| O 1
0 020 0 0 oo o1
1 120 1 1 Tig 11

Examine Table 2, the connection between variants and interassociates of B is entirely
clear now. Indeed, the operations in Table 2 are very similar to the sandwich operation on
B7. Another task is to describe all interassociates of the free semigroup on n > 2 generators.
As we have seen, every semigroup over X gives a variant which is an interassociate of X .
It is well known that the number of semigroups over an n-element set grows extremely fast,
whence it is impractical to build the set Int(X ™) by considering of all operations as we did
for B*. But it is possible to study some special interassociates of X like the variants of X,
interassociates (X1, 0) € Int(X ™) such that (X, o) is a semigroup and so forth.
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